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Problems in Combinatorial Enumeration

Examples of recursively definable structures:

® Number of partitions of a set into subsets
® Bell Numbers
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Problems in Combinatorial Enumeration

Examples of recursively definable structures:

Number of partitions of a set into subsets
® Bell Numbers

Partition lattice chains (Babal, Lengyel)
® Lengyel's Constant

Analysis of a recursive Program (Knuth)
® t(z,y,z) =ifx < ythenyelse

t(t(x —1,y,2),t(y —1,2,2),t(z — 1,2,¥))
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Bell Numbers

® Recurrence: B, = (n> B, ». By=1
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Bell Numbers

® Recurrence: B, = (n> B, ». By=1
k=0

$® Functional equation for OGF:
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Bell Numbers

® Recurrence: B, = (n) B, ». By=1
k=0

$® Functional equation for OGF:

$ Asymptotic growth:

1
B, = -
(&

. 1
;%NGXP( (w2—w—|—1)—§log(w—|—1)—1)
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Bell Numbers

® Recurrence: B, = (n) B, ». By=1
k=0

$® Functional equation for OGF:

$ Asymptotic growth:

oo

Zm—wexp( (w2—w—|—1)—%log(w—|—1)—1>

m!

1
B, = -
(&

m=0

® Scale: wexp(w) =n Lambert W-function
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Partition Lattice Chains

® Poset of partitions of an n-set

{11,2,3}}

—
L2} 1431 L3112} 12,3}, 111}

T~
{13,423, {33}
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Partition Lattice Chains

® Poset of partitions of an n-set

{11,2,3}}

—
L2} 1431 L3112} 12,3}, 111}

T~
{13,423, {33}

® /. number of chains from minimal to maximal element

Zi=1, Zy=1, .Z3=4, Z4=32,
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Partition Lattice Chains (ctd.)

® Recurrence (Lengyel):

n—1

Zn =Y SuwZk, Snux Stirling numbers 2nd kind
=1
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Partition Lattice Chains (ctd.)

® Recurrence (Lengyel):

n—1

Zn =Y SuwZk, Snux Stirling numbers 2nd kind
=1

® Functional equation for EGF (Lengyel):

Z(z) = %Z(ez ~1)+ 2
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Partition Lattice Chains (ctd.)

® Recurrence (Lengyel):

n—1

Zn =Y SuwZk, Snux Stirling numbers 2nd kind
=1

® Functional equation for EGF (Lengyel):

Z(2) = %Z(ez 1)+ g
$» Asymptotic growth (Babai, Lengyel):

Zypy ~ CLengyel(n!)?(2log 2)""n =15 1082
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Partition Lattice Chains (ctd.)

Recurrence (Lengyel):
n—1
- Z SnkZs, Sn Stirling numbers 2nd kind
k=1

Functional equation for EGF (Lengyel):

Z(z) = %Z(ez ~1)+ 2

9
>
>

Asymptotic growth (Babai, Lengyel):

Zypy ~ CLengyel(n!)?(2log 2)""n =15 1082

—

J .
.G.MU,.[EM ® Lengyel’'s Constant (Flajolet, Salvy): Crengyer = 1.0986858055 . ..
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Takeuchi Numbers

® Recursive function (Takeuchi):
t(x,y,z) =ifx < ythen yelse
tt(r —1,y,2),t(y—1,2z,2),t(z — 1,2,y))
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Takeuchi Numbers

® Recursive function (Takeuchi):
t(x,y,z) =ifx < ythen yelse
tt(r —1,y,2),t(y—1,2z,2),t(z — 1,2,y))
® T(x,y,z) number of times the else clause is invoked when
evaluating t(z, y, z)
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Takeuchi Numbers

Recursive function (Takeuchi):
t(x,y,z) =ifx < ythen yelse
tt(r —1,y,2),t(y—1,2z,2),t(z — 1,2,y))
T(x,y,2) number of times the else clause is invoked when
evaluating t(z, y, z)

T, =T(Mn,0,n+1)

Ty=1, Ty=4, ,T3=14, T,=53,
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Takeuchi Numbers

Recursive function (Takeuchi):
t(x,y,z) =ifx < ythen yelse
tt(r —1,y,2),t(y—1,2z,2),t(z — 1,2,y))
T(x,y,2) number of times the else clause is invoked when
evaluating t(z, y, z)
T, =T(Mn,0,n+1)

Ty=1, Ty=4, ,T3=14, T,=53,

(] x <y
t(x,y,z) = { . Y<z
T else
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Takeuchi Numbers (ctd.)

® Recurrence (Knuth):

=32 () (] 2 ()i
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Takeuchi Numbers (ctd.)

® Recurrence (Knuth):
" [ /n+k n+k o2k 1
Thi1 = — T, _ e
a= 2| () Gl 2 ()i

® Functional equation for OGF (Knuth):

N 00 Zk

1 —z
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Takeuchi Numbers (ctd.)

® Recurrence (Knuth):
" [ /n+k n+k o2k 1
Thi1 = — T, _ e
a= 2| () Gl 2 ()i

® Functional equation for OGF (Knuth):

Z) — - Zk
T(2) = 2C(2) T(2C(2)) + Ci 1 e O D (2k> k+1

® Asymptotic growth (Prellberg):

1
T, ~ Crakeuchi Bn €XP 5W(n)2 . Crakeuchi = 2.2394331040 . . .

5%
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Common Features

® Linear recurrences:

%t . “--. .f‘
JUsTSS
I B Thomas Prellberg, FPSAC 2002 — p.8/26



Common Features

® Linear recurrences:
n
Xn — Z Cn,an—k + bn
k=1

® Functional equations for OGF/EGF:

X(z)=a(z)X o f(z) + b(2)
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Common Features

® Linear recurrences:
n
Xn — Z Cn,an—k + bn
k=1

® Functional equations for OGF/EGF:

X(z)=a(z)X o f(z) + b(2)

$® Parabolic fixed point:

f(2)=z+c2+dz° + ...
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Common Features

Linear recurrences:
n
Xn — Z Cn,an—k + bn
k=1

Functional equations for OGF/EGF:

X(z)=a(z)X o f(z) + b(2)

Parabolic fixed point:
f(2)=z+c2+dz° + ...

- - di |
U ® Caveat: divergence of GF!

s .,
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Generalization: Recursive Structures

® View combinatorial structures as formed of “atoms”
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Generalization: Recursive Structures

» View combinatorial structures as formed of “atoms”

® Substitution operation A = Bo C:
“substitute elements of C for atoms of B”

k
BOCZZkaaxCx...xa

k>0
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Generalization: Recursive Structures

» View combinatorial structures as formed of “atoms”

® Substitution operation A = Bo C:
“substitute elements of C for atoms of B”

k
BOCZZBkXEXCx...xa

k>0

® The associated OGF satisfies A(z) = B(C(z))
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Generalization: Recursive Structures

View combinatorial structures as formed of “atoms”

Substitution operation A = B o C:
“substitute elements of C for atoms of B”

k

BOCZZBkXEXCx...xa
k>0

The associated OGF satisfies A(z) = B(C(z))

<

A recursively definable structure X is defined by

X=AxXoF+B

Technik - Umavelt
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Generalization: Recursive Structures

View combinatorial structures as formed of “atoms”

Substitution operation A = B o C:
“substitute elements of C for atoms of B”

k

BOCZZkaaxCx...xa
k>0

The associated OGF satisfies A(z) = B(C(z))

<

A recursively definable structure X is defined by

X=AxXoF+B

Techinik - Uit

. —— Thomas Prellberg, FPSAC 2002 — p.9/26

U6 @ The associated OGF satisfies X(z) = A(2)X o F(z) + B(z)



Ingredients for General Theory

® Formal solution of the functional equation
(leads to divergent FPS)
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Ingredients for General Theory

® Formal solution of the functional equation
(leads to divergent FPS)

$® Cauchy formula
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Ingredients for General Theory

Formal solution of the functional equation
(leads to divergent FPS)

Cauchy formula

Analytic iteration theory near parabolic
fixed points (Milnor, Beardon)
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Ingredients for General Theory

Formal solution of the functional equation
(leads to divergent FPS)

Cauchy formula

Analytic iteration theory near parabolic
fixed points (Milnor, Beardon)

Saddle point analysis
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Formal Power Series Solution

Let the FPS X (z) satisfy
X(z)=a(z)X o f(2) +b(2)
with a(z), f(z), and b(z) analytic near z = 0 and

f(2)=z4cz*+dz°+..., ¢>0
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Formal Power Series Solution

Let the FPS X (z) satisfy
X(z) =a(2)X o f(2) +b(z)
with a(z), f(z), and b(z) analytic near z = 0 and
f2)=z4cP+d>+..., ¢>0

Then

X(z)=)_ ( 1 a,ofk(z)> bo f™(z)

m=0 k=0

s .,
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Inversion via Cauchy Formula

From

m=0 \ k=0
we compute
X, =[2"1X(2) = ) Xnm
m=0

with

1 ol dz
o (H wo f’“(Z)> bo £ (2) o2

k=0
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Simplification via Homogeneous Eqn.

® Let Y (z) be a solution of the homogeneous equation

Y(2) =a(2)Y o f(2)

-‘1_ L4 : \"\".I;
S
I ¢ Thomas Prellberg, FPSAC 2002 — p.13/26



Simplification via Homogeneous Eqn.

® Let Y (z) be a solution of the homogeneous equation
Y(2) =a(2) Y o f(2)

Then X, ,,, simplifies to

271

1 et dz
Xn,m:_. (H aofk(z)>bofm(z)zn_|_1

" o FF(,) — Y(z)
L ool =5o7m0
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Simplification via Homogeneous Eqn.

® Let Y (z) be a solution of the homogeneous equation

Y(z) =a(z)Y o f(2)

Then X, ,,, simplifies to

m dz
Kn,m QWZ%YOfm )b / (>z”+1
o FK( Y(2)
H“ FO=vome
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Simplification via Homogeneous Eqn.

® Let Y (z) be a solution of the homogeneous equation
Y(2) =a(2) Y o f(2)
Then X, ,,, simplifies to

1 bo f(z) v dz

Xnm = .
271 | Y o fm(2) (2) zntl

Y
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Simplification via Homogeneous Eqn.

® LetY(z) be a solution of the homogeneous equation
Y(2) =a(2) Y o f(2)
Then X, ,,, simplifies to

1 bo f(z) v dz

Xnm = .
271 | Y o fm(2) (2) zntl

Y

® Needed: existence of Y (z) and analyticity properties

$ Analytic iteration theory (Milnor, Beardon)

e

echnik - Linmwvelt
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Analytic Iteration Theory

“Parabolic Linearization Theorem” = conjugacy of f(z) to a shift
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Analytic Iteration Theory

“Parabolic Linearization Theorem” = conjugacy of f(z) to a shift

® f1(2) exists in cardioid domain and maps contractively into it

UE
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Analytic Iteration Theory

“Parabolic Linearization Theorem” = conjugacy of f(z) to a shift

) exists in cardioid domain and maps contractively into it

/\

) for s € D(M)J
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Analytic Iteration Theory

“Parabolic Linearization Theorem” = conjugacy of f(z) to a shift

) exists in cardioid domain and maps contractively into it

/\

)for s € D(u)

Tl P fF(z) = p (= 1(2) — k) for z sufficiently small
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Analytic Iteration Theory (ctd.)

® . (s) admits a complete asymptotic expansion for (s) — oo:

o~ k .
1 d \ logs (log s)”
M(S)Ncs<1+<162) . —|-k§:2§%,uj,k: ok
s j:
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Analytic Iteration Theory (ctd.)

® . (s) admits a complete asymptotic expansion for R(s) — oo:

oo k ;
1 d\ logs (log s)”
u(s)wcs(1+(102) . +> 0> i o )

k=2 j=0

® f~™opu(s) = pu(s+m)admits a complete asymptotic expansion
for m — oo:

1 d logm logm
u(8+m)~cm(1+(1cgs) ZZVM’ s ))

k=2 7=0

vEs
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Solution of the Homogeneous Eqgn.

® Substitute z = u(s):

Y(2)=a(2)Yof(z) = You(s)=aou(s)You(s—1)
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Solution of the Homogeneous Eqgn.

® Substitute z = u(s):

Y(2)=a(2)Yof(z) = You(s)=aou(s)You(s—1)

S

I(s) = (s — DI(s — 1) with solution T(s) = lim_ 8(1Sf 1) — ZLS.—?:n)
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Solution of the Homogeneous Eqgn.

® Substitute z = u(s):

I'(s)=(s—1I'(s—1)

By analogy

aop(l)aop(2)...ao0pu(n)(aop(n))*

Y = li
P = G (s + Daouls +2)-.a0 us + )

\&ivsts
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Solution of the Homogeneous Eqgn.

® Substitute z = u(s):
Y(2)=a(2)Yof(z) = You(s)=aou(s)You(s—1)

$ Solution is given by

i) — iy 2oH(Dacpu(2). . a0 p(n)(aop(n))
Y o p(s) nl_)ooaoM(S—|—1)ao,u(s—|—2).,,aolu(3_|_n)

which defines an analytic function in D(u)

5%
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Solution of the Homogeneous Eqgn.

® Substitute z = u(s):
Y(2)=a(2)Yof(z) = You(s)=aou(s)You(s—1)

$ Solution is given by

i) — iy 2oH(Dacpu(2). . a0 p(n)(aop(n))
Y o p(s) nl_)ooaoM(S—|—1)ao,u(s—|—2).,,aolu(3_|_n)

which defines an analytic function in D(u)

r Y
(S+n)~ ° one gets o uls + n)

['(n) " Y o pu(n)

in analogy with ~ (aopu(n))®
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Solution of the Homogeneous Eqgn.

Substitute z = u(s):
Y(2)=a(2)Yof(z) = You(s)=aou(s)You(s—1)

Solution is given by

i) — iy 2oH(Dacpu(2). . a0 p(n)(aop(n))
Y o p(s) nl_)ooaoM(S—|—1)ao,u(s—|—2).,,aolu(3_|_n)

which defines an analytic function in D(u)
» Asymptotics as n — oo:

You(s+n s
% e (o u(m)
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Asymptotics of X, ,,

1 [ bofm(2) dz
Knm = 274 ]{ Y o fm(z)Y(Z)
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Asymptotics of X, ,,

1 [ bofm(2) dz
Anm = o j{ Vo () 7

® Substitute z = (s + m):

N ——

L [20809) v o s 4 m)

271 Jo Y o u(s) p(s + m)ntl

I"‘éﬁi{!&'ﬂ*ﬁ;’“"
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Asymptotics of X, ,,

1 bo fm(z) dz
Knm = 271 7{ Yo f’m(z)y(z) zntl

® Substitute z = (s + m):

1 [ bou(s)
271 C Y o /,L(S)

dp(s +m)
p(s +m)"+

Y opu(s+m)

® Asymptotics of YV o u(s+m) ~ Y opu(m)(aopu(m))?:

1 [ bopus)
~ oni | YOMS)You(m)(aou(m))

s dp(s +m)
p(s +m)"+

-1'1.: US .>\‘-;v"
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Asymptotics of X, ,,

1 [ bofm(2) dz
Anm =50 }'{ Yo fm(z)Y(Z) it

® Substitute z = u(s + m):

1 [ bou(s)
271 C Y o /,L(S)

dp(s +m)
p(s +m)n+

Y opu(s+m)

® Asymptotics of Y o u(s +m):

_Youlm) [ bop(s
271 c Y ou(s)

dp(s +m)
p(s 4 m)nt

(aop(m))®

® Asymptotics of (s +m) ~ -1 (1+ (1—% —5) 1‘“ﬂJr...):

cm m

P Yolu(m) bOILL(S) S n, —1—(1—-4)n ng
{yméf ~ Y o u(s) (aopu(m))®(em)"m 2/ memds
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Asymptotics of X, ,,

1 [ bofm(2) dz
Anm =50 }'{ Yo fm(z)Y(Z) it

Substitute z = (s + m):

1 [ bou(s)
271 C Y o /,L(S)

dp(s +m)
p(s +m)n+

Y opu(s+m)

Asymptotics of Y o u(s + m):

_Youlm) [ bop(s
271 c Y ou(s)

dp(s +m)
p(s 4 m)nt

(a0 p(m))®
® Asymptotics of u(s + m):

nY b n\ 8
- ~ (cm)”m_l_(l_c%)ﬁ ° ,u(m) ° ps) (a o ,u(m)eﬁ) ds
TUE 271 c Y ou(s)
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Asymptotics of X,

bo pu(s)
Je Y ouls)

(a o ,u(m)e%)s ds
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Asymptotics of X,

bo pu(s)
Je Y ou(s)

(ao ,u(m)e%)s ds

$ Saddle point analysis:

3k

Saddle at a o u(m)e= =1
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Asymptotics of X,

bo p(s)
c Y opu(s)

X, = Z Xnm s Xpm~ ... (a o ,u(m)e%)s ds

m=0

$ Saddle point analysis:

3k

Saddle at a o u(m)e= =1

» Sum simplifies to

Y d
Xn -~ CZ(cm)n O,’lf:l(m) (CL o M(m))(l—c—g)logm

with

TUE _ 1 /bou(S)
0 ¢ 271 CYo,u(s)dS

NG
l - Thomas Prellberg, FPSAC 2002 — p.18/26




The Saddle Point Condition

® a(z)=apz"+..., u(s) ~ (cs)™!
® Saddle at

aop(m)em =1
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The Saddle Point Condition

® a(z)=apz"+ ..., u(s) ~ (cs)7t = aopu(m) ~ ap(em)*

® Saddle at

a o ,u(m)e% =1
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The Saddle Point Condition

® a(z)=apz"+..., u(s) ~ (cs)™!
® Saddle at

ap(cm) Fem =1

® Different behavior according to

® k£=0:
T

m = 0<ap<l1

a log ag
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The Saddle Point Condition

® a(z)=apz"+..., u(s) ~ (cs)™!
® Saddle at

ap(cm) Fem =1

® Different behavior according to

® =0
m = — e 0<ap<l1
log ag
® k=1
- >0
m = a
Wien/ay) !
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The Saddle Point Condition

® a(z)=apz"+..., u(s) ~ (cs)™!
® Saddle at

ap(cm) Fem =1

® Different behavior according to

» £=0:

m = — " 0<apg <l
log ag

® =1

m = " ayp >0
- W(en/ay) !
® £>1:
By kW (cn/ka,'™)

-'1-1': Us .}\I;J
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Asymptotics of Y o u(m)

® az)=ap+ ..., u(s)~(es)TT 1+ (11— %)logs)

S

$ Homogeneous equation

Youm)=aou(m)Y oulm—1)
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Asymptotics of Y o u(m)

® a(z)=arz" 4+ ..., p(s) ~ (es) 711+ (1 — L )loss)

C S

® Homogeneous eqn. = ao u(m) ~ ax(cm) Fexp(k(l — 4)lem)

Youm)=aou(m)Y ou(m-—1)
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Asymptotics of Y o u(m)

® a(z)=arz" 4+ ..., p(s) ~ (es) 711+ (1 — L )loss)

C S

$ Homogeneous equation

—kek(l—c%)”%

Y o u(m) ~ ai(cm) You(m-—1)

® Different behavior according to
® =0

Y o u(m) ~ Cyagy’
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® a(z)=arz" 4+ ..., p(s) ~ (es) 711+ (1 — L )loss)

C S

$ Homogeneous equation

—kek(l—c%)”%

Y o u(m) ~ ai(cm) You(m-—1)

® Different behavior according to
® =0

Y o u(m) ~ Cyagy’

Y o Iu(m) ~ (Cq GJT '6(1_0%)%(10gm)2
cm!
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® a(z)=apF4 ..., uis)~

$ Homogeneous equation

Y ou(m) ~ ax(cm)

Asymptotics of Y o u(m)

—kek(l—c%)w%

® Different behavior according to

9

k=0:
k=1
k> 1:

() M1+ (1 — &)™8)

C S

You(m-—1)

Y o u(m) ~ Cyagy’

m
a;

€

(1— %)L (log m)?

ek(l—c%)%(log m)?
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Main Results

THEOREM 1: Let the FPS X (z) = > 7/ X,,2" satisfy
X(z) =a(z)X o f(z) +b(z)

with f(2) = 2+ c2? +dz? +...,a(2) = ag + ..., and b(z) analytic near
Zero.
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Main Results

THEOREM 1: Let the FPS X (z) = > 7/ X,,2" satisfy
X(z) =a(z)X o f(z) +b(z)

with f(2) = 2+ c2? +dz3 +...,a(2) = ag + ..., and b(z) analytic near
Zero.
Ifc >0and 0 < ag < 1then

X, ~ Dn!(—c/logag)" p(1=z)logao—1

as n — oo, where

1
D= — / bo pls) ds(— log ao)_(l_c%)logao
TUE 2mi Jo Y o p(s)
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Main Results (ctd.)

THEOREM 2: Let the FPS X (z) = >~/ X,,2" satisfy
X(z) =a(z)X o f(z) +b(z)

with f(2) =2+ c2? +dz> +...,a(2) = a1z + ..., and b(z) analytic
near zero.
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Main Results (ctd.)

THEOREM 2: Let the FPS X (z) = >~/ X,,2" satisfy
X(z) =a(z)X o f(z) +b(z)

with f(2) =2+ c2? +dz> +...,a(2) = a1z + ..., and b(z) analytic
near zero.
If ¢ >0 and a; > 0 then

1 d c 2 o0 mn a m
X,, ~ Dc" —3(1=2)W(zTn) m- (_1)
e mz::() m! \ ¢
as n — oo, where
e D=L [ LM g s
21 C Y o LL(S)
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Application: Bell Numbers

® Functional equation for OGF:
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Application: Bell Numbers

® Functional equation for OGF:

insertc=1,d=1, a1 = 1into

By ~ Dee” 20 WG i ™ (a—1>m
' 0 m! \ ¢
with
e po L [ bon() ;o ba-gios
i 2w Je Y O,LL(S)
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Application: Bell Numbers

Functional equation for OGF:

Asymptotics:
O mn
Ba~D ) o
m=0
as n — oo, where
e 1 1
h D=— / ['(s)ds = — (sum of residues)
C
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Application: Partition Lattice Chains

® Functional equation for EGF:

Z(z) = %Z(ez ~1)+ 2
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Application: Partition Lattice Chains

® Functional equation for EGF:

Z(z) = %Z(ez ~1)+ 2

® a(z) =3, f(z) =€ —1,b(2)

[NOIR\
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Application: Partition Lattice Chains

® Functional equation for EGF:

2(z) = %Z(ez ~1)+ 2
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Application: Partition Lattice Chains

® Functional equation for EGF:

® a(z) =3, f(2)=¢ —1,b(2) =3
® u(s)~ 2

insert ¢ =

1
2 ]

Z
™ ~ Dn!(—c¢/logag

— 4 VYlogan—1
)n (1 ) gao—

as n — oo, where

!Méf 1 bo u(s)

—(1—-%)logag
Technik - Urwelt D —_ dS _10 a C2
27t Jo Y o u(s) (=logao)
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l — Thomas Prellberg, FPSAC 2002 — p.24/26




Application: Partition Lattice Chains

Functional equation for EGF:

Z(z) = %Z(ez ~1)+ 2

» Asymptotics:

Z, ~ D(n!)? (2log2) " n~1~3log?

as n — oo, where

Zyg 1 1 log2 1
D= - (log2)582 — / 2% 11(s)ds = 1.0986858055 . ..
: 2 271 C
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Application: Takeuchi Numbers

® Functional equation for OGF:

z) — - 2"
T(z) = 2C0(2) T(2C(2)) + SORS - C@ =) (%) k+1
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Application: Takeuchi Numbers

® Functional equation for OGF:

Z) — - Zk
T(z) = zC(2) T(2C(2)) + g Clz) =2 (%)

1—2z E+1

® a(z) =2C(2), f(z) = 20(2), b(z) = L2

® ()~ L1125 4 )Y o pu(s) ~ e 0097 ()

S
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Application: Takeuchi Numbers

® Functional equation for OGF:

z) — - 2*
T(z) = 2C(2) T(2C(2)) + ! - O =2, <2k) k+1

® u(s)~Li(1—18s 4 ) Yopu(s)~e 20897 /P(s)

S S

insertc=1,d =2, a1 = 1into

T~ Dere” 207 EWEE T Sh I (21)T
" — m! \ ¢
m=0
with
Tuéf D = 1 —bo,u(s) dse%(l_c%)(logOLTl)2
(A~ 27t Jo Y o u(s)
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Technik - Umavelt

Application: Takeuchi Numbers

Functional equation for OGF:

C(z) — 1 = [2k\ ZF
T(z):zC(z)T(ZC(Z))+ 1— - C(Z)ZZ< )k_|_1

a(z) = 20(2), f(2) = 2C(2), b(z) = CD1

® jufs) ~ L1 5 )Y o pu(s) ~ e 00897 ()

S

$» Asymptotics:

T.~DY ::L! e3W(n)? _ DIp o3W(n)’

m=0

as n — oo, where

b
=& [ 2omS) b 59304331000 .
270 Jo Y o u(s)
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Summary

® Interesting application of analytic iteration theory and classical
complex analysis in the services of asymptotic enumeration
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Summary
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complex analysis in the services of asymptotic enumeration
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® Numerical evaluation of the constants to about 50 decimal places
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Other results:

® Numerical evaluation of the constants to about 50 decimal places
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Summary

® |Interesting application of analytic iteration theory and classical
complex analysis in the services of asymptotic enumeration

® A large class of linear recurrences corresponding to recursively
definable structures can be treated asymptotically

® Further applications?

Other results:

® Numerical evaluation of the constants to about 50 decimal places

$® Computation of the next terms in the asymptotic expansion (by a
different, non-rigorous method)

To be done:

s | ) Computation of the contour integrals determining the constants
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