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10.1 Intro duction

Movements of organisms living at very different spatio-temporal scales, from 

migrating in the microworld to foraging at the surf ace of the Earth, exemplify the
intrinsic complexity of nature. Figure 10.1 depicts three examples: White blood 

cells (Neutrophil granulocytes) crawling along a chemical gradient [1]; a bumblebee 

(Bombus terrestris) foraging in an artificial carpet of flowers in a laboratory
experiment [2]; and a loggerhead sea turtle (Caretta caretta) swimming off the coast
of West Africa [3]. All these different paths display what one may call random-
looking movement patterns. Especially within the past decade, such patterns have 

increasingly been recorded experimentally with big data techniques for a huge
variety of organisms, from bacteria [4] to insects [5], fishes, birds, mammals [6, 7] 
and even humans [8], to name only a few.
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Fig. 10.1 Three examples of movement patterns across very different scales. Left: 60 neutrophil 
cells moving along a chemical gradient applied parallel to the y axis. The bold (black) vertical 
line depicts the mean position of t he whole cell ensemble up to 30 min, the bold (red) ellipse the
mean squared distance travelled after this time (from [1]). Centre: Part of the flight trajectory of 
a bumblebee foraging in an arena of artificial flowers (from [2]. Right: Path of a loggerhead sea 

turtle foraging in front of the coast of West Africa [9]. The insets show schematics or photos of 
these three organisms

Understanding these movement patterns by constructing mathematical models 
from data provides a fundamental challenge. The first approach for modelling t he
random-looking migration of organisms employed simple random walks [10, 11]. 
Depending on whether one was looking at the migration of organisms in the 

microworld or the movements of animals on macroscopic scales, this basic idea 

of a stochastic description of movement branched out in different directions. For 
example, for modelling cell migration, Langevin equations (LEs) have been used,
inspired by the similarly random-looking Brownian motion of a tracer particle
in a fluid [12]. Only more recently, it was found that these equations have to 

be generalised by including long-term memory to reproduce the persistence of
cellular paths [13]. Constructing mathematical models for microswimmers like 

bacteria or sperm cells led yet to a different type of generalised Langevin dynamics 
and associated stochastic models, driven by the need to especially capture the
self-propelled motion of these biological agents. The field of active particles
emerged [4, 14, 15], related to the more general framework of active matter [16– 

18]. On the macroscale, the analysis of albatross flights led to introducing Lévy 

dynamics into the arsenal of stochastic methods for understanding the movements
of organisms [19–21]. Lévy walks (LWs) and flights belong to an advanced class 
of stochastic processes exhibiting diffusiv e properties beyond Brownian motion,
called anomalous diffusion [22–24]. In parallel, the new framework of movement 
ecology was formulated, which endeavours to understand organismic movement in 

view of important real-life biological properties like biomechanical generation of
movement, perception and interaction with the environment [25–27]. 

The key problem which we will address in this book chapter is that, as far as 
biological dynamics is concerned, the theory of active particles has especially been
applied to understand organismic movement on microscales. Macroscopic motion
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of animals, on the other hand, has rather been modelled inspired by the stochastic 

theory of passively diffusing particles, either Brownian ones, as largely applied in 

movement ecology, or anomalously diffusing ones, as in the approach formulated by 

anomalous stochastic theory. In our view, the three disciplines of movement ecology, 
active matter and anomalous diffusion need to be suitably combined to arrive at a 

coherent description of movements of organisms at all scales. T he framework that
we develop here to achieve such a theoretical description is based on Langevin
dynamics, however, generalised in a particular way which blends fundamental
elements of these different three fields. We will introduce to this approach as
follows: The next Sect. 10.2 briefly outlines the fields of movement ecology, active 

matter (viz. active particles) and anomalous diffusion by focussing on key stochastic
models and their connections among each other. In Sect. 10.3, we demonstrate 

how to construct generalised LEs from statistical experimental data analysis of 
various types of biological movements. Working in a fixed Cartesian frame, we 

reveal features of active motion and anomalous dynamics in generalised LEs 
constructed for migrating cells, bumblebee flights and foraging sea turtles. Inspired 

by movement ecology, we then switch the perspective t o a stochastic modelling in
a frame comoving with a biological entity. Applied to data of bumblebee flights,
this approach yields a generalised LE combining basic features of three generic
active (Brownian) particle models. As we argue in Sect. 10.4, these findings suggest 
to use generalised Langevin dynamics in a comoving frame for modelling the 

movements of organisms. In the same section, we outline experimental applications 
of this framework and elaborate on the theoretical foundation of our generalised LE
approach to formulate it on a rigorous mathematical basis. In the final Sect. 10.5, we  

briefly discuss the promise, main open questions and biological implications related 

to this approach in view of providing a general framework for modelling organismic
movement at all scales.

10.2 Movement Ecology Meets Active Matter 

and Anomalous Dynamics

The approach that in the following we put forward for modelling the movements 
of organisms is based on cross-linking three fundamental fields of research. Briefly 

outlining them by focussing on important movement models used in these different 
research areas will set the scene for the precise formulation of our theory and its
meaning in terms of the associated physical, mathematical and biological properties.
We start with the most biological scientific field, moving down to more theoretical
physical and mathematical formulations.

Movement ecology is a rather new discipline that endeavours to understand 

the movements of individual organisms, especially on larger scales, i n view of
interactions of the biological dynamics with the environment [25, 27]. While 

movement ecology is, to quite some extent, driven by experimental biologists [6, 7],
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it has developed a mathematical framework in both statistical data analysis and
probabilistic modelling by applying state space [28, 29], hidden Marko v [28, 30] or  

random wa lk [26, 31] models to experimental data. For our approach, the concept 
of correlated random walks (CRWs) [32] developed within movement ecology 

is especially important. In two dimensions, this stochastic model describes the 

movement of an organism in terms of its step length, i.e. distance travelled per
time step, and turning angle, both defined in a comoving frame [15, 31, 33]. Both 

variables are sampled independently and identically distributed at any time step 

from two associated probability distributions. In the simplest case, the step length 

may be chosen as constant while the turning angle is drawn from a non-uniform 

probability distribution, e.g. a Gaussian wrapped on the circle. Notably, the non-
uniformity of the angular distribution models a persistence of the motion, i.e. 
a preference to move in the same direction, as is often observed in organismic
movement, hence the notion of CRWs. Nevertheless, the whole stochastic process
as defined above in the comoving frame is still Markovian, i.e. memoryless. CRWs
have been widely applied to describe animal movement [31]. 

In contrast to movement ecology, the field of active matter, which developed 

in parallel over the past two decades, focusses on understanding the collective 

dynamics and the resulting material properties of a large number of interacting living 

agents at all scales, from swarms of bacteria to cytoskeleton gels in living cells, to
schools of fish and flocking birds [16–18, 34]. Single entities of active matter can in 

turn be modelled as active particles [4, 14, 15, 35]. In detail, in contrast to the passive 

Brownian motion of a tracer particle in a fluid, which emerges from collisions 
with the surrounding fluid molecules, active biological motion i s generated by an
agent itself, due to taking up energy from the environment and converting it into
self-propulsion [14, 15, 35]. This phenomenon is formulated mathematically most 
conveniently in terms of Langevin dynamics. For a passi ve Brownian particle in a
fluid, the famous LE reads [36, 37] 

.mv̇ = −ηv + ξ(t), (10.1) 

with velocity v = ẋ. for a particle of mass m at position x. at time t . The force on the 

right-hand side is decomposed into a viscous damping term with (Stokes) friction
coefficient η . while the random kicks of the microscopic surrounding particles a re
modelled by Gaussian white noise ξ .. Physically, this equation generalises Newton’s 
second law to describing random-looking Brownian motion by decomposing the 

force into a deterministic and a stochastic component. Accordingly, the LE is 
sometimes called ‘Newton’s Law of stochastic physics’. Mathematically, it defines a 

stochastic differential equation generating an Ornstein–Uhlenbeck (OU) process for
the velocity of the particle. The resulting Brownian motion is a Gaussian stochastic
process characterised by a mean squared displacement that grows linearly in the
long time limit, x2 t (t → ∞)., where the angular brackets denote an ensemble 

average, which y ields what is called normal diffusion.
For modelling a self-propelled active particle, this LE has been modified in

different ways. First, [14, 15, 35, 38], the constant friction η. has been replaced by a
speed-dependent friction coefficient,
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.mv̇ = −η(s)v + ξ(t). (10.2) 

The simplest example is the linear Schienbein–Gruler friction defined by η(s) =
η0(1 − s0/s)., where s = |v|. denotes the speed of the particle, yielding − η(s)v =
−η0(s−s0)ev .with ev = v/s .as the unit vector of the velocity. A non-linear version is
the Rayleigh–Helmholtz friction, η(s) = η0(s

2/s2
0 −1)., corresponding to −η(s)v =

−η0(s
2 − s2

0)sev/s
2
0 . [14, 15]. The idea underlying this modification is that an active 

particle can take up energy from the environment by converting it into kinetic energy 

while it can also lose energy to the environment, depending on the sign of the friction
term. Such an active particle aims at stabilising itself to move with a self-generated
speed s0 . for which the active friction term is zero. This model has been called an 

active Bro wnian particle (ABP) in the original literature starting from the 1990s
[15, 38]. 

A second type of active particle [4, 39] has been introduced by using an 

overdamped LE for which there is no particle acceleration anymore. Here the self-
propulsion is achieved by a velocity term that is driven by angular noise,

.ẋ = s0 cos φ + ξx(t) , ẏ = s0 sin φ + ξy(t), (10.3) 

where φ . is the polar angle of the (here and in the f ollowing two-dimensional)
velocity vector v = (vx, vy). fixed at constant speed, s0 ., and governed by rotational 
diffusion,

.φ̇ = ξφ(t), (10.4) 

where ξφ . is wrapped Gaussian white noise. That is, the orientation φ . is generated 

by a Wiener process on the circle. This model has also been called an ABP in the
literature, with some authors reserving this term for that particular model only [4]. 

A third generic type of active particle was also defined in terms of an overdamped
LE [40, 41], 

.ẋ = µmobF (x) + ξ c(t) , (10.5) 

where F (x). holds for a force and µmob . for the mobility of the particle. H ere the
Gaussian noise ξ c . is assumed to be coloured, typically in terms of exponential
correlations [40], 

. ξ c(0)ξ c(t) exp(−t/τ ), (10.6) 

which due to the non-Markovian memory yields active, persistent motion. In the 

case of a number of interacting active particles, the force is generated from a putative
interaction potential [42]. If the exponentially correlated Gaussian noise is obtained 

from solving the OU equation (10.1) [41], this third model is called an acti ve OU
particle [42].
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These three different models have in common that, inspired by the theory of 
passive Brownian motion, they are all formulated in terms of ( underdamped or
overdamped) generalised Langevin dynamics. However, in contrast to the LE (10.1) 
for a passive particle, they all model self-propulsion by including persistence that is 
very different from simple constant friction. In each of the three cases, the precise 

type of active persistence is entirely different. Furthermore, in all three cases, the
fluctuation–dissipation relation is broken, as is typically found in active matter
systems, since active particles operate far from equilibrium [16, 17]. On the other 
hand, in analogy to passive Brownian motion, all three types of active particle 

dynamics again exhibit normal diffusion in the long time limit, with the particles’ 
persistence leading to an enhanced diffusion coef ficient. On this basis, we classify
all these three generic models of active particles that have been widely studied in
the literature [4, 14, 15, 34, 35, 38–40] as ABP models, more specifically as ABPs 
type I, II and III, in (chronological) order of appearance.

Apart from this broad class of ABPs, there is another basic type of active particles
describing run-and-tumble dynamics [43, 44]. For Escherichia coli bacteria under 
chemotaxis, it was observed [43] that these microswimmers perform sequences 
of long ‘runs’ in one direction, interrupted by periods of time where the bacteria 

‘tumble’ by choosing a new direction, seemingly a t random. This class of active
motion can be modelled by using the overdamped LE (10.3) amended by the 

different equation for the dynamics of the polar angle φ . [45] 

.φ̇ = i iδ(t − Ti) . (10.7) 

Here i . denotes the turning angle at times Ti . when the particle tumbles, with 

both quantities drawn independently and identically distributed from a uniform 

distribution on the circle, respectively from some other (e.g. Poisson) distribution. 
In this particular sense, we have an ABP type IV with biological acti vity in terms of
a specific tumble time distribution. However, there are other modelling approaches
for run-and-tumble dynamics deviating from LEs [34, 40, 44]. We will not focus 
on run-and-tumble motion but will nevertheless come back to it in Sect. 10.4. This  

attempt of categorising active particle dynamics is of course not complete. There
exist, for example, heterogeneous ABPs [46], anisotropic ABPs in t hree dimensions
[47] as well as purely deterministic, nonlinear active particle models [48, 49] going 

beyond these f our basic types.
At this point, there is already an important, although somewhat trivial, obser-

vation to be made. Namely, ABP II is intimately related to the CRW model of 
movement ecology introduced above in the sense that the self-propulsion term of 
ABP II, discretised in time, corresponds to a CRW model with a non-uniform
wrapped Gaussian turning angle distribution. This is evident by noticing that the
first terms in ABP II Eqs. (10.3), (10.4) represent the CRW model, defined within 

the comoving frame, transformed back to Cartesian coordinates by using time-
continuous stochastic differential equations. Interestingly, ABP II i s non-Markovian
in the Cartesian frame, as the velocity autocorrelation function decays exponentially
[50]. Hence, we have a Markovian representation of ABP II in the comoving
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frame while there is a non-Markovian one in the Cartesian frame. We will come 

back to this interesting interplay between different frames of reference for defining
stochastic processes in Sect. 10.4. 

Mathematically, both movement ecology and active matter, the latter especially 

in view of ABPs, are rooted to quite some extent in stochastic theory, combined
with statistical data analysis. In 1904, Sir Ronald Ross inspired [10] Karl Pearson to 

model the movements of organisms by a random walk in the plane, which led to a
famous series of papers published by Pearson in 1905 and 1906 [11, 51]. Therein he 

defined a two-dimensional random walk in the comoving frame in complete analogy 

to setting up CRWs, with the only simplification that in addition to a constant step 

length, the turning angle is drawn from a uniform distribution on the circle. The 

paradigm of modelling biological movements as simple t ypes of Brownian motion
prevailed for almost a century. In parallel to the development of active matter
theory, in the 1990s, this idea was questioned by experimental findings [19, 52] 
suggesting that albatrosses perform LWs characterised by anomalous diffusion, 
where in contrast to Brownian motion, the mean squared displacement increases
nonlinearly with time, x2 tα (t → ∞). with α 1.. For the albatross, an
exponent α > 1. was found corresponding to superdiffusion; motion with α < 1. is 
called subdiffusion [22–24, 37]. A two-dimensional LW can be easily formulated 

within the CRW framework by sampling the step lengths from an α .-stable Lévy 

distribution [24] and assuming a uniform distribution of turning angles. As an 

additional constraint, the speed is held constant, thus inducing the very same power
law distribution of corresponding flight times [53]. 

We remark that the hypothesis that organisms perform LWs is d iscussed contro-
versially in the literature [19, 21, 54–57]. This relates to criticism of the underlying
theory [21, 58] as well as to problems with the experimental data analysis, as 
it is difficult to argue for power laws when they stretch over a decade only
and the methods of data analysis are not robust [55, 56]. On the other hand, 
this line of work indicates that biological dynamics may need to be described 

by stochastic processes that are more non-trivial than normal diffusive (active or 
passive) Brownian motion by exhibiting anomalous stochastic dynamics, thus going 

beyond the framework of both conventional movement ecology and active particles. 
Anomalous diffusion defines a very active field of research, mainly driven by
mathematicians and theoretical physicists, who explore the diffusive properties of
non-Markovian, non-Gaussian stochastic processes beyond Brownian motion [22– 

24, 37]. Such dynamics have been experimentally observed in a wide variety of
real-world systems [20, 24]. Apart from Brownian motion and LWs, there are many 

other advanced stochastic models available for understanding biological movement, 
from intermittent processes where organisms switch between different modes of
motion [59, 60] to other generic anomalous stochastic models lik e continuous-time
random walks [61] or fractional Brownian motion [62]. More recently, anomalous 
diffusion has also been considered for modelling ABPs [63].



230 R. Klages et al.

10.3 Data-Driven Construction of Generalised Langevin 

Equations for Modelling the Movements of Organisms

In the first part of this section, we will analyse movement data of three different 
types of organisms with the goal to construct generalised LEs in the Cartesian frame 

for them. We will first illustrate this approach for bumblebee flights by then applying 

it to cell migration and sea turtle foraging. Employing the very same theoretical 
framework, we will reveal non-trivial active and anomalous movement properties 
for t hese organisms. In the second part, bumblebee flights will be reconsidered by
constructing from data an underdamped generalised LE in the comoving frame for
them. We will show that this equation combines the characteristic features of the
first three generic types of ABPs dynamics discussed in the previous section.

10.3.1 The Cartesian Frame

The very simple model that here we put forward for analysing movement data i s
the overdamped LE, obtained from the underdamped LE (10.1) in the limit of large 

friction where there i s no particle acceleration anymore,

.ẋ = ξo(t) . (10.8) 

Here ξo(t). denotes the noise of the overdamped equation. This model sits between 

time-discrete random walks and time-continuous underdamped LEs. A simple 

mathematical example is t he Wiener process, for which the velocities are drawn
from Gaussian white noise. As v = ẋ., in this equation, the distribution f unction of
the noise ρ(ξo). matches to the velocity distribution function ρ(v). of the moving 

organism, and the autocorrelation function of the noise ξo(0)ξo(t) . is identical to 

the velocity autocorrelation function v(0)v(t) . of the dynamics (here by assuming 

stationarity). Knowing both quantities fully defines this model, hence it can be 

constructed by extracting them from the data. This very elementary s tochastic
model, defined in the Cartesian frame, provides only a first approach and will be
substantially refined in the next Sect. 10.3.2. In the following, we will nevertheless 
show that this simplistic framework can already yield a lot of insight into the 

origins of organismic movement. Most prominently featured by this model is the 

v elocity autocorrelation function, which represents memory in the dynamics. An
example is fractional Brownian motion, which can be generated by using for
ρ(ξo). fractional (power law correlated) Gaussian noise [23, 62]. However, allowing 

arbitrary correlations obtained from data goes beyond other standard models s uch
as Brownian motion, CRWs or LWs.

Starting from E q. (10.8), we will first construct a stochastic model for bumblebee 

flights tracked in a laboratory experiment [64], as illustrated in Fig. 10.1(middle). A 

single bumblebee (Bombus terrestris) was flying in a cube of 75 cm side length
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Fig. 10.2 Left: Semi-logarithmic plot of the velocity distribution ρ(vy). parallel to the y axis in 

the experimental set-up illustrated in Fig. 10.1(middle) (black crosses) for a single bumblebee in 

the spider-free phase (1). Included are lines for maximum likelihood fits with (from bottom to 

top in left corner) a single Gaussian (violet dotted), a Gaussian mixture (red line), an exponential
(blue dotted) and a power law (green dashed). Right: Velocity autocorrelation function Eq. (10.9) 
for bumblebee velocities vy . in the three different phases of the experiment as described in the 

text: (1) red triangles, no spiders; (2) green circles, spiders; (3) blue crosses, spiders, memory test. 
The effect of the presence of spiders on the bumblebee flights is clearly seen, even i n the memory
test. The inset displays the resampled autocorrelation for stage (1) confirming that the positive
autocorrelations are not a numerical artifact. Figures are from Ref. [2] 

with a vertical grid of artificial yellow flowers on the wall in the back. Each 

flower was equipped with a landing platform and a source of nectar, replenished 

after consumption. The goal of the experiment was to analyse how bumblebee 

flights change under predation risk. For this purpose, four of the 16 flowers were 

randomly equipped with spider images, and 30 bumblebees were trained by a
specific mechanism to avoid any flower with a spider image. The flight of a single
bumblebee in this arena was recorded by two high frame rate (0.02. s) cameras 
yielding on average 6000 data points per bumblebee trajectory. In the following, 
we will analyse three phases of the experiment, which are (1) spider-free foraging; 
(2) foraging under predation risk; (3) a memory test with the same setting as (2) 1
day later; see Ref [64] for full details of the experiment.

First, we discuss the velocity distributions in phase (1) by focussing on ρ(vy). 

horizontally parallel to the wall, see the coordinate system in Fig. 10.1(middle), 
which turned out to be symmetric. The other ones along x and z were found 

to be asymmetric, due to the setup of the experiment or gravity, respectively.
Applying maximum likelihood fits together with information criteria ρ(vy). shown 

in Fig. 10.2(left) was found to be best fitted by a mixture of two Gaussians 
representing two different flight modes, one with larger variance far away from 

the fl owers and another one with smaller variance close to them, as confirmed by
an additional spatial data analysis [2]. Hence, a bumblebee flies with on average 

smaller velocities when approaching a flower and with larger ones farther away 

from it. This corresponds to spatio-temporal intermittent motion, suitably adapted
to this environment by exhibiting different flight modes when searching for food
sources, respectively accessing them [59, 60].
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Very surprisingly, the velocity distribution of phase (1) did not change in phases
(2) and (3) under predation risk [2]. One might have expected that the bumblebees 
are getting more nervous in the presence of enemies, leading to flights with larger 
velocities, but this was not the case. Instead, the whole adaptation in the dynamics to
environmental predation risk is contained in the velocity autocorrelation functions.
Shown in Fig. 10.2(right) are the normalised velocity correlations horizontally 

parallel to the wall,

.vac
y (τ ) = σ−2 (vy(t) − µ)(vy(t + τ) − µ) e,t , (10.9) 

where µ. and σ 2
. denote the mean and the variance of the corresponding velocity

distribution of vy ., respectively, and the subscripts of the angular brackets denote 

a combined time-ensemble average over all bumblebees and over time. The time 

dependence of this quantity yields important information about persistence, memory 

and ove rall the topology of a bumblebee path. One can see that in the spider-
free phase (1), the correlation decay remains positive for about 1.5. s representing 

persistence, that is, the bumblebee keeps flying in the same direction it came from. 
In contrast, for phases (2) and (3) under predation risk, the decay immediately 

becomes negative, which implies anti-persistence: The bumblebees quickly reverse 

the velocities by making more turns. This reflects the predation threat, as the flights 
are much less directed than in phase (1), i.e. m ore curvy, so the bumblebees are more
careful. However, this change is only represented in the topology of the path, not in
the velocity distributions, perhaps because the bumblebees find it more difficult to
change their speeds.

In summary, after statistical analysis of experimental b umblebee data guided
by Eq. (10.8), for an overdamped generalised LE modelling bumblebee flights 
under predation risk, the velocities are sampled from the mixture of two Gaus-
sians identified by fitting the data in Fig. 10.2(left), correlated in time by using 

(suitably simplified versions of) the v elocity autocorrelation functions shown in
Fig. 10.2(right), depending on the phase one wishes to model. This stochastic model 
corresponds to a generalised version of ABP III Eq. (10.6), because the noise 

is non-trivially correlated, hence non-Markov and active. In addition the noise 

distribution is a bit more complicated than a simple Gaussian reflecting spatio-
temporal intermittency. The coupling to the environment, in the spirit of movement 
ecology, can qualitatively be reproduced by another, related LE model, where
changing the correlation function under predation risk is modelled by an interactive
force term, as shown in Ref. [2]. A more refined model for bumblebee flights w ill
be built in Sect. 10.3.2, therein defined fully analytically.

Along the same lines and again driven by experimental data analysis, an
overdamped LE (10.8) can be constructed for cell chemotaxis [1]. Shown in 

Fig. 10.1(left) are the paths of 60 wild-type murine neutrophil cells recorded over
T = 30. min with a sampling interval of 5 s yielding 361 data points per track. 
For these cells, the velocity distributions were found to be simple Gaussians [1]. 
Figure 10.3(top) displays the associated velocity autocorrelation functions, here
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Fig. 10.3 Top: Velocity autocorrelation functions along x and y for wild-type neutrophils 
performing chemotaxis parallel to the y-axis. Thick green lines show the combined time-ensemble 

averaged correlation function obtained from data for the x and y direction in bright and dark colors,
respectively. The fits discussed in the text are included as bold black lines together with a grey area
of uncertainty (±. one standard deviation). Bottom: Corresponding first and second moments of 
positions along x and y. Thin grey lines show time-averaged moments of single cells. Thick green 

lines display the combined time-ensemble average of the corresponding moment. Figures are from
Ref. [1]
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denoted by vcorr(t) ., defined again by a combined time and ensemble average but 
not normalised and without subtracting the drift. The fits represent, along y, pure
power law correlation decay, ξy(t)ξy(t ) τ 2H−2, τ = |t − t |, 0 < H < 1., 
and along x the same with power law tempering, ξx(t)ξx(t ) τ 2H−2(1 +
τ/τ ∗)−µ, µ, τ ∗ ≥ 0.. However, as F ig. 10.1(left) indicates, here we have motion 

with an average non-zero drift along the chemical gradient in the y direction, which
deserves further analysis. Fig. 10.3(bottom), showing first and second moments of 
the position distributions along x and y as functions of time, demonstrates that
indeed there is a drift linear in time along y with vd 7.4 µm/min. while there is 
no drift along the x direction perpendicular to the chemical gradient. These results 
suggest a modelling of this cell chemotaxis in terms of the generalised overdamped
LE

.ẋ = ξx(t), ẏ = vd + ξy(t). (10.10) 

The dynamics along y represents (biased) fractional Brownian motion [23, 62]. 
Along the x-axis, there is no drift, but the correlations are power law tempered. 
These results reflect the symmetry breaking by the chemical gradient and long-
term persistence induced by it. Accordingly, this dynamics yields anomalous (super)
diffusion both along x and y as shown in Fig. 10.3(bottom) by the second moment 
obtained from the data, with exponents α . changing between 1.2 and 1.5 along x, 
due to the tempering, and α ∼ 1.55. along y. Note that the associated (anomalous) 
diffusion coefficients, i.e. the prefactors in the mean squared displacement, are 

more than an order of magnitude larger along y than along x yielding a much 

faster diffusion parallel to the gradient. The same analysis has been performed for 
three other cell types that have been chemically modified, revealing subtly different
chemotactic dynamics in terms of the resulting LEs, which helps to understand the
impact of specific chemical modifications on chemotaxis, as well as identifying cell
deficiencies [1]. 

In summary, for neutrophil cells we have constructed a generalised overdamped 

LE from data that again may be associated with ABP III, as the noise is non-
trivially correlated; hence, the dynamics is again non-Markovian and active, though 

Gaussian. In contrast to the previous bumblebee model, however , these cells display
anomalous (super) diffusion, which demonstrates the need to go beyond Markovian
normal diffusive Brownian motion models to understand organismic movement
[13, 65, 66]. 

Finally, as a third example of data-driven application of the ove rdamped LE
framework based on Eq. (10.8), we present results for the off-shore foraging of log-
gerhead sea turtles (Caretta caretta). A sample path is depicted in Fig. 10.1(right). 
These turtles are listed as endangered on the IUCN red list; hence, learning about 
their foraging activities is important for improving their protection. The length of a 

typical loggerhead sea turtle in this population of Cabo Verde is around 75–85 cm
of carapace. The largest individuals can weight up to 135 kg and some may live
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up tp 60 years in the wild. If threatened, in short burst, they can swim up to 35
km/h. The group of turtles studied in this experiment [67] nested on the Cabo Verde 

islands from which they swim in directed paths to the coastline of West Africa, 
where they forage. For this experiment, 23 turtles h ave been tagged since 2011 using
satellite-relayed ARGOS systems so that their positions could be recorded at high
accuracy [67]. The following results [9] are for a female turtle named Mokamba, 
where around 1350 data points have been obtained over 400 days from August 2012
to September 2013.

A crucial difference to the previous two organisms, whose positions have been 

determined with high constant frame rates in a lab, is that these turtles have been 

tracked via satellites in the wild. As signals could only be emitted with different 
quality when a turtle was close to the surface, and sometimes the satellite was not 
available to receive the signal, all turtle data are recorded with varying precision and 

at irregular time intervals. This poses a severe problem to any reliable statistical data 

analysis. First, the turtle data had to be cleaned by a specific procedure for removing, 
e.g. unrealistic or duplicate data points. Then the data had to be interpolated, as
statistical averages can only be constructed based on data sets sampled at constant
time intervals. Here we chose the most straightforward way of linear interpolation
by resampling the interpolated data with a constant time interval, given by the
average of the underlying irregular time intervals; details of the full data analysis
are given in Ref. [9]. 

First, we extracted the velocity distributions from the data in a Cartesian coor-
dinate system aligned to longitude and latitude, where according to Fig. 10.1(right) 
the y-axis is on average almost parallel to the coastline. It was found that both 

velocity distributions are best fitted by symmetric Gaussians for small velocities 
while they showed exponential tails for l arge velocities, in combination matching
well to a Gamma distribution, related to what was reported for albatross flights [55]. 
No significant deviations between velocities along x and y were detected in the data. 
This corresponds to spatio-temporal intermittency in the turtle movements as an 

alternation between two different movement modes, similar to our previous results 
for bumblebee flights. However, here the intermittency occurs as a random-looking 

switching between foraging (diving, searching, small velocities) and travelling to
the next foraging spot (larger velocities). Most interesting were, again, the velocity
autocorrelation functions, computed by time averaging along the trajectory. The one
for vx . is shown in Fig. 10.4(left); the one for vy . looks similar, but the oscillations are 

a bit more irregular. Both correlation f unctions are best fitted by the functional form
vx(0)vx(t) t = a exp(−bt) + c cos(dt)., where a, b, c, d . are fit parameters. This 

corresponds to exponential decay for very short times while the long-time dynamics
exhibits persistent oscillations with a certain period. Figure 10.4(right) displays the 

corresponding mean squared displacement x2(t) t . computed from the data, again 

via time averaging. One can see that on time scales up to 100–200.h, the turtle moves 
superdiffusively with an exponent of approximately α 1.7. while for longer times 
the graph crosses over to s ubdiffusion, eventually leading to localisation.

Based on these experimental findings, we simulated an overdamped LE where 

the noise was sampled from a Gaussian (ignoring the exponential tails) with the
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Fig. 10.4 Left: Velocity autocorrelation function along x for a loggerhead sea turtle foraging 

off the coast of West Africa. The filled olive circles show experimental data, the thin red line 

with constant oscillation amplitude our best fit to this data, the green dots results from individual 
simulations of our stochastic model and the blue line with varying amplitude the ensemble averaged 

simulation result. Right: Corresponding mean squared displacement along x. The wiggled blue 

line shows experimental data, the overlapping straight orange line is a power la w fit to the data for
short times, the green dots result from individual simulations of our stochastic model, the (mostly
hidden) dashed red line depicts our ensemble averaged simulation result and the turquois line
matching the red line at short times yields a power law fit to the simulation results. Figures are
from Ref. [9] 

correlation decay as identified above, amended by boundary conditions. One can
observe in Fig. 10.1(right) that the turtle swimming is bounded from the right by 

the continental shelve, and on the left, there is also some less rigorous boundedness, 
likely associated with deeper and less productive (food-rich) waters. We modelled 

this qualitatively by adding to the LE a force generated by a harmonic potential with
slightly asymmetric prefactors to the left and to the right. The numerical results
are compared to the experimental data in Fig. 10.4 showing excellent agreement. 
What one can learn from this stochastic model is that, first, again there is biological 
activity along the lines of ABP III, as the noise is non-Markovian correlated. Second, 
the turtles move superdiffusively for shorter times. This is directly related to the 

strong, very slow periodic oscillations seen in the correlation function: the average 

half period of one oscillation is about 200 h and thus matches approximately to the 

cross-over time to subdiffusion seen in the mean squared displacement. Hence, the
turtle swims in a rather directed way superdiffusively before it turns around due to
hitting the boundaries of the chosen foraging region, which induces subdiffusion
(eventually crossing over to localisation on longer time scales; not seen here but for
other turtles [9]). The average distance swam during 200 h calculated from the mean 

squared displacement is approximately 83 km. This matches in order of magnitude 

to the longitudinal width of the turtles’ foraging region, which is hard t o estimate
but lies around 100–200 km. All these details explain the large scale ‘looping’ seen
in the trajectory displayed in Fig. 10.1(right). That the oscillations in the velocity 

autocorrelations do not decay may be considered as an unusually strong sign of 
biological activity. One might speculate that the turtles have developed this looping
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as an optimal foraging strategy to efficiently search this region. It was checked that 
the looping is not generated by ocean currents, nor do the turtles exhibit chirality,
as often observed for microswimmers [4]. However, there is some coupling to the 

chlorophyll concentration that is a p roxy for food sources, which is ignored in this
modelling.

To summarise this section, we have applied the rather basic approach of a 

generalised overdamped LE to explain the experimentally recorded movements of 
three very different types of organisms. In all three cases, the stochastic model 
constructed from data sho wed that the most significant information is not contained
in the associated probability distributions, which is in sharp contrast to the optimal
foraging hypothesis based on LWs [19]. Instead, important details characterising the 

biological movements are captured by the velocity autocorrelation function. That 
these quantities deserve more attention when analysing movement data has already
been emphasised in Ref. [2]. In all three cases, the observed dynamics turned out 
to be non-Markovian correlated, which may be understood as biological activity 

along the lines of ABP III. In two cases, the associated diffusion was furthermore 

anomalous. The constructed models were also to some extent capable to reproduce
couplings with the environment in the spirit of movement ecology.

While this straightforward approach of stochastic model building seems to be 

very promising for further experimental data analysis of organismic movement by 

already providing significant insight into the emergence of the observed biological 
dynamics, it is theoretically somewhat a bit naive. In the next part, we will show
that one can do much better by drawing inspiration from movement ecology, which
suggests to analyse data in the comoving frame.

10.3.2 The Comoving Frame

The CRW model of movement ecology introduced in Sect. 10.2 entails to analyse 

movement data in a frame attached to the centre of mass of an organism cotrans-
lating and corotating with its movements, which we call the comoving frame. This  

frame is biologically very well motivated, as it seems natural to think of h igher-
dimensional movements of organisms in terms of step length and turning angle.
On the other hand, while a CRW already exhibits persistence, as discussed in
Sect. 10.2, it still belongs to the simple class of Markovian overdamped random 

walks and thus looks somewhat artificial in order to capture the full spectrum
of organismic movement. For that reason, in Ref. [33], the conventional CRW 

model was generalised by formulating underdamped non-Markovian dynamics in 

a comoving frame. I nspiration was taken from underdamped Langevin dynamics,
see Eq. (10.1), which suggested to write down ad hoc the following two Langevin-
type equations of motion in the comoving frame:

.β̇ = h(β, s) + ξβ;s(t), . (10.11)
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ṡ = g(β, s) + ξs;β(t). (10.12) 

In the spirit of a CRW, here β . denotes the turning angle defined by integration 

over the angular velocity of the orientation φ ., β(t) = t

t− φ̇dt . [33]. Note that φ . 

refers to the polar angle of the velocity vector v. of the moving organism defined 

in the Cartesian frame, as introduced in Eq. (10.3). Likewise, s holds for the speed 

of the moving organism, i.e. the radial component of the velocity in the Cartesian
frame, cf. Eq. (10.2). In summary, Eqs. (10.11), (10.12) are based on an interplay 

between three different coordinate frames: (1) The usual fixed Cartesian f rame in
which overall the three ABP models of Sect. 10.2 were defined; (2) the polar frame 

in which the speed of ABP I [15] and the velocity of ABP II were defined; and (3) 
the comoving frame, which refers to a self-consistent definition o f the dynamics of
a moving agent in terms of the turning angle β . and its speed s only, i.e. without 
any explicit reference to the Cartesian or polar frames (1) or (2). Examples of 
such dynamics are the CRW of movement ecology and the Langevin-type equations 
introduced above. The tricky part, crucially distinguishing the comoving f rom the
polar frame, is to obtain a self-consistent equation for the turning angle variable, as
for the example of the OU process we will show in Sect. 10.4. 

To conclude the discussion of the new model Eqs. (10.11), (10.12), both equa-
tions are underdamped featuring acceleration of β . and s on the left-hand side, 
which is generated by splitting the dynamics into deterministic drift and stochastic 

diffusion terms on the right-hand side. While this very basic structure corresponds
to the one of the ordinary LE (10.1), here the functional forms of these four terms, 
including the autocorrelation decay of the two noises, are per se completely general 
and need to be determined, e.g. by experimental data analysis. For this reason, we
use the more general notation h(β, s). and g(β, s). for the drift terms, even though at 
least for the speed, we would expect the respective term to boil down to some type
of friction, cf. η(s). in ABP I Eq. (10.2), as indeed will be shown i n the following.

We now demonstrate that Eqs. (10.11), (10.12) can be used to analyse movement 
data by standard methods of drift-diffusion time series analysis. As an example, we 

construct a stochastic model for ‘free’ bumblebee flights by applying this framework
to the experimental data discussed in Sect. 10.3.1, where here we only consider 
flights far away from the flower carpet in the spider-free phase (1). The analysis
was based on 51 trajectories with approximately 49,000 data points [33]. Plotting 

the normalised drift vector field of (s, β)., respectively the deterministic terms of
Eqs. (10.11), (10.12) extracted from data, shows t hat the cross-dependencies of
h(β, s). on s and of g(β, s). on β . are weak [33]. This suggests to split the vector
field into

.β̇ = h(β) + ξβ;s(t), . (10.13) 

ṡ = g(s) + ξs;β(t). (10.14) 

Figure 10.5 depicts results for both simplified drift terms, extracted from data and 

with fits to the data. As can be seen in Fig. 10.5(top), h(β) kβ . with k ≈ 1 ..
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Fig. 10.5 Top: Drift 
coefficient for the turning
angle β .. The drift h(β). 

obtained from bumblebee 

data (wiggled black line) is
linear in β ., as demonstrated 

by the fitted straight red line. 
Bottom: Drift coefficient for
the speed s. Here the drift
g(s). obtained from 

bumblebee data (black 

wiggled line) has been 

approximated by piecewise 

linear functions from one to 

three pieces (blue, green, 
cyan, right corner from t op to
bottom). 95% confidence
intervals are shown in grey.
Figures are from Ref. [33] 

Integrating Eq. (10.13) with respect to . yields β(t) = ξ̃β;s(t). [33]. Hence, for 
the angular dynamics, we are almost back to a CRW where the turning angles are 

sampled from some probability distribution, except that here we allow them to be
correlated both with respect to s and in time. Determining analogously the drift term
g(s). in the speed equation (10.14) from data suggests simple (piecewise) linear 
approximations as suitable fit functions, cf. Fig. 10.5(bottom). For an analytical 
model, we choose the one consisting of two pieces,

.g(s) ≈ (s − s0) · −η1, s < s0,

−η2, s ≥ s0,
(10.15) 

with η1 > η2 > 0. and a preferred speed s0 .. We see that this deterministic drift term 

constructed from data yields an expression that, interestingly, can be understood 

as an acti ve, speed-dependent friction coefficient, which is somewhat in-between
the Schienbein–Gruler and Rayleigh–Helmholtz forms discussed for η(s). in ABP I, 
Eq. (10.2).
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We now take on the two noise terms in Eqs. (10.11), (10.12). First, it was 
found that the turning angle distribution ρs(β). at each speed is best approximated 

by a wrapped Gaussian [33]. However, the standard deviation σβ . turned out to 

be strongly speed-dependent, with exponential decay in s fitting best [33]. This 
matches to naive biological reasoning: At larger speeds, it is more difficult for a 

bumblebee to make frequent turns. It remains to determine the correlation decay of
the turning angle dynamics, where the autocorrelation function is defined in analogy
to Eq. (10.9). Figure 10.6(top) shows that it follows a steep power law. This analysis 
yields a stochastic process for the turning angle dynamics defined by

.β = ξ̃β;s(t), ξ̃β;s
d∼ N(0, σβ(s)), σβ(s) = c1e

−c2s + c3, (10.16) 

with c1, c2, c3 . as fit parameters, where the turning angle noise is power law
correlated.

Second, the noise for the speed changes can be computed from Eq. (10.12), 
rewritten as ξs;β(t) = ṡ − g(s).. This noise obtained from data s howed no
dependence on β . and was best fitted with a Gaussian [33]. The correlations, defined 

in the same way as in Eq. (10.9), turned out to be anti-persistent, as depicted
in Fig. 10.6(bottom), which was best approximated by a difference between two
exponential terms, acfξs (τ ) ≈ ae−λ1τ + (1 − a)e−λ2τ , λ1, λ2 > 0.. This completes 
Eq. (10.14) for the s peed dynamics.

In summary, we obtain as a full stochastic bumblebee flight model

.β = ξ̃β;s(t), . (10.17) 

ṡ = −ηi(s − s0) + ξs(t), i = 1, 2, (10.18) 

where ξ̃β;s . is speed-dependent, power law correlated wrapped Gaussian noise
defining the turning angle β . at each time t . The speed dynamics is governed by 

an underdamped LE with a s peed-dependent piecewise linear friction coefficient
and exponentially anti-correlated Gaussian noise ξs .. As shown in detail in Ref. [33], 
this fully analytically defined model, which is based on quite some approximations, 
works surprisingly well to reproduce the experimental bumblebee flight data it was
constructed from.

There are some important conclusions to be drawn from this part, which we 

summarise as follows. We h ave shown that starting from the (underdamped)
generalised LE (10.11), (10.12) formulated in the comoving frame for both the 

turning angle and the speed dynamics, one can construct a corresponding stochastic 

model from data for ‘free’ (modulo the experimental setup of the cage) bumblebee 

flights. Interestingly, the speed equation contains a speed-dependent friction term 

right in the spirit of ABP I. The angular dynamics features a wrapped Gaussian
turning angle distribution as for a standard CRW and the associated ABP II. Finally,
both the angular and the speed dynamics exhibit correlated, non-Markovian noise
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Fig. 10.6 Top: 
Autocorrelation function f or
turning angles β .. 
Experimental data (black 

crosses) is shown together 
with an exponential (magenta 

curved line) and a power law 

(blue straight line) fit, 
supplemented by the larg e-lag
standard error (grey). The
green circles depict the
autocorrelation extracted
from the simulated data
Eqs. (10.17), (10.18). Bottom: 
Autocorrelation of the 

non-deterministic speed
changes ξs . from experimental 
data (dots) with two times the 

large-lag standard error (grey) 
and three fits (top left corner 
left to right): Difference of 
two exponentials (red), 
e xponential and power law
(blue) and of two power laws
(green). The outlier at
t ∼ 0.02. s is a discretisation 

artefact due to the finite 

resolution of the data. Figures
are from Ref. [33] 

terms, thus displaying the main property of ABP III. We have thus constructed 

from experimental data a movement model for bumblebee flights that contains the
characteristic features of all three generic ABP models I–III discussed before. When
Ref. [33] was published in 2013, only activity related to ABP I was pointed out but 
not the cross-links to ABP II (invented earlier) and III (invented later), with the 

field of active particles still being in rapid development during that time. Whether 
this model generates anomalous diffusion was not tested. There is no m echanism for
such dynamics in the Gaussian noise distributions, but the turning angle correlations
decay as a power law, similar to the fractional Brownian motion stochastic model
for the angular dynamics studied in [63]. Therein it was shown, however, that such 

dynamics only displays transient, no long-term anomalous diffusion. More general
conclusions based on this analysis are drawn in the following section.
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10.4 A Newtonian Equation for Modelling the Mo vements

of Organisms

How do you, reader, walk in a plane? You make a step per time interval by choosing 

a direction and a step length, and you repeat the process. Typically, you include 

some memory for steering where you want to go. But this dynamics is per se 

generated by yourself solely in the comoving frame. Of course, you may wish to 

navigate, given environmental conditions (moving in a room full of objects, going 

shopping, etc.). But we do not compute our intrinsic movements in a fixed Cartesian 

frame by then translating these results into the active movement outlined above, 
nor is there any reason why other living organisms should do so. Representing 

passive, environmentally generated movement mathematically in a fixed Cartesian 

frame makes perfect sense for modelling physical phenomena like Brownian motion 

of a tracer particle in a fluid, where the fluid is contained in some region and 

the tracer is driven passively by the surrounding fluid molecules. However, any 

living organism is self-propelled by ‘biological noise’ internally generated by the 

organism itself, and thus in the comoving frame, not originating e xternally in some
fixed Cartesian frame. The latter should rather model external environmental noise
on top of internal biological activity. For these biophysical reasons, we argue that the
right frame to work in for understanding the movements of organisms is primarily
the comoving one, not the fixed Cartesian one. This was already amply realised by
Sir Ronald Ross in 1904 when he suggested to Karl Pearson to model mosquito
flights by using step lengths and turning angles. Pearson rephrased this idea in his
1905 papers in terms of the ‘drunken sailor problem’, where he defined the random
walk of a drunken sailor in the comoving frame, not in the Cartesian one [51]. 
In that sense, the CRW formulated within movement ecology is a straightforward 

generalisation of Ross’ and Pearson’s ideas to a sailor who is not fully drunk by 

exhibiting some persistence. In contrast, the physically and mathematically inspired 

approaches of active particles and anomalous diffusion naturally use the Cartesian 

frame, reflecting their origin of describing passive motion and that stochastic 

processes are defined and analysed way easier in these coordinates. Accordingly,
higher-dimensional formulations typically consist of straightforward component-
wise vectorial extensions of one-dimensional stochastic processes in a Cartesian
frame. Note also that, as we remarked in Sect. 10.2, a CRW can be formulated as a 

Markov process in the comoving frame while it exhibits non-Markovian properties 
in the Cartesian frame. To what extent this applies to other stochastic processes is
an interesting open question, possibly also of some biological relevance.

The problem of representing stochastic processes in different frames of reference 

is exemplified by a recent experiment, whose aim was to synthetically generate 

different types of anomalous diffusion. For this purpose, the dynamics of a super-
paramagnetic colloidal particle was finely tuned by using magnetic fields. These
fields were changed in time according to specific protocols defined in the comoving
frame, which were designed to reproduce generic types of anomalous diffusion
[68]. This experimental approach raised the question of how to define anomalous
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stochastic processes like LWs and fractional Brownian motion in the comoving 

frame. For LWs, the answer is to quite some extent known but, interestingly,
ambiguous: In Ref. [53], it was shown that there exist three different LW models 
in two dimensions, two defined in the Cartesian frame and one in the comoving
frame. What we introduced as LWs in Sect. 10.2 is actually only the version in 

the comoving frame, called uniform LW. It turns out that all t hree LW models
exhibit different diffusive properties [53]; hence, they cannot be transformed into 

each other. This is due to the non-Markovianity of the LW dynamics. For other 
processes, such as two-dimensional Cartesian fractional Brownian motion, so far no 

corresponding formulation in t he comoving frame is known; one may doubt whether
there is any exact one, given the inherent non-Markovianity of this process.

The above discussion suggests that working in different reference frames requires 
very different definitions of stochastic processes. This problem has been solved
for the Markovian OU process [69], defined in Eq. (10.1) for the velocity in the 

Cartesian frame (where in the follo wing, we explicitly spell out the noise strength
as

√
2D . with velocity diffusion coefficient D). Transforming the Cartesian OU 

process into the comoving frame requires to use polar coordinates for the velocities,
as in ABP II Eq. (10.3), i.e. vx = s cos φ , vy = s sin φ .. However, since both the 

associated speed s and the orientation φ . are stochastic variables, we encounter an 

Itô-Stratonovich problem for defining the corresponding stochastic equations in the
comoving frame. The Itô equations for (φ, s). were already derived in Ref. [70], 

.φ̇ =
1

s

√
2Dξφ(t), . (10.19) 

ṡ = − 
η 

m 
s + 

D 

s 
+

√
2Dξs(t), (10.20) 

with the two noises defined as

.ξφ(t) = −ξx(t) sin φ + ξy(t) cos φ, ξs(t) = ξx(t) cos φ + ξy(t) sin φ, (10.21) 

where ξx, ξy . are the two corresponding Gaussian white noises in the Cartesian 

frame. One can show that the resulting two noises ξφ, ξs . are also white Gaussian
[70]. Equations (10.19), (10.20) can be solved numerically, confirming that the y
reproduce Cartesian OU dynamics [69]. However, in order to obtain a self-consistent 
description of OU in the comov ing frame, we need an equation for the turning angle
β .. This can be accomplished starting from β φ̇δt .and by calculating the functional 
form of the turning angle distribution from the right-hand side of Eq. (10.19). One 

can show that in a steady state, the speed generated by Eq. (10.20) is distributed 

according to a Rayleigh distribution with exponentially decaying autocorrelations. 
Remarkably, the wrapping onto the circle entailed in the calculation yields turning 

angles that are uncorrelated. Hence, this wrapping, which is a crucial operation to 

generate self-consistent angular dynamics in the comoving frame, marks a highly
non-trivial step of loss of memory. Along these lines one finds for the turning angle
distribution
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.ρ(β) =
√

2Dδt

2π

∞

k=−∞

σξ,φ |k|
σρ,s

K1

√
2Dδt σξ,φ |k|

σρ,s

eikβ , (10.22) 

with σξ,φ . the standard deviation of the Gaussian noise ξφ . in Eq. (10.19) and σρ,s . 

the one of the Rayleigh distribution for the speed obtained from solving Eq. (10.20), 
where K1(z). is the modified Bessel function of the second kind. ρ(β). looks overall 
similar to a wrapped Gaussian, respectively a von Mises distribution, but shows
deviations in detail [69]. One thus arrives at a self-consistent formulation of a 

Cartesian OU process transformed into the comoving frame in the form of [69] 

.β = ξβ(t), s = ξ̃s(t), (10.23) 

where ξβ . is white noise with the functional form of ρ(β). while ξ̃s . is exponentially 

correlated Rayleigh noise. Alternatively, the equation for the speed could be
replaced by Eq. (10.20) with Gaussian white noise for ξs .. 

In summary, in this section, we first argued that for biophysical reasons, organis-
mic movement models should ideally generically be defined in the comoving frame. 
We then demonstrated that this change of perspective has profound implications on 

the corresponding description of movement in terms of stochastic processes. While 

a Markovian OU process can still be transformed e xactly from the Cartesian into the
comoving frame, this is not possible anymore for non-Markovian LWs and appears
unlikely for other non-Markovian processes like fractional Brownian motion. The
resulting Eqs. (10.23) for OU in the comoving frame illustrate the frame work
provided by Eqs. (10.11), (10.12), which define generalised Langevin dynamics in 

the comoving frame. Equations (10.17), (10.18), on the other hand, demonstrated 

that a comoving generalised LE can also be constructed from experimental data. 
Similarly, this theoretical framework contains CRWs and LWs as special cases 
by furthermore capturing all characteristic features of ABP I–III. It also includes
run-and-tumble dynamics if described by what we called ABP IV. These findings
substantiate the purely heuristic formulation of Eqs. (10.11), (10.12) as a promising 

candidate for what one may call a Newtonian equation for modelling the movements 
of or ganisms, in the form of a generalised LE in the comoving frame.

This theoretical framework raises some important open questions. First, both 

the bumblebee model and the OU process in the comoving frame yield turning 

angle dynamics that does not involve a first-order time derivative as proposed in
the original Eq. (10.11). Upon further scrutiny, one may argue that such a first-
order differential equation for the turning angle models a kind of ‘jerky’ angular 
acceleration that goes beyond classical Newtonian dynamics. At present, it is not 
clear whether such a higher-order modelling is needed for describing biological 
movements, or not. On the other hand, there is no reason why organismic movement 
should obey simple Newtonian-type dynamics. Second, OU dynamics in the comov-
ing frame is represented by a non-uniform turning angle distribution that reminds
of ABP II as well as by exponential speed correlations similar to APB III. Hence,
one may question whether characterising biological activity based on the existence
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of non-uniform turning angle distributions or correlations only is sufficient, as these 

properties also characterise passive OU dynamics transformed into the comoving 

frame. This asks for a more robust, general classification of active biological motion. 
Along these lines, third, OU for a passive particle exhibits fluctuation–dissipation 

relations while for an active particle, they are typically expected to be broken. It is
not clear, however, how fluctuation–dissipation relations look like for dynamics in
a comoving frame. These appear to be important theoretical questions that require
further investigation.

10.5 Conclusions 

The LE provides a powerful paradigm, which has been widely used across 
different fields of science. Originally formulated to model the Brownian motion 

of a tracer in a fluid, this concept has been successfully applied i n terms of
geometric Brownian motion to economics and, more recently, to climate science for
modelling the temperature of the Earth [71]. Here we argue that it may be similarly 

promising to apply a suitably generalised LE for modelling and understanding 

the movements of organisms. In order to do so, we combined key concepts and 

ideas extracted from movement ecology, active matter and anomalous diffusion. 
We first demonstrated that a very simplistic application of Langevin dynamics in 

terms of a generalised overdamped LE formulated in the Cartesian frame already 

proves useful to describe experimental results for foraging bumblebees, migrating 

cells and swimming sea turtles. In all these cases, the resulting LEs constructed 

from data contained specific features of ABPs, partially together with properties 
of anomalous diffusion. We then showed that a more general, and biophysically 

more meaningful, formulation of generalised Langevin dynamics can be achieved 

by using the comoving frame. Working out this idea for bumblebee flights we 

constructed a generalised underdamped LE from data in the comoving frame, 
combining the characteristic features of all three ABP models discussed before. We 

also outlined an application of this f ramework to a recent experiment synthetically
generating anomalous diffusion. Theoretically, we illustrated this formalism by
transforming the Markovian OU process defined in the Cartesian frame into a
new set of stochastic equations defined self-consistently in the comoving frame.
Whether the transformation of known stochastic processes from the Cartesian into
the comoving frame is generally the right way to study organismic movement
may be questioned. Rather, it looks as if this theoretical framework asks for a
formulation, and study, of novel stochastic processes specifically defined in the
comoving frame. Our central result is the generalised LE in the comoving frame
Eqs. (10.11), (10.12), already put forward in Ref. [33], which we advertise as a 

promising approach to model the movements of organisms. This equation asks to 

be tested experimentally for movements o f other organisms and laboratory-based
studies with synthetic active matter (e.g., active colloids [68]). Such experiments 
can help to identify and formulate generic, potentially new stochastic processes for
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explaining other observed dynamics. The proposed theoretical framework, in turn, 
poses interesting new mathematical problems in terms of formulating s tochastic
processes in the comoving frame by studying their statistical physical properties.

In view of a biological meaning, the theory that we put forward here may relate 

in some sense to the work by Uexküll [72]. Along similar lines, the Cartesian and 

the comoving frames that we identified as being intimately associated with different 
representations of stochastic dynamics for modelling organismic mov ement may
have direct biological interpretations in terms of what is called allocentric and
egocentric reference frames [73]. The interplay between these two frames is in 

turn very important for understanding organismic navigation strategies like path
integration [73, 74]. Interestingly, recent research provides evidence that these two 

different, biologically highly relevant frames are linked on a neural level i n the brain
of organisms to specific neurons called place and grid cells [74]. 

Finally, apart from movement ecology, active matter and anomalous diffusion, 
strictly speaking, another fourth research area comes into play within this frame-
work, which is nonlinear dynamics. This is most easily seen in the ABP model 
I, which employs potentially nonlinear friction coefficients. More recently, there
have been speculations about the origin of specific organismic movement patterns
by nonlinear oscillatory dynamics in the brain [75, 76]. Along all these lines, the 

door seems wide open for new research to model and understand the movements of
organisms from first principles.
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