Maps of Intervals with Indifferent Fixed Points: Thermodynamic Formalism and Phase Transitions by Thomas Prellberg Dissertation submitted to the Faculty of the Virginia Polytechnic Institute and State University in partial fulfillment of the requirements for the degree of Doctor of Philosophy in Physics

Approved:

Joseph Slawny, Chairperson

Martin Klaus Royce K. P. Zia

Robert Bowden George A. Hagedorn

June, 1991 Blacksburg, Virginia

Maps of Intervals with Indifferent Fixed Points: Thermodynamic Formalism and Phase Transitions by Thomas Prellberg

Committee Chairperson: Joseph Slawny Department of Physics

(ABSTRACT)

We develop the thermodynamic formalism for a large class of maps of the interval with indifferent fixed points. For such systems the formalism yields one-dimensional systems with many-body infinite range interactions for which the thermodynamics is well defined while the Gibbs states are not. (Piecewise linear systems of this kind yield the soluble, in a sense, Fisher models.)

We prove that such systems exhibit phase transitions, the order of which depends on the behavior at the indifferent fixed points. We obtain the critical exponent describing the singularity of the pressure and analyse the decay of correlations of the equilibrium states at all temperatures.

Our technique relies on establishing and exploiting a relationship between the transfer operators of the original map and its suitable (expanding) induced version. The technique allows one to also obtain a version of the Bowen-Ruelle formula for the Hausdorff dimension of repellers for maps with indifferent fixed points, and to generalize Fisher results to some non-soluble models.

Acknowledgements

I am grateful to my advisor, Professor Joseph Slawny, for introducing me to the area of rigorous statistical mechanics and its applications in dynamical systems. I appreciate the opportunity to do research under his expert guidance.

I am thankful for the chance to have spent one year as a Minerva Fellow at the Weizmann Institute of Science where a large part of the work for this dissertation was done.

Moreover, I am especially thankful for all the support I have received, beginning with my former teachers at the Technical University in Braunschweig. I am indebted to the Studienstiftung des Deutschen Volkes for their financial and intellectual support for the past six years.

At Virginia Tech, my gratitude goes out to Professor Paul Zweifel for his encouragement on many levels. I greatly appreciate the stimulating environment that the Center for Mathematical Physics and the Department of Physics have provided. Special thanks go to Gloria Henneke and Chris Thomas whose unlimited help was always available.

No thanks are enough for my parents, who have provided me with generous freedom and loving support.

Finally, I would like to thank Linda for enjoying the ups and sharing the downs of our life together. I am deeply grateful for all of her support during the past three years and for what she has done to make this dissertation possible.

Contents

Abstract ii

Acknowledgements iii

1 Introduction 1 1.1 General Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.2 Review of the Thermodynamic Formalism for Continuous Mappings . 4 1.2.1 The Entropy . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.2.2 The Pressure Function . . . . . . . . . . . . . . . . . . . . . . 5 1.2.3 The Variational Principle and Equilibrium States . . . . . . . 6 1.2.4 The Transfer Operator . . . . . . . . . . . . . . . . . . . . . . 7 1.2.5 Analyticity of the Pressure . . . . . . . . . . . . . . . . . . . . 8 1.3 Continuous Maps of the Interval . . . . . . . . . . . . . . . . . . . . . 8 1.4 The Class of Functions C_r . . . . . . . . . . . . . . . . . . . . . . . . 9

1.4.1 Example: Piecewise Linear Map . . . . . . . . . . . . . . . . . 12 1.4.2 Example: The Farey Map . . . . . . . . . . . . . . . . . . . . 14

2 The Thermodynamic Formalism for Piecewise Continuous Mappings 16 2.1 Piecewise Continuous Mappings . . . . . . . . . . . . . . . . . . . . . 17 2.2 The Essential Spectrum and a Decomposition Theorem . . . . . . . . 19 2.3 The Transfer Operator L . . . . . . . . . . . . . . . . . . . . . . . . . 20 2.4 The Induced Map and the Modified Transfer Operator M_z . . . . . . 25 2.5 The Extension M_z^+ of M_z . . . . . . . . . . . . . . . . . . . . . . . 27 2.6 Operator Relations between M_z and L . . . . . . . . . . . . . . . . . 29 2.7 Eigenvalues of L . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 2.8 Generalizations of the Formalism . . . . . . . . . . . . . . . . . . . . 31

3 Asymptotics of Iterations 32 3.1 Intermittency Renormalization and Abel’s Equation . . . . . . . . . . 32 3.2 Abel’s Equation and Asymptotics of Iterations . . . . . . . . . . . . . 34

4 Inducing and Phase Transitions 48 4.1 Definition of L_β and M_{βz} . . . . . . . . . . . . . . . . . . . . . . . . 50 4.1.1 Example: Piecewise Linear Map . . . . . . . . . . . . . . . . . 54

4.1.2 Example: The Farey Map . . . . . . . . . . . . . . . . . . . . 55 4.2 Analysis of M_{βz} and M^+_{βz} . . . . . . . . . . . . . . . . . . . . . . . . 56 4.2.1 Boundedness of M_{βz} and M^+_{βz} . . . . . . . . . . . . . . . . . 56 4.2.2 The Essential Spectral Radius of M_{βz} and the Existence of a Leading Eigenvalue . . . . . . . . . . . . . . . . . . . . . . . . 60 4.2.3 The Spectral Gap for M_{βz} . . . . . . . . . . . . . . . . . . . . 65 4.2.4 Examples: Piecewise Linear Map and Farey Map . . . . . . . 66 4.2.5 Some Inequalities for M_{βz} . . . . . . . . . . . . . . . . . . . . 67 4.3 The Spectrum of L_β . . . . . . . . . . . . . . . . . . . . . . . . . . . 70 4.3.1 The Essential Spectral Radius of L_β . . . . . . . . . . . . . . 70 4.3.2 The Existence of a Leading Eigenvalue λ_β and a Spectral Gap of L_β for 0 ≤ β < 1 . . . . . . . . . . . . . . . . . . . . . . . . 71 4.3.3 Analyticity of λ_β for 0 ≤ β < 1 . . . . . . . . . . . . . . . . . 72 4.3.4 The Phase Transition at β = 1 . . . . . . . . . . . . . . . . . . 74

5 Asymptotic Behavior at the Phase Transition 76 5.1 Perturbation Expansion at the Phase Transition . . . . . . . . . . . . 77 5.2 Asymptotic Estimation . . . . . . . . . . . . . . . . . . . . . . . . . . 81

A Notation and General Definitions 86 A.1 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

A.2 General Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

Bibliography 90

Vita 94

List of Figures

1.1 An example for a function in C_r. . . . . . . . . . . . . . . . . . . . . . 11 1.2 The Farey Map f with the piecewise linearized version f̃. . . . . . . . 15 2.1 An example for a piecewise monotone map. . . . . . . . . . . . . . . . 18 4.1 The β-dependence of the largest eigenvalue λ of the transfer operator. 49 4.2 The Farey map f with the induced map g in the upper right corner. . 57 4.3 The piecewise linear Farey map ~f with the induced map ~g. . . . . . . 58 4.4 The spectra of the modified transfer operator M_{βz(β)} (a) and the transfer operator L_β (b) for β < 1. . . . . . . . . . . . . . . . . . . . . . . 73

Chapter 1

Introduction

1.1 General Remarks

The Thermodynamic Formalism [33, 36] proved to be a powerful tool in the ergodic theory of hyperbolic and, in particular, expanding maps [34]. A central role is played here by the transfer (or Ruelle-Perron-Frobenius) operator. That the map is expanding allows one to express thermodynamic and statistical characteristics of the system (free energy, equilibrium states, etc.) in terms of the transfer operator resulting in regularity properties of both. In particular, one obtains a Statistical Mechanics system with a fast decaying interaction and, correspondingly, a transfer operator with compactness properties which allows for quite a complete analysis of such systems. Consequentially, one has fast convergence to the thermodynamic limit and smoothness of the thermodynamic functions (no phase transitions).

These regularity properties disappear when one passes to non-hyperbolic maps, as has been demonstrated convincingly in recent works, mostly by theoretical physicists. Numerical analysis and calculations in some soluble models exhibit both singularities and slow convergence to the thermodynamic limit [8, 9, 14]. Some insights have been gained into the origin of the singularities, in particular by relating the phase transitions to that of Fisher Models [23, 37, 40, 41].

On the other hand, in a number of mathematical works, the method of inducing and its variants have been used to investigate absolutely continuous invariant measures for non-hyperbolic maps of the interval [1, 5, 20, 28].

Apart from a remark of Walters [39] on a relation between pressures of a soluble system and its induced version, I am aware of no work relating thermodynamics and transfer operators of a system and its induced version.

The aim of this dissertation is to establish such a relation and to show that it yields a complete version of the Thermodynamic Formalism for almost expanding maps with an indifferent fixed point with good insight into the nature of singularities in such systems; this relation can be considered a version of the Renormalization Group concept.

Maps with indifferent fixed points arise in a number of different problems. They exhibit the phenomenon of intermittency [30], as the dynamical system is at the transition point from a periodic state to a chaotic one. The time evolution of an intermittent system is characterized by long “laminar” phases, interrupted by “chaotic outbursts”. The Farey map, one of the examples treated here, arises in phenomena as mode-locking of coupled nonlinear oscillators [21], and has been investigated as a model for intermittency in [12]. Using the thermodynamic formalism on a linearized version of intermittent maps, the statistical mechanics of the system has been investigated by [40, 41, 37]. This linearization gives rise to Fisher models, i.e. reduction of the interaction to single-cluster interactions. However, in these approximations the discarded parts of the interactions are not small in any obvious sense, as they have infinite “energy norm”.

Our method extends these results to a larger class of maps, also including the smooth fixed points of the intermittency renormalization (see Chapter 3).

Chapter 1 reviews the thermodynamic formalism for continuous transformations of compact metric spaces, especially the connection between the topological pressure and the transfer operator L and the existing results for expansive and expanding mappings. We conclude this chapter with the introduction of the function class C_r which we wish to investigate.

In Chapter 2 we present the necessary modifications of the above formalism for piecewise continuous mappings in order to deal with this function class. Further, the concept of inducing is defined and a modified transfer operator M_z for the induced system is introduced. Relations between the modified transfer operator and the transfer operator of the original system are presented here as well.

Chapter 3 develops needed results on asymptotics of iterations near the indifferent fixed point. These are of interest in their own right as they give insight into the behavior of the intermittency renormalization transformation near its fixed point.

Chapter 4 applies the formalism of Chapter 2 to the function class C_r with specified interaction −β log |f^′|. The existence of a phase transition at β = 1 is proven using the relation between M_{βz} and L_β.

Chapter 5 gives the asymptotic expansion of the topological pressure at the phase transition and the computation of the critical index.

Appendix A serves as a reference for notations and general definitions.

1.2 Review of the Thermodynamic Formalism for Continuous Mappings

Before we introduce the class of functions which we will be interested in, we will review the thermodynamic formalism as it exists for continuous mappings [5, 33, 35, 38].

Let f be a continuous transformation of a compact metrizable space X with metric d. The set M(X) of all probability measures on the σ-algebra of Borel subsets of X is a convex set which is compact in the weak^∗-topology and the subset M(f) of all f-invariant probability measures is a closed subset of M(X).

We call f (positively) expansive if and only if there exists a δ > 0 such that x ≠ y ⇒ ∃n ∈ N : d(f^nx, f^ny) > δ. (1.1) This is equivalent to the existence of an open cover A of X such that ⋂_∞ n=0 cl(f^{−n}A_{in} ) contains at most one point whenever A_{in} ∈ A. A is then called a (one-sided) generator.

f is expanding if and only if there exists a δ > 0 and a λ_0 > 1 such that d(x, y) < δ ⇒ d(fx, fy) ≥ λ_0d(x, y). (1.2)

An expanding map is expansive.

For a finite open cover A of X write diam(A) = sup_{A∈A} sup_{x,y∈A} d(x, y) and A_n = { A_{i1} ∩ f^{−1}A_{i2} ∩ . . . f^{−(n−1)}A_{in} : A_{ij} ∈ A, j = 1, . . . , n } .

1.2.1 The Entropy

Given m ∈ M(f), for a finite partition A of X, the entropy of A is defined as H_m(A) = − ∑ A∈A m(A) log m(A) and the entropy of f with respect to A is defined as H_m(f, A) = lim_{n→∞} H(A_n). Finally, the entropy h_m of the transformation f is given as h_m = sup {H_m(f, A) : A finite partition of X} . (1.3) If f is expansive then h_m is upper semi-continuous.

1.2.2 The Pressure Function

Given a continuous “interaction” φ ∈ C(X, R), write S_nφ(x) = n−1∑ i=0 φ(f^ix). Then define the partition function

P_n(φ, A) = inf { ∑ A∈α sup_{x∈A} exp S_nφ(x) : α ⊂ A_n finite subcover of X }

and P (φ, A) = lim_{n→∞} 1 n log P_n(φ, A) Finally, the (topological) pressure P (φ) is defined as

P (φ) = sup {P (φ, A) : A open cover of X} . (1.4)

P (0) is equal to h(f), the (topological) entropy. P (φ) is finite if and only if h(f) is finite. Then, P : C(X, ~R) → R is convex and continuous.

If f is expansive then h(f) is finite. If, in addition, A is a generator for f then the pressure is given by P (φ) = lim_{n→∞} 1 n log P_n(φ, A). (1.5)

1.2.3 The Variational Principle and Equilibrium States

Given φ ∈ C(X, R), then

P (φ) = sup_{m∈M(f)} {h_m(f) + m(φ)} . (1.6)

μ ∈ M(f) is called an equilibrium state for φ if and only if the above supremum is attained for m = μ:

P (φ) = h_μ(f) + μ(φ). (1.7) If f is expansive then each φ ∈ C(X, R) has equilibrium states. In this case one also has a converse variational principle. For μ ∈ M(f), h_μ(f) = sup_{φ∈C(X,R)} {P (φ) − m(φ)} . If f is expanding and φ Hölder-continuous then there is a unique equilibrium state.

1.2.4 The Transfer Operator

Given φ in C(X, R), the transfer operator L_φ acting on C(X) is defined as

L_φΦ(x) = ∑ fy=x exp φ(y)Φ(y). (1.8)

As a motivation for the study of the transfer operator, we remark that iteration of 1 gives L^n_φ1(x) = ∑ f^ny=x exp S_nφ(y). (1.9) This can again be seen as a partition function, and the dependence on x can be interpreted as boundary conditions. The close resemblence of this partition function (1.9) to the above definition (1.4) of the pressure might motivate that definition. Due to this correspondence, we might expect P (φ) = lim_{n→∞}^1_n log L^n_φ1.

The spectral properties of L_φ govern the behavior of L^n_φ. In the case of expanding f and Hölder-continuous φ ∈ C^α, we have the following result [34], where L_φ acts on C^α(X).

Theorem 1.1 exp P (φ) is equal to the spectral radius of L_φ, and the essential spectral radius is strictly smaller. exp P (φ) is a simple eigenvalue of L_φ (resp. L^∗_φ), and it has a strictly positive eigenfunction Φ (resp. a nonnegative measure μ). All other eigenvalues have strictly smaller modulus.

Thus, we have a spectral gap for L, which implies exponential convergence of 1 n log L^n_φ1 to the pressure P (φ). Moreover, μ(Φ) is the unique equilibrium state for φ.

We will show that this is no longer the case if one admits an indifferent fixed point of f, i.e. violates the expanding property of f.

1.2.5 Analyticity of the Pressure

Introducing the real parameter β (temperature), we clearly have continuity of the map β → P (βφ). It is natural to investigate analyticity properties of this map, as the non-analyticities can be interpreted as phase transitions.

If the transfer operator L_{βφ} has an isolated leading eigenvalue that can be identified with the pressure, then, by standard perturbation theory [22], the analyticity of the interaction βφ gives rise to analyticity of P (βφ).

Thus, in the case of expanding f and Hölder-continuous φ, Theorem 1.1 implies real-analyticity of P (βφ) in β, so that there are no phase transitions.

In the statistical mechanics interpretation, Hölder-continuity of φ corresponds to exponential decay of interactions.

However, in our setting this is not the case, as we have long-range interactions, the origin of which is the influence of the indifferent fixed point on the dynamics.

1.3 Continuous Maps of the Interval

Choose X to be the interval I = [0, 1] and the interaction φ = − log |f^′|. Then, the transfer operator L_β (omitting φ) is

L_βΦ(x) = ∑ fy=x Φ(y) |f^′(y)|^β . This is a generalization of the Perron-Frobenius operator (for β = 1) which is used to describe densities of invariant measures of f. (Note that L^∗_1μ_L = μ_L for μ_L Lebesgue measure on I.)

The expanding property of f is equivalent to |f^′| ≥ λ_0 > 1. By Theorem 1.1, an expanding f ∈ C^{1+α} leads to a spectral gap of L_β on C^α(X) and, thus, analyticity of the pressure P (β) for all β.

In this dissertation, we want to investigate what happens if one weakens the expanding property of the map f and, in particular, admits an indifferent fixed point for f where the slope of f approaches 1. We will show that this gives rise to a phase transition of P (β), the order of which depends crucially on the behavior of f near the indifferent fixed point.

1.4 The Class of Functions C_r

In extension of the above formalism, we wish to consider certain piecewise monotone transformations of the interval [0, 1] with an indifferent fixed point at the boundary.

The technical difficulty which arises through requiring only piecewise continuity will be dealt with in the next chapter. Of more interest is the existence of the indifferent fixed point, as it considerably alters the behavior of the dynamical system under iterations as opposed to the expanding case.

We specify the considered class of functions as follows. The functions will have two branches, one of which contains the indifferent fixed point and is responsible for the “laminar” phase. The asymptotic behavior in the neighborhood of the fixed point influences this laminar behavior and will turn out to be crucial for the dynamics. The other branch is the “chaotic” branch which facilitates reinjection into the “laminar” phase.

A typical f ∈ C_r is shown in Figure 1.1. More specifically, for r > 0 we define Definition 1.1 A function f of the interval belongs to class C_r if 1. f is a map of the interval I = [0, 1] with fixed point 0, i. e. f : [0, 1] → [0, 1], f(0) = 0, 2. there exists an a ∈]0, 1[ such that f[0, a[= [0, 1[, f[a, 1] = [0, 1], 3. f|_{[0,a[} extends to a C^1-diffeomorphism f_0 on K = [0, a], and f_1 = f|_{[a,1]} is a C^1-diffeomorphism on J = [a, 1], then the inverses are denoted as F_i = f^{−1}_i , i = 1, 2, 4. f is almost expanding, |f^′| > 1 on ]0, a[ and ]a, 1[, 5. for technical reasons (to guarantee that the induced system on J is expanding,) |f^′| ≥ λ_0 > 1 on f^{−1}[a, 1], 6. and that the asymptotic behavior of f near the fixed point 0 is given by f(x) = x + cx^{1+r}(1 + r(x)) (1.10) with exponent 1 + r > 1, some constant c > 0, and r^′(x) = O(x^{α−1}), x → 0 for some α > 0. (Without loss of generality, we will assume that α < r.)

Figure 1.1:

The last property implies for the inverse function

F_0(x) = x − cx^{1+r}(1 + R(x)) (1.11)

with R^′(x) = O(x^{α−1}), x → 0.

(Note that f^′(x) = O(x^{α−1}) for x → 0 implies f(x) = O(x^α) for x → 0 whereas the converse is only true under additional assumptions, e. g. if f^′ is monotone in a neighborhood of 0.)

Later, we will also consider F_0 and F_1 with suitable Hölder-continuity of their derivatives. Taking into account the asymptotic behavior of F_0, we demand

x^{−r}(F_0^′(x) − 1) ∈ C^ϵ(I) and F_1^′ ∈ C^ϵ(I)

for some ϵ ≤ α. Equivalent to the first condition, we can write xR^′(x) ∈ C^ϵ(I) where the multiplication with x compensates for the O(x^{α−1}) behavior of R^′(x).

Further, we write

a_n = F_0^n(1), n ∈ N_0; b_n = F_1F_0^{n−1}(1), n ∈ N. (1.12)

1.4.1 Example: Piecewise Linear Map

Lacking the smoothness required above, the below defined map f̃ does not belong to C_r itself. However, it can be seen as an exactly solvable toy model [40, 41, 37]. As stated in the introduction, this linearization gives rise to Fisher models with cluster interaction. The essential features of this model can be transfered to the case of smooth mappings. Due to its simplicity, it is instructive to include this example in our exposition.

Given a sequence (a_n) of real numbers such that

a_0 = 1, a_1, a_2, . . . ↘ 0, (1.13)

we define the piecewise linear map f̃ such that f̃(a_n) = a_{n−1} for n ∈ N:

f̃(x) = a_n + (x − a_{n+1})a^{n−1} − a^n a_n − a_{n+1} , a^{n+1} ≤ x < a^n, n ∈ N 1 − x − a^1 1 − a_1 , a^1 ≤ x ≤ 1

(1.14)

Writing the magnitude of the slopes of f̃ on ]a_n, a_{n+1}] as

d_n = a_{n−1} − a_n a_n − a_{n+1} , n ∈ N 1 1 − a_1 , n = 0

, (1.15)

this simplifies to

f̃(x) = a_n + d_n(x − a_{n+1}), a_{n+1} ≤ x < a_n, n ∈ N 1 − d_0(x − a_1), a_1 ≤ x ≤ 1

(1.16)

and the inverses are given as ~F_0(x) = a_{n+1} + (x − a_n)/d_n, a_n < x ≤ a_{n−1}, n ∈ N ~F_1(x) = 1 − x/d_0, 0 ≤ x ≤ 1.

The asymptotic behavior of f̃ close to the origin is given by the asymptotic behavior of the sequence (a_n). In particular, if the sequence (1.13) is given by (1.12) for a function f ∈ C_r we can interpret f̃ as a linearized version of f in C_r. By construction, we have a_n = F_0^n(1) and (1.12) implies

b_n = 1 − (1 − a_1)a_{n−1}. (1.17)

As we will show later, for a function in C_r we have an asymptotic behavior of (a_n) as a_n ∼ (rcn)^{− 1r} , n → ∞. (1.18)

1.4.2 Example: The Farey Map

The Farey map [12], whose significance we mentioned in the introduction, is defined as f(x) = x/(1 − x), 0 ≤ x < 1/2 (1 − x)/x, 1/2 ≤ x ≤ 1 (1.19)

with the inverses F_0(x) = x/(1 + x), F_1(x) = 1/(1 + x) (1.20)

The Farey map is in class C_r for r = 1. Here, a_n = 1 n + 1

, n ∈ N_0; b_n = n n + 1

, n ∈ N (1.21) so that its piecewise linearized version is given by

f̃(x) = n + 2 n x − 1 n(n + 1), 1 n + 2 ≤ x < 1 n + 1, n ∈ N 1 − 2x, 12 ≤ x ≤ 1. (1.22)

The inverses are given as

~F_0(x) = nn + 2 y + 1(n + 1)(n + 2), 1n + 1 ≤ x < 1n, n = N ~F_1(x) = 1 −^1_2 x, 0 ≤ x ≤ 1.

The Farey map and its linearized version are shown in Figure 1.2.

Figure 1.2:

Chapter 2

The Thermodynamic Formalism for Piecewise Continuous Mappings

Following [3, 18], we introduce the class of piecewise continuous mappings of the interval and adapt a suitable version of the thermodynamic formalism for these mappings by embedding the interval I into a larger space X in which the transformation becomes continuous. A suitable function space for the transfer operator L is the space of functions with bounded variation BV (X) resp. BV (I), as one has identification of log r(L) with the pressure [3]. Moreover, the extension of I to X does not change the spectral properties of L significantly. In the space BV , we also have a formula for the essential spectral radius r_{ess}(L) [3].

In order to prepare the investigation of the existence of a spectral gap, we then introduce a modified transfer operator M_z for the induced map on a subinterval J ⊂ I. We show that there is a natural extension M_z^+ of this operator to BV (J) and that there are operator relations connecting M_z with L. Using this new formalism, it is possible to get information on spectral properties of L through the investigation of M_z.

2.1 Piecewise Continuous Mappings

Let I be a closed interval and suppose that f is a piecewise monotone transformation of I, i.e. there is an at most countable partition Z = {Z_i : i ∈ I} of I into intervals such that, for each Z ∈ Z, f|_Z is strictly monotone and continuous. Write F_i = f|_{Zi}^{−1}, i ∈ I. Moreover, suppose that Z is a generating partition for f. A typical piecewise monotone map is shown in Figure 2.1.

Out of convenience, we would like to view f and F_i as being continuously extended to each cl(Z_i) respectively cl(fZ_i).

Technically, this involves the investigation of the dynamical system on a somewhat larger space [18]. One doubles all boundary points of the partition inside the interval and their preimages as follows:

Write ∂Z = ⋃ Z_i∈Z ∂Zi. Substitute each x ∈ ⋃_∞ k=0 f^{−k}(∂Z) \ ∂I by two points x^− and x^+ and denote this new space by X. Setting u < x^− < x^+ < v in X if u < x < v in I extends the order to X, and the order topology on X is compact.

The space X, enlarged by at most countably many points, has a “Cantor set”-like structure. The partition Z consists of closed intervals.

Now, f extends in an obvious way to a continuous transformation on X: f(x^−) = lim_{y↗x} f(y), f(x^+) = lim_{y↘x} f(y). (s extends in a similar way.)

Figure 2.1:

A nonatomic measure on I can be lifted to X and the resulting dynamical system still has the same spectral properties as the original one. Also, any measure on X induces a measure on I.

2.2 The Essential Spectrum and a Decomposition Theorem

Before we introduce the transfer operator for this dynamical system, we need to recall some spectral properties of operators. Let A be a bounded linear operator on a Banach space B.

We define

Definition 2.1 The essential spectrum σ_{ess}(A) is the set of all λ ∈ σ(A) such that one of the following holds:

i) the range of (A − λ) is not closed. ii) ⋃_∞ n=0 ker((A − λ)^n) is of infinite dimension.

iii) λ is a limit point of σ(A).

The essential spectral radius is defined as

r_{ess}(A) = sup {|λ| : λ ∈ σ_{ess}(A)} .

Nussbaum [27] has shown that r_{ess}(A) can be computed by an approximation with compact operators as follows:

r_{ess}(A) = lim_{n→∞} (inf {||A^n − K|| : K compact})^{1/n} .

This means that outside the essential spectral radius the spectrum of A is like the spectrum of a compact operator, as stated in the following theorem. Theorem 2.1 (Lemma VIII.8.2 of [11]) We have the following spectral decomposition of A:

For each Θ > r_{ess}(A), the operator A can be decomposed as A = N(Θ)∑ i=1 λ_iP_iΛ_i + PA, (2.1) where P_i, for i = 1, . . . , N(Θ), and P are mutually orthogonal projections commuting with A such that P +

∑_{N(Θ)}

i=1 P_i = Id. For each i = 1, . . . , N(Θ), we have |λ_i| > Θ, rank(P_i) < ∞, and Λ_i = P_i + N_i, where N_i is nilpotent and P_iN_i = N_iP_i = N_i. Finally, ||PA^m||_{BV} ≤ const · Θ^m.

(It may happen that θ = r(A), the spectral radius of A. In this case, N(Θ) = 0.)

2.3 The Transfer Operator L

Definition 2.2 Given a function s ∈ BV (I) such that ∑ Z_i∈Z ||s||_{Zi} < ∞, (2.2) the transfer operator L is defined as L : BV (I) → BV (I), Lψ(x) = ∑ fy=x s(y) ψ(y) = ∑ Z_i∈Z s ∘ F_i(x) ψ ∘ F_i(x). (2.3)

Condition (2.2) in connection with s ∈ BV (I) ensures that ||L||_{BV (I)} is finite, since we have ||Lψ||_I ≤ ∑ Z_i∈Z ||s||_{Zi} ||ψ||_I (2.4) var_I (Lψ) ≤ var_I (s)||ψ||_I + ||s||_I var_I (ψ). (2.5)

Again, it would be convenient to have F_i and s ∘ F_i continuously extended to clf(Z_i), so that we will not have to bother with the endpoints of the partition. Technically, we therefore have to consider L on BV (X) instead of BV (I). (We will write L in both cases.)

However, the following theorem shows that this does not change the spectral properties of L outside the essential spectral radius r_{ess}(L).

We write ψ ≈ 0 if {x : ψ(x) ≠ 0} is at most countable. (2.6)

Theorem 2.2 (Baladi, Keller [3]) Let Y be I or X and let L act on BV (Y ).

(1) If there exist k ≥ 1 and λ > r(L) such that (L − λ)^k ψ = 0 and ψ ≈ 0, then ψ(x) = 0 for all x ∈ X.

(2) If there exist k ≥ 1 and λ ≠ 0 such that (L − λ)^k ψ ≈ 0, then there is ψ_1 ∈ BV (X) such that ψ_1 ≈ ψ and (L − λ)^k ψ_1 = 0.

Theorem 2.2 in particular says that there are corresponding eigenvalues and eigenfunctions of L in BV (X) in BV (I).

Corollary 2.1 (a) Suppose that, for ψ_I ∈ BV (I) and λ ∈ C, Lψ_I = λψ_I . Then there exists a function ψ_X ∈ BV (X) such that Lψ_X = λψ_X .

(b) Suppose that, for ψ_X ∈ BV (X) and λ ∈ C, Lψ_X = λψ_X . Then there exists a function ψ_I ∈ BV (I) such that Lψ_I = λψ_I .

Moreover, in both cases we have ψ^′_I ≈ ψ_X with ψ^′_I being the natural embedding of ψ_I in BV (X).

Proof: Suppose, for ψ_I ∈ BV (I), Lψ_I = λψ_I . Then the trivial embedding ψ^′_I of ψ_I in BV (X) fulfills Lψ^′_I ≈ λψ^′_I , and by Theorem 2.2 we have the existence of ψ_X ≈ ψ^′_I such that Lψ_X = λψ_X .

Conversely, if Lψ_X = λψ_X for ψ_X ∈ BV (X), then any restriction ψ^′_X of ψ_X in BV (I) fulfills Lψ^′_X ≈ λψ^′_X , and by Theorem 2.2 we have the existence of ψ_I ≈ ψ^′_X such that Lψ_I = λψ_I . Clearly, for the embedding ψ^′_I of ψ_I in BV (X), we have also ψ_X ≈ ψ^′_I . □

For convenience, we introduce s_n(x) = s(f^{n−1}x) · . . . · s(fx) s(x). (2.7) Then we can write powers of L as L^nψ(x) = ∑ f^n(y)=x s_n(y) ψ(y). (2.8)

The following theorem gives a formula for the essential spectral radius of L.

Theorem 2.3 (Ibid.) Let Y be I or X and let L act on BV (Y ). The essential spectral radius r_{ess}(L) is given by r_{ess}(L) = inf_n ||s_n||^{1/n}_Y . (2.9)

Corollary 2.2 r_{ess}(L) is equal for L acting on BV (I) and BV (X). Proof: Clearly, ||s_n||_I = ||s_n||_X by construction of the extension to X. □ The next theorem establishes a connection between properties of L and the pressure of the dynamical system. In particular, it shows that the space of functions with bounded variation is indeed suitably chosen.

Theorem 2.4 (Ibid.) Suppose s_{Zi} is continuous for each Z_i ∈ Z. Then P (f, log |s|) ≥ r(L). (2.10) Suppose that additionally s ≥ 0. Then P (f, log |s|) = r(L), (2.11) and λ = r(L) is an eigenvalue of L, provided r(L) > r_{ess}(L).

We add a theorem with a more detailed result on the largest eigenvalue. Theorem 2.5 Suppose s > 0 and r(L) > r_{ess}(L). Then λ = r(L) is an eigenvalue of multiplicity 1 with a positive eigenfunction Ψ_λ bounded away from 0. Proof: Choose 0 ≠ Ψ_λ ∈ BV (I) with LΨ_λ = λΨ_λ. Then L(ℜΨ_λ) = ℜ(LΨ_λ) = ℜ(λΨ_λ) = λℜ(Ψ_λ) and we can assume Ψ_λ to be real.

Suppose Ψ_λ(x) ≥ 0 for some x ∈ I. Z generates, whence Ψ_λ ≥ 0 on a dense subset Ω(x) ⊂ I, given by all inverse images of x.

If in addition Ψ_λ(y) ≤ 0 for some y ∈ I, then Ψ_λ ≤ 0 on the dense subset Ω(y) ⊂ I. For Ψ_λ ∈ BV (I) left and right limits exists. Taking these limits over Ω(x) and Ω(y) must give the same result, thus all the left and right limits are 0. Hence Ψ_λ ≈ 0, and by the above theorem we see that Ψ_λ = 0 on I.

Thus, Ψ_λ > 0. Assume that Ψ_λ is not bounded away from zero, i.e. there is (x_n) ∈ I such that Ψ_λ(x_n) → 0. Then there are y and a subsequence x_{nk} → y with Ψ_λ(x_{nk} ) → 0.

Thus, Ω(y) consists of points where the left or right limit of Ψ_λ is equal to 0. Now, for each x ∈ I there is a sequence (y_n) ⊂ Ω(y) that converges to y and there are sequences (x^{(yn)}_k ) ⊂ I converging to y_n with Ψ_λ(x^{(yn)}_k ) converging to 0 for each n.

Then the diagonal sequence (x^{(yn)}_n ) converges to x, and Ψ_λ(x^{(yn )}_n ) converges to 0. Choosing (y_n) suitably, we get that all left and right limits are equal to zero. Hence, Ψ_λ ≈ 0 in contradiction to Ψ_λ > 0.

So far we have proven that Ψ_λ ≥ α > 0 for any eigenfunction Ψ_λ of L with eigenvalue λ = r(L). Now, using a standard argument [29], suppose that there is a Ψ_λ ≠ Ψ_λ^′ ∈ BV (I) with LΨ_λ^′ = λΨ_λ^′. Again, we can pick Ψ_λ^′ real, and we choose t ∈ R such that Ψ_λ − tΨ_λ^′ ≥ 0 with Ψ_λ(x) = tΨ_λ^′(x) for some x ∈ I. Repeating the above argument, we see that Ψ_λ = tΨ_λ^′, i.e. the eigenvalue λ is simple. □ At this point, one would also like to show the existence of a spectral gap for L, i.e.

that the following holds for r_{ess}(L) < r(L):

sup {|λ| : r(L) ≠ λ ∈ σ(L)} < r(L). (2.12)

For this to hold, it is enough to show that there are no other eigenvalues of L with magnitude equal to r(L). However, in general it is only possible to show that the set of eigenvalues with magnitude equal to r(L) is cyclic (see e.g. [11]).

Thus, we are left with two questions. First, one would like to know under what conditions one has a leading eigenvalue or, equivalently, when r_{ess}(L) < r(L) holds. Second, even if this is shown one still has to investigate separately whether L has a spectral gap.

(In a different setting [33], Ruelle has shown that this is always the case for an expanding map f with Hölder-continuous interaction log s.)

In order to accomplish this task, it will be convenient to investigate certain transfer operators in induced subsystems as outlined in the next section.

2.4 The Induced Map and the Modified Transfer Operator M_z

Let J ⊂ I be a closed interval. We define

J_n = { x ∈ J : f^i(x) ∉ J, i = 1, . . . , n − 1, f^n(x) ∈ J } , n ∈ N (2.13) K_n = { x ∈ J : f^i(x) ∉ J, i = 1, . . . , n − 1 } = ∞⋃ k=n J_k, n ∈ N (2.14)

Z is generating for f, hence J_∞ = J \ ∞⋃ k=1 J_k (2.15) is at most countable. Now, define n(x) = n if x ∈ J_n, n ∈ N ∪ {∞}. (2.16)

After this preparation, as in [31], we define

Definition 2.3 The induced or first-return map is the map g : J \ J_∞ → J \ J_∞ given by g(x) = f^{n(x)}(x). (2.17)

Defining g(x) arbitrarily on J_∞, we extend g to all of J. Due to the fact that f is piecewise continuous, each J_n can be written as an at most countable union of intervals. The partition of J into these intervals is generating for g. (In the special case of functions in C_r and inducing on J = [a, 1], each J_n is itself an interval. Then we will write G_n = g|_{Jn}^{−1}.)

Thus, both f and g are piecewise continuous mappings of the interval with generating partitions.

Now, we can proceed to introducing a new transfer operator for the induced dynamical system. We define the modified transfer operator as follows:

Definition 2.4 For z ∈ C and s ∈ BV (I), the modified transfer operator M_z is defined as M_z : BV (J) → BV (J), M_zϕ(x) = ∑ g(y)=x z^{n(y)}s_{n(y)}(y) ϕ(y) (2.18) = ∞∑ n=1 z^n ∑ g(y)=x, y∈J_n s_n(y) ϕ(y).

Thus, M_z is an operator-valued power series in z,

M_z = ∞∑ n=1 z^nM_n (2.19) with M_nϕ(x) = ∑ g(y)=x, y∈J_k s_n(y) ϕ(y) (2.20) which has a radius of convergence equal to r = lim_{n→∞} ||M_n||^{−1/n}_{BV (J)}.

(For functions in C_r and inducing on J = [a, 1], we can write the operator as M_nϕ(x) = s_n ∘ G_n(x) ϕ ∘ G_n(x).)

Analoguous to above, we extend J to an enlarged space Y and extend L by continuous extension along the inverse branches of g.

Theorem 2.3 can be applied to M_z, as we have a piecewise monotone transformation of the interval with a generating partition. (Naturally, the conditions on M_z still have to be verified.)

Denoting n_k(y) = (n_1, . . . , n_k), where g^{i−1}y ∈ J_{ni} , i = 1, . . . , k, we write s_{nk(y)}(y) = s_{nk} (g^{k−1}y) · . . . · s_{n2} (gy)s_{n1} (y). Using |n_k| = (n_1, . . . , n_k), the formula for the essential spectral radius is r_{ess}(M_z) = inf_k | | | |z^{|nk (y)|}s_{nk(y)}(y) | | | |^{1/k}_J (2.21)

2.5 The Extension M_z^+ of M_z

In order to relate the operators M_z and L to each other, we must analyze M_z further. We decompose Lψ = L(χ_J c ψ) + L(χ_J ψ) = L_0ψ + L_1ψ. (2.22) Then one can check that M_nϕ = L^n(χ_{Jn} ϕ) = χ_J L_0^{n−1}L_1ϕ (2.23) holds. Here we see that multiplication with χ_J alone is “responsible” for the restriction to BV (J). Thus, it is natural to define an extension M_n^+ of M_n by omitting the χ_J . This leads to M_n^+ϕ = L^n(χ_{Kn} ϕ) = L_0^{n−1}L_1ϕ (2.24) and we define M_z^+ = ∞∑ n=1 z^nM_n^+. (2.25)

(We will use M_z^+ both for the operator mapping BV (J) into BV (I) and for the operator acting on BV (I).)

Relations (2.23) and (2.24) imply

Lemma 2.1 The radii of convergence for both M_z and M_z^+ are bounded below by 1/r(L_0).

Unfortunately, the extension M_z^+ is no longer given by a piecewise monotone transformation, so that Theorem 2.3 does not apply in this case. (However, a theorem of Ruelle [35], generalizing Theorem 2.3, can be applied and gives an upper bound on r_{ess}(M_z^+).)

Still, we can get information on the eigenvalues of M_z^+ through the following Lemma.

Lemma 2.2 Suppose that M_z^+ is bounded. Then

σ_p(M_z) \ {0} = σ_p(M_z^+) \ {0} and the geometric multiplicity of the eigenspaces to an eigenvalue λ ≠ 0 are identical. Moreover, the corresponding eigenfunctions ϕ of M_z and ψ of M_z^+ are related by λψ = M_z^+ϕ, ϕ = ψ_J .

Proof: Suppose ϕ ∈ BV (I) is eigenfunction of M_z^+ with eigenvalue λ. Then, M_zϕ_J = (M_z^+ϕ_J )_J = (M_z^+ϕ)_J = λϕ_J , Moreover, ϕ_J ≠ 0, for, if ϕ_J = 0 then ϕ = λ^{−1}M_z^+ϕ = M_z^+ϕ_J = 0. Thus, ϕ_J is eigenfunction of M_z with the same eigenvalue.

Conversely, suppose that ψ ∈ BV (J) is an eigenfunction of M_z with eigenvalue λ. Then, extending to ϕ = λ^{−1}M_z^+ψ, ϕ is nonzero and eigenfunction of M_z^+ with the same eigenvalue, for we have ϕ_J = λ^{−1}(M_z^+ψ)_J = ψ and thus, M_z^+ϕ = M_z^+ϕ_J = M_z^+ψ = λϕ. □ Thus, we can restrict ourselves to the investigation of eigenfunctions of M_z.

2.6 Operator Relations between M_z and L

Now, the following operator relations emerge:

Theorem 2.6 (1 − zL_0)(1 − M_z^+)ψ = (1 − zL)ψ, ψ ∈ BV (I) (2.26) (1 − zL)M_z^+ϕ = zL_1(1 − M_z)ϕ, ϕ ∈ BV (J). (2.27)

Proof: On BV (I) we have

(1 − zL_0)(1 − M_z^+) = (1 − zL_0)(1 − ∞∑ n=1 z^nL_0^{n−1}L_1)

= 1 − zL_0 + ∞∑ n=1 z^{n+1}L_0^nL_1 − ∞∑ n=1 z^nL_0^{n−1}L_1 = 1 − zL_0 − zL_1 = 1 − zL and on BV (J)

zL_1(1 − M_z) = zL(χ_J (1 − χ_J M_z^+)) = zL_1(1 − M_z^+) = zL_1 − zL_1 ∞∑ n=1 z^nL_0^{n−1}L_1) = ∞∑ n=1 z^nL_0^{n−1}L_1 − ∞∑ n=1 z^{n+1}L_0^nL_1 − zL_1 ∞∑ n=1 z^nL_0^{n−1}L_1) = (1 − zL_0 − zL_1) ∞∑ n=1 z^nL_0^{n−1}L_1) = (1 − zL)M_z^+. □

Remark 2.1 The proof of the operator relations is purely algebraic and thus independent of the specific choice of function spaces.

2.7 Eigenvalues of L

The operator relations of Theorem 2.6 provide a method to show the existence of eigenvalues and eigenfunctions of L. It is exactly this new relation which will enable us to investigate the behavior of the transfer operator in Chapter 4.

Theorem 2.7 Suppose 0 ≠ |z| < 1/r(L_0). Then z^{−1} ∈ σ_p(L) if and only if 1 ∈ σ_p(M_z). Moreover, the geometric multiplicity of the eigenvalues 1 and z^{−1} are the same and the corresponding eigenfunctions ψ of L and ϕ of M_z are related by ψ = M_z^+ϕ.

Proof: Suppose M_zϕ = ϕ. Then, extending ψ = M_z^+ϕ and applying (2.27), we have (1 − zL)ψ = (1 − zL)M_z^+ϕ = zL_1(1 − M_z)ϕ = zL_10 = 0.

Thus, ψ is eigenvector of L with eigenvalue z^{−1}.

Conversely, suppose zLψ = ψ. Then, applying (2.26) we have

(1 − zL_0)(1 − M_z^+)ψ = (1 − zL)ψ = 0

and thus, (1 − M_z^+)ψ = 0. Restricting ϕ = ψ_J , clearly ϕ is an eigenfunction of M_z with eigenvalue 1.

As M_z^+ uniquely extends ϕ to ψ = M_z^+ϕ, the geometric multiplicity of the corresponding eigenvalues is the same. □

2.8 Generalizations of the Formalism

Note that the above developed formalism still holds in a more general setting. Formally, for an arbitrary transformation f of a set I, the notion of the induced map g along with the definition of the sets J_n and K_n holds for any subset J. Choosing a suitable topology on I and a “nice” subset J, L and M_z make sense on suitable function spaces, so that one can expect to relate their properties via the operator relations of Theorem 2.6. Thus, this method enjoys a wide range of possible applications.

Chapter 3

Asymptotics of Iterations

We investigate the iteration of a function F_0 with indifferent fixed points. First, we present the relation of this iteration to the intermittency renormalization. Next, the relation to Abel’s equation and the theory of iterative functional equations is explored. The asymptotic behavior of a solution of Abel’s equation is used to get sharp bounds on the asymptotics of the iteration of F_0. Moreover, these estimates enable us to show convergence of the intermittency renormalization.

3.1 Intermittency Renormalization and Abel’s Equation

We want to be able to control the iteration of functions f ∈ C_r. This is closely related to the investigation of the intermittency renormalization transformation (see e. g.

[19].) This is the transformation T_γ g(x) = γg^2(x/γ) (3.1) with intermittency boundary condition g(0) = 0, g^′(0) = 1. (3.2) The fixed point g = T_γ g of this transformation is explicitly known, g(x) = {x^{−r} + a}^{− 1r} (3.3) with γ = 2^1r . The expansion at x = 0 yields g(x) = x − a r x^{r+1} + O(x^{2r+1}), x → 0 (3.4) which coincides with the expansion (1.11) of F_0(x) for a = cr if F_0 is given by a function f ∈ C_r.

We will see that iterates of F_0 converge against iterates of this fixed point g. More specifically, we need an uniform asymptotic estimate of the difference between iterates of F_0 and iterates of the fixed point.

In order to get this estimate, we utilize a connection of the renormalization transformation to Abel’s functional equation, G(F_0(x)) − G(x) = 1. (3.5) (For a review of the theory of iterative functional equations, see e. g. [25].) Solving this equation for G for given F_0 makes it possible to explicitly determine higher iterates of this function by F_0^n(x) = G^{−1}(n + G(x)). (3.6)

The advantage of this formula is that it explicitely contains the number of iterations n. The connection to Abel’s equation emerges out of a smooth conjugation of F_0 to the fixed point g:

h(F_0(x)) = g(h(x)) (3.7) with h being a C^1-diffeomorphism such that h(0) = 0 and h(1) = 1. Rewriting this equation we get (h(F_0(x)))^{−r} = (h(x))^{−r} + a.

Choosing G(x) =^1_a (h(x))^{−r}, this is equivalent to Abel’s equation (3.5).

Thus, we see that if F_0 is equal to the fixed point g = T_γ g then Abel’s equation is explicitely solvable with G(x) =^1_a x^{−r} and iterates of g are given by G^{−1}(n + G(x)), i.e.

g^n(x) = {x^{−r} + na}^{− 1r} . (3.8)

3.2 Abel’s Equation and Asymptotics of Iterations

For convenience, we now define the function F_0 explicitely instead of relating F_0 to f ∈ C_r:

Definition 3.1 F_0 : [0, 1] → [0, a] is a C^1-diffeomorphism with

0 < F^′_0 < 1 on ]0, 1[ and asymptotic behavior

F_0(x) = { x^{−r} + rc(1 + ~R(x)) }_− 1_r

(3.9)

with r, c > 0 and ~R^′(x) = O(x^{α−1}), x → 0 for some α > 0. (Without loss of generality, choose α < r.)

Remark 3.1 For f ∈ C_r the asymptotic behavior (3.9) is equivalent to (1.11) with ~R^′(x) − R^′(x) = O(x^{r−1}) for x → 0.

Along the ideas outlined in the previous section, we now derive the asymptotic behavior of F_0^n(x). The main result of this chapter is

Theorem 3.1 The following asymptotic expressions hold uniformly in n for x → 0.

F_0^n(x) = g^n(x) {1 + O({g^n(x)}^α)} (3.10) (F_0^n)^′(x) = (g^n)^′(x) {1 + O(x^α)} . (3.11)

This will be proven by determining the existence of a solution G to Abel’s equation for F_0. The explicit formula for this solution is given and used for a derivation of an asymptotic expression for G. Using this result, we get the desired asymptotic estimation of iterates of F_0 directly in terms of iterates of the fixed point of the intermittency renormalization (3.8).

Theorem 3.1 is also the basis for a precise statement about the convergence under intermittency renormalization:

Corollary 3.1 For γ = 2^1r and g given by (3.3), we have T_γ^nF_0 → g and (T_γ^nF_0)^′ → g^′ (3.12) uniformly on [0, 1]. Proof: We have T_γ^nF_0(x) = γ^nF_0^{2n} (γ^{−n}x) = γ^ng^{2n} (γ^{−n}x) { 1 + O({g^n(γ^{−n}x)}^α) }

= g(x) { 1 + O({γ^{−n}g^n(x)}^α) }

uniformly in n and x. Thus T_γ^nF_0(x) − g(x) = O(1)γ^{−nα}, n → ∞ with γ > 1. Similarly, (T_γ^nF_0)^′(x) = (F_0^{2n} )^′(γ^{−n}x) = (g^{2n} )^′(γ^{−n}x) { 1 + O({γ^{−n}x}^α) }

= g^′(x) { 1 + O({γ^{−n}x}^α) }

uniformly in n and x. Thus, also (T_γ^nF_0)^′(x) − g^′(x) = O(1)γ^{−nα}, n → ∞. □ In order to prepare the proof of Theorem 3.1, we first need some inequalities:

Lemma 3.1 F_0^n is bounded by {x^{−r} + nrc(1 + a_2)}^{− 1r} ≤ F_0^n(x) ≤ {x^{−r} + nrc(1 + a_1)}^{− 1r} (3.13) with a_1 = inf_x ~R(x) > −1 and a_2 = sup_x ~R(x). (3.14) Moreover, for (F_0^n)^′ we have 1 − Cx^α {1 + nrc(1 + a_2)x^r}^1r^{+1}

≤ (F_0^n)^′(x) ≤ 1 + Cx^α {1 + nrc(1 + a_1)x^r}^1r^{+1}

, (3.15) and | | | | n−1∑ i=0 ( ~R ∘ F_0^i)^′(x) | | | | ≤ C c x^{−(1+r−α)}, (3.16) for some constant C > 0.

Proof: We have F_0^n(x) = { x^{−r} + rc ( n + n−1∑ i=0 ( ~R ∘ F_0^i)(x) )}_−^1_r . (3.17) Thus, with a_1 and a_2 given by (3.14), we have the bounds (3.13).

Clearly 1 + a_1 > 0 due to the asymptotic behavior of F_0(x) in connection with F_0^′(x) ≤ 1.

Differentiating (3.17), we get (F_0^n)^′(x) = 1 − cx^{r+1} ∑_{n−1} i=0 ( ~R ∘ F_0^i)^′(x) { 1 + rcx^r ( n + ∑_{n−1} i=0 ~R(F_0^i(x))

)} 1_{r +1} . (3.18)

In order to get bounds on this expression, we have to estimate the sum ~R_n(x) = cx^{r+1} n−1∑ i=0 ( ~R ∘ F_0^i)^′(x). (3.19)

We have from (3.18) ( 1 − | ~R_n(x)| ) {1 + nrc(1 + a_2)x^r}^{− 1+rr} ≤ (F_0^n)^′(x) ≤ ( 1 + | ~R_n(x)| ) {1 + nrc(1 + a_1)x^r}^{− 1+rr} . (3.20)

The asymptotic behavior of ~R^′ implies that a^′ = sup_x | | |x^{1−α} ~R^′(x) | | | < ∞ (3.21) and we can estimate | ~R_n(x)| ≤ ca^′x^{r+1} n−1∑ i=0 (F_0^i(x))^{α−1}(F_0^i)^′(x) ≤ ca^′x^{r+1} n−1∑ i=0 { x^{−r} + irc(1 + a_2) } 1−α_r (F_0^i)^′(x) ≤ ( 1 + a_2 1 + a_1 )^{1−α}_r ca^′x^{r+α} n−1∑ i=0 {1 + irc(1 + a_1)x^r}^{1−αr} (F_0^i)^′(x). (3.22) In the last estimation 1 ≤ sup_{n,x} 1 + nrc(1 + a_2)x^r 1 + nrc(1 + a_1)x^r ≤ 1 + a_2 1 + a_1 was used. The bound n−1∑ i=0 {1 + irc(1 + a_1)x^r}^{1−αr} ≤ 1 + ∫_n 0 {1 + trc(1 + a_1)x^r}^{1−αr} dt ≤ 1 + 1 c(1 + a_1)(r + 1 − α)x^r

{1 + nrc(1 + a_1)x^r}^{r+1−αr} , and 0 ≤ (F_0^n)^′ ≤ 1, implies along with (3.22) the initial estimate | ~R_n(x)| ≤ A_0x^α ( 1 + {1 + nrc(1 + a_1)x^r}^{r+1−αr} ) (3.23) with some positive A_0.

Next, we proceed iteratively. Inserting (3.20) into (3.22), we get | ~R_n(x)| ≤ ( 1 + a_2

1 + a_1 )^{1−α}_r ca^′x^{r+α} n−1∑ i=0 ( 1 + | ~R_i(x)| ) {1 + irc(1 + a_1)x^r}^{− r+αr} . (3.24) Inserting n−1∑ i=0 {1 + irc(1 + a_1)x^r}^{− r+αr} ≤ 1 + ∫_∞ 0 {1 + trc(1 + a_1)x^r}^{− r+αr} dt = 1 + 1 c(1 + a_1)αx^r into (3.24), we get | ~R_n(x)| ≤ Bx^α ( 1 + x^r n−1∑ i=0 | ~R_i(x)| {1 + irc(1 + a_1)x^r}^{− r+αr} ) (3.25) With some positive constant B. Assuming that for some δ and positive A we have the bound | ~R_n(x)| ≤ Ax^α ( 1 + {1 + nrc(1 + a_1)x^r}^{r+δr} ) , (3.26) we insert this into the (3.25) in order to improve the bound. | ~R_n(x)| ≤ ≤ Bx^α ( 1 + Ax^{r+α} {_{n−1} ∑ i=0 {1 + irc(1 + a_1)x^r}^{− r+αr} + n−1∑ i=0 {1 + irc(1 + a_1)x^r}^{δ−αr} })

≤ Bx^α ( 1 + Ax^{r+α} {( 1 + 1 c(1 + a_1)αx^r ) + + ( 1 + ∫_n 0 {1 + trc(1 + a_1)x^r}^{δ−αr} dt )}) . (3.27) First, suppose that δ ≥ α − r. Then we can estimate | ~R_n(x)| ≤ A^′x^α ( 1 + {1 + nrc(1 + a_1)x^r}^{r+δ−αr} ) , (3.28) (if δ = α − r, simply choose a slightly larger δ to avoid the logarithm in the integration). Thus, the estimate (3.26) has been improved by δ^′ = δ − α. We can repeat this step finitely many times until δ^′ < α − r.

Now suppose that δ < α − r. Then the right expression is bounded by a constant and we get a bound independent of n, | ~R_n(x)| ≤ Cx^α, (3.29) as the final estimate which directly implies the bounds (3.16) and (3.15). □ Whereas the proof of Lemma 3.1 was still quite straightforward, we will have to use results related to Abel’s equation (3.5) in order to get even sharper results.

Lemma 3.2 Abel’s equation (3.5) has a real solution G on (0, 1] which can be written as G(x) = 1 rc x^{−r} + ∫_x γ ~R(t) t − F_0(t) dt + lim_{n→∞} (_{n−1} ∑ i=0 ~R(F_0^i(x)) − ∫_x F_0^n(x) ~R(t) t − F_0(t) dt ) (3.30)

with γ constant, the last term being of order O(x^α) for x → 0. Moreover, an expression for its derivative is given by

G^′(x) = − 1 c x^{−(r+1)} + ∞∑ i=0 ( ~R ∘ F_0^i)^′(x). (3.31)

Demanding that lim_{x→0} x^{r+1}G^′(x) (3.32) exists, this solution is unique (up to an additive constant).

Proof: Write G(x) = 1 rc x^{−r} + ∫_x C ~R(t) t − F_0(t) dt + G_1(x). (3.33) Inserting this into Abel’s equation (3.5) leads to

G_1(F_0(x)) − G_1(x) = h(x) (3.34)

with h(x) = ∫_x F_0(x) ~R(t) t − F_0(t) dt − ~R(x). (3.35)

Showing that h(x) is “small enough” for small x will enable us to get an explicit expression of G_1(x).

We recall that R(x) is given by

F_0(x) = { x^{−r} + rc(1 + ~R(x)) }_− 1_r

= x − cx^{1+r}(1 + R(x)). (3.36)

Applying the mean value theorem, for some y ∈ [F_0(x), x] one can write h(x) = ~R(y) x − F_0(x) y − F_0(y) − ~R(x) = ~R(y) x^{r+1}R(x) y^{r+1}R(y) − ~R(x) (3.37) = O(1){R(y) − R(x)} + O(1){ ~R(y) − ~R(x)} + O(1)x^rR(x), x → 0. Moreover, | ~R(x) − ~R(y)| < (x − F_0(x)) sup_{y∈[F0(x),x]} | ~R^′(y)|. Using ~R^′(x) = O(x^{α−1}) for x → 0, one can also show that ~R^′(y) = O(x^{α−1}) for x → 0 and y ∈ [F_0(x), x]. (3.38) The same consideration applies for |R(x) − R(y)|. Inserting this into (3.37), we have h(x) = O(1)x^{r+1}x^{α−1} + O(1)x^rx^α = O(x^{r+α}), x → 0. (3.39) Using (3.39) in connection with the upper bound (3.15) on iterates of F_0, we can show the existence of a solution G_1(x) of (3.34) and that its asymptotic behavior is G_1(x) = O(x^α) x → 0. (3.40) Inserting

G_1(x) = − ∞∑ n=0 h(F_0^n(x)) = lim_{N→∞} (∫_x F_0^N (x) ~R(t) t − F_0(t) dt − N−1∑ n=0 ~R(F_0^n(x)) ) (3.41) into (3.34), one checks that this is a solution, provided the sum converges. Indeed, using (3.13) for fixed x, each term is of order h(F_0^n(x)) = O(n^{− r+αr} ), thus making the sum convergent. The sum can further be estimated by G_1(x) = O(1) ∞∑ n=0 ( {x^{−r} + nc(1 + a_1)}^{− 1r} )_{r+α}

= O(1) Nx^{r+α} + ∞∑ n=N+1 n^{− r+αr} = O(1) ( Nx^{r+α} + N^{− αr} ) .

Choosing N = x^{−r}, we get G_1(x) = O(1)x^α which implies the asserted asymptotic behavior of the solution (3.30).

Next, we show that G^′(x) is given by direct differentiation of (3.30). Differentiating without taking the limit yields − 1 c x^{−(r+1)} + (_{n−1} ∑ i=0 ( ~RF_0^i)^′(x) +

~R(F_0^n(x)) F_0^n(x) − F_0^{n+1}(x)

(F_0^n)^′(x) ) . The sum has already been estimated in Lemma 3.1. Fixing x and using the bounds for F_0^n and (F_0^n)^′ from Lemma 3.1, we get that the last term converges to zero as (n^{− 1r} )^αn^{− 1r −1}(n^{− 1r} )^{−r−1} = n^{− αr} .

Thus, we get (3.31) in the limit.

A direct computation shows that this expression fulfills the differentiated Abel equation, G^′(F_0(x))F_0^′(x) − G^′(x) = 0. (3.42)

Now, assume (3.32), i.e. that lim_{x→0} x^{r+1}G^′(x) = A exists. Then

A = lim_{n→∞}(F_0^n(x))^{r+1}G^′(F_0^n(x)) = lim_{n→∞}(F_0^n(x))^{r+1} G^′(x) (F_0^n)^′(x) = G^′(x) lim_{n→∞} { x^{−r} + rc ( n + n−1∑ i=0 ( ~R ∘ F_0^i)(x)

)}_{−(}^1_{r +1)} ×

× { 1 + rcx^r ( n + ∑_{n−1} i=0 ~R(F_0^i(x))

)} 1_{r +1} 1 − cx^{r+1} ∑_{n−1} i=0 ( ~R ∘ F_0^i)^′(x) = x^{r+1}G^′(x) 1 − cx^{r+1} ∑_∞ i=0( ~R ∘ F_0^i)^′(x)

. (3.43) Thus, G^′(x) is determined by (3.43) up to a multiplicative constant, which is uniquely fixed by demanding that G(x) solves (3.5). □

It immediately follows that

Corollary 3.2 G(x) = 1 rc x^{−r}(1 + O(x^α)), x → 0 (3.44) and G^′(x) = − 1 c x^{−(r+1)}(1 + O(x^α)), x → 0. (3.45)

Proof: For an asymptotic estimate for the integral, write ∫_x γ ~R(t) t − F_0(t) dt = x − γ c(1 + R(y)) ~R(y) y^r , y ∈ [x, x_0] with fixed positive γ. ~R(y)y^{−r} is at most of order O(x^{−r+α}) for x → 0, whereas the other terms on the right hand side are bounded away from zero and infinity. The second equation follows directly from (3.16). □

We also need information about the asymptotic behavior of the inverse G^{−1}.

Lemma 3.3 Let G(x) be a solution of Abel’s equation (3.5). Then G^{−1} exists, and we have the asymptotic expressions G^{−1}(y) = (rcy)^{− 1r} ( 1 + O(y^{− αr} ) ) , y → ∞ (3.46) and (G^{−1})^′(y) = −c(rcy)^{− 1r −1} ( 1 + O(y^{− αr} ) ) , y → ∞. (3.47)

Proof: The existence and asymptotic behavior of G(x) are given by Lemma 3.2. Also, by virtue of the asymptotic behavior, G^′(x) < 0. For, if it were zero for some x_0 then it would be zero for all F_0^n(x_0). This is a clear contradiction to (3.45) which implies that G^′(F_0^n(x_0)) is negative for n large enough.

Thus, the inverse G^{−1} exists. Clearly, G^{−1}(y) = O(1)y^{− 1}r , y → ∞, but we need more. Write G(x) = 1 rc x^{−r} {1 + ϕ(x)} with ϕ(x) = O(x^α), x → 0 (3.48) and G^{−1}(y) = (rcy)^{− 1r} + Ψ(y). (3.49) Then, x = (G^{−1} ∘ G)(x) = x (1 + ϕ(x))^{− 1r} + Ψ ( 1 rc x^{−r} {1 + ϕ(x)} ) . (3.50)

Thus, in order to get an estimation for Ψ(x), we have to get an estimate on the expression Ψ(y + h) − Ψ(y). Using Lemma (3.1), write for 0 < x ≤ y < 1 | | |G^{−1}(G(x) + n) − G^{−1}(G(y) + n) | | | = |F_0^n(x) − F_0^n(y)| ≤ |x − y| sup_{ξ∈]x,y[}(F_0^n)^′(ξ) ≤ (1 + C)y {1 + nrc(1 + a_2)x^r}^{1+ 1}r

. (3.51) Denote G(x) = s and G(y) = t, (this implies s ≥ t). Then, using G^{−1}(y) = O(1)y^{− 1}r we continue (3.51)

G^{−1}(s + n) − G^{−1}(t + n) = O(1) t^{− 1}r {1 + ns^{−1}}^{1+ 1}r

= O(1) s^{1+ 1}r t^1r {s + n}^{1+ 1}r . This leads to

G^{−1}(y + h) − G^{−1}(y) = O(1)

(y + h − n)^{1+ 1}r (y − n)^1r (y + h)^{1+ 1}r

= O(1) h (y + h)^{1+ 1}r

. (3.52) The last step follows from choosing a suitable n. Clearly, the estimation (3.52) remains true uniformly for general h > −y, as long as y − h remains suitably bounded away from zero. Thus, for −h/y > δ > 0 with some δ > 0, instead of (3.52) we can write G^{−1}(y + h) − G^{−1}(y) = O(1) h y^{1+ 1}r

. (3.53)

Now, (3.53) implies the desired estimation. Write

Ψ(y + h) − Ψ(y) = { G^{−1}(y + h) − G^{−1}(y) } − { 1 rc (y + h)^{− 1r} − 1 rc y^{− 1r} }

= O(1) h y^{1+ 1}r

+ O(1) h y^{1+ 1}r

(3.54) and insert (3.54) into (3.50):

x = (G^{−1} ∘ G)(x) = x (1 + ϕ(x))^{− 1r} + Ψ ( 1 rc x^{−r} ) + O(1)xϕ(x). Thus, we get Ψ ( 1 rc x^{−r} ) = O(1)xϕ(x). Writing y =^1_{rc} x^{−r} and using ϕ(x) = O(x^α), this finally leads to Ψ(y) = O(1)y^{− 1r − αr} . This implies (3.46).

The asymptotic formula (3.47) for the derivative can be derived directly by use of the asymptotic formulas (3.46) and (3.45) for G^′ and G^{−1}:

(G^{−1})^′(y) = ( G^′ ∘ G^{−1}(y) )_{−1}

= −c ( G^{−1}(y)

)_{r+1} (

1 + O(1)G^{−1}(y) )_{−1}

= −c(rcy)^{−(1+ 1r )} ( 1 + O(1)y^{− αr} )_{r+1} { 1 + O(1)y^{− αr} }

= −c(rcy)^{−(1+ 1r )} { 1 + O(1)y^{− αr} } , y → ∞. □ Having arrived at this point, we can deduce a short Lemma about the conjugation between F_0(x) and g(x).

Lemma 3.4 There exists a unique C^1-diffeomorphism h of the interval [0, 1] conjugating F_0 and g, i.e. h(F_0(x)) = g(h(x)). Asymptotically, h^′(x) = 1 + O(x^α), x → 0 and (h^{−1})^′(x) = 1 + O(x^α), x → 0.

Proof: As shown in Section 3.1, each function h satisfying h(F_0(x)) = g(h(x)) corresponds one-to-one to a positive solution of Abel’s equation (3.5), and we have h(x) = (rcG(x))^{− 1r} .

Demanding that lim_{x→0} h^′(x) exists and is nonzero, we get the uniqueness condition (3.32) of Lemma 3.2. This determines G(x), and the additive constant is uniquely fixed by 1 = h(1) = G(1).

Due to the properties of G(x), h^{−1}(x) exists. Moreover, using the asymptotic behavior of G(x) we see that h(x) and h^{−1}(x) are in C^1[0, 1] and get their asymptotic behavior:

h^′(x) = (rc)^{− 1r} (− 1 r )(G(x))^{−(1+ 1r )}G^′(x) = (rc)^{− 1r} (− 1 r ) ( 1 rc x^{−r}(1 + O(x^α))

)_{−(1+}^1_{r )} ( − 1 c x^{−(r+1)}(1 + O(x^α)) )

= 1 + O(x^α), x → 0 and (h^{−1})^′(x) = (G^{−1})^′( 1 rc x^{−r}) ( − 1 c x^{−(r+1)} )

= −c(x^{−r})^{− 1r −1} (1 + O(x^α)) ( − 1 c x^{−(r+1)} )

= 1 + O(x^α), x → 0. □

Using Lemmas 3.2 and 3.3, we now conclude this chapter with

Proof of Theorem 3.1: Using the asymptotic behavior of G(x), we can write

F_0^n(x) = G^{−1}(n + G(x)) = = { rcn + x^{−r} (1 + O(1)x^α)

}_− 1_r (

1 + O(1) { rcn + x^{−r} (1 + O(1)x^α) }_− α_r )

= { rcn + x^{−r} }_− 1_r { 1 + O(1) x^{−r+α} rcn + x^{−r} }_− 1_r (

1 + O(1) { rcn + x^{−r} }_− α_r )

= { rcn + x^{−r} }_− 1_r ( 1 + O(1) ( x^{−r+α} rcn + x^{−r} + { rcn + x^{−r} }_− α_r ))

= { rcn + x^{−r} }_− 1_r (

1 + O(1) { rcn + x^{−r} }_− α_r ( {1 + rcnx^r}^{− (r−α)r} + 1 ))

= g^n(x) (1 + O(1) (g^n(x))^α) , x → 0 and (F_0^n)^′(x) = G^′(x) G^′(F_0^n(x)) = ( F_0^n(x) x )_{r+1} 1 + O(x^α) 1 + O({F_0^n(x)}^α) = ( g^n(x) x )_{r+1} (1 + O({g^n(x)}^α))

1 + O(x^α) 1 + O({g^n(x)}^α) = (g^n)^′(x) {1 + O({g^n(x)}^α + x^α)}

= (g^n)^′(x) {1 + O(x^α)} .

These asymptotic estimates are uniform in n. □

Chapter 4

Inducing and Phase Transitions

In this chapter we apply the thermodynamic formalism to the functions in class C_r with interaction −β log |f^′|. The existence of the indifferent fixed point is shown to imply a phase transition. This is done by using an expanding induced subsystem on which the modified transfer operator M_{βz} has “nice” properties. The spectral properties of M_{βz} give information on the spectrum of L_β, in particular on the existence of a leading eigenvalue. It is shown that this eigenvalue depends analytically on β for β < 1 and approaches the essential spectral radius 1 at β = 1. For β ≥ 1, r(L_β) = r_{ess}(L_β) = 1, so that we have a phase transition at β_c = 1. A typical graph of r(L_β) = exp P (β) is depicted in Figure 4.1, where our numerical results for the Farey map are presented (repeating the calculations of [14].) The two examples of the piecewise linear map and the Farey map are worked out further.

Figure 4.1:

4.1 Definition of L_β and M_{βz}

Specifying the theory of Chapter 2, we are interested in the case where the function s in the definition (2.2) of the transfer operator L is given by the derivative of the transformation f. More specifically, if f is piecewise C^1 we introduce the real parameter β and set s = |f^′|^{−β}.

Thus, for functions in class C_r, we are interested in investigating the transfer operator L_β given as L_βψ(x) = ∑ f(y)=x ψ(y) |f^′(y)|^β . (4.1) Using the inverse functions, this leads to

L_βψ = |F_0^′|^β ψ ∘ F_0 + |F_1^′|^β ψ ∘ F_1. (4.2)

(Here, we redefine the transfer operator at the point x = 1, which only has one inverse image under f, by using the continuously extended inverse functions. However, due to the remarks in Chapter 2 it is clear that this does not change the spectral properties of L_β.)

In an analogous way, we write the modified transfer operator M_{βz} on a subinterval J ⊂ I: s_n is equal to |g^′(x)|^{−β}|_{Jn} = |(f^n)^′(x)|^{−β}, and thus M_{βz}ϕ(x) = ∑ g(y)=x z^{n(y)} ϕ(y) |g^′(y)|^β . (4.3)

If we choose inducing on J = [a, 1] the induced map g is expanding, as we have |f^′| ≥ λ_0 > 1 on f^{−1}J by definition of C_r. The operators L_{0β} and L_{1β} are given as

L_{0β}ψ = |F_0^′|^β ψ ∘ F_0, L_{1β}ψ = |F_1^′|^β ψ ∘ F_1 (4.4) and the sets J_n and K_n are intervals, given as

J_n = [b_n, b_{n+1}[, K_n = [b_n, 0[. (4.5)

The inverses of g = f^n on J_n are F_1F_0^{n−1} and extend continuously to J. Thus, M_{βz} takes the simple form M_{βz}ϕ = ∞∑ n=1 z^n|G_n^′|^β ϕ ∘ G_n (4.6) and its extension M^+_{βz} is gained by extending G_n = F_1F_0^{n−1} to all of I.

Summarizing, we define

Definition 4.1 Given f ∈ C_r for some r > 0 and β ∈ R, the transfer operator associated with f is

L_β : BV (I) → BV (I), L_βψ = |F_0^′|^β ψ ∘ F_0 + |F_1^′|^β ψ ∘ F_1. (4.7)

For z ∈ C, the modified transfer operator associated with the induced function g on J is M_{βz} : BV (J) → BV (J), M_{βz}ϕ = ∞∑ n=1 z^n|G_n^′|^β ϕ ∘ G_n. (4.8) with G_n : I → J, G_n = F_1F_0^{n−1}, n ∈ N. (4.9) The extension of M_{βz} to I is M_{βz} : BV (J) → BV (I), M_{βz}ϕ = ∞∑ n=1 z^n|G_n^′|^β ϕ ∘ G_n. (4.10)

For convenience, we use the same notation for

M^+_{βz} : BV (I) → BV (I), M^+_{βz}ψ = M^+_{βz}(χ_J · ψ). (4.11)

Later, we will need the following estimations:

Lemma 4.1

var_J (|G_n^′|^β) ≤ | | | | | ||G_n^′|^β | | | | | |_J |||f^′|^{−β}||_I var_I (|f^′|^{−β}) (4.12)

var_I (|G_n^′|^β) ≤ n | | | | | ||G_n^′|^β | | | | | |_I |||f^′|^{−β}||_I var_I (|f^′|^{−β}). (4.13)

Proof: We have

var_{Jn} (|(f^n)^′|^{−β}) = var_J (|(F_1F_0^{n−1})^′|^β)

≤ var_J (|F_1^′F_0^{n−1}|^β) | | | ||(F_0^{n−1})^′|^β | | | | J + + n−1∑ i=1 | | | | | ||(F_1F_0^{n−1−i})^′ ∘ F_0^i · (F_0^{i−1})^′|^β | | | | | |_J var_J (|F_0^′F_0^{i−1}|^β) ≤ | | | ||(F_1F_0^{n−1})^′|^β | | | | J { var_J (|F_1^′F_0^{n−1}|^β)

inf_J (|F_1^′F_0^{n−1}|^β) + n−1∑ i=1 var_J (|F_0^′F_0^{i−1}|^β)

inf_J (|F_0^′F_0^{i−1}|^β) }

≤ | | | | | ||G_n^′|^β | | | | | |_J |||f^′|^{−β}||_I { var_J (|F_1^′F_0^{n−1}|^β) + n−1∑ i=1 var_J (|F_0^′F_0^{i−1}|^β) }

and the expression in parentheses can be estimated by

var_J (|F_1^′F_0^{n−1}|^β) + n−1∑ i=1 var_J (|F_0^′F_0^{i−1}|^β)

= var_{F0}n−1_{(J)}(|F_1^′|^β) + n−1∑ i=1 var_{F0}i−1_{(J)}(|F_0^′|^β)

≤ var_I (|F_1^′|^β) + var_I (|F_0^′|^β)

= var_J (|f^′|^{−β}) + var_J c (|f^′|^{−β})

= var_I (|f^′|^{−β}).

Repeating this estimation with J instead of J_n, we get

var_J (|(f^n)^′|^{−β}) ≤ | | | ||G_n^′|^β | | | | I |||f^′|^{−β}||_I { var_I (|F_1^′F_0^{n−1}|^β) + n−1∑ i=1 var_I (|F_0^′F_0^{i−1}|^β) }

= | | | | | ||G_n^′|^β | | | | | |_I |||f^′|^{−β}||_I { var_{F0}n−1_{(I)}(|F_1^′|^β) + n−1∑ i=1 var_{F0}i−1_{(I)}(|F_0^′|^β) }

≤ | | | | | ||G_n^′|^β | | | | | |_I |||f^′|^{−β}||_I { var_I (|F_1^′|^β) + n var_I (|F_0^′|^β) }

≤ n | | | | | ||G_n^′|^β | | | | | |_I |||f^′|^{−β}||_I var_I (|f^′|^{−β}).

The essential difference is that the sets int(F_0^{n−1}(J)) are mutually disjoint, whereas

F_0^n(I) ⊂ F_0^{n−1}(I). □

We also will need the asymptotic behavior of G_n^′.

Lemma 4.2 There exist constants c_1, c_2 such that

c_1n^{−(1+ 1r )} ≤ |G_n^′(x)| ≤ c_2n^{−(1+ 1r )}, x ∈ J (4.14)

c_1n^{− 1r} ≤ |F_1(0) − G_n(x)| ≤ c_2n^{− 1r} , x ∈ J (4.15) and c_1n^{−(1+ 1r )} ≤ |G_n^′(x)| ≤ 1, x ∈ I (4.16)

c_1n^{− 1r} ≤ |F_1(0) − G_n(x)| ≤ 0, x ∈ I. (4.17)

Remark 4.1 Note that G_n^′(0) = F_1^′(0) and G_n(0) = F_1(0) are independent of n.

Proof: A direct application of Theorem 3.1. □

4.1.1 Example: Piecewise Linear Map

Given the map f̃ defined by (1.16) through sequence (a_n) from (1.13), the transfer operator is ~L_βψ(x) = d_n^{−β} ψ(a_{n+1} + (x − a_n)/d_n) + d_0^{−β}ψ(1 − x/d_0), a_n ≤ x ≤ a_{n−1}, n ∈ N. (4.18) Of particular interest is the subspace of piecewise constant functions, ψ|_{]an,an−1]} = ρ_n. (4.19) This leads to the space of sequences (ρ_n) of bounded variation { (ρ_n) : ρ_n ∈ C, ∞∑ n=1 |ρ_n − ρ_{n+1}| < ∞ } . (4.20)

Here, ~L_β has the simple form

~L_βρ_n = d_n^{−β}ρ_{n+1} + d_0^{−β}ρ_1, n ∈ N. (4.21)

The advantage of f̃ becomes clear when we induce on J = [a_1, 1]. Here, the functions ~G_n turn out to be linear, and we get

~G_n(x) = b_{n+1} − q_n(x − a_1), n ∈ N (4.22)

with q_n = b_{n+1} − b_n a_0 − a_1

, n ∈ N (4.23) so that the modified transfer operator on J can be written as ~M_{βz}ϕ(x) = ∞∑ n=1 z^nq^β_n ϕ(b_{n+1} − q_n(x − a_1)). (4.24)

Inducing on the above defined subspace leads to an even simpler form. Here, ~M_{βz} reduces to a multiplication by a constant, ~M_{βz}ρ_1 = λ_{βz}ρ_1, with λ_{βz} = ∞∑ n=1 z^nq^β_n . (4.25) For the sake of completeness, we state the formulas for the extension ~M^+_{βz}. Using G_n(x) = ~F_1 ~F^{n−1}_0 (x) we get G_n(x) = b_{n+m} − q_{n,m}(x − a_m), a_m < x ≤ a_{m−1}, m ∈ N (4.26) with q_{n,m} = b_{n+m} − b_{n+m−1} a_{m−1} − a_m n ∈ N. (4.27) Thus, we can write ~M^+_{βz}ϕ(x) = ∞∑ n=1 z^nq^β_{n,m}ϕ(b_{n+m} − q_{n,m}(x − a_m)), a_m < x ≤ a_{m−1}, m ∈ N. (4.28) On the subspace of piecewise constant functions, we get ( ~M^+_{βz}ρ)_m = λ^{(m)}_{βz} ρ_1, with λ^{(m)}_{βz} = ∞∑ n=1 z^nq^β_{n,m}. (4.29) Clearly, the action of ~M^+_{βz} on ρ is only dependent on ρ_1.

The fact that the subspace of piecewise constant functions is an invariant subspace for ~L_β and ~M^+_{βz} reflects the reduction to cluster interaction. Since the single clusters do not interact with each other, we get piecewise constant densities on intervals corresponding to clusters.

4.1.2 Example: The Farey Map

For the map f given by (1.19), the transfer operator is L_βψ(x) = (1 + x)^{−β} { ψ ( x 1 + x ) + ψ ( 1 1 + x )} . (4.30)

In the computation of M_{βz}, this example shows its full algebraic beauty. Inducing

yields

G_n(x) = 1 − x 1 + nx , , G_n^′(x) = − 1 (1 + nx)^2

(4.31)

so that M_{βz}ϕ(x) = ∞∑ n=1 z^n(1 + nx)^{−2β} ϕ ( 1 − x 1 + nx ) . (4.32)

The extension M^+_{βz} can be written identically.

Inducing for the Farey map and its linearized version are shown in Figures 4.2

and 4.3. Note in Figure 4.3 that the branches of g are piecewise linear inbetween the

dashed lines.

4.2 Analysis of M_{βz} and M^+_{βz}

4.2.1 Boundedness of M_{βz} and M^+_{βz}

Lemma 4.3 M_{βz} and M^+_{βz} are power series in z with radius of convergence 1.

At the radius of convergence |z| = 1, M_{βz} is bounded for β >^r_{1+r} .

For z = 1, M_{β1} is unbounded if β ≤^r_{1+r} . Moreover, M^+_{β1} is unbounded for all β.

Proof: We write M_{βz} = ∞∑ n=1 z^nM_{βz}^{(n)} with M^{(β)}_n ϕ = |G_n^′|^β ϕ ∘ G_n. (4.33)

and compute | | | | | |M^{(β)}_n | | | | | |_{BV (J)}. We have | | | | | |M^{(β)}_n | | | | | |_{BV (J)} =

Figure 4.2:

Figure 4.3:

= sup ||ϕ||_{BV (J)}=1 max {| | | | |M^{(β)}_n ϕ | | | | | |_J , var_J (M^{(β)}_n ϕ)_J }

≤ sup ||ϕ||_{BV (J)}=1 max {| | | ||G_n^′|^β | | | | J ||ϕ||_J , var_J (|G_n^′|^β)||ϕ||_J + | | | ||G_n^′|^β | | | | J var_J (ϕ) }

≤ 2 | | | | | ||G_n^′|^β | | | | | |_{BV (J)}. Moreover, | | | |M^{(β)}_n | | | |_{BV (J)} ≥ | | | |M^{(β)}_n | | | |_{BV (J)} = | | | ||G_n^′|^β | | | |_{BV (J)}. Thus, the radius of convergence for M_{βz} is given by lim_{n→∞} | | | | | ||G_n^′|^β | | | | | |^{−1/n} BV (J). (4.34)

Using the asymptotic behavior of |G_n^′|^β = O(1)n^{−β(1+ 1}r^) on J, the radius of conver-

gence for M_{βz} is equal to 1.

The same argument carries through for M^+_{βz} due to the fact that |G_n^′|^β = O(1)

on I for β ≥ 0 and |G_n^′|^β = O(1)n^{−β(1+ 1}r^) on I for β < 0.

For |z| = 1 we have ||M_{βz}||_{BV (J)} ≤ ∞∑ n=1 2 | | | ||G_n^′|^β | | | |_{BV (J)} ≤ O(1) ∞∑ n=1 n^{−β(1+ 1r )}

which is convergent for β >^r_{1+r} . Also,

M_{β1}1(x) = ∞∑ n=1 |G_n^′(x)|^β ≥ c_1 ∞∑ n=1 n^{−β(1+ 1r )} (4.35)

is divergent for β ≤^r_{1+r} . However,

M^+_{β1}1(0) = ∞∑ n=1 |F_1^′(0)|^β (4.36)

is divergent for all β. □

We recall that by Lemma 2.2 we can relate the nonzero eigenvalues and the corre-

sponding eigenfunctions of M_{βz} and M^+_{βz}, whenever M^+_{βz} is bounded. Therefore, in order to investigate eigenfunctions of M^+_{βz}, we only need to consider eigenfunctions

of M_{βz}.

4.2.2 The Essential Spectral Radius of M_{βz} and the Exis-

tence of a Leading Eigenvalue

One way to show the existence of a leading eigenvalue is the comparison of r(M_{βz})

and r_{ess}(M_{βz}), as stated in Theorem 2.4. Therefore, we provide explicit formulas for

each. We use Theorem 2.3 for M_{βz}.

Theorem 4.1 Suppose that

(a) |z| < 1 or

(b) |z| = 1 and β >^r_{1+r} .

Then, writing G_{nk} = G_{n1} ∘ G_{n2} ∘ . . . ∘ G_{nk} , we have

r_{ess}(M_{βz}) = inf_k ( sup_{nk} { |z|^{|nk|} | | | ||G_{nk}^′|^β | | | | J } )_{1/k} . (4.37)

Proof: In order to apply Theorem 2.3, we have to check whether s = z^{n(x)}(f^n(x))^′(x)

is in BV (J) and whether condition (2.2) holds for s.

By Lemma 4.1,

var_J (s) ≤ ∞∑ n=1 |z|^nvar(|(f^n)^′|_{Jn} ≤ var_I (|f^′|^{−β}) |||f^′|^{−β}||_I ∞∑ n=1 |z|^n | | | | | ||G_n^′|^β | | | | | |_J

which is finite by Lemma 4.2. The same holds for condition (2.2), as ∞∑ n=1 ||s||_{Jn} = ∞∑ n=1 |z|^n | | | | | ||G_n^′|^β | | | | | |_J .

Now, the formula (4.37) follows directly from (2.21). □

A direct consequence of this theorem is

Corollary 4.1 r_{ess}(M_{βz}) ≤ |z|λ^{−β}_0 .

Now, we give a formula for r(M_{βz}).

Lemma 4.4 Suppose that

(a) 0 ≤ z < 1 or

(b) z = 1 and β >^r_{1+r} .

Then

r(M_{βz}) = inf_k | | | | | | | | | | ∑ n_k z^{|nk|}|G_{nk}^′|^β | | | | | | | | | | 1/k

J . (4.38)

Proof: We have

r(M_{βz}) = inf_k | | | | | |M_{βz}^k | | | | | |^{1/k}_{BV (J)} ≥ inf_k | | | | | |M_{βz}^k1 | | | | | |^{1/k}_{BV (J)} ≥ inf_k | | | | | |M_{βz}^k1 | | | | | |^{1/k}_J , which is equal to the r.h.s. of formula (4.38). Moreover, | | | | | |M_{βz}^kψ | | | | | |_J ≤ | | | | | |M_{βz}^k1 | | | | | |_J ||ψ||_J ≤ | | | | | |M_{βz}^k1 | | | | | |_J ||ψ||_{BV (J)} and one checks that

var_J (M_{βz}^kψ) ≤ | | | |M_{βz}^k1 | | | |_J var_J (ψ) + sup_n k ( z^{|nk|}var_J (|G_{nk}^′|^β ) ||ψ||_J .

By Lemma 4.1, var_J (|G_{nk}^′|^β) ≤ C | | | | | ||G_{nk}^′|^β | | | | | |_J , and thus | | | | | |M_{βz}^k | | | | | |_{BV (J)} ≤ | | | | | |M_{βz}^k1 | | | | | |_J + C sup_n k ( z^{|nk|} | | | | | ||G_{nk}^′|^β | | | | | |_J ) . Now, taking the limit of the k-th root, the second term of the r.h.s. converges

to r_{ess}(M_{βz}) ≤ r(M_{βz}), so that we are left with the upper bound ||M_{βz}||_{BV (J)} ≤

lim_k | | | | | |M_{βz}^k1 | | | | | |^{1/k}_J . Due to submultiplicativity, we can replace the limit over k by the

infimum. □

Another way of showing the existence of a positive eigenfunction is to use addi-

tional smoothness of f^′. Furthermore, smoothness of f^′ implies smoothness of this

eigenfunction as well.

Lemma 4.5 Suppose that

(a) 0 ≤ z < 1 or

(b) z = 1 and β >^r_{1+r} .

Moreover, suppose that F_1^′ ∈ C^ϵ(I) and x^{−r}(F_0^′(x) − 1) ∈ C^ϵ(I) for some ϵ ≤ α.

Then M_{βz} has a positive eigenfunction Ψ_{βz} with positive eigenvalue λ_{βz}. More-

over, Ψ_{βz} is Hölder-continuous and satisfies |log Ψ_{βz}(x) − log Ψ_{βz}(y)| ≤ C|x − y|^ϵ for some C > 0.

Proof:

This proof uses a method of [29]. In contrast to [29], our specific setting imposes

bounds on the exponent ϵ of the Hölder-continuity.

Suppose

C_ϵ = sup_n | | |log |(F_1F_0^{n−1})^′| | | |_{ϵ,J} is finite. Define

Λ_β = { ψ ∈ BV (J) | | | | | 0 ≤ ψ, ||ψ|| = 1, ψ(x) ≤ ψ(y) exp ( |β|C_ϵ 1 − λ^{−ϵ}_0 |x − y|^ϵ )} . Λ_β is equi-continuous, hence its closure in supremum norm, Λ_β, is compact.

Now, for functions ψ ∈ Λ_β we have M_{βz}ψ(x) ≤ ≤ sup_n | | | | (F_1F_0^{n−1})^′(x) (F_1F_0^{n−1})^′(y) | | | | β ψ ∘ F_1F_0^{n−1}(x) ψ ∘ F_1F_0^{n−1}(y) M_{βz}ψ(y) ≤ exp (|β|C_ϵ|x − y|^ϵ) sup_n { ψ ∘ F_1F_0^{n−1}(x) ψ ∘ F_1F_0^{n−1}(y) } M_{βz}ψ(y) ≤ exp (|β|C_ϵ|x − y|^ϵ) sup_n { exp ( |β|C_ϵ 1 − λ^{−ϵ}_0 |F_1F_0^{n−1}(x) − F_1F_0^{n−1}(y)|^ϵ )} M_{βz}ψ(y) ≤ exp (|β|C_ϵ|x − y|^ϵ) exp ( |β|C_ϵ 1 − λ^{−ϵ}_0 λ^{−ϵ}_0 |x − y|^ϵ ) M_{βz}ψ(y) = exp ( |β|C_ϵ 1 − λ^{−ϵ}_0 |x − y|^ϵ ) M_{βz}ψ(y). Define ~M_{βz} via ~M_{βz}ψ = ||M_{βz}ψ||^{−1}_J M_{βz}ψ. ~M_{βz} maps Λ_β into itself. By the Schauder Tychonoff theorem there exists a fixed point

of ~M_{βz} in Ψ_{βz} ∈ Λ_β such that ~M_{βz}Ψ_{βz} = Ψ_{βz} and hence, with λ_{βz} = ||M_{βz}Ψ_{βz}||_J , M_{βz}Ψ_{βz} = λ_{βz}Ψ_{βz}. By being in Λ_β, this eigenfunction naturally fulfills the smoothness condition stated

in the Lemma with C =^{|β|Cϵ}_{1−λ−ϵ0} . We also have a lower bound on the eigenvalue λ_{βz}, λ_{βz} = ||M_{βz}Ψ_{βz}||_J ||Ψ_{βz}||_J ≥ exp( −2|β|C_ϵ 1 − λ^{−ϵ}_0 ).

Concluding the proof, we show that C_ϵ is indeed finite. We have | | |log |(F_1F_0^{n−1})^′| | | |_{ϵ,J} ≤ ≤ | | |log |F^′_1F_0^{n−1}| | | |_{ϵ,J} + n−1∑ i=1 | | |log |F^′_0F_0^{i−1}| | | |_{ϵ,J} ≤ |log |x||_{1,F} ′_{1F0}n−1_{(J)} | | |F^′_1F_0^{n−1} | | |_{ϵ,J} + n−1∑ i=1 |log |x||_{1,F} ′_{0F0}i−1_{(J)} | | |F^′_1F_0^{i−1} | | |_{ϵ,J} . Now, |log |x||_1 ≤ ||1/x|| and ||1/F^′_i ||_I ≤ ||f^′||_I . Thus, we can continue | | |log |(F_1F_0^{n−1})^′| | | |_{ϵ,J} ≤ ≤ ||f^′||_I {| | |F^′_1F_0^{n−1} | | |_{ϵ,J} + n−1∑ i=1 | | |F^′_0F_0^{i−1} | | |_{ϵ,J} }

≤ ||f^′||_I { |F^′_1|_{ϵ,F0}n−1_{(J)} | | |F_0^{n−1} | | |^ϵ_{1,J} + n−1∑ i=1 |F^′_0|_{ϵ,F0}i−1_{(J)} | | |F_0^{i−1} | | |^ϵ_{1,J} }

≤ ||f^′||_I { |F^′_1|_{ϵ,F0}n−1_{(J)} | | | | | |(F_0^{n−1})^′ | | | | | |^ϵ_J + n−1∑ i=1 |F^′_0|_{ϵ,F0}i−1_{(J)} | | | | | |(F_0^{i−1})^′ | | | | | |^ϵ_J }

≤ ||f^′||_I C_0 { |F^′_1|_{ϵ,F0}n−1_{(J)} n^{−ϵ(1+ 1r )} + n−1∑ i=1 |F^′_0|_{ϵ,F0}i−1_{(J)} i^{−ϵ(1+ 1r )} } . (4.39)

The last step uses the asymptotic behavior of the iterates of F_0. Further, using

boundedness of |x^{−r}(F_0^′(x) − 1)|_{ϵ,I} and ||x^{−r}(F_0^′(x) − 1)||_I , we get |F^′_0|_{ϵ,F0}i−1_{(J)} ≤ | | |(F^′_0 − 1)x^{−r} | | |_{ϵ,F0i−1(J)} ||x^r||_{F0}i−1_{(J)} + | | | | | |(F^′_0 − 1)x^{−r} | | | | | |_{F0i−1(J)} |x^r|_{ϵ,F0}i−1_{(J)} ≤ | | |(F^′_0 − 1)x^{−r} | | |_{ϵ,I} ||x^r||_{F0}i−1_{(J)} + | | | | | |(F^′_0 − 1)x^{−r} | | | | | |_I | | | | | |rx^{r−1} | | | | | |_{F0i−1(J)} | | |F_0^{i−1}(J) | | |^{1−ϵ} ≤ C_1 { i^{−1} + i^{(1−r)/r−(1−ϵ)(1+ 1r )} } = C_1 { i^{−1} + i^{−2+ϵ(1+ 1r )} } . Thus, the terms in the sum of (4.39) behave as

O(i^{−1−ϵ(1+ 1r )}) + O(i^{−2})

whence the sum is uniformly bounded in n. □

4.2.3 The Spectral Gap for M_{βz}

Lemma 4.6 Suppose that

(a) 0 ≤ z < 1 or

(b) z = 1 and β >^r_{1+r} .

Further assume that r_{ess}(M_{βz}) < r(M_{βz}). Then M_{βz} has a spectral gap, i.e. there is a θ < r(M_{βz}) such that the only part of the spectrum outside the disk with radius θ is the leading eigenvalue λ_{βz} = r(M_{βz}).

Proof: Since r_{ess}(M_{βz}) < r(M_{βz}), λ_{βz} is a simple eigenvalue with positive eigenfunction Ψ_{βz} bounded away from 0. Consider the normalized operator N_{βz}ψ = 1 λ_{βz}Ψ_{βz} M_{βz}(Ψ_{βz}ψ) (i.e. N_{βz}1 = 1). Then we need to show that 1 is the only eigenvalue of N_{βz} with magnitude equal to 1.

Suppose Ψ ∈ BV (J) is eigenvector to an eigenvalue |γ| = 1 and choose ||Ψ|| = 1. Then we have |Ψ(x)| = |N_{βz}Ψ(x)| = | | | | ∞∑ n=1 |G^′_n(x)|^β Ψ_{βz} ∘ G_n(x) λ_{βz}Ψ_{βz}(x) Ψ ∘ G_n(x) | | | | ≤ ∞∑ n=1 |G^′_n(x)|^β Ψ_{βz} ∘ G_n(x) λ_{βz}Ψ_{βz}(x) |Ψ ∘ G_n(x)| ≤ ∞∑ n=1 |G^′_n(x)|^β Ψ_{βz} ∘ G_n(x) λ_{βz}Ψ_{βz}(x) = 1.

There exists an x^′ ∈ J such that Ψ(x) → γ^′ with |γ^′| = 1 for x ↘ x^′ or x ↗ x^′. Without loss of generality, assume that γ^′ = 1. Then, taking one of these limits in the above inequality, the left hand side converges to 1. This only happens if, for all n, Ψ ∘ G_n(x) → γ. Repeating the argument, we see that for all k = 0, 1, 2, . . . and for all n_1, . . . , n_k = 1, 2, . . .,

Ψ ∘ G_{n1} ∘ G_{n2} ∘ . . . ∘ G_{nk} (x) → γ^k for x ↘ x^′ or x ↗ x^′.

If γ ≠ 1, this leads to an infinite variation var_J (Ψ), whence γ = 1. Thus, there is no other eigenvalue with magnitude equal to 1 and we have a spectral gap. □

Remark 4.2 If in the above proof the partition were finite, it could still suffice for γ to be a root of 1. Therefore, this proof is not applicable for L_β and we will have to argue differently, invoking the operator relations between L_β and M_{βz}.

4.2.4 Examples: Piecewise Linear Map and Farey Map

For the piecewise linear map f̃, we directly get

r( ~M_{βz}) = ∞∑ n=1 z^nq^β_n > sup_n z^nq^β_n = r_{ess}( ~M_{βz}).

Thus, we have a leading eigenvalue and a spectral gap. (We already know that the eigenfunction was the constant function.)

For the Farey map f given by (1.19), we estimate

(1 + n)^{−2} ≤ |G_n^′| ≤ (1 + n/2)^{−2} so that r_{ess}(M_{βz}) ≤ sup_n z^n(1 + n/2)^{−2β} < 1 and r(M_{βz}) ≥ ∞∑ n=1 z^n(1 + n)^{−2β}.

In particular, for z large enough and β close to 1, r_{ess}(M_{βz}) < r(M_{βz}) and again we have existence of a leading eigenvalue and a spectral gap. As |f^′| is piecewise Lipshitz, the corresponding eigenfunction is Lipshitz as well.

4.2.5 Some Inequalities for M_{βz}

Later, we will need relations between M_{βz}′ and M_{βz} for z^′ complex with |z^′| = z. These are given by the next Lemma.

Lemma 4.7 Suppose that

(a) 0 ≤ z < 1 and β ≥ 0 or

(b) z = 1 and β >^r_{1+r} .

If |z^′| = z then r_{ess}(M_{βz}′ ) = r_{ess}(M_{βz}).

If, in addition, z^′ ≠ z and r_{ess}(M_{βz}) < r(M_{βz}) holds, then r(M_{βz}′ ) < r(M_{βz}).

Proof: The first equality is straightforward, as the formula for the essential spectral radius (4.37) is independent of arg(z).

Now, if r_{ess}(M_{βz}) < r(M_{βz}) then r(M_{βz}) is eigenvalue of M_{βz}. We only need to show that there is no eigenvalue of M_{βz}′ with magnitude equal or larger to r(M_{βz}).

Consider the normalized operator N_{βz}′ ψ = 1 λ_{βz}Ψ_{βz} M_{βz}′ (Ψ_{βz}ψ) where Ψ_{βz} is eigenvector of M_{βz} with eigenvalue λ_{βz}. Clearly, |N_{βz}′ ψ| ≤ N_{βz}1||ψ|| = ||ψ||. Thus, there is no eigenvalue with magnitude larger than 1.

Assume that there is an eigenvalue |γ| = 1 of N_{βz}′ . Then, for an eigenvector Ψ ∈ BV (J) with ||Ψ|| = 1, |Ψ(x)| = |N_{βz}′ Ψ(x)| ≤ 1. Arguing as in the previous proof, we see that for some x^′ ∈ J and for all n = 1, 2, . . ., (z^′)^n Ψ ∘ G_n(x) → γ for x ↘ x^′ or x ↗ x^′.

Now, G_n(x) converges uniformly to 1 for n → ∞. Pick a sequence x_k → x^′ such that (z^′)^n Ψ ∘ G_n(x_k) → γ for k → ∞. Then G_n(x_n) → 1 and Ψ ∘ G_n(x_n) converges due to Ψ ∈ BV (J), whence (z^′)^{−n}γ must converge for n → ∞. Therefore, z^′ = z in contradiction to the above assumption.

Thus, no eigenvalue of M_{βz}′ is in modulus equal to λ_{βz} = r(M_{βz}), and the spectral radius r(M_{βz}) has to be strictly smaller. □

Moreover, the following inequalities hold. Lemma 4.8 Suppose that (a) |z| < 1 and β ≥ 0 or

(b) |z| = 1 and β >^r_{1+r} .

For |z^′| ≤ |z| we have r_{ess}(M_{βz}′ ) ≤ |z^′| |z| r_{ess}(M_{βz}).

If, in addition, z, z^′ are real then r(M_{βz}′ ) ≤ z^′ z r(M_{βz}).

Also, for β^′ ≤ β we have r_{ess}(M_β′_z) ≥ λ^{β−β′}_0 r_{ess}(M_{βz}).

If, in addition, z is real then r(M_β′_z) ≥ λ^{β−β′}_0 r(M_{βz}). (Here, β, β^′ >^r_{1+r} for |z| = 1.)

Proof: The inequalities follow directly from the formulas (4.37) and (4.38) for r_{ess}(M_{βz}) and r(M_{βz}), along with |G_{nk}^′| ≤ λ^{−k}_0 . □ Remark 4.3 Thus, we have shown that r(M_{βz}) is strictly increasing in z and strictly decreasing in β.

We end this section with considering the special case M_{11}.

Lemma 4.9 We have r(M_{11}) = 1. 1 is a simple leading eigenvalue with positive eigenfunction and M_{11} has a spectral gap. The Lebesgue measure μ_L is an eigenmeasure of M^∗_{11} with eigenvalue 1.

Proof: For each function ϕ ∈ BV (J),

μ_L(M_{11}ϕ) = ∫ J ∞∑ n=1 |G_n^′(x)| ϕ ∘ G_n(x)dx = ∞∑ n=1 ∫ J_n ϕ(x)dx = ∫ J ϕ(x)dx = μ_L(ϕ). Thus, μ_L is eigenmeasure of M_{11} with eigenvalue 1 and it follows that r(M_{11}) = r(M^∗_{11}) ≥ 1. Since r_{ess}(M_{11}) ≤ 1/λ_0 < 1, λ_{11} = r(M_{11}) is a simple eigenvalue with positive eigenfunction Ψ_{11}. It follows that

0 < μ_L(Ψ_{11}) = μ_L(M_{11}Ψ_{11}) = λ_{11}μ_L(Ψ_{11}),

whence r(M_{11}) = λ_{11} = 1. □

4.3 The Spectrum of L_β

4.3.1 The Essential Spectral Radius of L_β

Lemma 4.10 Suppose β ≥ 0. The essential spectral radius r_{ess}(L_β) is equal to 1.

Proof: The conditions for the application of the theorem are fulfilled:

f is a piecewise monotone transformation of [0, 1] with a finite generating partition Z = {[0, a), [a, 1]}. s(x) is given by s(x) = |f^′(x)|^{−β} and is in BV (I). The condition ∑ Z_i∈Z ||s||Z_i < ∞. is trivially fulfilled.

We need to compute the essential spectral radius. For β ≥ 0, we have s_n(x) = |f^′(f^{n−1}x)|^{−β} · . . . · |f^′(fx)|^{−β}|f^′(x)|^{−β} = |(f^n)^′(x)|^{−β} ≤ 1, where equality holds at the indifferent fixed point x = 0. Thus, r_{ess}(L_β) = lim_{n→∞} ||s_n||^{1/n} = 1. □

4.3.2 The Existence of a Leading Eigenvalue λ_β and a Spectral Gap of L_β for 0 ≤ β < 1

Here, we apply the previously derived relations between L and M_z. According to Theorem 2.7, eigenfunctions of M_{βz} with eigenvalue 1 are also eigenfunctions of L_β with eigenvalue λ = 1/z, provided that |λ| > r(L_{0β}) = 1. Now, the radius of convergence of M_{βz} as well as r_{ess}(L_β) are equal to 1, so that we control the whole region |λ| > 1 through M_{βz}. Figure 4.4 shows the relation between the spectra of M_{βz(β)} (a) and L_β (b) for β < 1:

(a) The essential spectral radius of M_{βz(β)} is strictly smaller than 1, with only isolated eigenvalues outside. The leading eigenvalue λ_{min(Mβz(β))} is isolated from the rest of the spectrum by a spectral gap. Moreover, z(β) is chosen such that this leading eigenvalue is equal to 1.

(b) Thus, the leading eigenvalue of L_β is equal to 1/z(β). Here, the essential spectral radius is equal to 1, with only isolated eigenvalues outside. Again, the leading eigenvalue is isolated from the rest of the spectrum by a spectral gap.

We will first show that

Theorem 4.2 Let 0 ≤ β < 1. Then L_β has a leading eigenvalue λ_β > 1. This eigenvalue is simple and the corresponding eigenfunction positive.

Proof: We have r_{ess}(M_{βz}) < |z|λ^{−β}_0 which is less than 1 unless β = 0 and |z| = 1. Now, by Lemma 4.8 we have r(M_{β1}) > r(M_{11}) = 1 for β < 1. Using monotonicity of M_{βz} in z, for each β < 1 we can choose a z > 0 such that r(M_{βz}) = 1. Then, M_{βz} has a simple eigenvalue 1 with positive eigenfunction, which implies that λ = z^{−1} is a simple eigenvalue of L_β with positive eigenfunction.

Moreover, since we have r(M_{βz}′ ) < r(M_{βz}) for |z^′| < z, there is no eigenvalue λ of L_β with |λ| > z^{−1}. □

Finally, we get

Lemma 4.11 L_β has a spectral gap for β < 1, i.e. there is a θ < r(L_β) such that the only part of the spectrum outside the disk with radius θ is the leading eigenvalue λ_β = r(L_β).

Proof: Let z = λ^{−1}_β . Then, we have by Lemma 4.7 r(M_{βz}′ ) < r(M_{βz}) for |z^′| = z, z^′ ≠ z, so that there is no other eigenvalue λ of L_β with |λ| = λ_β.

Moreover, as 1 = r_{ess}(L_β) < λ_β, all other eigenvalues of L_β have to be in a disk with radius strictly smaller than λ_β. □

4.3.3 Analyticity of λ_β for 0 ≤ β < 1

Lemma 4.12 The leading eigenvalue λ_β of L_β is real-analytic in β > 1.

Figure 4.4:

Proof: We have to show that z(β), defined by r(M_{βz(β)}) = 1, is analytic. As r_{ess}(M_{βz}) < 1, this is a simple eigenvalue. Since M_{βz} is jointly analytic in |z| < 1 and β, standard perturbation theory of simple eigenvalues ([22], Chapter VII, Theorem 1.9) applies, by which there are at most finitely many solutions to r(M_{βz}) = 1. Thus, z(β) is unique in a small neighborhood of in a small neighborhood of {β, z(β)} and, by [22], Chapter VII, Theorem 1.8, consists of a branch of an algebraic function. Thus, z(β) is analytic. □

For the piecewise linear map, z(β) can be estimated in a particularly simple way. It is given implicitly by the equation ∞∑ n=1 z^nq^β_n = 1.

4.3.4 The Phase Transition at β = 1

Lemma 4.13 For β ≥ 1, r(L_β) = 1

Proof: r(L_β) is decreasing in β. Furthermore, r(L_1) = 1 and r_{ess}(L_β) = 1. □ Thus, it follows immediately that

Corollary 4.2 r(L_β) is analytic in β < 1 and β > 1 with a non-analyticity at β = 1

Thus, we have accomplished a complete description of the pressure function, as depicted in Figure 4.1.

At the phase transition β = 1, we still have an eigenfunction ϕ of M_{11}. However, the extension M^+_{βz} is unbounded and computing M_{11}ϕ leads to a singularity at the origin. Using the asymptotics of G_n^′ along with the positivity of ϕ in J, we can show that

Lemma 4.14 M^+_{11}ϕ(x) ∼ x^{−r}, x → 0

Proof: Theorem (3.1) implies ∞∑ n=1 |G_n^′(x)|ϕ ∘ G_n(x) = ∞∑ n=1 |F_1^′(0)|(g^n)^′(x)(1 + o(1))(ψ(1) + o(1)) = |F_1^′(0)|ϕ(1)(1 + o(1)) ∞∑ n=1 (1 + nrcx^r)^{−1− 1r} Estimating the sum by the corresponding integral, we see that it diverges as x^{−r} for x → 0. □

Chapter 5

Asymptotic Behavior at the Phase Transition

Now, we compute the asymptotic behavior at the phase transition β = 1. In the first section, perturbation theory is used to get the expansion. This expansion will be done in terms of a function η_r(z). The second section provides the asymptotics for η_r(z) and, combining these expansions, we get the desired result.

In the following estimations, we need Hölder-continuity of the leading eigenfunction of M_{βz}. Thus, we suppose throughout this chapter that f ∈ C_r is Höldercontinuous as in Theorem 4.5, i.e. F_1^′ ∈ C^ϵ(I) and x^{−r}(F_0^′(x) − 1) ∈ C^ϵ(I) for some ϵ ≤ α.

5.1 Perturbation Expansion at the Phase Transition

First, we summarize our knowledge of M_{βz}. For β close to 1, the map (β, z) → M_{βz} is continuous in 0 ≤ z ≤ 1 and β, and analytic in β. For z close to 1, we have an isolated simple eigenvalue λ_{βz} = r(M_{βz}) with a positive Hölder-continuous eigenfunction Ψ_{βz}, both being continuous in z ≤ 1 and analytic in β. Moreover, λ_{11} = 1, and the Lebesgue measure μ_{11} = μ_L is an eigenvector of M^∗_{11} with eigenvalue 1, i.e. for all ψ ∈ BV (I), μ_{11}(M_{11}ψ) = μ_{11}(ψ).

Also, λ_{βz} is strictly increasing in z and strictly decreasing in β with a unique solution z(β) of λ_{βz(β)} = 1 which is analytic for β < 1 and strictly increasing. Let λ_{βz} = ∞∑ n=0 λ_n(z)(1 − β)^n and M_{βz} = ∞∑ n=0 (1 − β)^nM_z^{(n)}. (5.1) be the expansions of λ_{βz} and M_{βz} for β close to 1 and z ≤ 1. z → λ_n(z) is continuous and λ_0(1) = 1. Analyzing the perturbation series, we see that λ_0(z) = λ_{1z} is the largest eigenvalue of M_z^{(0)} = M_{1z}.

With P_{1z} denoting the spectral projection of M_{1z} corresponding to the eigenvalue λ_{1z} and Ψ_{11} being the positive eigenvector of M_{11} normalized to

μ_{11}(Ψ_{11}) = 1, (5.2) we choose the left and right positive eigenvectors μ_{1z} and Ψ_{1z} of M_{1z} as

Ψ_{1z} = P_{1z}Ψ_{11} and μ_{1z} = μ_{11}P_{1z}. (5.3)

Then, λ_1(z) is given by

λ_1(z)μ_{1z}(Ψ_{1z}) = μ_{1z}(M_z^{(1)}Ψ_{1z}). (5.4)

We note that since

M_z^{(1)}Ψ(x) = ∞∑ n=1 z^n|G^′_n(x)|(− log |G^′_n(x)|)Ψ ∘ G_n(x), (5.5)

the finite limit λ_1(1) of λ_1(z) as z ↗ 1 is strictly positive:

λ_1(1) = μ_{11}(M^{(1)}_1 Ψ_{11}) = μ_L(log |g^′|Ψ_{11}) > 0. (5.6)

In order to describe the asymptotics of λ_{1z} and of z(β), we define for r > 0

η_r(z) = ∞∑ n=1 1 − z^n n^{1+ 1}r

. (5.7)

η_r(z) ↘ 0 as z ↗ 1. A more precise description of the behaviour of η_r(z) will be given in the next section.

Now we can proceed to show

Lemma 5.1 We have the asymptotic expression

λ_{1z} = 1 − c_rη_r(z) + O(η_{r/(1+ϵ)}(z))

with c_r = c (rc)^{1+1/r} |F_1^′(0)|Ψ_{11}(1).

Proof: We note that since M_{1z}Ψ_{1z} = λ_{1z}Ψ_{1z} and μ_{11}M_{11} = μ_{11} we have (λ_{1z} − 1)μ_{11}(Ψ_{1z}) = μ_{11}((M_{1z} − M_{11})Ψ_{1z}). (5.8) We will show that Ψ_{1z} can be replaced by Ψ_{11} to leading order and that taking into account the normalization (5.2) one has λ_{1z} = 1 + μ_{11}((M_{1z} − M_{11})Ψ_{11}) + O(η_r(z)^2). (5.9) To prove (5.9) we first note that ||M_z − M_1||_{BV (J)} ≤ ∞∑ n=1 (1 − z^n)||M_n||_{BV (J)} ≤ C ∞∑ n=1 (1 − z^n)|||G_n|^′|| ≤ C^′ ∞∑ n=1 1 − z^n n^{1+1/r} = O(η_r(z)) for some C, C^′ > 0. By the spectral properties of M_{11} this implies that for the spectral projections ||P_{1z} − P_{11}||_{BV (J)} = O(η_r(z)) also holds and that therefore ||Ψ_{1z} − Ψ_{11}||_{BV (J)} = O(η_r(z)). This together with (5.8) leads to

λ_{1z} = 1 + μ_{11}((M_{1z} − M_{11})Ψ_{11}) + μ_{11}((M_{1z} − M_{11})(Ψ_{1z} − Ψ_{11})) 1 + μ_{11}(Ψ_{1z} − Ψ_{11})) = 1 + μ_{11}((M_{1z} − M_{11})Ψ_{11}) + O(η_r(z)^2)

1 + O(η_r(z)) which in turn implies (5.9), since also μ_{11}((M_{1z} − M_{11})Ψ_{11}) = O(η_r(z)).

Next, we estimate δ = μ_{11}((M_{11} − M_{1z})Ψ_{11}). One gets δ = ∫ J ∞∑ n=1 (1 − z^n)|G^′_n(x)|Ψ_{11} ∘ G_n(x)dx

= ∞∑ n=1 (1 − z^n) ∫ J_n Ψ_{11}(x)dx, (5.10) where J_n = G_n(J) has boundary points F_1F_0^n(1) and F_1F_0^{n−1}(1). Denoting a primitive of Ψ_{11} by ~Ψ, one can write (5.10) as δ = ∞∑ n=1 (1 − z^n) | | ~Ψ ∘ F_1F_0^n(1) − ~Ψ ∘ F_1F_0^{n−1}(1) | | . (5.11) By Theorem 4.5, Ψ_{11} is C^ϵ, so that ~Ψ is C^{1+ϵ}. Since F_1 is C^{1+ϵ} by assumption, we see that ~Ψ ∘ F_1 is C^{1+ϵ} as well.

Using a_n = F_0^n(1), we have δ = ∞∑ n=1 (1 − z^n) | | | ~Ψ ∘ F_1F_0(a_{n−1}) − ~Ψ ∘ F_1(a_{n−1}) | | | = ∞∑ n=1 (1 − z^n) | | |( ~Ψ ∘ F_1)^′(ξ_n) | | | [a_{n−1} − F_0(a_{n−1})], where ξ_n ∈ [F_0(a_{n−1}), a_{n−1}]. Using R(x) of (1.11), we write δ = ∞∑ n=1 (1 − z^n) |( ~Ψ ∘ F_1)^′(ξ_n)| c(a_{n−1})^{1+r}(1 + R(a_{n−1})). (5.12) Hölder-continuity leads to the estimate ( ~Ψ ∘ F_1)^′(x) = F^′_1(x)Ψ_{11} ∘ F_1(x) = F^′_1(0)Ψ_{11}(1) + O(x^ϵ), and Theorem 3.1 implies a_{n−1} = (nrc)^{− 1r} { 1 + O(n^{−α/r}) } . Inserting this and R(x) = O(x^α) into (5.12) we can write δ = ∞∑ n=1 (1 − z^n) { |F^′(0)|Ψ_{11}(1) + O(n^{−ϵ/r}) } c(nrc)^{−1− 1r} { 1 + O(n^{−α/r}) }

= c_r ∞∑ n=1 (1 − z^n) { n^{−1− 1r} + O(n^{−1−(1+ϵ)/r}) + O(n^{−1−(1+α)/r}) }

= c_rη_r(z) + O(η_{r/(1+α)}(z)) + O(η_{r/(1+ϵ)}(z)), z ↗ 1.

Combining this with (5.9) and ϵ ≤ α we obtain the lemma, since

O(η_r(z)^2) = O(η_r(z)) = O(η_{r/(1+α)}(z)) = O(η_{r/(1+ϵ)}(z)), z ↗ 1. □

From this lemma, the desired result follows immediately.

Theorem 5.1 As β ↗ 1 z(β) = η^{−1}_r ( λ_1(1) c_r (1 − β) ) [1 + o(1)].

Proof: Combining Lemma 5.1 with the expansion (5.1) of λ_{βz} gives

1 = λ_{βz} = 1 − c_rη_r(z) + O(η_{r/(1+ϵ)}(z)) + (1 − β)λ_1(1){1 + o((1 − z)^0)}{1 + O(1 − β)},

whence

η_r(z) + o(η_r(z)) = λ_1(1) c_r (1 − β) + O((1 − β)^2).

Hence, η_r(z) = O(1 − β) and, thus,

η_r(z) = λ_1(1) c_r (1 − β) + o(1 − β).

Applying η^{−1}_r on both sides implies the theorem. □

5.2 Asymptotic Estimation

We now investigate the asymptotics of η_r(z) as z ↗ 1. In order to obtain an integral

representation of η_r(z), we use ∫_∞ 0 t^{1r} e^{−nt}dt = Γ(1 +^1_r ) n^{1+ 1}r .

Then, for z ≤ 1 one obtains ∞∑ n=1 z^n n^{1+ 1}r = 1 Γ(1 +^1_r ) ∫_∞ 0 t^{1r} ze^{−t} 1 − ze^{−t} dt, and hence,

η_r(z) = 1 Γ(1 +^1_r ) ∫_∞ 0 t^{1r} e^{−t} [ 1 1 − e^{−t} − z 1 − ze^{−t} ] dt = 1 Γ(1 +^1_r ) ∫_∞ 0 t^{1r} e^{−t} 1 − z (1 − e^{−t})(1 − ze^{−t}) dt = 1 Γ(1 +^1_r ) ∫_∞ 0 t^{1r −1} e^{−t} ϕ(t) 1 1 + ζtϕ(t) dt (5.13)

where ϕ(t) = 1 − e^{−t} t and ζ = z 1 − z . We will investigate the asymptotic behavior of (5.13) as ζ → ∞. It will be convenient

to split up the integral as follows: using the identity 1 1 + x = 1 x − 1 x 1 1 + x

, x > 0, (5.14)

and setting ψ(t) = e^{−t} ϕ(t)^2 ( = 4t^2 sinh(^t_2 )^2 )

we can write

η_r(z) = 1 Γ(1 +^1_r )

∫_1 0 t^{1r −1} e^{−t} ϕ(t) 1 1 + ζtϕ(t) dt + + 1 Γ(1 +^1_r ) ζ^{−1} [∫_∞ 1 t^{1r −2}ψ(t)dt − ∫_∞ 1 t^{1r −2}ψ(t) 1 1 + ζ(1 − e^{−t}) dt ] . The first integral in the square brackets is finite for all r and the last one can be

majorized by e ζ(e − 1) ∫_∞ 1 t^{1r −2}ψ(t)dt so that we are left with estimating the integral

ϑ_r(z) =

∫_1 0 t^{1r −1} e^{−t} ϕ(t) 1 1 + ζtϕ(t) dt. (5.15)

We first consider the case of 0 < r < 1. Here, we again apply (5.14) and get

ϑ_r(z) = ζ^{−1} [∫_1 0 t^{1r −2}ψ(t)dt − ∫_1 0 t^{1r −2}ψ(t) 1 1 + ζ(1 − e^{−t}) dt ] . The first integral is bounded and the second one is majorized by

∫_1 0 t^{1r −2} 4 e 1 1 + ζt(1 − e)/e dt = 4 e ζ^{1− 1r} ∫_ζ 0 τ^{1r −2} 1 1 + τ(1 − e)/e dτ = O(ζ^{1− 1r} ) + O(ζ^{−1}).

Here we performed the change of variables

τ = ζt. (5.16)

Hence,

η_r(z) = 1 Γ(1 +^1_r ) ζ^{−1} ∫_∞ 0 t^{1r −2}ψ(t)dt + O(ζ^{− min{ 1r ,2}}).

In the case of r = 1 we write

ϑ_1(z) =

∫_1 0 e^{−t} ϕ(t) 1 1 + ζtϕ(t) dt = ζ^{−1} [∫_1 0 e^{−τ /ζ} ϕ(τ/ζ) 1 1 + τϕ(τ/ζ) dτ + ∫_ζ 1 e^{−τ /ζ} ϕ(τ/ζ) 1 1 + τϕ(τ/ζ) dτ ] . The first integral converges to

∫_1 0 dt 1+t = log 2 as ζ → ∞. Applying (5.14) to the second

integral, we write it as ∫_ζ 1 ψ(τ/ζ) τ dτ − ∫_ζ 1 ψ(τ/ζ) τ 1 1 + τϕ(τ/ζ) dτ. (5.17)

The second integral in (5.17) is O(1). Performing the change of variables (5.16) in the first integral, we can write it as

∫_1 1/ζ ψ(t) t dt. Since ψ is analytic at the origin and ψ(0) = 1, then ψ(t) = 1+tψ_1(t) with ψ_1 bounded at the origin. Therefore, for (5.17) we obtain log ζ +

∫_1 1/ζ ψ_1(t)dt + O(1) and thus, η_1(z) = 1 Γ(1 +^1_r ) ζ^{−1} log ζ + O(ζ^{−1}).

For r > 1, we use the change of variables (5.16) in (5.15) and obtain ϑ_r(z) = ζ^{− 1r} ∫_ζ 0 τ^{1r −1} e^{−τ /ζ} ϕ(τ/ζ) 1 1 + τϕ(τ/ζ) dτ. The integrand can be written as τ^{1r −1} 1 1 + τ ( 1 + τ ζ ψ_2(τ, τ/ζ) )

where |ψ_2(τ, τ/ζ)| is uniformly bounded for τ ∈ [0, ζ]. Since ∫_ζ 0 τ^1r

1+τ dτ = O(ζ^1r ), we deduce ϑ_r(z) = ζ^{− 1r} ∫_∞ 0 τ^{1r −1} 1 1 + τ dτ + O(ζ^{−1}) as ζ → ∞. Thus, η_r(z) = 1 Γ(1 +^1_r ) ζ^{− 1r} ∫_∞ 0 τ^{1r −1} 1 1 + τ dτ + O(ζ^{−1}).

Summarizing, we obtain that as ζ → ∞

η_r(z) = 1 Γ(1+^1_r ) ζ −1 ∫_∞ 0 t^1r^{−2}ψ(t)dt + O(ζ^{− min{ 1}r^{,2}}), 0 < r < 1 1 Γ(1+^1_r ) ζ

−1 log ζ + O(ζ^{−1}), r = 1 1 Γ(1+^1_r ) ζ

−^1_r ∫ ∞ 0 τ^1r^{−1} 1+τ dτ + O(ζ^{−1}), r > 1. (5.18)

This leads to the final result on the asymptotic behavior of λ_β for β ↗ 1 and, thus, for the pressure P (β log |f^′|).

Theorem 5.2 The asymptotic behavior of the pressure P (β log |f^′|) for functions f ∈ C_r is given as

P (β log |f^′|) = d_r(1 − β)[1 + o(1)], 0 < r < 1 d_1^{1−β}

− log(1−β) [1 + o(1)], r = 1

d_r(1 − β)^r[1 + o(1)], r > 1 for β ↗ 1. Here,

d_r =

Γ(1 +^1_r )^{λ1(1)}_{cr} (∫_∞ 0 t^1r (^1_2 sinh^t_2 )^{−2}dt )_{−1} , 0 < r < 1 λ_1(1)

c_1 , r = 1 ( Γ(1 +^1_r )^{λ1(1)}_{cr} )_r (∫_∞ 0 τ^1r^{−1} 1+τ dτ )_{−r} , r > 1 with c_r = c (rc)^{1+1/r} |F_1^′(0)|Ψ_{11}(1) and λ_1(1) = ∫ J Ψ_{11}(x) log |g^′(x)|dx.

Proof: This follows from (5.18) along with Theorem 5.1, using P (β log |f^′|) = − log z(β) and − log z = ζ^{−1} + O(ζ^{−2}). Inverting η_r(z) for r = 1, we use that −y log y = x implies y =^x_{− log x} (1 + O(^{log(− log x)}_{(log x)2} )). □

Appendix A Notation and General Definitions

Here, we list some notation and general definitions for reference.

A.1 Notation

We use the following symbols:

Z the set of integers {. . . , −2, −1, 0, 1, 2, . . .} N_0 the set of non-negative integers {0, 1, 2, . . .} N the set of positive integers {1, 2, . . .} R the set of real numbers C the set of complex numbers intD the interior of the set D clD the closure of the set D ∂D the boundary of the set D D^c the complement of the set D f = O(g) means that^{f(t)}_{g(t)} is bounded f = o(g) means that lim_t^{f(t)}_{g(t)} = 0 f ∼ g means that lim_t^{f(t)}_{g(t)} = 1, i. e. f(t) = g(t) + o(g(t))

A.2 General Definitions

For a complex-valued function Ψ on the interval I = [a, b], let ||Ψ||_I denote the usual supremum norm, i. e. ||Ψ||_I = sup_{x∈I} |Ψ(x)|. The space of continuous functions, equipped with the supremum norm, is denoted by C(I). We further denote

var_I (Ψ) = sup{ n∑ i=1 |Ψ(a_i) − Ψ(a_{i−1})| : n ≥ 1, a_0 < a_1 < · · · < a_n, a_i ∈ I}, ||Ψ||_{BV (I)} = var_I (Ψ) + ||Ψ||_I , and define BV (I) = { Ψ : I → C : ||Ψ||_{BV (I)} < ∞ } , the space of functions with bounded variation on the interval I.

We note that for functions of bounded variation the one-sided limits exist, i. e. lim_{x↘y} Ψ(x) for y ∈ [a, b[ and lim_{x↗y} Ψ(x) for y ∈]a, b].

Moreover, for functions f and g on I,

var_I (|f|) ≤ var_I (f) var_I (f + g) ≤ var_I (f) + var_I (g) var_I (f · g) ≤ ||f||_I var_I (g) + var_I (f)||g||_I ,

and, for functions f on I and g on J = f(I),

var_I (g ∘ f) = var_J (g).

We also need the notion of Hölder-continuous functions. For a complex-valued function Ψ on I, denote for some 0 < ϵ ≤ 1

|Ψ|_{ϵ,I} = sup { |Ψ(x) − Ψ(y)| |x − y|^ϵ : x, y ∈ I, x ≠ y } .

Naturally, |Ψ|_{1,I} ≤ ||Ψ^′||_I . For reference, we also note that for functions f and g on I, |f + g|_{ϵ,I} ≤ |f|_{ϵ,I} + |g|_{ϵ,I}, |f · g|_{ϵ,I} ≤ ||f||_I |g|_{ϵ,I} + |f|_{ϵ,I}||g||_I , and, for functions f on I and g on J = f(I), |g ∘ f|_{ϵ,I} ≤ |g|_{δ,J} (|f|^ϵ_{δ ,I} )^ϵ, ϵ ≤ δ ≤ 1. In particular, choosing δ to be ϵ or 1, we get |g ∘ f|_{ϵ,I} ≤ |g|_{ϵ,J} (|f|_{1,I} )^ϵ, |g ∘ f|_{ϵ,I} ≤ |g|_{1,J} |f|_{ϵ,I}.

Denoting ||Ψ||_{ϵ,I} = max{||Ψ||_I , |Ψ|_{ϵ,I}}, the space of Hölder-continuous functions is given by C^ϵ(I) = {Ψ : I → C : ||Ψ||_ϵ < ∞} .

In particular, we will also deal with the space C^{1+ϵ}(I) of functions on I whose derivative is in C^ϵ(I), equipped with the norm ||Ψ||_{1+ϵ,I} = max{||Ψ||_I , ||Ψ^′||_{ϵ.I} }.

We omit the reference to the interval I whenever the choice of I is clear out of the context.

Bibliography

[1] R. L. Adler, in: Lecture Notes in Mathematics, vol. 318. Springer-Verlag, Berlin 1973 [2] R. Artuso, P. Cvitanovic and B. G. Kenny, Phys. Rev. A 39, 268 (1988) [3] V. Baladi and G. Keller, Commun. Math. Phys. 127, 459 (1990) [4] T. Bohr and M. H. Jensen, Phys. Rev. A 36, 4904 (1987) [5] R. Bowen, Commun. Math. Phys. 69, 1 (1979) [6] J. R. Brown, Ergodic Theory and Topological Dynamics. Academic Press, New York 1978 [7] P. Collet and P. Ferrero, Absolutely continuous invariant measures. Preprint (April 1989) [8] P. Cvitanovic, Hausdorff dimension of irrational windings. In Group Theoretical Methods in Physics, R. Gilmore, ed., World Scientific, Singapore 1987 [9] P. Cvitanovic, Phys. Rev. Lett. 61, 2729 (1988)

[10] M. Denker and M. Urbański, Hausdorff and conformal measures on Julia sets with a rationally periodic point. To appear: J. London Math. Soc.

[11] N. Dunford and J. T. Schwartz, Linear Operators, Part One, Wiley-Interscience, New York 1957 [12] M. J. Feigenbaum, J. Stat. Phys. 52, 527 (1989) [13] M. J. Feigenbaum, Continued fractions, Farey trees, scaling and thermodynamics. Notes, May 1989 [14] M. J. Feigenbaum, I. Procaccia, and T. Tel, Phys. Rev. A 39, 5359 (1989) [15] M. E. Fisher and B. U. Felderhof, Ann. Phys. (N. Y.) 58, 176 (1970); 58, 217 (1970); 58, 281 (1970) [16] P. Gaspard and X.-J. Wang, Proc. Natl. Acad. Sci. USA 85, 4591 (1988) [17] F. Hofbauer, Trans. Amer. Math. Soc. 228, 223 (1977) [18] F. Hofbauer and G. Keller, J. reine angew. Math. 352, 100 (1984) [19] B. Hu and J. Rudnik, Phys. Rev. Lett 48, 1645 (1982) [20] M. V. Jakobson, Commun. Math. Phys. 81, 39 (1981) [21] M. H. Jensen, P. Bak, and T. Bohr, Phys. Rev. Lett. 50, 1637 (1983) [22] T. Kato, Perturbation Theory for Linear Operators. Springer-Verlag, Berlin 1966 [23] D. Katzen and I. Procaccia, Phys. Rev. Lett. 58, 1169 (1987)

[24] M. A. Krasnoselskii, Positive solutions of Operator Equations. P. Nordhoff, Groningen 1964 [25] M. Kuczma, B. Choczewski, and R. Ger, Iterative Functional Equations. Encyclopedia of Mathematics and its Applications, Cambridge University Press, 1990 [26] D. Mayer, The Ruelle-Araki Transfer Operator in Classical Statistical Mechanics.

Lecture Notes in Physics, Springer-Verlag, Berlin 1980 [27] R. D. Nussbaum, Duke Math. J. 37, 473 (1970) [28] G. Pianigiani, Isr. J. Math. 35, 32 (1980) [29] M. Pollicott, Ergod. Th. & Dynam. Sys. 4, 135 (1984) [30] Y. Pomeau and P. Manneville, Commum. Math. Phys. 74, 189 (1980) [31] I. Procaccia, S. Thomae, and C. Tresser, Phys. Rev. A 35, 1884 (1987) [32] D. Ruelle, Inventiones Math 34, 231 (1976) [33] D. Ruelle, Thermodynamic Formalism, Addison-Wesley 1978 [34] D. Ruelle, Commun. Math. Phys 125, 239 (1989) [35] D. Ruelle, Spectral properties of a class of operators associated with maps in one dimension. IHES/P/89/88 [36] Ya. G. Sinai, Usp. Mat. Nauk. 27, 21 (1972); Engl. transl.: Russ. Math. Surv.

166, 21 (1972) [37] M. U. H. Ubbens, M.Sc. Dissertation, Univ. of Groningen, Dept. of Phys. (1989)

[38] P. Walters, Amer. J. Math. 97, 937 (1976) [39] P. Walters, Trans. Amer. Math. Soc. 236, 121 (1978) [40] X.-J. Wang, Phys. Rev. A 39, 3214 (1989) [41] X.-J. Wang, Phys. Rev. A 40, 6647 (1989)

Vita

Thomas Prellberg was born on November 23, 1964 in Braunschweig, Germany. In 1983 he began his studies in the Departments of Mathematics and Physics at the Technical University Carolo Wilhelmina, Braunschweig, Germany. In 1985 he received a Scholarship from the Studienstiftung des Deutschen Volkes. Shortly afterwards, he interrupted his studies to complete his civil service. In 1988 he transferred to the Department of Physics at Virginia Polytechnic Institute and State University and became a doctoral candidate in the program of mathematical physics jointly sponsored by the Cranwell International Center and the Center for Transport Theory and Mathematical Physics. He spent the academic year 1989/90 as a Minerva Fellow at the Weizmann Institute of Science, Rehovot, Israel. After returning to the USA, he received M.S. degrees in Mathematics and Physics from Virginia Polytechnic Institute and State University. He completed his Doctor of Philosophy degree in June 1991. Since August 1991, he is a Research Fellow at the Department of Mathematics at the University of Melbourne, Australia.