Y APPENDIX 3.0 - 7-TIMESCALE

| > restart .
| > n = 6:

| > deqn = phi>-diff (x(1), 1, ) +x(¢) + phi-epsilon- (x(1)* 1) - diff (x(1), 1)
> phi =1 +sum(ej-0mega[j],j= 1 n),

2 3 4 5 6
¢p=l+ew +e w,+& 0;+€ 0, +€ O, +€ O

| > xansatz = t—>(sum(8 X[j1(2),j=0. n))
> degnseries —serles(subs(t T eval(subs(x =xansatz, deqn)) ), epsilon, n + 2);
degnseries .—% ( ddT XO(T)) +X,(T) + (XI(T) +(X(1)?—1) (ddTX(T))
d d d d 2
+E (EX(T))+20)1 (E (dTX(T))))£+((XO(T)
—1) ( ;TX(T)) +(2X(7) X(T) + o, (XO(T)Z—I)) (%X(T))
d d d d
+ = (EX(T)) +20, (H ( dTX(T)))+(2w2+

(of) (% (%XO(T)))-I-XZ(T)) £ + (X3(T) +(X(1)? = 1) (%XZ(T))
d

dr

2

+(2X(7) X(T) + o, (XO(T)Z—I)) ( XI(T)) + (2X(7) X,(T) +X,(T)

+o, (X1 =1) +2 0, X(T) (D)) (%XO(T))

+2 o, (i (i)(Z(T)))+i (i)g(T)) +(20,0,

dr \ dT dr \dr
t20;) (% (%Xom))*(z“’ﬁ@f) (% (%X(I’))))S
+ ((2X0(T)X1(T) + o, (XO(T)Z_I)) (;TX(T)) +(X(T)2

—1) ( ;TX(T)) + (0 (2X(T) X,(T) +X,(T)?) +2X,(T) X,(T)

d

+2X)(T) X,(T) +2 0, X,(T) X,(T) + o, (Xo(T)z_ 1)) (ﬁ

XO(T))

+ <2XO(T) X,(T) +X1(T)2+c02 (XO(T)Z— 1) +2 o, X, (T) XI(T)) (lXI(T))

+X4(T)+% (%X(T)) +20, (% (;TX(T))) +<20)2+

0)?) (% (%XZ(T)))—F(Zmlo)z—i-Zm}) (% (%XI(T)))+(2034
d d

2
+20)1033+0)2) (— ( a7

; X(T))))s4+(<ml (2X)(T) X,(T) +X,(T)?)




+2.X,(T) X,(T) +2 X,(T) X;(T) +2 0, X,(T) X,(T) + o, (X,(T)* - 1))

d
dr

(in(T))+(2Xo(T)X1(T)+(’)1 (XO(T)2_1>) ( 2

a7 X3(T)) + (XO(T)

d
1) (EX“(T)) + (20, X(T) X,(T) + o (2X,(T) X,(T) +2 X,(T) X,(T)

+2X,(T) X,(T) +2X,(T) X,(T) + X,(T)* + o, (X,(T)* = 1)

+ o, (ZXO(T) X,(T) +X1(T)2)) (%XO(T)) + <2X0(T) X,(T) +X,(T)

2

+o, (X(1)—1) +2 0, X(T) X(D)) (%Xz(T)) +X,(T)
dT (%le )) +(20

_XS(T))+(2(04+2(010)3+(0§) (d— ,
d

+2X,(T) X;(T) +X2(T)2+(o4 (XO(T)Z— 1) + o <2XO(T) X,(T) +X1(T)2))

(iXI(T)) + (2XO(T) X,(T) +X1(T)2+0)2 (XO(T)z—l)

dr

~1)) (iXO(T)) +20, (i (iX(T)))+(2co4+2colm3+
(

2+mf)(%(%X4(T)))+(2m5+2m4m1
d (d (T)) +i(%X6(T))+(2mlm2

d
+20,) (dT dTX3(T)))+(20)10)5+2034w2+20)6+



o,) (% (%XO(T)))) o (2031 [;—;X6(T)) + (20, 0, +2 0,0,
2 2

+2 00,) [;—TQXO(T)] +(20,0,+20,) (d—TQX(T)J +(20,+20 0,+

2
(oi) ((;1—72)(3(T)j+(2(0c0+20)(0+2w +co [ 72 J 2(05
2

+20)4(01+2(020)3) (;_TQXZ(T)) + (20) +032) ((;1]2 XS(T)J +(X0(T)2

_1) (%X6(T)) +(036 (XO(T)Z_I) + oy (2X,(T) X,(T) +2.X,(T) X,(T) )

+o, (2X(T) X,(T) +2X,(T) X,(T) +X,(T) )—i—(o (2X,(T) X,(T) +X1(T)2)

+2X,(T) X(T) +2 X,(T) X,(T) +2X,(T) X(T) +X5(T)° +2 0, X, (T) X,(T)

d

+ 0, (2X%(7) X5(T) +2X,(T) X,(T) +2X%(T) X,(T) ) (ﬁ

(1) )
+ <2X0(T) X,(T) +X1(T)2+0)2 (XO(T)Z— 1) +2 o, X,(T) Xl(T)) (iX4(T))

+ (0)1 (2XO(T) X,(T) +X1(T)2) +2X,(T) X,(T) +2X,(T) X;(T)

+2 0, X)(T) X, (T) + o, (XO(T)Z— 1)) (%Xgﬂ) + (2 o, X, (T) X, (T)

+ o, (ZXO(T) X,(T) —|—X1(T)2) + o, (2X0(T) X,(T) +2X,(T) X,(T) —|—X2(T)2)

+0, (2X,(T) X,(T) +2 X,(T) X,(T) ) +2 X,(T) Xs(T) +2 X,(T) X,(T)

d

+2.X,(7) %,(T) + o5 (X,(T)* ~1)) (ﬁ

XI(T)) +(20)3X0(T)X1(T)

+0, (2X,(7) X,(T) +2 X,(T) X,(T) ) +2 X,(T) X,(T) +2X,(T) X;(T) +X,(T)°

d

+ o, (K1) = 1) +o, (2X(T) %,(T) +X,(7)?)) (E

X2<T))

d

e o 1)) (&

XS(T)j) ¢ +0(e)

[ > degqn0 = coeff (degnseries, epsilon, 0);
2

degn( := ;—72 X(T) +X,(T)
> deqnl = coeff (degnseries, epsilon, 1) :
> deqn?2 := coeff (degnseries, epsilon, 2) :
> deqn3 := coeff (degnseries, epsilon, 3) :
> deqnd = coeff (degnseries, epsilon, 4) :
> deqn5 = coeff (degnseries, epsilon, 5) :

(1.3)



> deqn6 = coeff (degnseries, epsilon, 6) :
> deqn7 = coeff (degnseries, epsilon, 7) :
> degn0;

> dsolve(degn0, X[0](T)) :
> X[0]:=(T)—_C2cos(T);
Xy =T—_C2cos(T)

> degn0;
0

> degnltemp = collect(combine(deqnl, trig), [sin, cos]) :

> secular terms = {coeff (deqnltemp, sin(T)), coeff (deqnitemp, cos(T)) } :
> solve(secular terms, { C2, omega[l]});

{_CZ =0, 0, =0, }, {_CZ =2, 0, ZO}, {_CZ =-2,0, :()}

o, = 0
> degnltemp = map(simplify, collect(combine(degnl, trig), [sin, cos]) ) :
> dsolve(degnltemp, X[1](T));
X,(T) =sin(T) _C3 +cos(T) _CI — % sin(3 7T)

> X, = (T)— cos(T) _CI —% sin(3 7T');

X, :=T—cos(T) _CI — % sin(3 7))

> degn2temp = map(simplify, collect(combine(degn2, trig), [sin, cos])) :
> secular_terms = {coeff (deqn2temp, sin(T)), coeff (deqn2temp, cos(T)) };

secular_terms := { -2 CI, - % —4 602}

> solve(secular terms, { CI, omega[2]});
{_C] =0, m,= —L}

16
> Cl = 0;
Cl:=0
>0) —_L.
2 16°
oo L
2" 16

> degn2temp = map( factor, map(simplify, collect(combine(deqn2, trig), [sin, cos]))) :
> odesol[2] == dsolve(degn2temp, X[2](T)) :
> sol[2] := collect(combine(odesol[2], trig), [sin, cos]) :

14)

(1.5)

(1.6)

(1.7)

(1.8)

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)



> X[2] = (T)—C3cos(T) — 3% cos(37) — 95_6 cos(57);

X, =T—C3cos(T) —33—2005(3 T) —95—6005(5 T) (1.16)

;> degn3temp = map( factor, map(simplify, collect(combine(deqn3, trig), [sin, cos]))) :

| > secular_terms := {coeff (deqn3temp, sin(T)), coeff (deqn3temp, cos(T) ) } :

B
>

solve(secular terms, {C3, omega[3]}) :

- 1.
=

C3:=— 1.17)

o, =0 (1.18)

> combine(deqn?) :
> degn3temp = map( factor, map(simplify, collect(combine(deqn3, trig), [sin, cos]))) :
> dsolve(degn3temp, X[31(T));

. 85 . 15 . 7.
I X;(T) =sin(T) _C4+ _C3cos(T) + 2304 sin(57) + S0 sin(37) + 576 sin(77) (1.19)
> X; = (T)—_C3cos(T) +ﬁ (170 sin(5T) +135sin(3 7T) +56sin(7T) );
- 85 . 15 . 7 .
Xy:=T—_C3cos(T) + 304 sin(57) +—512 sin(37) +_576 sin(77) (1.20)

> degndtemp = map( factor, map(simplify, collect(combine(deqn4, trig), [sin, cos]))) :
> secular _terms = {coeff (deqndtemp, sin(T)), coeff (deqndtemp, cos(T)) };

_ /. A7
I secular terms := { 2 (3, 768 4 0)4} (1.21)
> solve(secular terms, { C3, omega[4]});
_ 17
i {_cs—o, 0= S00g } (1.22)
_ 17
> ©4T 37
17
] ©, = 3072 (1.23)
> (C3=0
i _C3:=0 (1.24)
> combine(degn3);
i 0 (1.25)
> degndtemp = map( factor, map(simplify, collect(combine(deqn4, trig), [sin, cos])));
deqnatemp = X.(T) + = X.(7) + 372 cos7 1) + 201 cos37) + OL cos(9T) (126)
qretemp =24 i A 2304 1536 256 ‘
1865
+ 4603 cos(57)

=> odesol[4] = dsolve(degndtemp, X[4](T));



o o 7 3 1843 5
odesol, .= X,(T) =sin(T) _C5 + _C4 cos(T) —I——192 cos(T)” + 11520 cos(T)
991 7 . 61 9
— — T
I 1030 cos(T) " + 20 cos(T)
> sol[4] == collect(combine(odesol[4], trig), [sin, cos]);
B . 113 1865
soly:=X,(T) =sin(T) _C5 + (_C4+ 138240 ) cos(T) + 110592 cos(57)
61 101 1379
I + 20480 cos(9T) + 12238 cos(37) + 110592 cos(7T)
[ _ 113 1 1379
> X[4] = (T)—>(_C4+ 138040 ) cos(T) + 12088 cos(37) + 110592 cos(7T)
61 1865
T .
+ 20480 cos(97T) + 110592 cos(5T);
B 113 1 1379
X4.—T—>(_C4+ 138240)cos(T) + 12283 cos(37) + 110592 cos(77)
61 1865
I + 20480 cos(9T) + 110592 cos(5T)
> degnStemp := map( factor, map(simplify, collect(combine(deqn3, trig), [sin, cos])));
1 . 1
=-— — ——— (368640 C4
degnStemp 1105920 (2211840 C4 +2843) sin(T) 122330 ( _C
. & 99967 . 9791 |
— — 7T) — 9T
+1123) sin(3 7) + X,(T) + pe X(T) 276480 sin(7 T) 30720 sin(97)
8095 . 5533 .
— — — T
I 55206 sin(57) 61440 sin(11 7) 40)5cos( )
> secular terms := {coeff (deqnStemp, sin(T)), coeff (deqgn5temp, cos(T)) };
secular terms:= -4 o®_ -2 C4—&}
i - ' yoT = 1105920
> solve(secular terms, { C4, omega[5]});
_ 2843 _
i {—C4_ 2211840 " s O}
> 0 = 0;
i o, =0
___ 2843
> = o lisa0
_ 2843
] - T 11840
> X[41(T);
101 1379 61
- T T
29152 ST+ gy 0SB TN+ gy CosT )+ 5450 SO 1)
1865
I + 110592 cos(57)
> combine(degn4);
0

(1.27)

(1.28)

(1.29)

(1.30)

(1.31)

(1.32)

(1.33)

(1.34)

(1.35)

(1.36)



> degnStemp = map( factor, map(simplify, collect(combine(deqn3, trig), [sin, cos])));

degnStemp = Xy(T) + % X (T) — 147774956 sin(37) — 585029956 sin(57)

I — 29796946870 sin(77) — 390779210 sin(97T) — ;154134130 sin(11 T)

> dsolve(degn5Stemp, X[5](T));

X (T) =sin(T) _C6 +cos(T) _C5 — % sin(57) — % sin(3 7))
—%sinﬁﬂ —%sin@ﬂ —%sin(llﬂ

) . 1 . .
> X5 = T—cos(T) _C5 265420800 (1619000 sin(5 T') + 175275 sin(3 1)
4+ 199188 sin(11 T) 4+ 1057428 sin(9 T') 4+ 1999340 sin(7 T) );

> degn6temp = map( factor, map(simplify, collect(combine(deqn6, trig), [sin, cos])));
degn6temp := -2 sin(T) C5—3 C5sin(37T) — I ( -35 + 884736 (1)6) cos(T)

221184
+ X, (T) + dd—;X6(T) — % cos(137) — % cos(7T)
—%cos@ﬂ —I—%COSBT) —%COS(ST)
— % cos(117)
=> secular _terms = {coeff (deqn6temp, sin(T) ), coeff (deqn6temp, cos(T) ) };

39 —4 0
221184 6

secular_terms = { -2 G5,

> solve(secular terms, {_C5, omega[6]});
{_C5=0,(x) SR }

i 6 884736
> @ = ——2
6 884736 °
o = 35
i 6" 884736
> C5:=0
i C5:=0
> combine(degn3);
i 0
> degnbtemp = map( factor, map(simplify, collect(combine(deqné, trig), [sin, cos])));
d’ 715247 10923199
deqn6t =X(T)+—X(T) — ————— 137) — ————— 7T
eqnbtemp :=Xo(1) + = 3 X(I) = 5 1ga00 3 1)~ 6355000 571

8095 . 779 . 5533
X.=T Ty €5 ——22 Gn(57) — —22  §in(3T) — —22° _ Gin(11 T
5= Ieos(T) _ 1327104 SO 1) T T706ag SMGT) T 735500 SMUTT)
9791 . 99967 .
_ P 7y — 22207 T
2457600 MO T) ~ 3571040 07 D)

(1.37)

(1.38)

(1.39)

(1.40)

(1.41)

(1.42)

(1.43)

(1.44)

(1.45)

(1.46)



—%cos@ﬂ —I—%COSBT) —%COS(ST)
— % cos(117)
=> odesol[ 6] = dsolve(degn6temp, X[6](T));
odesol, = X,(T) =sin(T) _C7 + _C6 cos(T) — ;(1)333(7) cos(T) " + % cos(T) !
— % cos(T)3 + % cos(T)5 — % cos(T)7 — ?izgg cos
> s50l[6] = collect(combine(odesol[ 6], trig), [sin, cos]);
solg =Xy (T) =sin(T) _C7 + ( 111104171627331650300 +_C6) cos(T) — % cos(5T)
—%005(13 T) —%cos@ﬂ +%cos(3 T)
—%cos(ll T) —%cosﬁﬂ
> phi;
I b 3%5 e 3322 e 883336 3
>‘%':(Ty*(—C6+ nﬁﬁéﬁ?&%o) O“T)_"E§§§%%§C°“5T)
—%cos@ﬂ —%cosWﬂ —%COS(IIT)
—% cos(137) -I—% cos(37);
X =T— ( 111104171627331650300 +_C6) cos(T) — % cos(5T)
—%coswﬂ —%005(7]“) —%cos(ll T)
—%COS(B T) +%cos(3 T)

> deqn7temp = map( factor, map(simplify, collect(combine(deqn7, trig), [sin, cos])));

1
222953472000

degn7temp = -

]

24772608000
21731177 .

* 344064000 ST+
1252495

254803968

7962624000

sin(5 7) + 1657839733

415949513

12386304000
> secular _terms = {coeff (deqn7temp, sin(T)

(539992487 + 445906944000 C6) sin(T)

(222357577 + 74317824000 C6) sin(3 T)

117258703

884736000
138697

12386304

), coeff (deqn7temp, cos(T)) };

sin(7T) + sin(9 T)

sin(11 7) + sin(15 7))

secular terms := {0, -

_> solve(secular terms, {_C6, omega[7]});

222953472000

539992487 ) _C6}

(1)’

(1.47)

(1.48)

(1.49)

(1.50)

(1.51)



{_06=— 539992487 _ 7}

445906944000 °

539992487

> 06 = 15006944000 °

6= - 539992487
- 445906944000

_> combine(deqn6);

> 7= ¢-phi;

(.12 17 4 35
T't(l 168+3072£+8847368)

> xansatz(T);

6 3072 884736
35 6 2 1 1 17 4 35 6

* 884736 © )) te (64 COS( (1 16 ¢+ 3072 & T 884736 © ))

—icos(?st(l L.92—|— 17 4+3—586))—icos(5t(1—L82

4 16 3072

ZCos(t(l—lLez-l- 17 £4+ 35 <€6))—L85in(3t(1—L +L84

32 16 3072 884736 96 16
17 4 3 1 2 17 4
T3z & T 884736 ))) (2304 Sm(St(l 16 % T 3072 ©
356 > 17 4 35 6
t 884736 )) + 512 Sm(3 (1 €t 3072 & T ssar36 © ))

7 1 17 35 6 4 23
* 57 Sm(”(l 16 ¢+ 3072 ¢+ 884736 © ))) te ( 49152 Cos(t(l
S NP VAP S 86)) 4 10l cos(3z(1—liez 17 g

16 3072 884736 12288 6 3072
35 6 1379 1 2 17 4 35 6
* 884736 © )) * 110592 COS(” (1 16 £ 73072 T 884736 © ))
1 2 17 4 35 6 1865
* 20480 005(91(1 16 € 73072 & " gsa736 © )) * 110592 COS(St(I
L2, 17 4, 35 5 8095 . 1 2
16 £ 73072 ¢ " ssa736 © ))) te ( 1327104 Sm(St(l 16 ©
17 4 35 6 779 1 17 4
T 3072 & T ssar36 © )) 1179648 Sln(3t(l 16 © ¢+ 3072 ©
35 6 5533 1 17 4 35 6
884736 © )) 7372800 Sm(“ ! (1 16 © ¢+ 3072 & T 884736 © ))
9791 . 1 174
2457600 Sm(% (1 16 © ¢+ 3072 © 884736 ))
99967 Sm(”(l RN VA 86))) (
13271040 16 ¢ 3072 & 884736
51619 ( (1—L 217 4 86))
169869312 16 3072 © 884736
328835 1 2 17 4 5
254803968 COS(St(l 6 T30 " 884736 ))

(1.53)

(1.54)

(1.55)

(1.56)

(1.57)



_ 1769369 005(91 (1 S SS S VA 86))
589824000 16 3072 884736
_%COS(”(I_% +3<1)% T+ 8847368))
_%Cos(llt(l_% +3(1)% T+ 884736 86))
_%Cos(lw(l_% +% T+ 884736 86))

24061 IO LA
t 28311552 COS(3’(1 16 T30 ¢ 884736 )))
0

=> foo = dsolve( [subs(epsilon=0.5, deqn), x(0) =2.0, D(x) (0) =0], range=0. ..100,

numeric);
foo :=proc(x_rkf45) ... end proc (1.58)
> xapprox = subs(epsilon=0.5 , xansatz(T) );
xapprox :=2.003872256 cos(0.9847214840 t) — 0.1213585271 sin(2.954164452 t) (1.59)

—0.02291050829 co0s(2.954164452 t) —0.01198701131 cos(4.923607420 ¢)
+ 0.004420928013 sin(4.923607420 ¢) + 0.001283699789 sin (6.893050388 )
+0.0007257422352 co0s(6.893050388 ¢) + 0.0001392849552 cos(8.862493356 ¢)
—0.00002345191108 sin(10.83193632 ¢) — 0.0001244990031 sin(8.862493356 ¢)

i —0.00001930288621 cos(10.83193632 ¢) — 0.000003007551560 cos(12.80137929 ¢)

;> with( plots) :

| > pnum = odeplot( foo, t=0..15, refine=1, color = red) :

| > pexp := plot(xapprox, t=0..15, color = green) :

> display( pexp, pnum);




10 15

-2 -

;> pnum?2 = odeplot( foo, [x(t), D(x) (1) ], t=0..10, refine=1, color =red) :
| > pexp2 := plot([xapprox, diff (xapprox, t), t=0..10], color =green) :
> display( pnum?2, pexp?2);




IV "V [

D))




