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We investigate diffusion in a two-dimensional inverted soft Lorentz gas, where attractive Fermi-type potential
wells are arranged in a triangular lattice. This configuration contrasts with earlier studies of soft Lorentz
gases involving repulsive scatterers. By systematically varying the gap width and softness of the potential,
we explore a rich landscape of diffusive behaviors. We present numerical simulations of the mean-squared
displacement and compute diffusion coefficients, identifying tonguelike structures in parameter space associated
with quasiballistic transport. Furthermore, we develop an extension to the Machta-Zwanzig approximation that
incorporates correlated multihop trajectories, and we correct for the influence of localized periodic orbits. Our
findings highlight the qualitative and quantitative differences between inverted and repulsive soft Lorentz gases,
and they offer new insights into transport phenomena in smooth periodic potentials.
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I. INTRODUCTION

Over the past two decades, two-dimensional (2D) materials
have revolutionized condensed-matter physics by enabling the
exploration of quantum phenomena in systems with reduced
dimensionality [1]. In small-scale electronic systems, where
only a few degrees of freedom play a role, transport often
occurs far from equilibrium and exhibits nonlinear, sometimes
chaotic, behavior. This gives rise to striking effects such as
branched electron flow [2—4] and anomalous diffusion [5-8],
where particle motion deviates from classical expectations.

To explore these transport phenomena, the Lorentz gas
[9-11] is often employed as a model to describe a single
particle moving through a fixed array of scatterers. This sim-
ple framework has become fundamental for studying complex
dynamical behavior, including energy dissipation, sensitivity
to initial conditions, and manifestations of chaos [12,13].
A more realistic variant—the “soft” Lorentz gas—replaces
the hard-wall scatterers with smooth, Fermi-type potential
profiles arranged in various geometries, such as triangular
[14] or square [15] lattices. This version is particularly well-
suited for modeling two-dimensional electronic systems such
as artificial graphene [16—19], where the underlying potential
landscape is continuous. These systems exhibit both nor-
mal and anomalous diffusion, with extreme sensitivity to the
model parameters [14,15].

In this work, we investigate the inverted soft Lorentz gas,
in which the repulsive potential bumps are replaced by at-
tractive potential wells—similar to the experimental setup
described in Ref. [20]. Moreover, triangular optical lattices
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with tunable potential landscapes have already been realized
with ultracold atoms [21], further underlining the potential ex-
perimental relevance of our model. This modification leads to
markedly different system behavior compared to the conven-
tional square or triangular lattices with repulsive scatterers.
In particular, our inverted setup exhibits an infinite horizon
for all parameter regimes where particles possess enough
energy to escape the wells and travel to infinity [22-24]. In
soft-potential systems, variations in the potential landscape
cause speed fluctuations along trajectories, leading to com-
plex dynamics and regular structures in phase space [25-27].
An infinite horizon complicates analysis further; in hard-
wall two-dimensional systems, it rules out normal diffusion
[9-11], while in higher dimensions the situation is more
complicated [24]. In soft systems, such horizons similarly
challenge conventional diffusion approximations. In particu-
lar, the Machta-Zwanzig (MZ) approximation, which assumes
uncorrelated hops between unit cells [22], breaks down in
infinite-horizon lattices where normal diffusion is ill-defined
[15]. The main assumption behind the MZ approximation is
that hops between traps are uncorrelated. In infinite horizon
lattices, however, channels appear leading to particle move-
ment along straight lines across (infinitely) many traps. This
prevents randomization in each trap, which leads to non-
Markovian correlations in the dynamics.

Building on previous work by some of the present authors
[15], we employ an approximation that explicitly incorpo-
rates correlations between transitions across unit cells. This
approach is benchmarked against both the conventional MZ
approximation and numerical computations of the diffusion
coefficient, with additional corrections introduced to account
for the influence of confined orbits (COs) [28] which are
confined in a single potential well. An important subset of
these orbits are the localized periodic orbits (LPOs), which
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FIG. 1. Two-dimensional representation of the potential wells of
the inverted triangular soft Lorentz gas. The parallelepiped represents
the unit cell employed in the simulations, and the dashed line inside
this unit cell shows the Poincaré surface of section (PSOS). The
dotted line indicates an example of an infinite horizon in the system.
The dashed vertical line represents the cross-section depicted in the
inset. In the inset, the dashed horizontal blue line represents the
constant energy, E = 1/2. L represents the length of the side of the
unit cell, and H is its height.

are regular in addition to confinement. Our results reveal qual-
itative similarities with soft Lorentz gases on triangular and
square lattices, including the emergence of both normal and
anomalous diffusion and a pronounced sensitivity to model
parameters. Nonetheless, the specific form of the potential in-
troduces key differences that significantly impact the accuracy
of various approximation methods.

This paper is organized as follows. In Sec. II, we introduce
the numerical scheme utilized in the simulations. In Sec. III,
we discuss the diffusive properties of the system as a function
of system parameters and introduce the approximations we
use. We present our results in Sec. IV, and we conclude the
article in Sec. V.

II. MODEL AND METHODOLOGY

Our inverted soft Lorentz gas is defined as a triangular
arrangement of circular potential wells (see Fig. 1), modeled
with a smooth Fermi potential

Vo

Vi) = —————,
O e ()

ey
where rg is the effective radius of each potential well, and
o is a softening parameter. In the lattice, the total potential
affecting a particle is calculated as

V) =Vo+ Y Ve —r), )

where r,, is the location of the center of the nth potential well,
and the “+V,,” ensures that the potential is above zero in the
parameter space in which we are interested. For simplicity,
we choose Vy = 1. In Hartree atomic units (ro = m = 1),
we set the total energy of the particle to £ = 1/2. As the

potential height is at most 1, we expect this energy choice to
be representative of the dynamics in parameter space where
the particles can cross between potential wells but cannot
move entirely freely in the space. In the present work, we
therefore varied only the gap width w and the softness pa-
rameter o to access different dynamical regimes. We note,
however, that varying the particle energy can also modify
these regimes; see Ref. [29] for a detailed study. Furthermore,
we define the unit-cell side length as L, given by L = 2ry + w,
where w is the gap width between potential wells.
We study the 2D diffusion coefficient D, given by

_ 2
D= lim (lr@) —r(0)] )’
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with the angular brackets denoting a configurational ensemble
average, forming the mean-squared displacement (MSD) as
([r(t) — r(0)]?). Here, r(t) refers to the position of a parti-
cle at time 7. We note that Eq. (3) is only valid for normal
diffusion where the MSD grows linearly in time. Anoma-
lous diffusion—superdiffusion and subdiffusion—is obtained
when MSD o t* with o > 1 and « < 1, respectively. The
main sources of anomalous diffusion are COs, LPOs, and
quasiballistic orbits. We define quasiballistic orbits as regu-
lar trajectories that propagate infinitely toward one direction.
However, we note that they may display periodic small-scale
features along the way (see Fig. 8 below).

For computing the D with Eq. (3), we require a sufficiently
large ensemble of simulations. For this purpose, we employ
the Bill2D software package [30]. We utilize the sixth-order
symplectic integrator [31] with a time step of At = 1073,
as this combination has been shown to produce the most
accurate conservation of energy within the parameter space
in our simulations [15]. To accurately compute the potential
values affecting a particle, we form a 3-by-3 unit-cell grid and
place the particle in the centermost unit cell. Unless otherwise
specified, as the invariant density of the system is not known,
we randomize the initial positions and propagation angles of
the particles uniformly according to the energetically allowed
phase space determined by the constant energy E = 1/2.

III. THEORETICAL PREDICTIONS

We begin by exploring the parameter space to identify the
regions where diffusion is expected to occur, followed by
the introduction of analytical approximations for the diffusion
coefficient D.

A. Parameter space

Due to the inverted nature of the potential, which is now
characterized by attractive wells rather than repulsive bumps,
the relevant regions of parameter space differ notably from
those encountered in conventional Lorentz gas setups. This
distinction is illustrated in Fig. 1. We can deduce that as a
function of the gap width w and system softness o, several
regions of differing behavior appear. First, when the potentials
are far away from each other (large w) and/or the potential
walls are hard (small o), particles become confined within
individual wells. In this limit, the system effectively behaves
as a set of isolated soft circular billiards slightly perturbed by
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FIG. 2. Parameter space highlighting regions of different dy-
namical behavior. The vertical cross sections marked with dotted
white and dashed black lines denote further analysis shown in
Figs. 3(a) and 3(b), respectively. The horizontal cross section marked
with a dashed line denotes analysis presented in Fig. 4.

the surrounding wells, and exhibits no diffusion. While we
are not aware of direct studies of this specific configuration,
Ref. [32] notes that soft elliptical billiards with low eccen-
tricity lack a stochastic layer, which suggests the absence
of chaotic dynamics. However, while not utilizing the exact
Fermi potential, Ref. [33] suggests that even billiards with soft
walls might exhibit chaos.

As the wells get closer together or the system be-
comes softer, the particles can eventually move between
wells through the saddle points, which is seen in the cross-
section shown in the inset of Fig. 1. We can obtain an
approximative equation for this limit by considering two ad-
jacent potential wells. We obtain a condition

l W
21n (H£) © 2In(3)’
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g
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which is shown as the bottom diagonal line in Fig. 2. Ad-
ditionally, we notice that this system has an infinite horizon
for all system configurations, for which the particle can move
between the potential wells. One example of these horizons is
shown as the dotted line in Fig. 1.

As the wells get closer together or the potential becomes
softer, the maxima of the potential decrease, eventually be-
coming lower than the total energy of the particle (E = 1/2).
This scenario cannot be realized in a repulsive bump system
with Fermi-type scatterers by varying only the parameters w
and o. In contrast, the potential well configuration considered
here enables access to a broader range of dynamical behaviors
through parameter tuning alone. We can obtain an approx-
imate condition for this limit by considering the effects of
three potential wells arranged in a triangular configuration,
resulting in

>2f—3+ﬁw

7~ T3 M) ©®)

This limit is denoted with the upper line in Fig. 2. This
figure also includes two dashed lines and one dotted line,
representing areas of further analysis discussed in Sec. IV A.
These areas were selected as representative slices through var-
ious parameter space structures further discussed in Sec. IV B.

B. Approximations for D

Several analytical approaches have been developed to es-
timate the diffusion coefficient D in the conventional Lorentz
gas, as detailed in Refs. [10,11,22,23,34-38]. Many of these
methods are based on random-walk models coupled with dif-
fusive assumptions, expressing D in terms of the scatterer
density. In this work, we focus on two specific approaches:
the standard MZ approximation and an extended version that
incorporates hopping paths of length n, thereby capturing
correlations between successive transitions between traps.

Although the lattice is now inverted, the underlying logic
of the MZ approximation [22] is applicable by associating
diffusion with random hopping between neighboring traps. In
this context, a trap refers to a single potential well, which has
six possible exit directions corresponding to the surrounding
lattice geometry. By the phase space argument, the mean
residence time within a trap is approximately

Q

TR —, (6)
w

where €2 is the total allowed phase space volume within the
trap, and w is the exiting phase space flux from the trap.
Integrating over both velocity and position spaces gives

Q=2m / v(r)dr = 271Atmp(v(r))lmp, (7
V(r<E

where v(r) = +/2[E — V (r)] is the magnitude of the velocity
obtained from the conservation of energy E, Ay is the area of
the trap, and (v(r)) ., is the average magnitude of the velocity
within the trap. As we defined the trap to be a single potential
well, we now have six exits, and through symmetry we obtain

L
w= 6f f v(y)? cos 6 d6 dy ®)
VOSE J—37

- 12«lexit(v(r)2)exit7 (9)

where V (y) and v(y) are evaluated at r = (rg, ¥), lexic 1S the
length of the exit, and (v(r)?).y; is the mean-squared magni-
tude of the velocity within the exit. Note that the integrand
represents the velocity-space density multiplied by the dot
product of the velocity vector and the outward-pointing unit
normal of the exit. This yields the outward phase-space flux at
position x in direction 8, and the total flux upon integration.

Finally, we substitute our values into the MZ diffusion
coefficient approximation, and we obtain

12 _ 3(2}’() + w)zlexil(v(r)z)exil
4t znAtrap(v(r»trap

DMZ,soft = s (10)
where the distance between traps [ is equal to the lattice
spacing. No analytical solutions for Ayap, lexic Or the averages
can be obtained, but they can be computed numerically.

In the following, we adopt the hopping model introduced in
Ref. [15] to derive a more accurate expression for the diffusion
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coefficient. In this approach, trap-hopping sequences of length
n are considered, and the diffusion coefficient D is computed
based on the lengths and durations of these paths, weighted
by their respective probabilities. Each hop is defined as an
exit from a trap in a specific absolute direction. Our trap has
six exits, and we define H = {\, 7, =, \, /, <} as the
alphabet of possible hopping directions. The direction of the
ith hop is denoted with A; € H, and we can determine the
displacement vector of a path AjA,--- A, as

RAL-A) =) pa, (11)
i=1

where

N R VAR

1/2 —1/2 ~1
I AR A

are the unit hopping vectors between adjacent traps. We
denote the squared displacement of a hopping path as
R*(A,---A,), where the square implies the vector dot
product. The time-dependent diffusion coefficient is then
computed by summing over all possible n-step hopping paths,
each weighted by its probability. Since the residence time
varies between paths, we account for path-dependent dura-
tions explicitly. This formulation implicitly assumes that the
MSD of any individual n-hop path scales linearly with time
over the duration of those » hops. Finally, we obtain

3 P(AL - ADR* (A -+ Ay)
(A Ay)

. (13

h P
n-hop
Dy = 4

Permutations
1Ay

where p(A;---A,) is the probability of a certain path, and
T(Ay---A,) is the time taken by the path. The sum runs over
all unique hopping paths of length n, and the resulting ap-
proximation for the diffusion coefficient is denoted by DK&;OP .
Since no analytical expressions are available, the probabilities
and residence times are estimated from simulation data.

However, this hopping model excludes trajectories that re-
main confined within a single potential well—including some
of the LPOs—as they do not contribute to hopping sequences.
To correct for their effect, we can derive a correction term
starting from the MSD. Denoting the number of nonconfined
trajectories as N and the number of COs as n, and assuming
that the contribution of the COs to the MSD is zero, the MSD
can be written as

[X"r@) = r©1] + 1 x0
N+n

where the sum runs over all nonconfined trajectories. We note

that the MSD calculated in Eq. (14) corresponds to the MSD

of the numerical diffusion coefficient calculations. However,

if we only consider the nonconfined trajectories in the MSD

calculation, we have

MSD =

; (14)

S Nr(r) — rO)?

MSDnon—CO = N (15)
This is the MSD that is implicitly utilized while computing
Dy
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FIG. 3. (a) Fractional area of regular motion in the Poincaré
surface of section (PSOS) as a function of o at w = 0.1013.
Chaotic dynamics is detected with the O-1 test for chaos [39—41].
The system exhibits chaos even before the particles can escape
the potential wells. Below o = 0.025, the system is fully regular,
and the discrepancies are caused by the false positives of the al-
gorithm. The analyzed parameter space is marked in Fig. 2 as a
white dotted vertical line. (b) Diffusion coefficient as a function
of o at w =0.1013. In the gray areas, the diffusion coefficient
is not defined due to the presence of quasiballistic orbits. The
analyzed parameter space is marked in Fig. 2 as a black dashed
vertical line.

If we now divide Egs. (14) and (15), we can obtain a
correction term

MSD N n
= =1- =1-—pco, (16)
MSD,on-co N+n N+n
where we define pco as the fraction of confined orbits, ob-
tained through simulations.
By applying this correction term, we can define a CO-
corrected approximation as

Diizto = (1 = pco)Dyz ™. (17)

Furthermore, we can remove the effect of COs from the nu-
merical diffusion coefficient by dividing it by our correction
term, which we denote with D¢o.

IV. RESULTS

A. Diffusion coefficient

We examine the diffusion coefficient as a function of
both w and o. In Fig. 3(a), we focus on the system’s chaotic
behavior prior to reaching the diffusive regime, which is
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FIG. 4. Diffusion coefficient D as a function of gap width w at o = 0.0989 (thick, black, uniform line). The Machta-Zwanzig approxima-
tion is presented as the dash-dotted line, and the hopping model approximations [Eq. (13)] are presented as colored lines. The dashed lines
represent CO-corrected values [Eq. (17)], and the dotted line denotes the corrected diffusion coefficient. The gray stripes indicate parameter
areas with quasiballistic trajectories. The analyzed parameter space is included in Fig. 2 as a black dashed horizontal line.

marked by the dashed vertical line. For this analysis, we
used an ensemble of N = 3000 trajectories with a maximum
simulation time of 7 = 5000. The figure shows, as a function
of o at w = 0.1013, the relative fraction of the accessible
area in the Poincaré surface of section (PSOS) that is
occupied by regular trajectories, as identified using the
0-1 test for chaos [39—41]. We have defined our PSOS as
the main diagonal of a parallelepiped unit cell as shown
in Fig. 1.

Our results indicate that chaotic behavior begins to emerge
well before the onset of diffusion, at around o ~ 0.025. Be-
low this threshold, the PSOS appears entirely regular, which
we confirmed through visual inspection. Minor discrepancies
in the figure are attributed to false positives produced by the
0-1 chaos detection algorithm [42].

In Fig. 3(b) we present the diffusion coefficient as a func-
tion of system softness o at w = 0.1013. In these simulations,
N =40000 and T = 40000 for each value of o. We note
that the diffusion coefficient has a complex dependency on the
system parameters. Overall, it tends to increase with growing
softness, as this leads to wider and shallower gaps between
potential wells, facilitating particle transport. Notably, there
are broad regions in parameter space where the diffusion
coefficient is undefined due to the emergence of anomalous
diffusion, caused by quasiballistic trajectories that violate the
assumptions of normal diffusive behavior. These areas are
marked with gray in the figure.

In Fig. 4, the diffusion coefficient is presented as a function
of w for o = 0.0989. Once again, D is a complex function
of w. In the simulations, N = T = 40000. Overall, as the

spacing between wells increases, the diffusion coefficient
tends to decline. This is caused by the narrowing gap where
the particles can escape the well. Just before w = 0.22, the
gap closes, preventing any further diffusion. Furthermore,
several gray regions indicate parameter ranges where D is
undefined due to the presence of quasiballistic trajectories
that give rise to anomalous diffusion.

In Fig. 4, we also present Dyz as a dash-dotted line,
and note that it underestimates the diffusion coefficient even
though the onset of diffusion is captured. Moreover, we
present DK,EOP for several values of n as colored lines. Increas-
ing the number of hops generally increases the value of the
approximate diffusion coefficient. However, the approxima-
tion overshoots the actual diffusion coefficient, at least partly
caused by the numerous COs in the lattice. When applying the
correction in Eq. (17), presented as colored dashed lines, we
see that the approximation becomes closer to the actual value
of D, especially between w = 0.17 and 0.22. We can also
apply similar corrections to the computed diffusion coefficient
by removing COs from the calculations. This result is shown
as a dotted line in Fig. 4. Now, the corrected diffusion coef-
ficient is close to the approximated value, especially between
w = 0.17 and 0.22.

However, despite correcting for COs, a slight disagree-
ment between the numerical diffusion coefficient and the
approximation remains. This is likely related to the complex
phase-space structure with localized orbits, which hinders pre-
cise convergence. Thus, the approximation captures only the
qualitative behavior, and the exact cause of the discrepancy is
left for future work.

044217-5



TOIVONEN, MAJANIEMI, KLAGES, AND RASANEN

PHYSICAL REVIEW E 112, 044217 (2025)

PB, PLPO
107 107* 107* 1072 107% 10°

0.15

©0.10

0.05

—-= Free motion limit

= Diffusion limit
0.00 += T T T T T

0.20

0.15 1

0.05
—-= Free motion limit
------ Diffusion limit

* T T T T
0.00 0.05 0.10 0.15 0.20 0.25 0.30
w

FIG. 5. (a) Density of quasiballistic trajectories (o) in the
parameter space of the inverted triangular soft Lorentz gas, character-
ized by a tonguelike structure inside a lagoon without quasiballistic
trajectories. The dashed vertical and horizontal lines refer to the
parameter areas studied in Figs. 3(b) and 4, respectively. (b) Density
of localized periodic orbits (pLpo) over the parameter space. LPOs
are ubiquitous over almost the whole parameter space. The diffusion
and free motion limits correspond to the lines in Fig. 2.

B. Parameter space

First, we study the proportion of quasiballistic trajecto-
ries (pp) in Fig. 5(a). In these simulations, N = 100000 and
T = 1000. The dashed and dotted lines represent the free
movement and diffusion thresholds, respectively, cf. Fig. 2.
We did not conduct simulations in the white region at the
top of the figure, as particles can move freely there, making
the dynamics trivial from a diffusive perspective. Similarly,
simulations were omitted below the threshold where particles
are unable to escape the wells, since diffusion is entirely
suppressed in that regime.

We notice that the quasiballistic trajectories of Fig. 5(a)
form similar tongue structures compared to earlier studies
[14,15]. However, we see nonballistic motion only in the
lagoonlike area shown in the figure. Further simulations with
larger values of w revealed only more ballistic motion. More-
over, several of the tongues are relatively thin, suggesting
that even more simulations are needed to fully characterize

FIG. 6. Example of a bifurcation visible in the Poincaré sur-
face of section as w is varied, ranging from 0.0455 to 0.0543 at
o ~ 0.0763. The KAM island corresponds to LPOs.

the behavior of the system in the parameter space. In the
area where the particles cannot escape the potential well, no
diffusion occurs and therefore also no quasiballistic motion is
observed.

The quasiballistic orbits and LPOs in Fig. 5 have been ex-
tracted with the following scheme: First, the distance traveled
by a particle was detrended with a linear fit. Then, the standard
deviation of the detrended time series was calculated. Trajec-
tories with a standard deviation less than 1 were classified
as periodic. Quasiballistic and localized orbits were further
distinguished based on the maximum distance traveled, using
a threshold value of 25.

Next, we examine the structures formed by LPOs within
the parameter space shown in Fig. 5(b) as a proportion of
LPOs (pLpo). As before, simulations were not performed in
the top-left and bottom regions of the figure. First, we observe
that these orbits are widespread across the entire simulated
parameter space, with no tonguelike structures. However, a
small region appears to be free of LPOs, located at small
values of w and relatively high values of o (around 0.1).

When summing the densities of quasiballistic orbits and
LPOs together, we find that regularity is present everywhere
in the parameter space even though there are areas without
quasiballistic orbits or LPOs. There is a small area where the
density of regular trajectories seems to vanish. This is related
to a bifurcation where a KAM island consisting of LPOs is
flipped, as shown in Fig. 6. The s and v| axes refer to the
distance along the diagonal of the parallelepiped at the time of
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FIG. 7. Examples of the rich selection of localized periodic orbits (LPOs) present in the inverted triangular soft Lorentz gas. (a)—(e), (0)
LPOs spanning a couple of potential wells. (f)-(m) LPOs confined in a single well. (n), (p) Extremely complex LPOs traveling through six and

seven potential wells.

crossing and the velocity component parallel to the diagonal,
respectively.

C. Example trajectories

In Fig. 7, we present some examples of LPOs present
in the system. We observe a diverse range of LPOs, from
trajectories confined to a single potential well, as illustrated
in Figs. 7(f)-7(m), to those spanning a few neighboring wells,
shown in Figs. 7(a)-7(e) and 7(0). Additionally, we identify
highly intricate orbits that traverse multiple wells across the
lattice, exemplified in Figs. 7(n) and 7(p). We simulated these

trajectories to a maximum time of 40 000, confirming the ro-
bustness of our algorithms and the stability of the trajectories.

For the single-well LPOs, we find trajectories with dif-
ferent winding numbers and shapes. First of all, we have a
linelike trajectory in Fig. 7(f). Furthermore, in Fig. 7(h) we
present a triangular-like trajectory. Finally, in Figs. 7(i)—7(m)
we show trajectories with increasingly high winding numbers.

For the more complex LPOs, we present a simple three-
pronged example in Fig. 7(e), with a larger similar example
in Fig. 7(c). In Fig. 7(d), the components of the trajectory
are similar, however due to the crossing in the centermost
potential well, the shape is no longer triangular. In Figs. 7(a),

044217-7



TOIVONEN, MAJANIEMI, KLAGES, AND RASANEN

PHYSICAL REVIEW E 112, 044217 (2025)

4 . J
T S A S S S _‘-A_A_A-A-A
w ~ 0.157, 0 = 0.0989 4 4Q 4 |w =~ 0.184, o = 0.0989 (d)
L  J v

W
L VA 4

WAV
L A2 4

rAvA'A

~ 0.200, o = 0.0989 (€)

-

FIG. 8. Examples of the quasiballistic trajectories found in the
inverted triangular soft Lorentz gas, ranging from simple straight
lines in (f) to complex intermediate shapes between (a)—(e).

7(b), and 7(0), we present some multiwell LPOs which look
like precursors to Fig. 7(n), especially the one in Fig. 7(a).

Finally, for extremely long periods, we present the LPOs in
Figs. 7(n) and 7(p). These complex trajectories in Figs. 7(n)
and 7(p) reached over 300 periods during the simulation time,
confirming their periodicity and affirming the numerical sta-
bility of our propagation code.

Some examples of quasiballistic orbits are presented in
Fig. 8. We find trajectories ranging from simple straight lines
[Fig. 8(f)] to complex intermediate shapes [Fig. 8(e)]

V. CONCLUSIONS

In this work, we have investigated the diffusion proper-
ties of an inverted triangular soft Lorentz gas, combining
analytical modeling with numerical simulations under system-
atic variation of key parameters. Compared to systems with

repulsive bumps, this inverted configuration allows for richer
control over particle transport, as free motion can be achieved
through system parameter tuning without changing the energy
of the particle.

Building on our earlier hopping model for approximating
the diffusion coefficient, we introduced a refined version that
accounts for the influence of confined orbits (COs). This
correction is essential, as COs are abundant across nearly all
regions of the parameter space in the inverted system. The im-
proved model significantly reduces the discrepancy between
predictions and numerical results for the diffusion coefficient.

Our results reveal that anomalous diffusion, particularly
associated with localized periodic orbits, is widespread and
exhibits a rich spectrum of dynamical behavior. We observed
trajectory types ranging from those confined within a single
potential well to highly complex orbits traversing multiple
wells. In addition, quasiballistic trajectories form intricate,
tonguelike structures in parameter space, signaling complex
transport regimes that challenge standard diffusion theory.

Importantly, we found that the system exhibits chaotic
dynamics even before the onset of diffusion, driven by the
coupling between adjacent potential wells. This suggests that
signatures of chaos may emerge earlier than expected in sys-
tems with soft, smooth potentials—as suggested in Ref. [33].

From a broader perspective, this model system is timely
and relevant in light of recent advances in fabricating two-
dimensional materials with engineered potential landscapes,
such as those designed for nanoparticle trapping or electron
transport in artificial graphene. Our work thus contributes
to the growing theoretical foundation needed to understand
diffusion in such tailored soft-matter and quantum systems.
By refining and applying our hopping-based framework, we
provide new tools for characterizing complex transport phe-
nomena in smooth, structured potentials, hopefully opening
avenues for both classical and quantum applications.
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