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1.1
Preliminaries

Ours is a harsh and unforgiving universe, and not just initbe matters that con-
spire against us. Its complicated rules of evolution seefaitynbiased against those
who seek to predict the future. Of course, if the rules wemgpé, then there might
be no universe of any complexity worth considering. Perhriagbsess of behaviour
only emerges because each component of the universe itstevels many others,
and in ways that are very sensitive to details: this is thefhand unforgiving nature.
In order to predict the future, we have to take into accounth@ connections be-
tween the components, since they might be crucial to thesgwaol, and furthermore,
we need to know everything about the present in order to preédée future: both
of these requirements are in most cases impossible. Essnaaid guesses are not
enough: unforgiving sensitivity to the detail very soonde#o loss of predictability.
We see this in the workings of a weather system. The apprdionsthat meteoro-
logical services make in order to fill gaps in understandargnitial data, eventually
make the forecasts inaccurate.

So a description of the dynamics of a complex system is likelge incomplete
and we have to accept that predictions will be uncertain. dfare careful in the
modelling of the system, the uncertainty will grow only slgwif we are sloppy in
our model building or initial data collection, it will growugckly. We might expect
the predictions of any incomplete model to tend towardste stegeneral ignorance,
whereby we cannot be sure about anything: rain, snow, heatahurricane. We
must expect there to be a spread, or fluctuations, in the mgs®f such a model.

This discussion of the growth of uncertainty in predictibias a bearing on another
matter: the appareritreversibility of all but the most simple physical processes.
This refers to our inability to drive a system exactly backdgaby reversing the
external forces that guide its evolution. Consider the raaatal work required to
compress a gas by a piston in a cylinder. We might hope to seexibended energy
returned when we stop pushing and allow the gas to drive ts®@miall the way
back to the starting point: but not all will be returned. Tlystem seems to mislay
some energy to the benefit of the wider environment. Thiseésféimiliar process



of friction. The one-way dissipation of energy during memical processing is an
example of the famous second law of thermodynamics. Buttbeegs is actually
rather mysterious: what about the underlying reversipiit Newton's equations of
motion? Why is the leakage of energy one-way?

We might suspect that a failure to engineer the exact relvefsa compression
is simply a consequence of a lack of control over all comptnehthe gas and its
environment: the difficulty in setting things up properly fihe return leg implies
the virtual impossibility of retracing the behaviour. So wéght not expect to be
able to retrace exactly. But why do we not sometimes seeffation’? A clue
might be seen in the relative size and complexity of the systed its environment.
The smaller system is likely to evolve in a more complicatashfon as a result
of the coupling, whilst we might expect the larger enviromin& be much less
affected. There is a disparity in the effect of the couplimgeach participant, and
it is believed that this is responsible for the apparent wag-nature of friction. It
is possible to implement these ideas by modelling the belawdf a system using
uncertain, or stochastic dynamics. The probability of obieg a reversal of the
behaviour on the return leg can be calculated explicitly @andrns out that the
difference between probabilities of observing a particaampression and seeing its
reverse on the return leg leads to a measure of the irreviigsdd natural processes.
The second law is then a rather simple consequence of themigma A similar
asymmetric treatment of the effect on a system of coupling karge environment
is possible using deterministic and reversible non-lirgddaramics. In both cases,
Loschmidt's paradox, the apparent breakage of time relgysametry for thermally
constrained systems, is evaded, though for different reaso

This chapter describes the so-callidactuation relations or theoremd[1, 2, 3,
4, 5], that emerge from the analysis of a physical systenrantag with its envi-
ronment, and which provide the structure that leads to timelosion just outlined.
They can quantify unexpected outcomes in terms of the eggdecthey apply on
microscopic as well as macroscopic scales, and indeedabesequences are most
apparent when applied to small systems. They can be derivétedasis of a rather
natural measure of irreversibility, just alluded to, théfecs an interpretation of the
second law and the associated concept of entropy productioe dynamical rules
that control the universe might seem harsh and unforgiving,they can also be
charitable, and from them have emerged fluctuation relatibat seem to provide a
better understanding of entropy, uncertainty, and thet$imi predictability.

This chapter is structured as follows. In order to provideoatext for the fluc-
tuation relations suitable for newcomers to the field we begth a brief summary
of thermodynamic irreversibility, and then describe hoacsiastic dynamics might
be modelled. We use a framework based on stochastic, rdthardeterministic
dynamics since developing both themes here might not peothid most succinct
pedagogical introduction. Nevertheless, we refer to therdanistic framework
briefly later on, to emphasise its equivalence. We discussdéntification of en-
tropy production with the degree of departure from dynainiegersibility, and then
take a careful look at the developments that follow, whiatiude the various fluc-
tuation relations, and consider how the second law mighbpetate as we expect.



We illustrate the fluctuation relations using simple ariegitmodels, as an aid to
understanding. We conclude with some final remarks, but tbader implications
are to be found elsewhere in this book, for which we hope thapter will act as a
helpful background.

1.2
Entropy and the second law

Ignorance and uncertainty has never been an unusual staffaioé in human per-
ception. In mechanics, Newton’s laws of motion providedddbat seemed to dis-
pel some of the haze: here were mathematical models thaleehtiie future to be
foretold! They inspired attempts to predict future behavim other fields, partic-
ularly in thermodynamics, the study of systems through Whiwatter and energy
can flow. The particular focus in the early days of the field Wesheat engine, a
device whereby fuel, and the heat it can generate, can bededvinto mechanical
work. Its operation was discovered to produce a quantitiedantropy, that could
characterise the efficiency with which energy in the fuellddae converted into mo-
tion. Indeed entropy seemed to be generated whenever hesttar flowed. The
second law of thermodynamics famously states that thedotabpy of the evolving
universe is always increasing. But this statement stithats discussion, more than
150 years after its introduction. We do not debate the megoifNewton’s second
law any more, so why is the second law of thermodynamics stb@eersial?

Well, it is hard to understand how there can be a physical ifyahat never de-
creases. Such a statement demands the breakage of thelprioictime reversal
symmetry, a difficulty referred to as Loschmidt’s paradoxewtion’s equations of
motion do not specify a preferred direction in which timelees. Time is a coordi-
nate in a description of the universe and it is just conventiwat real world events
take place while this coordinate increases. Given that weaiactually run time
backwards, we can demonstrate this symmetry in the follgwiay. A sequence of
events that takes place according to time reversal symeregjriations can be invert-
ed by instantaneously reversing all the velocities of alplarticipating components
and then proceeding forward in time once again, suitablgnsxg any external pro-
tocol of driving forces, if necessary. The point is that amglation can be imagined
in reverse, according to Newton. We therefore don’'t expeatiserve any quantity
that only ever increases with time. This is the essence oftuo&lt’s objection to
Boltzmann'’s [6] mechanical interpretation of the second la

But nobody has been able to initiate a heat engine such thatks exhaust gases
back into its furnace and combines them into fuel. The desfislich a spectacle is
empirical evidence for the operation of the second law, tistalso an expression of
Loschmidt's paradox. Time reversal symmetry is broken kg dpparent illegality
of entropy-consuming processes, and that seems unactepRdrhaps we should
not blindly accept the second law in the sense that hasitadity been ascribed
to it. Or perhaps there is something deeper going on. Furtbe, a law that only
specifies the sign of a rate of change sounds rather incomplet



But what has emerged in the last two decades or so is theagatighat Newton’s
laws of motion, when supplemented by the acceptance of taierin the way sys-
tems behave, brought about by roughly specified interastiath the environment,
can lead quite naturally to a quantity that grows with timemely uncertainty itself.
It is reasonable to presume that incomplete models of thkugen of a physical
system will generate additional uncertainty in the religpof the description of the
system as they are evolved. If the velocities were all irtstz@ously reversed, in
the hope that a previous sequence of events might be reyemeedrtainty would
continue to grow within such a model. We shall need to quwiiis vague notion
of uncertainty, of course. Newton’s laws on their own areetiraversal symmetric,
but intuition suggests that the injection and evolution afifigurational uncertainty
would break the symmetry. Entropy production might therefoe equivalent to the
leakage of our confidence in the predictions of an incompiatdel: an interpreta-
tion that ties in with prevalent ideas of entropy as a meastirgformation.

Before we proceed further, we need to remind ourselves @heythenomenology
of irreversible classical thermodynamic processes [7]y#team possesses energy
and can receive additional incremental contributions afttrm of heatd@ from a
heat bath at temperatutie and workdW from an external mechanical device that
might drag, squeeze or stretch the system. It helps perlwapew dQ and dW
roughly as increments in kinetic and in potential energgpestively. We write the
first law of thermodynamics (energy conservation) in thefd® = dQ + dW. The
second law is then traditionally given as Clausius’ inetjyal

aQ
7{ L) (1.1)

where the integration symbol means that the system is takemd a cycle of heat
and work transfers, starting and ending in thermal equilinrwith the same macro-
scopic system parameters, such as temperature and voluregeperature of the
heat bath might change with time, though by definition anggognition of its pre-

sumed large size it always remains in thermal equilibriungd so might the volume
and shape imposed upon the system during the process. Wisoaw e the second
law for an incremental thermodynamic process as:

dStot = dS + dSmed: (12)

where each term is an incremental entropy change, the syag@mn starting and
ending in equilibrium. The change in system entropy is dethds and the change
in entropy of the heat bath, or surrounding medium, is defased

_ 49
ClSmed - T7 (13)
such thatlS;¢ is the total entropy change of the two combined (the ‘une@raNe
see that equation (1.1) corresponds to the condifidSio; > 0, since$ dS = 0. A
more powerful reading of the second law is that

dStot > 0, (1.4)



for any incremental segment of a thermodynamic processoras as it starts and
ends in equilibrium. An equivalent expression of the law lddae to combine these
statements to writéW —dE+TdS > 0, from which we conclude that thdissipative
work (sometimes called irreversible work) in an isotherpacess

AW, = dW — dF (1.5)

is always positive, wheréF' is a change in Helmholtz free energy. We also might
write dS = dStot —dSmeq and regardiSio+ as a contribution to the change in entropy
of a system that is not associated with a flow of entropy froerhigat bath, théQ /T
term. For a thermally isolated system, whérg = 0, we havedS = dSi.¢ and the
second law then says that the system entropy increase i dogetnal’ generation;
hencedS;.t is sometimes [7] denoteds;.

Boltzmann tried to explain what this ever-increasing gitgmhight represent at a
microscopic level [6]. He considered a thermally isolated gf particles interacting
through pairwise collisions within a framework of classicgechanics. The quantity

H(t) = /f(v,t) In f(v,t)dv, (1.6)

where f(v, t)dv is the population of particles with a velocity in the rangieabout

v, can be shown to decrease with time, or remain constant ipdipeilation is in a
Maxwell-Boltzmann distribution characteristic of therneguilibrium. Boltzmann
obtained this result by assuming that the collision ratevben particles at velocities
v1 andvs is proportional to the product of populations at those vidlles, namely
f(vi,t)f(va,t). He proposed thail was proportional to the negative of system
entropy and that his so-callefi-theorem provides a sound microscopic and me-
chanical justification for the second law. Unfortunatehjistdoes not hold up. As
Loschmidt pointed out, Newton’s laws of motion cannot leac tquantity that al-
ways decreases with tim@H /d¢t < 0 would be incompatible with the principle of
time reversal symmetry that underlies the dynamics. Hhtheorem does have a
meaning, but it is statistical: the decreasefinis an expected, but not guaranteed
result. Alternatively, itis a correct result for a dynamlisgstem that does not adhere
to time reversal symmetric equations of motion. The neglécbrrelation between
the velocities of colliding particles, both in the past andhe future, is where the
model departs from Newtonian dynamics.

The same difficulty emerges in another form when, followirblss, it is proposed
that the entropy of a system might be viewed as a property ehsemble of many
systems, each sampled from a probability densityx, v}), where{x, v} denotes
the positions and velocities of all the particles in a syst&itbbs wrote

Saibbs = —kB / P ({x,v})In P ({x,v}) [ [ dxdv, 1.7)

wherek g is Boltzmann’s constant and the integration is over all prgsace. The
Gibbs representation of entropy is compatible with all efssiical equilibrium ther-
modynamics. But the probability densify for an isolated system should evolve in



time according to Liouville’s theorem, in such a way tttt;,, IS a constantof
the motion. How, then, can the entropy of an isolated sysserch as the universe,
increase? Either equation (1.7) is only valid for equililoni situations, something
has been left out, or too much has been assumed.

The resolution of this problem is that Gibbs’ expression ogpresent thermo-
dynamic entropy, but only if? is not taken to provide an exact representation of
the state of the universe, or if you wish, of an ensemble ofamses. At the very
least, practicality requires us to separate the univergearsystem about which we
might know and care a great deal, and an environment that éhrlass precise-
ly monitored. We are obliged by this incompleteness to regme the probability
of environmental details in a so-called coarse-grainelifes which has the effect
that the probability density appearing in Gibbs’ repreagah of the system entropy
evolves not according to Liouville’s equations, but to wens with additional terms
that represent the effect of an uncertain environment upaspan system. This then
allows Sqipns to change. For an isolated system, an increasg;in;,s will emerge
only if we are obliged to coarse-grain some aspect of theegystself. We shall
discuss a stochastic representation of these additiomas i@ the next section, but it
is important to note that a deterministic description ofiemvmental effects is also
possible, and it might be thought more natural. On the othedhthe development
using stochastic environmental forces is in some ways e@speesent. But we must
not forget that some of the early work on fluctuation relasiovas developed using
deterministic so-called thermostats [1, 8], and that thée is represented briefly
in section 1.9, and elsewhere in this book.

1.3
Stochastic dynamics

1.3.1
Master equations

We pursue the assertion that sense can be made of the seaoitd taalm of appli-
cability and its failings, when Newton’s laws are suppleteery the explicit inclu-
sion of a developing configurational uncertainty. The dateistic rules of evolution
of a system need to be replaced by rules for the evolutionegpthbability that the
property should take a particular configuration. We must fiiscuss what we mean
by probability. Traditionally it is the limiting frequencthat an event might occur
amongst a large number of trials. But there is also a viewghabability represents
a distillation, in numerical form, of the best judgement etiéf about the state of
a system: our information [9]. It is a tool for the evaluatiohexpectationvalues
of system properties, representing what we expect to obdssed on information
about a system. Fortunately, the two interpretations ledavts for the evolution of
probability that are of similar form.

So let us derive equations that describe the evolution dbgdvdity for a simple
case. Consider a random walk in one dimension, where a stegriable size is



taken at regular time intervals [10, 11, 12]. We write thaster equationlescribing
such astochastic process

oo

Pn—i—l(xm) = Z T’ﬂ(xm - Tm/! |mm’)7jn(xm’)v (18)

m’/=—o0

where P, (xzm) is the probability that the walker is at positian,, at timestepn,
andT, (Az|z) is the transition probability for making a step of size in timestep

n given a starting position af. The transition probability may be considered to
represent the effect of the environment on the walker. Wepre that Newtonian
forces cause the move to be made, but we do not know enoughtab@nvironment
to model the event any better than this. We have assumed tHe¥@aroperty such
that the transition probability does not depend on the prevhistory of the walker;
only the positionz prior to making the step. It is normalised such that

S Tal@m — oplom) = 1, (1.9)

m=—0o0

since the total probability thainytransition is made, starting from,,/, is unity. The
probability that the walker is at positian at timen is a sum of probabilities of all
possible previous histories that lead to this situatiorthtnMarkov case, the master
equation shows that thepath probabilities are products of transition probabilities
and the probability of an initial situation, a simple vievipiothat we shall exploit
later.

132
Kramers-Moyal and Fokker-Planck equations

The Kramers-Moyal and Fokker-Planck equations describestiolution ofproba-
bility density functionsdenotedP, which are continuous in space (K-M) and addi-
tionally in time (F-P). We start with the Chapman-Kolmogoemuation, an integral
form of the master equation for the evolution of a probaptliensity function that is
continuous in space:

P(x,t+71)= /T(Aw|x — Az, t)P(x — Az, t)dAwx. (1.10)

We have swapped the discrete time lab&r a parameter. The quantityl'(Az|z, t)
describes a jump from through distance\z in a periodr starting from timet.
Note thatl" now has dimensions of inverse length (it is really a Markowransition
probability density, and is normalised according §oI'(Az |z, t)dAz = 1.

We can turn this integral equation into a differential edquraty expanding the
integrand inAz to get

n 0" (T(Az|z,t)P(z,t))
ox™

P(z,t+71) = P(x,t) + /dAx Z % (—Az) , (L.11)
n=1



and define the Kramers-Moyal coefficients, proportional tmments of7":
Mo (z,t) = / dAT(Az)"T(Az|z, 1), (1.12)
T
to obtain the (discrete time) Kramers-Moyal equation:

)" 0" (Mn(z,t)P(, 1))
oxm

. (1.13)

3=

(Pa,t+7) = Pa,t) = 3 (‘nl'
n=1 :

Sometimes the Kramers-Moyal equation is defined with a tierévative of P on
the left hand side instead of a difference.

Equation (1.13) is rather intractable, due to the infinitenber of higher deriva-
tives on the right hand side. However, we might wish to cordittention to evolution
in continuous time, and consider only stochastic proces$ésh are continuous in
space in this limit. This excludes processes which involgeahtinuous jumps: the
allowed step lengths must go to zero as the timestep goesdolrehis limit, every
coefficient vanishes except the first and second, consisidnthe Pawula theorem.
Furthermore, the difference on the left hand side of equatlol3) becomes a time
derivative and we end up with the Fokker-Planck equatiorEjFP

OP(z,t) 0 (M (z,t)P(x,t)) n 1 9% (Mo(x,t) P(x, t))

ot o 2 D2 (1.14)
We can define a probability current:
J = My (2, ) P(z, 1) — L 2@ DP@ ) (1.15)
2 ox
and view the FPE as a continuity equation for probabilitysitgn
OP(z,t) 0 _ 1o(Ma(z, t)P(x,t)\ _  0J
% = 9 (Ml(x,t)P(x,t) 3 o =~ (1.16)

The FPE reduces to the familiar diffusion equation if we take and M to be
zero and2D, respectively. Note that it is probability that is diffugimot a physical
property like gas concentration. As an example, considefithit of the symmetric
Markov random walk in one dimension as timestep and spagal go to zero: the
so-called Wiener process. The probability denstiy, t) evolves according to
OP(x,t) DBQP(x,t)

(1.17)

ot ox2

with an initial conditionP(z, 0) = §(z). The statistical properties of the process are
represented by the probability density that satisfies tis&on:

Pla,t) = — i 118
(%ﬂ—wexp ~apt ) (1.18)

representing the increase in positional uncertainty ofithlker as time progresses.



1.3.3
Ornstein-Uhlenbeck process

We now consider a very important stochastic process desgribe evolution of the
velocity of a particle. We shall approach this from a differpoint of view: a treat-
ment of the dynamics where Newton’s equations are supplerdéy environmental
forces, some of which are stochastic. It is proposed thagth@onment introduces
a linear damping term together with random noise:

U = —yv + bE(t), (1.19)

where~ is the friction coefficientp is a constant, angd has statistical properties
(€(t)) = 0, where the brackets represent an expectation over the pfitypdistribu-
tion of the noise, ands(¢)¢(t')) = 6(t — t'), which states that the noise is sampled
from a distribution with no autocorrelation in time. The gidar variance of the
noise might seem to present a problem but this can be accoatathdThis is the
Langevin equation. We can demonstrate that it is equivadesntiescription based on
a Fokker-Planck equation by evaluating the K-M coefficieatsisidering equation
(2.12) in the form

My (v,t) = %/dAv(Av)"T(Avh;,t) = %((v(t ) —u(t)™, (1.20)

and in the continuum limit where — 0. This requires an equivalence between the
average oflAv)™ over a transition probability density/, and the average over the
statistics of the nois¢. We integrate equation (1.19) for smalto get

t+1 t+71 tr
v(t+71)—v(t) = —’y/t vdt + b/t é(t/)dt' ~ —yu(t)T + b/t §(t/)dtl7
(1.22)

and according to the properties of the noise and in the fimit 0 this gives(dv) =
—yvT With dv = v(t + 7) — v(t), such thatM; (v) = (v) = —yv. We also construct
(v(t + 1) — v(t))* and using the appropriate statistical properties and théruaum
limit, we get((dv)?) = b*r and M, = b>. We have therefore established that the
FPE equivalent to the Langevin equation (1.19) is

OP(v,t) 8 (yuP(v,t)) | b*>9*P(v,t)

o - o T2 e (1.22)

The stationary solution to this equation ought to be the Melk®oltzmann velocity
distribution P(v) o exp (—va/Zk:BT) of a particle of massn in thermal equi-
librium with a bath at temperaturg, sob must be related t@" and~ in the form

b = 2kpT~/m, wherekg is Boltzmann’s constant. This is a connection known as
a fluctuation dissipation relatior: characterises the fluctuations amndhe dissipa-
tion or damping in the Langevin equation. Furthermore, iyyrba shown that the
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time-dependent solution to equation (1.22), with initiahdition (v — vg) at time
to, IS

—y(t—to))2
T _ m _ m(v — vpe v )
Fou v, tlvo, to] = \/27Tk:BT(1 — e 27(t=to)) P ( 2kpT (1 — eQ’Y(tto))> ’
(1.23)
This is a gaussian with time-dependent mean and varianeendtationPd ;|- - -] is

used to denote a transition probability density for thicatled Ornstein-Uhlenbeck
process starting from initial valug, at initial time ¢y, and ending at the final value
v at timet.

The same mathematics can be used to describe the motion dficepm a har-
monic potentiaky(z) = 22 /2, in the limit that the frictional damping coefficient
is very large. The Langevin equations that describe the myc®ares = —yv —
kx/m + b&(t) andz = v, which reduce in this so-called overdamped limit to

. K b

z mvm + vg(t)’ (1.24)
which then has the same form as equation (1.19), but foripositstead of velocity.
The transition probability (1.23), recast in termsigftherefore can be employed.

In summary, the evolution of a system interacting with a seagrained environ-
ment can be modelled using a stochastic treatment thadeslime-dependent ran-
dom external forces. However, these really represent tleetedf uncertainty in the
initial conditions for the system and its environment: indefinigsria some of those
initial environmental conditions might only have an impapbn the system at a lat-
er time. For example, the uncertainty in the velocity of diple in a gas increases
as particles that were initially far away, and that were posepecified at the initial
time, have the opportunity to move closer and interact. Mududion equations are
not time reversal symmetric since the principle of caugadibssumed: the probabil-
ity of a system configuration depends upon events that pesit@dtime, and not on
events in the future. The evolving probability density captare the growth in con-
figurational uncertainty with time. We can now explore howwth of uncertainty
in system configuration might be related to entropy produrcéind the irreversibility
of macroscopic processes.

14
Entropy generation and stochastic irreversibility

141
The reversibility of a stochastic trajectory

The usual statement of the second law in thermodynamicsisttts impossible to
observe the reverse of an entropy producing process. Lehonediately reject this
version of the law and recognise that nothing is impossiBl®dall might roll off a
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table and land at our feet. But there is never stillness atrtiveoscopic level and,
without breaking any law of mechanics, the molecular motibthe air, ground and
ball might conspire to reverse their macroscopic motiomding the ball back to
rest on the table. This is not ridiculous: it is an inevitabbmsequence of the time
reversal symmetry of Newton’s laws. All we need for this eM®noccur is to create
the right initial conditions. Of course, that is where thelgem lies: it is virtually
impossible to engineer such a situation, but virtually isgble is not absolutely
impossible.

This of course highlights the point behind Loschmidt’s pra If we were to
time reverse the equations of motion of every atom that was\ed in the motion
of the ball at the end of such an event weuld observe the reverse behaviour.
Or rather more suggestively, we would observe both the faivead the reverse
behaviour with probability 1. This of course is such an oveglmingly difficult
task that one would never entertain the idea of its reatisatindeed it is also not
how one typically considers irreversibility in the real wadyrwhether that be in the
lab or through experience. What one might in principle beablinvestigate is the
explicit time reversal of just the motion of the particle(s)interest to see whether
the previous history can be reversed. Instead of reverbimgiotion of all the atoms
of the ground, the air etc, we just attempt to roll the balllbtmwards the table at
the same speed at which it landed at our feet. In this scemagioertainly would
not expect the reverse behaviour. Now because the reversemi® not inevitable
we have somehow, for the system we are considering, ideh{ifie perhaps con-
structed) the concept of irreversibility albeit on a somawdinthropic level: events
do not easily run backwards. How have we evaded Loschmidtadox here? We
failed to provide the initial conditions that would ensuesersibility: we left out the
reversal of the motion of all the other atoms. If they act upgmnsystem differently
under time reversal then irreversibility is (virtually)awitable. This is not so very
profound, but what we have highlighted here is the one of threple paradigms of
thermodynamics, the separation of the system of interesttaenvironment, or for
our example the ball and the rest of the surroundings. Given that we expect such
irreversible behaviour when we ignore the details of tharemvnent in this way, we
can ask what representation of that environment might be suiteble when estab-
lishing a measure of the irreversibility of the process? @hswer to which is when
the environment explicitly interacts with the system intsacwvay that time reversal
is irrelevant. Whilst never strictly true, this can hold aénaiting case which can be
represented in a model, allowing us to determine the extewhich the reversal of
just the velocities of the system components can lead toraciag of the previous
sequence of events. Stochastic dynamics can provide anpéxafsuch a model.
In the appropriate limits, we may consider the collectiviu@nce of all the atoms
in the environment to act on the system in the same inheremyedictable and
dissipative way regardless of whether their coordinatestmne reversed or not.
In the Langevin equation this is achieved by ignoring a gsttetling number of
degrees of freedom associated with the environment, &leglitheir behaviour as
noise along with a frictional force which slows the particdgardless of which way
it is travelling. If we consider now the motion of our systefrirderest according to
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this Langevin scheme both its forward and reverse motiomarenger certain and
we can attribute a probability to each path under the inflaesfdhe environmental
effects. How might we measure irreversibility given thegaamics? It is no longer
appropriate to consider whether upon time reversal thetepatt is retraced since
the paths are stochastic. Indeed in the continuous limipthbability of this hap-
pening tends to zero. So we ask the question, what is the Ipilithaf observing
some forward process compared to the probability of sediag forward process
undone? Or perhaps, to what extent has the introductionoghastic behaviour
violated Loschmidt’s expectation? This section is largidyoted to the formulation
of such a quantity.

Intuitively we understand that we should be comparing tlebability of observing
some forward and reverse behaviour, but these ideas needrtatle concrete. Let
us proceed in a manner that allows us to make a more directection between
irreversibility and our consideration of Loschmidt's pdex. First, let us imagine
a system which evolves under some suitable stochastic dgeame specifically
consider a realisation or trajectory that runs from time 0 to ¢ = =. Throughout
this process we imagine that any number of system parameigysbe subject to
change. This could be, for example under suitable Langeumauwhics, the temper-
ature of the heat bath or perhaps the nature of a confininghpate The effect of
these changes in the parameters is to alter the probablistiaviour of the system
as time evolves. Following the literature we assume thatsaich change in these
system parameters occurs according to some protgedhwhich itself is a function
of time. A particular realisation is not guaranteed to talkece, since the system
is stochastic, so consequently we associate with it a pilityadit occurring which
will be entirely dependent on the exact trajectory taken,ekkamplexz(t), and the
protocolA(t).

We can readily compare different probabilities associatétl different paths and
protocols. To quantify an irreversibility in the sense o threaking of Loschmidt’s
expectation however, we must consider one specific path eotdqol. Recall now
our definition of the paradox. In a deterministic system,naetireversal of all the
variables at the end of a process of lengtleads to the observation of the reverse
behaviour with probability 1 over the same peried It is the probability of the
trajectory which corresponds to this reverse behaviouhiwiti stochastic system
that we must address. To do so let us consider what we meambyréversal. A
time reversal can be thought of as the operation of the tiraersal operator]’
on the system variables and distribution. Specifically fosipon z, momentunp
and some protocok we havel'z = z, Tp = —p andTA = X. If we were to do
this after timer for a set of Hamilton’s equations of motion in which the piub
was time-independent, the trajectory would be the exadt tieversed retracing of
the forward trajectory. We shall call this trajectory theversed trajectonand is
phenomenologically the ‘running backwards’ of the forwaehaviour. Similarly,
if we were to consider a motion in a deterministic system thas$ subject to some
protocol (controlling perhaps some external field), we woobserve the reversed
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trajectory only if the original protocol were performed syratrically backwards.
This running of the protocol backwards we shall call teeersed protocol We
now are in a position to construct a measure of irreversyhiti a stochastic system.
We do so by comparing the probability of observing the fodvlrajectory under
the forward protocol with the probability of observing treversed trajectory under
the reversed protocol following a time reversal at the endhefforward process.
We literally attempt to undo the forward process and meabore likely that is.
Since the quantities we have just defined here are crucidlisachapter we spend
a moment making their nature absolutely clear before weg@dc To reiterate we
wish to consider a:

» Reversed trajectory:
Given a trajectoryX (¢) that runs from time = 0 to ¢t = 7, we define the reversed
trajectoryX () which runs forwards in time explicitly such that(t) = T'X (r—t).
Examples are for position(t) = x(r — t) and for momentuny(t) = —p(7 — t).

* Reversed protocol:
The protocol)(¢) behaves in the same way as the position variableder time
reversal and so we define the reversed prota¢ol such that\(t) = \(7 — ¢)

Given these definitions we can construct the path probesilive seek to compare.
For notational clarity we label path probabilities that deg@ upon the forward proto-
col A(t) with the superscript’ to denote the forward process and probabilities which
depend upon the reversed protoaet) with the superscripR to denote the reverse
process. The probability of observing a given trajectsiryP’"[X], has two compo-
nents. First is the probability of the path given its stagtpoint X (0) which we shall
write asP¥'[X (7)| X (0)] and second is the initial probability of being at the start of
the path, which we write aBs:art (X (0)) since it concerns the distribution of vari-
ables at the start of the forward process. The probabilitglisferving the forward
path is then given as

PEIX] = Patart (X (0)PF[X ()| X (0)]. (1.25)

We can proceed along these lines; however it is often motstive to proceed if
we imagine the path probability as being approximated bygaesece of jumps that
occur at distinct times. Since continuous stochastic bebagan be readily approx-
imated by jump processes, but not the other way round, tmslsneously allows us
to generalise any statements for a wider class of Markovgz®es. We shall assume
for brevity that the jump processes occur in discrete tinweydver we note that the
final quantity we shall arrive at would be identical if suchamstraint were relaxed
(we point the interested reader to [13], for example). Byestpd application of the
Markov property for such a system we can write

PYIXT] = Ptart (X0)P(X1] X0, A(t1)) X P(Xa|X1, A(t2)) X ...
e X P(Xn| Xn—1, A(tn))- (1.26)
Here we consider a trajectory that is approximated by thejseguence between-

1 points X, X1, . .. X», such that there are distinct transitions which occur at dis-
crete timesy, to, ... tn, and whereXy = X (0) andX,, = X (7). P(X;| X;—1, A(¢;))



is the probability of a jump fronk; _; to X; using the value of the protocol evaluated
at timet;.

Continuing with our description of irreversibility we cansct the probability of
the reversed trajectory under the reversed protocol. Aqprating as a sequence of
jumps as before we may write

PHIX] = TPena(X(0))PR[X (1) X (0)]
= PRare (X (0))PRX (1) X (0)]
= Potart (X0)P(X1|X0, A(t1)) X .. X P(Xn|Xn_1, M(tn)) (1.27)

There are two key concepts here. The first, in accordance auithdefinition of
irreversibility, is that we attempt to ‘undo’ the motion frothe end of the forward
process and so the initial distribution is formed from thetidbution to whichPggart,
evolves undei(t), such that for continuous probability density distribuove have

Pana(X / dX Pagart (X(0))PT[X (1) X (0)], (1.28)

so named because it is the probability distribution at theb@frthe forward process.
For our discrete model the equivalent is given by

Pena(Xn) Z > HP (Xig1|Xi, Atit1)) Pstart (Xo)- (1.29)

Xp—11=0

Secondly, to attempt to observe the reverse trajectoryirsiafrom X () we must
perform a time reversal of our system to take advantage aktversibility in Hamil-
ton’s equations. However, when we time reverse the variablee are obliged to
transform the distributiorP,,,q as well, since the likelihood of starting the reverse
trajectory with variablel’ X after we time revers& is required to be the same as the
likelihood of arriving atX before the time reversal. This transform®g, 4, 7Pend.
is the initial distribution for the reverse process and !sxstﬂﬂbelIeorPSm]rt Anal-
ogously, evolution undek(t) takes the system distribution ®7 ;. The forward
process and its relation to the reverse process are iltestfar both coordinates
and v, which do and do not change sign following time reversalpeesively, in
Figure 1.1, along with illustrations of the reversed trégeies and protocols.

Let us now form our prototypical measure of the irrever#ipibf the path X,
which for now we denoté:

_ | PPIX
I[X]=In {PR[)_(}] (1.30)

There are some key points to notice about such a quantitgt, BinceX and X

are simply related/ is a functional of the trajectorX and accordingly will take a
range of values over all the possible ‘realisations’ of ty@amics: as such it will
be characterised by a probability distribution. Furthbere is nothing in its form
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Figure 1.1 An illustration of the definition of the forward and reverse processes. The forward
process consists of an initial probability density, Pstart Which evolves forward in time under the
forward protocol A(t) over a period 7, at the end of which the variable is distributed according
to P.nq. The reverse process consists of evolution from the distribution P2 ., which is related
to P.,q by a time reversal, under the reversed protocol X(t) over the same period 7, at the end
of which the system will be distributed according to some final distribution P£xd’ which in
general is not related to Pstart and does not explicitly feature in assessment of the
irreversibility of the forward process. A particular realisation of the forward process is
characterised by the forward trajectory X (¢), illustrated here as being x(t) or v(t). To
determine the irreversibility of this realisation, the reversed trajectories, Z(¢) or o(t), related by

a time reversal, need to be considered as realisations in the reverse process.

15
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which disallows negative values. Finally the quantity wheis if the reversed tra-
jectory occurs with the same probability as the forwardettégry under the relevant
protocols: a process is deemed reversible if the forwar@¢gss can be ‘undone’
with equal probability. We can simplify this form since wedm how the time re-
versed protocols and trajectories are related. Given the stquence laid out for
the approximation to a continuous trajectory we can tramsf& and¢ according to
Xi =TX,—; andA(t;) = A(tp—i+1) giving

PHIX] = Plare (TX (7)) PRI X (0)|TX ()]

= PRt (T Xn)P(T X1 |T X, A(tn)) X ... x P(TXo|T X1, A(t1))
(1.31)

Pointing out thaPZ, . (T X 1) = TPend(TXn) = Pena(Xn) we thus have

qu}:m<mmwwmm+m

Pﬁxu»mm]}

PR[X] Pena(X (7)) PRITX(0)|TX(7)]
_ Pstart XO - X|X2 1 ( ))
=In P () };[ IR TR A ))} (1.32)

Let us explicitly consider this quantity for a specific motieunderstand its mean-
ing in physical terms. Consider the continuous stochasticgss described by the
Langevin equation from section 1.3.3, whefe= v and we have

1/2
b= v+ (M) £(t), (1.33)

m
where¢(¢) is white noise. The equivalent Fokker-Planck equationusigby

OP(v,t) 0 (yvP(v,t))  kpT(t)y 2P (v,t)
ot v AR o2 (1.34)

whereP is a probability density. By insertion of probability detiss and infinites-
simal volumes into equation (1.32) and cancelling the latobserve that we may
use probability densities to represent the quardiify] for this continuous behaviour
without a loss of generality. To introduce a distinct ford@nd reverse process, let
us allow the temperature to vary with a protocdgt). We choose for simplicity a
protocol which consists only of step changes such that

T(At;:) =T; t; € [(j—1)AL jAL, (1.35)

wherej is an integer in the range < j < N, such thatVAt¢ = 7. Because the
process is simply the combination of different Ornsteindsibeck processes each of
which is characterised by defined solution equation (1.28¢&an represent the path
probability in a piecewise fashion. Consolidating with oatation, the continuous
Langevin behaviour at some fixed temperature can be coesiderbe the limit,
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dt = (t;41 — t;) — 0, of the discrete jump process, so that

ti=jAt
Jim o [T Plilvio, Mt) = PoploGADI(( — D)ANdu(iAL) =
T ti=(j—1)At
m 1/2 m('U(jAt)*’U((jfl)At)ei’yAt)2 .
<2”kBTj(1 - 6*2””)) o <_ 2kpT; (1 — e=27At) WA
(1.36)

The total conditional path probability density (with unégual to the inverse di-
mensionality of the path) oveN of these step changes in temperature is then by
application of the Markov property

PP o(7)v(0)] =

o m 1/2 m(v(AE) — v((j — 1)At)e~ A2
I1 (QWkBTj(l - 6*2”“)) o < 2kpTj (1 —e=27A) )

=1
(1.37)

<.

and sincel'v = —v

PR=0(0)] = v(r)] =

5 12 m( = v((j — DAL + v(jAt)e™18Y)?
11 <2kaT 1—e—27N)) o <_ 2kpTj (1 — e 2781) >

J=1
(1.38)

Taking the logarithm of their ratio explicitly and abbretitey v(jAt) = v; yields

In

PPo@p©] | 1 o m
PR[—0(0)] U(T)]] =iy 2o (4~ ) (1.39)

which is quite manifestly equal to the sum of negative chargjehe kinetic energy

of the particle scaled byz and the environmental temperature to which the particle
is exposed. Our model consists only of the particle and thviramment and so
each negative kinetic energy change of the partielA@, must be associated with
a positive flow of heal\Q,,,.q into the environment such that we defing),,.q =
—AQ. For the Langevin equation the effect of the environmentezalised as a
dissipative friction term and a fluctuating white noise @werised by a defined
temperature which is entirely independent of the behawbthe particle. This is the
idealisation of a large equilibrium heat bath for which tlxetenged heat is directly
related to the entropy change of the bath through the relatiQ,,.q = TAS. It
may be argued that changing betwe€riemperatures under such an idealisation is
equivalent to exposing the particleadbseparate equilibrium baths each experiencing
an entropy change accordingA®,,,.q4 ; = T;AS;. We consequently assert, for this
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particular model at least, that

k)B In

PR[=v(0)] = v(7)] T;

PP [o(7)[0(0)] ] — Y BOmed) _SUAG A (140)
J

J
where the entropy production in alf baths can be denoted as a total entropy pro-
ductionAS,,.q that occurs in a generalised medium.

Let us now examine the remaining part of our quantificationretersibility which
here is given in equation (1.32) by the logarithm of the ratioPs;.,¢(v(0)) and
P,nq(v(7)). Given an arbitrary initial distribution one can write tlzis the change in
the logarithm of the dynamical solution f®as given by the Fokker-Planck equation
(1.34). Consequently we can write

Pstart(”(m)) P(v,0)
In{—=——*]=In =—(InP(v,7) —In P(v,0)). 1.41
(Rt ) =1 b =~ nPlem) - nP(e.0) (14D
If we now characterise th@eanentropy of our Langevin particle or ‘system’ with a
Gibbs entropy which we allow to be time dependent such that

<Ssys> = Saibbs = —kB /d’U P(U,t) In P(U,t) (142)

one can make the conceptual leap that it is an individuakviduthe entropy of the
system for a given and timet that is being averaged in the above integral f14]
Ssys = —kpIn P(v,t). If we accept these assertions we find that our measure of
irreversibility for any one individual trajectory is forndeas

kBI[X] = ASSyS + ASed- (143)

Since our model consists only of the Langevin particle (§stesm) and a heat bath
(the medium) we therefore regard this sum as the total eppopduction associated
with such a trajectory and make the assertion that our measurreversibility is
identically the increase in the total entropy of the unieers

Prlx]

AStot [X] = ASsys + ASmed = kB In PR[X—]

(1.44)

in this model at least. However, we have already stated thiddimg prevents this
quantity from taking negative values. If this is to be theat@ntropy production,
how is this permitted given our knowledge of the second lashefmodynamics?
In essence, describing the way in which a quantity that |ditlesthe total entropy
production can take both positive and negative values, bey®well defined statis-
tical requirements such that, for example, it is compatitith the second law, is the

1) Strictly P(v,t) is a probability density and so for equation (1.42) to be consistéth the entropy
arising from the combinatoric arguments of statistical me@saand dimensionally correct it might be
argued we should be considering(P (v, t)dv). However, for relative changes this issue is irrelevant.
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subject matter of the so-called fluctuation theorems or dlatdn relations. These
relations are disarmingly simple, but allow us to make predins far beyond those
possible in classical thermodynamics. For this class dfesysn fact, they are so
simple we can derive in a couple of lines a most fundamentatiom and imme-
diately reconcile the second law in terms of our irrevetgipifunctional. Let us
consider the average, with respect to all possible forwaatisations, of the quantity
exp (—AStot [X]/kp) which we write(exp (—AStot[X]/kp)) and where the angled
brackets denote a weighted path integration. Performia@tierage yields

(o~ A8 (X k) :/dX PFx]e A8l X]/ks

PRIX]
PF[X]

= / dx PFX)
~ [axrix) (1.45)

where we assume the measures for the path integrals ared &gt X = dX since
the reverse trajectory is defined on the same space. Or erhape transparently,
in the discrete approximation multiple summations o¥gr . . . X, yield the same
result as summation ove¥,, ... Xo. The expression above now trivially integrates
to unity which allows us to write a so-called [14]

Integral Fluctuation Theorem
(e~ Aot [X]/ch> -1 (1.46)

This remarkably simple relation holds for all times, praitscand initial condition®
and implies that the possibility of negative total entrojmaiege is obligatory. Fur-
ther, if we make use of Jensen’s inequality

(exp (2)) > exp (2) (1.47)
we can directly infer
(AStot) > 0. (1.48)

Since this holds for any initial condition we may also stdtattthe mean total en-
tropy monotonically increases for any process. This statémunder the stochastic
dynamics we consider, is the second law. It is a replacenterdgraeinterpreta-
tion of equation (1.4). The mean entropy production ratehigags positive, but
not necessarily in detail for individual realisations. ™ezond law, when correctly
understood, is statistical in nature and we have now oldaameexpression which
places a fundamental bound on those statistics.

2) We do though assume that nowhere in the initial availablégoration space do we have, ..+ (X) =
0. This is a paraphrasing of the so-called ergodic consistenayreggent found in deterministic sys-
tems [8] and insists that there must be a trajectory for every plesstversed trajectory and vice versa,
so that the all possible path&,(¢), are included in the integral in the final line of equatiog).
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1.5
Entropy Production in the Overdamped Limit

We have formulated a quantity which we assert to be the totabpy production,
though it is for a very specific system and importantly has lnibitg to describe the
application of work. To broaden the scope of applicatios inistructive to obtain a
general expression like that obtained in equation (1.3®)fdr a class of stochastic
behaviour where we can formulate and verify the total entnemduction without
the need for an exact analytical result. This is straightéod for systems with
detailed balance [15], however we can generalise furthése dlass of stochastic
behaviour we shall consider will be the simple overdampeageain equation that
we discussed in section 1.3.3 involving a position variatdscribed by

_ F(x) | (2kgT\"?
b= <—m ) £(t), (1.49)

along with an equivalent Fokker-Planck equation

AP (z,t) 1 0(F@P(,1)  kpT 82P(a:,t).

ot Cmy ox my  Ox2 (1.50)
The description includes a force terf(z) which allows us to model most simple
thermodynamic processes including the application of wdvke describe the force
as a sum of two contributions which arise respectively fropotentiale(z) and an
external forcef (x) which is applied directly to the particle, both of which wéoal
to vary in time through application of a protocol such that

a¢(m7 AO(t))

F(z, Ao(t), A1 (t)) = — Oz

+ f@, A1 (1)) (1.51)
The first step in characterising the entropy produced in tleeliom according to
this description is to identify the main thermodynamic ditées including the heat
exchanged with the bath. To do this we paraphrase Sekimat&eifert [16, 17, 14]
and start from basic thermodynamics and the first law

AE = AQ + AW (1.52)

which must hold rigorously despite the stochastic natureusfmodel. To proceed,
let us consider the change in each of these quantities imegpto evolving our
system by a small timét and corresponding displacemefat We can readily iden-
tify that the system energy for overdamped conditions isaétpi the value of the
conservative potential such that

dE = dQ + dW = d(¢(z, Mo(t))). (1.53)

However, at this point we reach a subtlety in the mathematiiginating in the
stochastic nature of. Where normally we could describe the small change in
using the usual chain rule of calculus, wheis a function of the stochastic variable
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x we must be more careful. The peculiarity is manifest in anigoity of expressing
the multiplication of a continuous stochastic function stechastic increment. The
product, which strictly should be regarded as a stochastégral, is not uniquely
defined because both function and increment cannot be adgorbehave smoothly
on any timescale. The mathematical details [11] are not ofcomcern for this
chapter and so we shall not rigorously discuss stochastalca, or go beyond
the following steps of reasoning and assumption. First veeiag that in order to
work with thermodynamic quantities in the traditional senas in undergraduate
physics, we require a small change to resemble that of nocadallus, and this
requires, in all instances, multiplication to follow soled Stratonovich rules. These
rules, denoted in this chapter by the symbphre taken to mean evaluation of the
preceding stochastic function at the mid-point of the follyg increment. Following
this procedure we may write

dE = d(¢(x(t), \o(1)))

_06(x(t), Mo(t)) dro(t) 9¢(z(t), Ao(t))
_ e 0%t + - o dz (1.54)

Next we can explicitly write down the work from basic mectanas contributions
from the change in potential and the operation of an extdaneé:

AW — 8¢($(;)A:0>\0(t)) dA(;Jt(t) dt + f(z(t), \ (1)) o da. (1.55)

Accordingly we directly have an expression for the heatdfanto the system in
response to a small change

dQ = W oda — f(@(t), M (8)) o do
— —F(@(t), ho(t), M (1)) o da. (1.56)

We may then integrate these small increments over a trajeofaurationr to find

AE = /O "aE = /O " d(@(x(t), (1)) = d(x(r), Ao(r)) — H(z(0), 20(0))

=A¢ (1.57)
AW = / AW = / 99(z(®) mo ‘MO Vit + / o Jodz (1.58)
and

AQ = / dQ = / 99(x 81’/\0 / fla ) o da (1.59)

Let us now verify what we expect; that the ratio of conditibpath probability
densities we use in equation (1.32) will be equal to the megditeat transferred
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to the system divided by the temperature of the environmévi. no longer have
a means for representing the transition probabilities inegal and so we proceed
using a so-called ‘short time propagator’ [10, 11, 18], vihic first order in the time
between transitionsit, describes the probability of making a transition framto
x;+1. We may then consider the analysis valid in the lidgtit— 0. The short time
propagator can also be thought of as a short time Green’sifumadt is a solution
to the Fokker-Planck equation subject to a delta functiaalrcondition, valid as
the propagation time is taken to zero. The basic form of tleetdhme propagator
is helpfully rather intuitive and most simply adopts a gefgraussian form which
reflects the fluctuating component of the force about the ndegnto the gaussian
white noise. Abbreviating=(z, \o(t), M1 (¢)) asF(x, t) we may write the propagator
as

P[xi+17 t; + dt|l‘1‘, ti] =

my mry F(xi,t;) 2
) IS S 2 e
\ drkpTdt eXp{ AkpTdi (“”“ i my dt) ] (1.60)

However, one must be very careful. For reasons similar tegfthscussed above, a
propagator of this type is not uniquely defined, with a fariljorms being available
depending on the spatial position at which one chooses taaeethe forceF, of
which equation (1.60) is but one example [18]. In the same wayad to choose
certain multiplication rules it is not enough to wrif§z(¢), ¢) on its own sincex(t)
hasn’t been fully specified. This leaves a certain matheralafieedom in how to
write the propagator and we must consider which is most gpa. Of crucial
importance is that all are correct in the linait — 0 (all lead to the correct solution
of the Fokker-Planck equation) meaning our choice musts@sty on ensuring the
correct representation of the entropy production. We carcged heuristically: as
we take timedt — 0 we steadily approach a representation of transitions ap jum
processes, from which we can proceed with confidence simoe jorocesses are
the more general description of stochastic phenomena. igfithit, therefore, we
are obliged to faithfully represent the ratio that appearsquation (1.32). In that
description the forward and reverse jump probabilitiessténe same functional form
and to emulate this we must evaluate the short time propemgatthe same position
« for both the forward and reverse transitich. Mathematically the most convenient
way of doing this is to evaluate all functions in the propagahidway between
initial and final points. Evaluating the functions at the rpigint2’ such thatz’ =

3) For the reader aware of the subtleties of stochastic calau@usnention that for additive noise as
considered here this point is made largely for completenessnéf constructs the result using the
relevant stochastic calculus the ratio is independent oftibece. However to be a well defined quantity
for cases involving multiplicative noise this issue becomesirigmt.
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xi+1 + z; anddx = x;41 — z; introduces a propagator of the form

P[$i+1, t; + dt|ZL'Z', ti] =

2 ’
my o my _ F(2' t;) 1 0 (F(a' ti)
\ drkpTdt &P { AkpTdt (dm my %) T30 Ty )&

(1.61)

and similarly

P[Ii, t; + dt|$i+1, ti] =

2 ’
my mry F(2',t;) 10 (F(a',t;)
S exp | — dp— T gy 2 (L ED gy
AmkpgTdt P |: 4kpTdt ( v mry 2 Ox’ my

(1.62)
The logarithm of their ratio, in the limi#t — 0, simply reduces to
im I | D2t dlea bl P(@iafes AL))
dltlg() In {P[mi, t; + dt|mis1,ts] = P(zi|xiv1, A(t;))
_ T o), M)
kpT
_ Fl(a(ts), Ao(ti), A1(ti))
= kpT odx
29 (1.63)

kBT

where we get to the result by recognising that line two obays definition of
Stratonovich multiplication rules sincg is the midpoint ofdz and that line 3 con-
tains the definition of an increment in the heat transfer femjuation (1.56). We can
then construct the entropy production of the entire pathdnstructing the integral
limit of the summation over contributions for eaghsuch that

F
P[Xv)io}:_ / dQ =59 = Amed _pg .\ (164)

kpl (7)) A
BRI PRIX (1) X(0 T

giving us the expected result noting that the identificatdisuch a term from the
ratio of path probabilities can readily be achieved in fulbge space as well [19].

1.6
Entropy, Stationarity and Detailed Balance

Let us consider the functional for the total entropy proghrcbnce more, specifically
with a view to understanding when we expect an entropy cha®gecifically we aim

to identify two conceptually different situations whererepy production occurs. If
we consider a system evolving without external driving, ill wypically, for well
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defined system parameters, approach some stationary $tadestationary state is
characterised by a time independent probability dengit{, such that

AP (x, 1)
ot

Let us write down the entropy production for such a situati8mce the system is
stationary we havéPsiart = P.nq, but we also have a time-independent protocol
meaning we need not consider distinct forward and reversegsses such that we
write path probability densitie®” = P = P. In this situation the total entropy
production for overdamped motion is given as

= 0. (1.65)

_ P ((0)) Plz(7)|2(0)]

Atolel = ko I | B ) Pl ()] ) (1.68)
We can then ask what in general are the properties requireshtoopy production,
or indeed no entropy production in such a situation. Clethigre is no entropy
production when the forward and reverse trajectories artakglikely and so we
can write the condition for zero entropy production in thatistnary state as

P* (2(0)) Ple(7)|2(0)] = P*" (a(7)) Plz(0)|z()] ¥ 2(0),(r). (1.67)

Written in this form we emphasise that this is equivalenthe statement ofle-
tailed balance Transitions are said to balance because the average nuhbgr
transitions to and from any given configuratiof0) exactly cancel; this leads to a
constant probability distribution and is the conditionu&qd for a stationary state.
However to have no entropy production in the stationaryesta require all transi-
tions to balance in detail: we require the total number afigions between every
possible combination of two configuration§)) andz(7) to cancel. This is also the
condition required for zero probability current and for thgstem to be at thermal
equilibrium where we understand the entropy of the univesd®e maximised.

We may then quite generally place any dynamical scheme intoad two broad
categories. The first is where detailed balance (equaticsi7))L holds and the
stationary state is the thermal equilibriuth Under such dynamics systems left
unperturbed will relax towards equilibrium where there i observed preferen-
tial forward or reverse behaviour, no observed thermodyioarow of time or
irreversibility and therefore no entropy production. Thals entropy production
for these dynamics is the result of driving and subsequéaxagon to equilibrium
or more generally as a consequence of the systems beingtheafictationary states.

The other category therefore is where detailed balance doeold. In these
situations we expect entropy production even in the statipistate which by ex-
tension must have origins beyond that of driving out of anldxation back to

4) One can build models which have stationary states that fewesntropy production where equilibrium
is only local, but there is no value in distinguishing betwéenttvo situations or highlighting such cases
here.
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stationarity. So when can we expect detailed balance to leesh? We can first
identify the situations where it does hold and for overdathp®tion, the require-
ments are well defined. To have all transitions balancingetaitiis to have zero
probability current,/st (z,t) = 0, in the stationary state, where the current is related
to the probability density according to

OP% (z,1) AT (x,1)

ot ox

Utilising the form of the Fokker-Planck equation that cepends to the dynamics
we would thus require

x S (x
JSt(a:,t) _ mi,y (_8¢( éi()(t)) 4 f(:t,)\l(t))> Pst(x’t)_%wai;’ﬂ =0.

(1.69)

=0. (1.68)

We can verify the consistency of such a condition by insgrthre appropriate sta-
tionary distribution

P (z,t) o exp [/m da’ g} (— 8¢(m(;’;°(t)) + f(:r’,)\l(t))ﬂ (1.70)

which is clearly of a canonical form. How might one break tbandition? We
would require a non-vanishing current and this can be aelievhen the contents of
the exponential in equation (1.70) are not integrable. Imegal this can be achieved
by using an external force that is non-conservative. Howivene dimension with
natural, that is reflecting, boundary conditions any forcts aonservatively since the
total distance between initial and final positions, and thragk done is always path
independent. To enable such a non-conservative force anarmgaement periodic
boundary conditions. This might be realised physically bgsidering motion on a
ring since when a constant force acts on the particle the worie will depend on
the number of times the particle traverses that ring. If ty&team relaxes to its sta-
tionary state there will be a non-zero, but constant cuitteattarises due to the non-
conservative force driving the motion in one direction. Uitls a system with steady
flow it is quite easy to understand that the transitions betweo configurations will
not cancel and thus detailed balance is not achieved. Aligwiese dynamics to re-
lax the system to its stationary state creates a simple dranfig non-equilibrium
steady stateGenerally such states can be created by the placing of sonstraint
upon the system which stops it from reaching a thermal daruilin. This results in
a system which is perpetually attempting and failing to nrage the total entropy
by equilibrating. By remaining out of equilibrium it const#y dissipates heat to
the environment and is thus associated with a constantmngreneration. As such,
a system with these dynamics gives rise to irreversibiléydnd that arising from
driving and relaxation and possesses an underlying breag&time reversal sym-
metry, leading to an associated entropy production, msahnifethe lack of detailed
balance. Detailed balance may be broken in many ways andaequilibrium
constraint that causes it may be, as we have seen, a nonrecatinse force, or it
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might be exposure to particle reservoirs with unequal cleafrpotentials or heat
baths with unequal temperatures. The steady states of ganss in particular are
of great interest in statistical physics, not only becadsheir qualitatively different

behaviour, but also because they provide cases where @aakolution is feasible
out of equilibrium. As we shall see later the distributionesftropy production in

these states also obeys a particular powerful symmetnyjinegent.

1.7
A general fluctuation theorem

So far we have examined a particular functional of a path agaea from a number
of perspectives that it represents the total entropy priodiiof the universe. We
have also seen that it obeys a remarkably simple and powretation which guar-
antees its positivity on average. However, we can expl@tfthm of the entropy
production further and derive a number of fluctuation thewevhich explicitly re-
late distributions of general entropy-like quantities.eytare numerous and the dif-
ferences can appear rather subtle, however it is quite sitogderive a very general
equality which we can rigorously and systematically adaplifferent situations and
arrive at these different relations. To do so let us onceragansider the functional
which represents the total entropy production

Patart (X (0) P* [X (1) | X (0)]
Pt (X(0)) PRIX (7)|X (0)]

start

ASiot[X] = kg In (1.71)

We are able to construct the probability distribution okthuantity for a particular
process. Mathematically, the distribution of entropy protibn over the forward
process can be written as

PY(ASiot[X] = A) = / dX Patart (X (0)PF[X (1) X (0)]6(A — AStot[X])
(1.72)
To proceed we follow Harris et al. [20] and consider a new fiomal, but one which

is very similar to the total entropy production. We shall gelly refer to it ask and
it can be written

R[X] = kpgIn

P (X (0) PRIX ()| X (0)]
Pstart(X (0) PF[X(T)| (0) }:| (2.73)

Imagine that we evaluate this new quantity over the reveegedtory, that is we
considerR[X]. It will be given by

Pstart(X(O))PR[X(T)lX(O)
Putart (X (0)) PF[X ()| X (0)

R[X] = kB In

” = —ASiot[X] (1.74)
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which is explicitly the negative value of the functional thepresents the total en-
tropy production in the forward process. We can similariystouct a distribution
for R[X] over the reverse process. This in turn would be given as

PR(RIX] = A) = / dX Pie(X(0)PR[X(7)|X(0)]6(A — RIX])).  (L.75)

We now seek to relate this distribution to that of the totat@py production over the
forward process. To do so we consider the value the prolakiistribution takes
for R[X] = —A. By the symmetry of the delta function we may write

PR(RIX] = -A) = / dX Pl (X(0)PR[X ()| X (0)]0(A + RIX])).  (1.76)

We now utilise three substitutions. FirstX = dX denoting the equivalence of
measure as the trajectories are defined on the same spadaevdese the definition
of the entropy production functional to substitute

P (X(0)PRX ()| X(0)] = Patart (X (0)) PY[X (1) | X (0)]e 5ot [X1/kn
(1.77)

and finally the definition thakR[X] = —AS;.[X]. Performing the above substitu-
tions we find

_ _ AStot[X]

PR(RIX]=-4)= / dX Patart(X(0))PT[X(1)|X(0))e” *5 6(A—~ASor[X])
—o T / dX Patare (X (0)) PY [X ()| X (0)]6(A— ASior [X])
— ¢ %5 PP (ASo0[X] = A) (1.78)
and yields [20]
The Transient Fluctuation Theorem
PR(R[X] = —A) = 75 PF(ASi]X] = A) (1.79)

This is a fundamental relation and holds for all protocold enitial conditions and is
of a form referred to in the literature as a finite time, tramsior detailed fluctuation
theorem depending on where you look. Additionally, if weegrate over all values
of A on both sides we obtain the integral fluctuation theorem

1= (e~ ASwr/ks) (1.80)

with its name now being self-explanatory. These two retetishall now form the
basis of all relations we consider. However, upon returtiinthe transient fluctua-
tion theorem, a valid question is what does the functidgiial ] represent? In terms
of traditional thermodynamic quantities there is scantgit®l interpretation. It is
more helpful to consider it as a related functional of théngatd to understand that
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in general it isnot the entropy production of the reverse path in the reversega®
It is important now to look at why. To construct the entropypguction under the
reverse process, we need to consider a new functional whickhaill callASE, [X]
that is defined in exactly the same way as for the forward @®clVe consider an
initial distribution, this timeP,,, which evolves toP? - nq and compare the proba-
bility density for a trajectory starting from the initial stribution, this time under the
reverse protocoh(t), with the probability density of a trajectory starting fratme
time reversed final distribution P% ,, so that

ASE X =kpIn

start( (O)) [ (7‘)|X(O)] B
TPR,(X(0)PFX(7) X(o)]] # —AShot[X]. (1.81)

Crucially there is an inequality in equation (1.81) in gesidrecause

T Pitart(X(0))) # Paga(X (7)) :/d)_( PEae(X(0) PR[X(1)[X(0)).  (L1.82)

This is manifest in the irreversibility of the dynamics okthystems we are looking
at, as is illustrated in Figure 1.1. If the dynamics were reide, as for Hamilton’s
equations and Liouville’s theorem, then equation (1.82)idnold in equality. So,
examining equations (1.79) and (1.81), if we wish to compheedistribution of
entropy production in the reverse process with that for dmevérd process, we need

to haveR[X] = AStot[ X] such thatA Syt [X] = —ASE [X]. This is achieved by
having Pstart (X (0)) = TP (X (7)). When this condition is met we may write
PR(ASE[X] = —4) = ¢ 75 PF (ASeor[X] = A) (1.83)

which now relates distributions of the same physical gugnéntropy change. If
we assume that arguments of a probability distribution lier teverse protocaP’®
implicitly describe the quantity over the reverse processmay write it in its more
common form

PR(—AStot) = e_ASm/kBPF(ASmt) (1.84)

This will hold when the protocol and initial distributionseachosen such that evo-
lution under the forward process followed by the reversecgss together with the
appropriate time reversals brings the system back into émeesinitial statistical
distribution. This sounds somewhat challenging and indémeb not occur in any
generality, but there are two particularly pertinent diioas where the above does
hold and has particular relevance in a discussion of theymahic quantities.

1.7.1
Work Relations

The first and most readily applicable example that obeysahdition Pstart (X (0)) =
TPE (X (7)) is that of changes between equilibrium states where onerivaally

end
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obtain the required condition by exploiting the fact thaperturbed, the dynam-
ics will steadily bring the system into a stationary stateichhs invariant under
time reversal. We start by defining the equilibrium disttibn which represents
the canonical ensemble where, as before, we consider thensyenergy for an
overdamped system to be entirely described by the potefitial\o(¢)) such that

M} _ (1.85)

P (0 30) = ey o [~ 2

for ¢ = 0 andr, whereZ is the partition function, uniquely defined By (¢), which
can in general be related to the Helmholtz free energy thrahg relation

Fo(t) = —kpT'In Z(Mo(t)). (1.86)

To clarify, the corollary of these statements is to say thatdirectly applied force
f(x(t), A\ (t)) does not feature in the system’s Hamiltorah.et us now choose the
initial and final distributions to be given by the respectaguilibria defined by the
protocol at the start and finish of the forward process andgémee temperature

F(Xo(0)) — ¢(x(0), )\0(0))]
kpT

F(Xo(1)) — ¢(x(1), Ao(T))
o . 0 ] . (1.87)

Pstart (a:(O), Ao (O)) X exp |:

Pana(2(7), Ao () ox exp [

We are now in a position to construct the total entropy chdaga given realisation
of the dynamics between these two states. From the initéfiaal distributions we
can immediately construct the system entropy chak§gs as

ASsys = kpln (Pstart (2(0), A0 (0)) ) - (exp [

Pend (:C(T), Ao (T))

F(>\u(0))—¢(w(0)7/\o(0))] )
kT

exp [F(AO(T))*’CZ(;(T)M\o(T))}

= % (=F(Xo(7)) + F(Ao(0)) + &(z(7), Ao (7)) — #((0), Ao(0)))
_ Ap—AF
=02

The medium entropy change is as we defined previously andeamitien

A AW — A
ASmed = —TQ = % (1.89)

where AW is the work given earlier in equation (1.58), but we now engid&that
this term contains contributions due to changes in the piaiesnd due to the ex-
ternal forcef. We thus further define two new quantitias¥, and AW, such that
AW = AWy + AW, with

AWy — /OT 8(1)(1:(5)}\,(?0(15)) d)\((i)t(t) dt (190)

(1.88)

5) Thatis not to say it may not appear in some generalised Han@to For further insight into this issue
we direct the interested reader to, for example [21, 22],ngpthe approach here and elsewhere [23]
best resembles the extended relation used in [21].
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and

AWy = / f(z(t),A\1(t)) o dz. (1.91)

0
Wo andWy are not defined in the same way wiilh, being found more often in ther-
modynamics andli’; being a familiar definition from mechanics: One may therefor
refer to these definitions as thermodynamic and mechaniced vespectively. The
total entropy production in this case is simply given by

AW — AF

AStot [1‘] = T

(1.92)
Additionally, since we have established th‘@ﬁd(i(r)) = T Pstart (z(0)) we can
also write

AW — AF

ASiGlT] = =

(1.93)
1.7.1.1 The Crooks Work Relation and Jarzynski Equality

The derivation of several relations follows now by impostggtain constraints on
the process we consider. First let us imagine the situatioer&/the external force
f(z, A1) = 0 and so all work is performed conservatively through the ptésuch
thatAW = AWj. To proceed we should clarify the form of the protocol thatnado
take an equilibrium system to a new equilibrium such thatetersed counterpart
would return it to the same initial distribution. This wowddnsist of a waiting period,
in principle of infinite duration, where the protocol is ceest, followed by a period
of driving where the protocol changes, followed by anothminitely long waiting
period. Such a protocol is given and explained in Figure 1.2.

Ao(t)

Mo(t)

| 1 | I | 1 1 | 1 | |
0 to to+T 2+ T

Figure 1.2 A protocol A\ (t), of duration 2t¢ + 7, which evolves a system from one equilibrium
to another defined so that the reversed protocol Xo(t) returns the system to the original
equilibrium. There is a period of no driving of length to which corresponds to the relaxation for
the reverse process, followed by a time 7 of driving, followed by another relaxation period of
duration to. As we take tg to infinity we obtain a protocol which produces the condition

PR (%(2to 4 7)) = T Pstart (2(0)) . We note here that f(z(t), A1 (t)) = 0.

end
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For such a process we write the total entropy production

AWy — AF

AStot = T

(1.94)
This changes its sign for the reverse trajectory and revars@ecol and so we may
construct the appropriate fluctuation relation which is remuply read off equation
(2.79) as

AWy — AF

PE(AWy — AF)/T) = exp { -

}PR (—(AWy — AF)/T).  (1.95)
SinceF andT are independent of the trajectory we can simplify and find [5]

The Crooks Work Relation

PTAW) _ et (1.96)

PR (—AW,) kT

Rearranging and integrating over &l on both sides, and taking the deterministic
AF out of the path integral then yields an expression for theame over the for-
ward process called [4, 24, 15]

The Jarzynski Equality

(exp (~AWy/kpT)) = exp (~AF/kpT) (1.97)

The power of these statements is clarified in one very impbitanceptual point.
In their formulation the relations a@nstructecusing the values of entropy change
for a process which, after starting in equilibrium, is igethfor a long time, driven
and then left for a long time again to return to a stationaayestHowever this does
not mean that these quantities have tartmasuredver the whole of such a process.
Why is this the case? Itis because the entropy productiotihéowhole process can
be written in terms of the mechanical work and free energyigkavhich are deliv-
ered exclusively during the driving phase when the protag¢t) is changing. Since
the work and free energy change are independent of the altanhere the protocol
is constant and because we had no constrainy@t) during the driving phase we
can therefore consider them to be valid for any protocol ewsg the system is in
equilibrium to start with. We can therefore state that thed&s work relation and
Jarzynski equality holdor all timesfor systems that start in equilibridth His-
torically this has had one particularly important consetuge the results hold for
driving, in principle, arbitrarily far from equilibrium. fiis is widely summed up as
the ability to obtain equilibrium information from non-eitjbrium averaging since,

6) Although we have only shown that this is the case for Langdyimamics, it is important to note that
these expressions can be obtained for other general descsipfitinee dynamics. See for example [25].
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upon examining the form of the Jarzynski equality, we canpot® the free energy
difference by taking an average of the exponentiated workeda the course of
some non-equilibrium process. Exploiting these facts ¢etlarify what these two
relations mean explicitly and what the implications arehia teal world.

The Crooks Relation

Statement:

For any timer, the probability of observing trajectories which corresgdo
an application ofAW, work, starting from an equilibrium state defined by
A(0), under dynamics described byt) in 0 < ¢ < 7, is exponentially more
likely in (AW, — AF)/kgT than the probability of observing trajectories that
correspond to an application efAW, work from an equilibrium state defined
by X(0), under dynamics described byt).

Implication:

Consider an isothermal gas in a piston in contact with a hatt at equilib-
rium. Classically we know from the second law that if we coegs the gas,
performing a given amount of worlkhW, on it, then after an equilibration
period, we must expect the gas to perform an amount of workishass than
AW, when it is expanded (i.e- AW, work performed on the gas). To get the
same amount of work back out we need to perform the processgjatcally
such that it is reversible. The Crooks relation howevetstes more. For the
same example, we can state that if the dynamics of our systathtb some
probability of performingAW;, work, then the probability of extracting the
same amount of work in the reverse process differs expasntindeed they
only have the same probability when the work performed isaétmi the free
energy difference, often called the reversible work.

The Jarzynski Equality

Statement:

For any timer the average value, as defined by the mean over many reatisatio
of the dynamics, of the exponential of the negative workd#d by the tempera-
ture arising from a defined change in protocol frag(0) to Ao (7) is identically
equal to the exponential of the negative equilibrium freergn difference cor-
responding to the same change in protocol, divided by thpeeature.

Implication:

Consider once again the compression of a gas in a pistongbuslimagine
that we wish to know the free energy change without knowlexfdbe equation
of state. Classically, we might be able to measure the freeggrchange by
attempting to perform the compression quasistaticallyjctviof course can
never be fully realised. However, the Jarzynski equaliéyest that we can deter-
mine this free energy change exactly by repeatedly comimigesise gasat any
speedand taking an average of the exponentiated work that we peréver
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all these fast compressions. One must exercise cautionveowihe average
taken is patently dominated by very negative values of wohese correspond
to very negative excursions in entropy and are oftgtremelyrare. One may
find that the estimated free energy change is significanttyed following one
additional realisation even if hundreds or perhaps thodséave already been
averaged.

These relations very concisely extend the classical digfimdf irreversibility in such
isothermal systems. In classical thermodynamics we matytifgiethe difference in
free energy as the maximum amount of work we may extract filoenslystem, or
rather that to achieve a given free energy change we musirpedt least as much
work as that free energy change, that is

AWy > AF (1.98)

with the equality holding for a quasistatic ‘reversiblebpess. But just as we saw
that our entropy functional could take negative valuesdli®nothing in the dynam-
ics which prevents an outcome where the work is less thanréigeehergy change.
We understand now that the second law is statistical so nererglly we must have

(AWp) > AF. (1.99)

The Jarzynski equality tells us more than this and replacesrtequality with an

equality that it is valid for non-quasistatic processes rstraechanical work is per-
formed at a finite rate such that the system is driven away fr@rmal equilibrium

and the process is irreversible.

1.7.2
Fluctuation relations for mechanical work

Let us now consider a similar, but subtly different circuamste to that of the Jarzyn-
ski and Crooks relations. We consider a driving process dlgain starts in equi-
librium, but this time keeps the protocal(¢) held fixed such that all work is per-
formed by the externally applied forc&z(t), A1(t)) meaning thal\Ww = AW;.
Once again we seek a fluctuation relation by constructingyailierium to equilib-
rium process, though this time we insist that the systenxesldack to the same
initial equilibrium distribution. We note that sincg(z(t), A1(¢)) may act non-
conservatively, in order to allow relaxation back to edurilim we would require
that the external force be ‘turned off’. An example set oftpowols is given in Figure
1.3 for a simple external forcg(x (), A1 (t)) = A1 (¢).

For such a process we find

AStot = AWy (1.100)
T
since the free energy difference between the same equitibstates vanishes. We

have constructed a process such that the distribution &ntief the reverse process
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Ao(t),Ao(t)

0 ty to+ 7 2ty + 1

Figure 1.3 An example protocol and reversed protocol that would construct the condition
PR _(z(2to + 7)) = T Pstart (2(0)) when all work is performed through the external force

end

f(x(t),A1(t)) = A1(t) and tg is taken to infinity.

is (with time reversal) the same as the initial distributadrthe forward process and
so again we are permitted to read off a set of fluctuationioelat[21, 22, 26, 27]
which may collectively be referred to as

Fluctuation relations for mechanical work:

PEAawy) AW,
PR(-AWL) ~ [kBT] (100
(exp (—AW; /kpT)) = 1 (1.102)

For the same reasons as in the Jarzynski and Crooks relatiepsre valid for all
times and thus hold as a non-equilibrium result. Taking iriipalar the integrated
relation and comparing with the Jarzynski equality in egura¢1.97) one may think
there is an inconsistency. Both are valid for all times antuiteary driving and
concern the work done under the constraint that both stagginlibrium, yet on
first inspection they seem to be saying different things. #®aall our distinction
between the world W, and AW, from equations (1.90) and (1.91); there are two
distinct ways to describe work on such a particle. If one qens work AW, one
necessarily changes the form of the system energy whereagpitlication of work
AW, leaves the form of the system energy unchanged. The differenmanifest
in the two different integrated relations because theiivdéions exploit the fact
that the Hamiltonian, which represents the system enenggeas in initial and
final distributions. To clarify, as written the Jarzynskiuadjty explicitly concerns
driving where the application of any work also changes thenttanian and thus
the equilibrium state. On the other hand the relationsifgrconcern work as the
path integral of an external force such that the Hamiltom&nains unchanged for
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the entire process.

Of course, there is nothing in the derivation of either ofstheelations that pre-
cludes the possibility of both types of work to be performetha same time and so
using the same arguments we arrive at

F
SRCAN — e (AW = AF) kT (1.103)
and
(e AV’CVJE*_T/“M> =1 (1.104)

again under the constraint that the system be initially @reg in equilibrium.

1.7.3
Fluctuation theorems for entropy production

We have seen in section 1.7.1 how relations between disiitsiof work can be
derived from equation (1.84), since work can be related éoethtropy production
during a suitable equilibrium to equilibrium process. Welwhow to seek situations
where we can explicitly construct relations that concemdrstributions of the en-
tropy produced for given forward and reverse processedglthabt necessarily begin
and end in equilibrium. In order to find situations where tladue of the entropy
production for the forward trajectory in the forward prosés precisely the negative
value of the entropy production for the reversed trajectorthe reverse process, we
seek situations where the reverse protocol acts to reteraigtribution to the time
reversed initial distribution for the forward process. FHoe overdamped motion we
have been considering we would require

Pstart (2(1)) = /dl‘ Pena((0) P™ [a(r)[2(0)] (1.105)

Apart from the previously considered situation of an edpwilim to equilibrium
process, the above holds when two conditions are satisfied fitst being that
the functional forms of the initial and final distributionseathe same such that
Pstart = Ponq. The second condition is that the evolution under the fodwaiocess
is indistinguishable from that under the reverse processthimatically this means
P(ziy1lzi, Atig1)) = P(zigalzi, Atig)) of PR[z(7)[2(0)] = PF[a(r)z(0)].
Given these conditions evolution from the initial distrifan will result in the final
distribution and evolution under the reverse process froenfinal distribution will
result in the initial distribution. If we consider in more tdé the requirements
for such a condition we understand there are two main wayshichwthis can be
achieved. Given that the initial and final distributions #re same the first way is
to require a constant protocalt). In this way the forward process is trivially the
same as the reverse process. The second is to insist thatotioeqd and reversed
protocol are the same. This requires the protocol to be tigmensetric such that



A(t) = M7 —t) = A(t). In both situations we realise that the forward and reverse
processes are entirely indistinguishable. As such, byfalcenstruction we can,

in these specific circumstances, relate the probabilityeeirsy a positive entropy
production to that of a negative entropy production oversame forward process
allowing us from equation (1.79) to write a [14]

Detailed fluctuation theorem:

P(ASiot) = e25w0t/FB p(_ASi0) (1.106)
Physically the two situations we have considered corregpon

* Pstart = Pend, A(t) = const:
To satisfy such criteria the system must be in a steady dtae|s all intrinsic
system properties (probability distribution, mean systemtropy, mean system
energy etc) must remain constant over the process. The esingleady state is
equilibrium which trivially has zero entropy productiondetail for all trajectories.
However, anon-equilibriumsteady state can be achieved by breaking detailed
balance through some constraint which prevents the eqaiilim as we saw in
section 1.6. The mean entropy production rate of thesesstateonstant, non-
zero and, as we have now shown, there is an explicit expa@leytnmetry in the
probability of positive and negative fluctuations.

* Pstart = Pepa = P, )‘(t) = X(1‘/):
This condition can be achieved in a system that is being gieadly driven charac-
terised by a time symmetrig(¢). If from some starting point we allow the system
to undergo an arbitrarily large number of periods of drivibwill arrive at a so-
called non-equilibrium oscillatory state such ti#ate, t) = P(z,t + t,) wheret,
is the period of oscillation. In this state we can expect theva relation to hold
for integer multiples of period, starting from a time such that(t) = A(t).

1.8
Further results

1.8.1
Asymptotic fluctuation theorems

In the class of system we have considered, the integral aadetfluctuation theo-
rems are guaranteed to hold. Indeed it has not escaped sahtesaattention that
the reason they do is fully explained in the very definitiontted functionals they
concern [28]. There is, however, a class of fluctuation teesrwhich does not have
this property. These are known as asymptotic or Galladiiren type fluctuation
theorems. Their implementation in Langevin and then généeakovian stochas-
tic systems is due to Kurchan [29] and Lebowitz and Spohn [&8pectively, and
are named as such because they are a development of the syneetified by
Gallavotti and Cohen for chaotic deterministic systems$3[, They generally con-
cern systems that approach a steady state, and, for stmchestems, strictly in their
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definition concern a symmetry in the long time limit of the geating function of
a quantity known as an action functional or flux [30]. This iy again concerns
a trajectory that runs from through tox,, described using jump probabilities
o(x;|x;—1) and is given as

_ g |2@ilze)  o(@n|rn-1)
Wacel(t) =1 o (zola1) R 7(Zn—1]on) . (2.1207)

The statement of the Gallavotti-Cohen type fluctuation tben which we shall not
prove and only briefly address here, states that there existsg time limit of the
scaled cumulant generating functionidt; (¢) such that

e(s) = lim —— ln (exp [-sWgc(D)]) (1.108)

t—oo

and that this quantity possesses the symmetry
e(s) =e(l—s). (1.109)

From this somewhat technical definition we can derive a flatddm theorem closely
related to those which we have examined already. The existehsuch a limit im-
plies that the distribution function of the time averagetiaacfunctionalWq(t) /¢,
P(Wgc(t)/t), follows a large deviation behaviour [32] such that, in thed time
limit we have

P(Wac(t)/t) ~ e~ e(Wae/t) (1.110)
whereé is the Legendre transform efdefined as
e(Wao/t) = max [e(s) — s(Wac /1) (1.112)

maximising over the conjugate varialeConsequently using the symmetry relation
of equation (1.109) we may write

e(Wao/t) = max[e(s) = (1 = s)(Wac/t)]
= max [e(s) + s(Wao/t)] — (Wac/1)
=é(=Wac/t) — Wac/t). (1.112)
Since we expect large deviation behaviour described bytenué..110) this implies
P(Wao/t) ~ P(~Wac/t)e' ee (1.113)
or equivalently
P(Wac) ~ P(-Wag)e' S¢ (1.114)

which is clearly analogous to the fluctuation theorems wesls@en previously. Tak-
ing a closer look at the action functiondl we see that it is, for the systems we
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have been considering, a representation of the entropyupeatlin the medium or
a measure of the heat dissipated, up to a congtgntUnlike the fluctuation the-
orems we considered earlier, this is not guaranteed foryatiesns. To get a basic
understanding of this subtlety, we write the Gallavottir€o type fluctuation the-
orem for the medium entropy production for the continuoustems we have been
considering in the form:

P(Asmcd) ASmed/kB
— =L~ e me . 1.115
P(_Asmed) ( )

However, we know that when considering steady states thewfmlg fluctuation
theorem holds for all time

P(AStot) ASior/k
_ tot/ kB 1.116
P(—ASwt) ¢ ( )

SinceASior = ASpeqd + ASsys We may understand that the Gallavotti-Cohen type
symmetry will exist when the system entropy change is ndgégcompared to the
medium entropy change. In steady states we expect a consrdissipation of heat
and thus increase of medium entropy along with a change tesysntropy thabn
averageis zero. One might naively suggest that this guarantees @g/@e symme-
try since the medium entropy is unbounded and can grow initkdfinThis however,
is not a strong enough condition since if the system conftgnapace is unbound-
ed one cannot in general rule out large fluctuations to regwith arbitrarily low
probability densities and therefore large changes in systetropy which in princi-
ple can persist on any timescale. What one requires to giggaunich a relation is
the ability to neglect, in detail for all trajectories, thgsgem entropy change com-
pared with medium entropy change on long timescales. Onelca@o in general if
we insist that the state space is bounded. This means thaystem entropy has a
well defined maximum and minimum value which can be assumbd tmimportant
on long timescales and so the Gallavotti-Cohen symmetrgsszrily follows. We
note finally that systems with unbounded state space areitduig and include sim-
ple harmonic oscillators [33] and so investigations of iation theorems for such
systems can and have lead to a wealth of non-trivial gesatadins and extensions.

182
Generalisations and consideration of alternative dynamic s

What we hope the reader might appreciate following readimgdhapter is the mal-
leability of quantities which satisfy fluctuation relatgrit is not difficult to produce
quantities which obey relations similar to the fluctuatibedrems (although it may
be hard to show that they have any particular physical relegsince the procedure
simply relies on a transformation of a path integral utilgsithe definition of the en-
tropy production itself. To clarify this point we considerse generalisations of the
relations we have seen. Let us consider a new quantity whastte same form as
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the total entropy production

PTIx]

G[X] =kgln Y]

(1.117)

Here PT'[X] is the same as before, yet we deliberately say very littleutly ]
other than it is a probability density of observing some gattelated toX defined

on the same space a5 Let us compute the average of the negative exponential of
this quantity

(e Clkry = / dX Paart(X(0)) PP [X (1) X (0)]) =L

(0
Pstart (X(

)P

0))P [X(T)\X(O)]
_ /dY P(Y(0))P[Y ()] (0)]

o (1.118)

As long asd X = dY and the unspecified initial distributiaR(Y (0)) and transition
probability densityP[Y (7)Y (0)] are normalised theany such quantityG[X] will
obey an integral fluctuation theorem averaged over the fahpaocess. Clearly
there are as many relations as there are ways to définér)|Y (0)] and P(Y (0))
and most will mean very little at all [28]. However there aezaral such relations in
the literature obtained by an appropriate choice”¢¥ (0)) and P[Y (7)|Y (0)] that
say something meaningful including, for example, the $e#dad-point relations
[34]. We will very briefly allude to just two ways that this cée achieved by first
noting that one may consider an alternative dynamics knavagjoint’ dynamics,
leading to conditional path probabilities writtéty4[Y (7)|Y (0)], defined such that
they generate the same stationary distribution as the nalymamics, but with a
current of the opposite sign [35]. For the overdamped motiat we have been
considering, wher@t [ X] = Pygart (2(0)) P [2(7)|2(0)], we may consider

» Hatano-Sasa relation

By choosing

P(Y(0)) = Pofart (2(0)) (1.119)
and

PY (7)|Y(0)] = Py§[z(7)|z(0)] (1.120)

we obtain the Hatano-Sasa relation [36] or integral fluiiiatheorem for the
‘non-adiabatic entropy production’ [13, 37, 38] which cenas the so-called ‘ex-
cess heat’ transferred to the environment[39] such that

(exp [~AQex/kpT — ASsys/kp]) = 1. (1.121)

The (negative) exponent here is best described as the grgroguction associat-
ed with movement to stationarity, which, phenomenolodydakludes transitions
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between non-equilibrium stationary states for which it Viiest derived. This
use of thePa’fj adjoint dynamics is frequently described as a reversal ti bwe
protocol and dynamics [35] to be contrasted with reversaustfthe protocol for
the integral fluctuation theorem.

 Relation for the housekeeping heat

By choosing

P(Y(0)) = Pstart(x(0)) (1.122)
and

P[Y (7)[Y (0)] = Piafa(r)|z(0)] (1.123)

we obtain the Speck-Seifert integral relation [40] or im@dluctuation theorem
for the ‘adiabatic entropy production’ [13, 37, 38], whicbnzerns the so-called
‘housekeeping heat’ absorbed by the environment [39] shiah t

(exp [-AQnk/kpT]) =1 (1.124)

whereAQuk = AQmea — AQex [39], and where the negative exponent is best
described as the entropy production or heat dissipatioocésed with the non-
equilibrium steady state. Such a consideration might bleda reversal of the
dynamics, but not the protocol.

Both of these relations are relevant to the study of systetrerevdetailed balance
does not hold and amount to a division in the total entropglpation, or irreversibil-
ity, into the two types we considered in section 1.6, namebyement towards sta-
tionarity brought about by driving and relaxation, and thmeaking of time reversal
symmetry that arises specifically when detailed balancésert. Consequently if
detailed balance does hold then the exponent in equatib24)is zero and equation
(1.121) reduces to the integral fluctuation theorem.

1.9
Fluctuation relations for reversible deterministic syste ms

So far we have chosen to focus on systems that obey stoclgs@enics, where-
by the interaction with the environment, and the explicédkage of time reversal
symmetry, is implemented through the presence of randooefoin the equations
of motion. However, there exists a framework for derivingcfluation relations that
is based on deterministic dynamical equations, wherebgtivdéonmental interac-
tion is represented through specific non-linear terms [8EWisupplement the usual
terms in Newton’s equations. These have the effect of caimétig some aspect of
the system, such as its kinetic energy, either to a chosestaat) or to a particular
distribution as time progresses. Most importantly, they ba reversible, such that
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a trajectory driven by a specified protocol, and its timeersed counterpart driven
by a time-reversed protocol, are both solutions to the dyosumin practice these
so-called thermostatting terms which provide the nondiitg are taken to act sole-
ly on the boundaries (which can be made arbitrarily rematerder for the system

to be unaffected by the precise details of the input and ramnaivheat. This pro-

vides a parallel framework within which the dynamics of aeogystem, and hence
fluctuation relations, can be explored. Indeed it was thinotlige consideration of
deterministic, reversible dynamical systems that manyhefg¢eminal insights into
fluctuation relations were first obtained [1].

Given that there was a choice over the framework to employopted to use
stochastic dynamics to develop this pedagogical overvigws has some benefit in
that the concept of entropy change can readily be attachértidlea of the growth
of uncertainty in system evolution, identifying it expligi with the intrinsic irre-
versibility of the stochastic dynamics. Neverthelesssitmportant to review the
deterministic approach as well, and explore some of thetiaddi insight that it
provides.

The main outcome of seminal and ongoing studies by EvansleSead cowork-
ers [1, 2, 41] is the identification of a system property thaplhys a tendency to
grow with time under specified non-Hamiltonian reversibjmaimics. The devel-
opment of theH-theorem by Boltzmann was a similar attempt to identify sach
quantity. However, we shall have to confront the fact thathsjir very nature, de-
terministic equations do not generate additional unacetitas time progresses. The
configuration of a system at a timés precisely determined given the configuration
attg. Even if the latter were specified only through a probabititgtribution, all
future and past configurations associated with each sgactnfiguration are fixed,
and uncertainty is therefore not changed by the passagenef tSomething other
than the increase in uncertainty will have to emerge in ardetgstic framework if
it is to represent entropy change.

Within such a framework, a system is described in terms ofodility density
for its dynamical variables, v, - - -, collectively denoted’. An initial probability
densityP(T", 0) evolves under the dynamics into a dendityl",t). Furthermore, the
starting ‘point’ of a trajectoryl’y (namely ¢(0),v(0)---) is linked uniquely to a
terminating point’; (namelyz(t), v(t), - - - ), passing through points; in between.
It may then be shown [1, 2] that

t

P(T'y,t) = P(T'g,0) exp (- A(I‘t/)dt’) , (1.125)

0
whereA(T'/) is known as the phase space contraction rate associatedaonifigu-
rationT’;,, which may be related specifically to the terms in the equatf motion
that impose the thermal constraint. For a system withousttaimt, and hence ther-
mally isolated, the phase space contraction rate is therefro everywhere, and the
resultingP(I';,t) = P(I'p,0) is an expression of Liouville’s theorem: the conserva-
tion of probability density along any trajectory followeg the system.

For typically employed thermal constraints (denoted tlestats/ergostats, de-
pending on their nature) it may be shown that the phase spateaction rate is
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related to the rate of heat transfer to the system from théiéah@nvironment. For
the so-called Nose-Hoover thermostat at fixed target teatpex7 we are able to
write fot Ay)dt = AQ(To)/kT, where AQ(Ty) is the heat transferred to the
system over the course of a trajectory of durati@tarting fromrl.

We now consider the dissipation functioxil’) defined through

/Ot Q(Ty)dt’ = In (igigig; exp <— /Ot A(Ft/)dt’)> : (1.126)

whereT'; is related tal'; by the reversal of all velocity coordinates. Assuming that
the probability density at time zero is symmetric in vel@st such thaP (T, 0) =
P(T'3,0) (which ensures that the right hand side of equation (1.126)shes when

t = 0), we can write

t
/0 QT )dt = Qi(To)t = In (%:8) , (1.127)
defining a mean dissipation functién (I'g) for the trajectory starting froniry and
of durationt. It is a quantity that will take a variety of values for a giyarotocol (the
specified dynamics over the period in question), dependirigypand its distribution
has particular properties, just as we found for the distims of functionals such as
AStot In equation (1.44). For example, we have

(exp (—Qt))

/dFOP(FO, 0) exp (—Q¢(Io)t)
= /dFtP(Ft,t) exp (—Qut)
= /dFtP(Ft,O) =1, (1.128)

where the averaging is over the various possibilities Ifgr or equivalentlyI';,
and where we have imposed a probability conservation comdifl'o P(T'g,0) =
dl'y P(T'y, t), implying thatdl'; is the region of phase space aroundthat contains
all the end-points of trajectories starting within the @gill'g aroundly. This re-
sult takes the same form as the integral fluctuation theotsaireed using stochastic
dynamics, but now involves the mean dissipation functienthe deterministic dy-
namics literature, the result equation (1.128) is known msraequilibrium partition
identity. As a consequence, we can deduce @t > 0, again a result that resem-
bles several already encountered. Notice, however, ttegdglies for negative time
as well as positive, since the dynamics are deterministicraversible. This feature
is shared by the quantit) considered by Boltzmann, and is a matter which in his
day raised some interpretational problems. The evolutioth® mean dissipation
function respects the time reversal symmetry of the evatugiquations, as it must.
Now let us consider a protocol that is time-symmetric abtautriidpoint, and for
simplicity, consists of time variation in the form of the s Hamiltonian. The ther-
mal constraint, as discussed above, is imposed througinsibleenon-Hamiltonian
terms in the dynamics (let us say the Nose-Hoover schemejsagplicitly time-
independent and therefore isothermal. For such a case li¢as that a trajectory
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running fromI'y to I'; over the time period — ¢ can be generated in a velocity-
reversed form, and in reverse sequence, by evolving for @ngesperiod forwards
in time under the same equations of motion, but starting fleenvelocity-reversed
configuration at time;, namelyI';. This evolution is precisely that which would
be obtained by running a movie of the normal trajectory baukis. The velocity-
reversed or time reversed counterpart to each phase spiextd pads visited, but in
the opposite order, and the final configuratiodjs The mean dissipation function
for such a trajectory would be given by

P(I',0)

Q(I7)t = In (m

exp (—AQ(F?)/kT)) , (2.129)
whereAQ(T';) is the heat transfer for this time-reversed trajectory. $hmmetry
of the protocol, and the symmetry of the Hamiltonian undéocity reversal, allows
us to conclude that the heat transfer associated with tfeeteay starting fronT' is
equal and opposite to that associated with starting gginand hence that the mean
dissipation functions for the two trajectories must sgti&f (I'g) = —Q(I'}). We
can then proceed to derive a specific case of the

Evans-Searles Fluctuation TheordESFT)

associated with the distribution of valu@s taken by the mean dissipation function
Q¢(To):

P()

/ dToP(To, 0)5 (Q(To) — ) = / dryP(T'y, 1)5 (04 (To) — )

P(Ft, 0)
P(Ft,t)

/dI‘tP(Ft, t) exp (Q¢(To)t) 5 (Qu(To) — )

— exp () / dry P(Ty, 005 (2 (To) — )
— exp () / dUyP(T', 008 (—0u(TF) — )

— oxp () / dT; P(T}, 006 (—94(T}) — )
= exp (ut) P(—), (1.130)

noting that the Jacobian for the transformation of the irgegn variables fronT;
to I’} is unity. Under the assumed conditions, therefore, we hataied a relation
that resembles (but historically preceded) the transiestdhtion theorem equation
(1.84) or detailed fluctuation theorem equation (1.106)veerwithin the framework
of stochastic dynamics. It only remains to make connectietween the mean dissi-
pation function and thermodynamic quantities to complie¢egiarallel development,
though it has been argued that the mean dissipation furitsielfiis the more general
measure of non-equilibrium behaviour [41].

If we assume that the initial distribution is one of canohiequilibrium, such
that P(Tg, 0) < exp (—H (T'g,0)/kT), whereH (T'y, 0) is the system Hamiltonian at
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t = 0, then we find from equation (1.126) that

Qu(To)t = % (H(T'4,0) — H(Ty,0)) — kiTAQ(rO), (1.131)

and if the Hamiltonian at time takes the same functional form as it doesg at 0,
thenH (I'y,0) = H(I't,¢) and we get

Qu(To)t = = (H(Tu,t) ~ H(To,0)) ~ =AQ(To) (1.132)
= (AB(To) ~ AQ(T0)) = = AW(Ty), (1.133)

whereAE(Ty) is the change in system energy along a trajectory startmg .
Hence the mean dissipation function is proportional to there solely thermody-
namic) work performed on the system as it follows the trajgcstarting fromrly.
We deduce that the expectation value of this work is positivel that the probabil-
ity distribution of work for a time-symmetric protocol, arstiarting from canonical
equilibrium, satisfies the ESFT.

Deterministic methods may be used to derive a variety oissial results involv-
ing the work performed on a system, including the Jarzyngka¢ion and the Crooks
relation. Non-conservative work may be included such tektions analogous to
equation (1.101) may be obtained. However, it seems thatadigalevelopment of
the statistics ofASi. is not possible. The fundamental problem is revealed if we tr
to construct the deterministic counterpart to the totatagy production defined in
equations (1.44) and (1.64):

ASEE = ASgys + ASpea = —kIn ( 5((?;8) - AQT(FO). (1.134)
According to equation (1.125) this is identically zero. Aght have been expect-
ed, uncertainty does not change under deterministic dycsgnaind total entropy,
in the form that we have chosen to define it, is constant. Nlegksss, the deriva-
tion of relationships involving the statistics of work pemined and heat transferred,
just alluded to, corresponding to similar expressions iobth using the stochastic
dynamics framework, indicate that the use of determinisgi@rsible dynamics is
an equivalent procedure for describing the behaviour. @egiaally it is perhaps
best to focus on just one approach, but a wider appreciafitimedield requires an
awareness of both.

1.10
Examples of the fluctuation relations in action

The development of theoretical results of the kind we haee se far is all very well,

but their meaning is best appreciated by considering exasnpthich we do in this
section. We shall consider overdamped stochastic dynasucs that the velocities
are always in an equilibrium Maxwell-Boltzmann distrilartiand never enter into
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consideration for entropy production. And in the first twesea we shall focus on the
harmonic oscillator, since we understand its propertiel. Wée only drawback of
the harmonic oscillator is that it is a rather special cagbsamme of its properties are
not general [28, 42] though we deliberately avoid situaiamere the distributions
produced are gaussian in these examples. In the third cadeseebe the simplest
of non-equilibrium steady states and illustrate a detdilectuation theorem for the
entropy, and its origin in the breaking of detailed balance.

1.10.1
Harmonic oscillator subject to a step change in spring const ant

Let us form the most simple model of the compression-expansipe processes
that are ubiquitous within thermodynamics. We start by aering a 1-d classical
harmonic oscillator subject to a Langevin heat bath. Sucystem is governed by
the overdamped equation of motion

1/2
PO (%BT) £(t), (1.135)

my my

wherek is the spring constant. The corresponding Fokker-Planckgéon is

OP(z,t) 1 9(kxP(z,t)) n kpT 8%P(z,t)
ot my Ox my Oz

(1.136)

We consider a simple work process whereby, starting froniliegum at tempera-
ture T, we instigate an instantaneous step change in spring cdrfsta g t0 ~1
att = 0 with the system in contact with the thermal bath at all tim€kis has the
effect of compressing or expanding the distribution. Wetaen interested in the
statistics of the entropy change associated with the pso&arting from equations
(1.44) and (1.64) for our definition of the entropy produntive may write

_ AW — A¢ Pstart (xO)
AStot = — 7 +kpln (7Pend(x1) , (2.137)
utilising notationz; = =(t) andzy = z(0) and¢(z) = xz? /2. We also have
AW = % (k1 — ko) 23, (1.138)
and
1 9 1 o
Agp = 5R1TT — 5ROT0, (2.139)
and so can write
ASior = — L (x% - xé) +kgln Ptart (o) (1.140)
2T Pend (1‘1)

Employing an initial canonical distribution

1/2 2
Patart(z0) = (%ZZT) exp (— ;lf;’%) , (1.141)
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the distribution at the end of the process will be given by
(1.142)

o
Pend(xl) = / dePSb[xl‘xO}Pstart(xO)y

—00

This is the Ornstein-Uhlenbeck process and so has trangitabability densityP5y;

given by analogy to equation (1.23). Hence we may write
1/2
K1t
K1 (xl —xp€ ey )2

_ 2R3t
2kpT (1—9 m )

o

K1

Pond(ml) = / dxg 2rgt exp | —
- 2rkgT (1—6_ my )

1/2 2
) K0T
(zer) = (307

27TICBT
(R NP RWed
= (27rkBT> exp T ) (1.143)
where
ORI (1.144)

A1) =
K/( ) Ko + e—2f€1t/(77l’)’) (Hl _ KO),

such thatP,, 4 is always gaussian. The coefficiet{t) evolves monotonically from
ko att = 0to k1 ast — oo. Substituting this into equation (1.140) allows us to write

2 =iy,2
ko \  koxj |, R(H)zT
(Fa(t)) o7 T o (1.145)

_ K1 (2 2\, kp
AStot(z1,20,8) = — 55 (561 xo) +5In
for the entropy production associated with a trajectory begins atry and ends at
x1 attimet, and is not specified in between. We can average this overdtapility

distribution for such a trajectory to get
(AStot) = /dxodeSb[m\mo}Pstart(mo)AStot(xh9307t)

1 k1 lry 1 KO 1 1
_- A S | 4z
B( " +2H(Mﬂ) 2*2)

27(t) | 2ko
(-2 w()

making full use of the separation @S¢ into quadratic terms, and the gaussian
character of the distributions. At= 0 (AS;.t) is zero, and as — oo we find

. _kp (k1 (K1
tl;rgQ(AStot) =5 (;0 1—1In </€0)) , (2.147)

which is positive sincén z < z — 1 for all z. Furthermore,
AASor) _ kp dR (g (1.148)

T 2RZ dt

dt




47

and it is clear that this is positive at all times during theletion, irrespective of
the values of<; andxg. If k1 > ko thenk increases with time, whilst remaining
less thans, and all factors on the right hand side of equation (1.148)pasitive.
If k1 < Ko then decreases but always remains greater thaand the mean total
entropy production is still positive as the relaxation ges proceeds.

The work done on the system is simply the input of potenti@rgy associated
with the shift in spring constant:

AW (1, 70,1) = 3 (1 — o) a?, (1.149)

and so the mean work performed up to any time 0 is

(AW) = ’“BTT <ﬂ - 1) , (1.150)

Ko
which is greater thal\F' = (kpT'/2) In (k1 /k0). The mean dissipative work is

(AW,) = (AW) — AF = % (ﬂ - ("’“1)) , (1.151)

and this equals the mean entropy generated-asco derived in equation (1.147),
which is to be expected since the system started in equititriMore specifically,
let us verify the Jarzynski equality:

(exp (—AW/kpT)) = / o Pagare (o) exp (— (1 — o) a3 /2k5T )
= (ko/k1)"? = exp (~AF/kgT), (1.152)

as required.
Now we demonstrate that the integral fluctuation relatiosaissfied. We consider

B _ K1 2 2 _1 Ko nom% B Rm%
(exp (=ASior/kp)) = <eXp <2kBT (”“ xo) 2 ln( P2 ) Y okyT  2kpT

= / dx1dzo P51 |zo] Pstart (20)

2 ~ 2
K1 2 2 1 KQ KOT{ KTy
(03 a) - b (%) B
X exp (2kBT (ml xo) 9 "\ % ) T 2kt 2kBT>
K1t

_\1/2 1/2 e

K K R1{T1 —Xp€ ™7
= <—) /dmdr()( ! Tyt > exp | — ( ™ ?

ko 27rkBT(1 —e ™y ) ! )

2kgT (1 —e my

% KO 1/2 - B ,‘QO(L‘% oxc K1 (m27x2) I fiol‘% _ Rx%
kT PA T2k ) P\ 2k "1 ) T 9k o T T 2kpT

=1, (1.153)

which is a tedious integration, but the result is inevitable



48

Further we can directly affirm the Crooks relation for thispess. The work over
the forward process is given by equation (1.149) and so,sihga; > xg, we can
relate its distribution according to

dxg
dAW

1/2 2 ~1/2
_ Ko K0T 1 20W
- <2W’€BT) o < QkBT) K1 = Ko </€1 — Ko H(AW)

1/2
1 KQ —1/2 ko AW
VarkpT (&1 - no) W exp ( o — o kT )BT
(1.154)

PF(AW) = Pog(20)

where H(AW) is the Heaviside step function. Let us consider the appaterie-
verse process. Starting in equilibrium defined Ay where again to form the re-
versed protocol we must havg > xq, the work is

AW = 2 (50— r1) 2} (1.155)
and so we can relate its distribution according to

dxl
dAW

1/2 2 ~-1/2
- K1 . R1T7 1 2AW _
- <27rkBT> P ( 2kBT> Ko — K1 <fio — K1 H(=aW)

1/2
1 K1 —1/2 k1 AW
- AW ——— —— |H(-AW
VarkgT (lioflﬁ) exp< ko — k1 kT ( )

PHAW) = Peg(z1)

(1.156)
so that
PR—Aw) = L az! 1/2(—AW)_1/2ex AW AW
= VarkgT \ ko — k1 P\ ko — k1 kpT

1/2
_ 1 K1 _1/2 _ K1 AW
N VarkgT (lﬂ — Ko) (AW) P ( K1 — ko kT H(AW)

(1.157)
Taking the ratio of these two distributions (1.154) and $T)lgives
PEAW) _ [Ro (Ko~ k1 AW
PECAW)  Vr1 P\ k1 — ko kgT
- AW — E5T 1y 21
kgT
AW — AF

which is the Crooks work relation as required.
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1.10.2
Smoothly squeezed harmonic oscillator

Now let us consider a process where work is performed isothly on a particle,
but this time by a continuous variation of the spring conistéfe have
T 9¢(x(1), A(t)) dX

D, (1.159)

AW = | B2\ dt

where)(t) = x(t) andg(z(t), k(t)) = 3x(t)z7, wherez; = z(t), such that

AW = / Sh(t)atd, (1.160)
0
Similarly the change in system energy will be given simply by
Ap = / dp@(®),A®) 4y _ L-;(r)x% L. (1.161)
0 dt 2 2

Accordingly we can once again describe the entropy prodoas

1 (7. 1 1 Pate
ASior = ﬁ/o faidt — ﬁﬁ(‘r)l’g-f— ﬁmox%—i—k}B In <%((;°))> . (1.162)
en T

For convenience, we assume the initial state to be in caabadguilibrium. The
evolving distributionP satisfies the appropriate Fokker-Planck equation:

OP _ k(t) 9 (zP)  kpT 0P
ot

o Ty 9 (1.163)

SinceP is initially canonical, it retains its gaussian form and &enwritten

Pand(r) = Plar, ) = 5200 2 exp () (1.164)
end\r) = T T) =\ kgt ) TP\ T 2kpT ) :
wheref(t) has its own equation of motion according to
dRr 2 .
Pl —m—’ym(ﬁ—/{), (1.165)

with initial condition(0) = xo. We can solve fok: write = = ! such that

dz 2
& (1—kr2). (1.166)

This has integrating factor solution

2(r) exp (m% /OT m(t)dt) _ z(0)+/OT exp (m% /Otf-c(t/)dt/> n%dt, (1.167)

or equivalently

% = ﬁ exp (—W% /OT m(t)dt) + W% /OT exp (—W% /tT n(tl)dt/) dt.



(1.168)

Returning to the entropy production, we now write

_ 1 1, 2, 1 2 kp KO Kox% /%(7')1’72_
AS““_T/O e O e Rn) 2T TTar
(1.169)

and we also have
T 1 L9
AW = / SRt dt. (2.170)
0

We can investigate the statistics of these quantities:

(AW = / Lita?ydt = / L kBTdt (1.171)
0 2 0 2
and fromAW,; = AW — AF, the rate of performance of dissipative work is

AAWy) _ ikpT dF(s(t) _ fkpT ikpT _ kpT ( 1).(1.172)

dt 2R dt 2K 2K 2

Whilst the positivity of (AW,) is assured for this process, as a consequence of the
Jarzynski equation and the initial equilibrium conditidhe rate of change can be
both positive and negative, according to this result.

The expectation value for total entropy production in eturat1.169), on the other
hand, is

.
(AStot) = l/ lkkBTdt—iK(r)kBTJrikBﬂk In ( o )_MJF@
0

T 27 & 2T R &(T) 2T 2T’
(1.173)
and the rate of change of this quantity is
dASw) _ Fkp _kp (k5 ks k
dt 2 2 \k &? 2 &
_Fkp:(r—F)
TR
_ kg (i =R (1.174)
my B ’

The monotonic increase in entropy with time is explicit. Thean dissipative work
and entropy production for a process of this kind startingduilibrium are illus-
trated in Figure 1.4 where the protocol changes over a dyipieriod followed by a
subsequent period of equilibration. Notice particulahgpttthe mean entropy pro-
duction never exceeds the mean dissipative work, whichligeted instantaneously,
and that both take the same valuetas oo giving insight into the operation of the
Jarzynski equality as discussed in section 1.7.1.
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Figure 1.4 An illustration of a the mean behaviour of the dissipative work and entropy
production for an oscillatory compression and expansion process starting in equilibrium. The
mean dissipative work increases, but not monotonically, and is delivered instantly such that
there is no change when the protocol stops changing. The mean entropy production however,
continues to increase monotonically until it reaches the mean dissipative work after the
protocol has stopped changing. The evolution of the protocol, x(t) = sin?(wt) + 1, and the
characterisation of the distribution, #(t), are shown inset.Unitsare kg =T =m =~y = 1.

51



52

It is of more interest however, to verify that detailed fluation relations hold.
Analytic demonstration based upon equation (1.169) angtbieability density for
a particular trajectory throughout the entire period isligmging, but a numerical
approach based upon generating sample trajectories iblfeparticularly since the
entire distribution can always be characterised with thevkm quantityz(t). As
such we may consider the same protoegt) = sin?(xt) 4 1, wait until the system
has reached a non-equilibrium oscillatory steady stateeasribed in section 1.7.3,
characterised here by an oscillatat§t) as seen in Figure 1.4, and measure the en-
tropy production over a time period across whigf) is symmetric. The distribution
in total entropy production over such a period and the symyrietpossesses are
illustrated in Figure 1.5.

3.5 T T T T
L 2 T 4
3 i T —
1.5 =
<t -
25 L B —
e} ]
& r -
T sk -
1.5 , _
L 0'2 2 4
1~ —
05 —
‘—*].Il(P(AStot)/P(fAStot))
B - AStot 7
0 1 | 1 | ! | !
0 0.5 1.5 2

1
AS‘cot

Figure 1.5 An illustration of a detailed fluctuation theorem arising for an oscillatory
non-equilibrium steady state, as described in section 1.7.3, created by compressing and
expanding a particle in an oscillator by using protocol A(t) = (t) = sin?(nt) + 1. The total
entropy production must be measured over a time period during which the protocol is
symmetric and the distribution is deemed to be oscillatory. Such a time period exists between
t =3 and ¢t = 4 as shown inset in Figure 1.4. Unitsare kg =T =m =~y = 1.

1.10.3
A simple non-equilibrium steady state

Let us construct a very simple non-equilibrium steady stite consider an over-
damped Brownian motion on a ring driven in one direction byoa-gonservative
force. We may for sake of argument assume a constant pdtetia= ¢ such that
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the equation of motion is simply

1/2
P +<M> £(0). (1.175)

my my

This is just the Wiener process from equation (1.18) cerdred mean proportional
to the external force multiplied by the time so the prob&pitiensity of a given
displacement is defined by

my (Aw — L7)2
_ my _ my
Pl =\ | 5,77 &P AkpTT ’ (1.176)

where the lack of a superscript dhrecognises the constancy of the protocol, and
noting thatAz = z(7) — z(0) may extend an arbitrary number of times around the
ring. Additionally by utilising the symmetry of the systenewan trivially state that
the stationary distribution is given by

P (z) = L) (1.177)

whereL is the circumference of the ring. Let us consider the natéitheddynamics

in this steady state. Considering that we are in the steatg 8te know that the
transitions must balance in total; however let us consiterttansitions between
individual configurations: comparing the probabilitiesr@nsitions we immediately
see that

P (2(0)) Pla(7)|2(0)] # P*" (x(7)) P[z(0)|z(7)]. (1.178)

Detailed balance explicitly does not hold. For this systernanly can there be en-
tropy production due to driving such as is the case with egjgemand compression
processes, but there is a continuous probability curretitérsteady state, in the di-
rection of the force, which dissipates heat into the theiadh. We have previously
stated in section 1.7.3 that the distribution of the entrpmduction in such steady
states obeys a detailed fluctuation theorem for all time$'s lverify that this is the
case. The entropy production is rather simple and is given by

I |: m'y(Am—"{,YT)Q:|
ot exXp | = TkpTT
ASier = kpIn L @ONP@O] _,
P2 (r)) Pla(0) (7)) [ m»y(—m—mfﬂf}
LeXp _W
fAx
=22 (1.179)

This provides an example where the entropy production ikljigntuitive. Taking
f > 0, if the particle moves with the probability currensz > 0, it is doing the
expected behaviour and thus is following an entropy gemmgyatajectory. If how-
ever, the particle moves against the currelt, < 0, it is behaving unexpectedly
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and as such is performing a trajectory that destroys entrivpgllows that since an
observation of the particle flowing with a current is moreelikthan an observation
of the opposite, then on average the entropy productionsgipe.

Since the system is in a steady state we expect a detailedidtiant theorem.
The transformation of the probability distribution is favand we have simply

£ )2
mAT myT (AStot — AT 7')
ex
drkpfer O dkp 27

P(ASiot) = (1.180)

and we can verify a detailed fluctuation theorem which hotdsafl time. We can
probe further though. Whilst we might conceive of some flatians against a steady
flow for a small particle we would be quite surprised to seehsteviations as we
approached a macroscopically sized object. Despite theefsdianitations let us
consider an approach to macroscopic behaviour whilst raimg constant the ratio
f/m such that the mean particle velocity is unchanged. Both th@mand variance
of the distribution of entropy production increase in prdmm. On the scale of
the mean, the distribution of entropy change increasingbks$ like a narrower and
narrower gaussian until it inevitably, for a macroscopigech approaches a delta
function where we recover the classical thermodynamictlimi

1.11
Final remarks

The aim of this chapter was to explore the origin, applicatiad limitations of fluc-
tuation relations. We have done this within a framework otbaistic dynamics with
white noise and often employing the overdamped limit in eglentases where the
derivations are easier: it is in the analysis of explicitrapdes where understand-
ing is often to be found. Nevertheless, the results can bended to other more
complicated stochastic systems, though the details wéltine be sought elsewhere.
The fluctuation relations can also be derived within a fraowof deterministic,
reversible dynamics, which we have discussed briefly ini@edt.9. It is interest-
ing to note that within that framework, irreversibility fiedts origins in non-linear
terms which provide a contraction of phase space, in cartvake more direct irre-
versibility found in stochastic descriptions. Both apmio@s, however, are attempts
to represent a dissipative environment that imposes a tieromstraint.

The fluctuation relations concern the statistics of questiassociated with ther-
modynamic processes, in particular the mechanical workedguon, or the heat
transferred to a system in contact with a heat bath. In thertbeynamic limit, the
statistics are simple: there are negligible deviationsftbe mean, and work and
heat transfers appear to be deterministic and the seconetpvires entropy change
to be non-negative. But for finite size systems, there aréultions, and the statis-
tics of these will satisfy one or more fluctuation relatiomete can be very specific
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requirements, for example relating the probability of atiliation with positive dis-
sipative work to the probability of a fluctuation with negatidissipative work in the
reversed process. Or the outcome can take the form of anatiggthat demon-
strates that the mean dissipative work over all possibliésgtaons of the process is
positive.

The core concept in the analysis, within the framework otlsastic dynamics
at least, is entropy production. This no longer need be aengsis concept: it is
a natural measure of the departure from dynamical revéditgjtihe loosening of
the hold of Loschmidt’s reversibility expectation, whers®m interactions with a
coarse-grained environment are taken into account. Bpjpopduction emerges in
stochastic models where there is uncertainty in initialc#pmation. Intuitively, un-
certainty in configuration in such a situation will grow wiime, and mean entropy
production is this concept commodified. And it turns out teatropy production
can also be related, in certain circumstances, to heat arldtvemsfers, allowing the
growth of uncertainty to be monitored in terms of thermodyi@aprocess variables.
Moreover, although it iexpectedo be positive, entropy change can be negative,
and the probability of such an excursion, possibly obsetwed measurement of
work done or heat transferred, might be described by a fltictuaelation. In the
thermodynamic limit the entropy production appears to beltheterministically and
to violate time reversal symmetry, and only then does thersg:taw acquire its un-
breakable status. But for small systems, this status is nergh diminished, and
it is revealed as a statement about what is likely, accortbngiles governing the
evolution of probability that explicitly break time revalsymmetry.
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