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Abstract

Chaotic dynamical systems are often characterised by a positive Lyapunov exponent, which signi-
fies an exponential rate of separation of nearby trajectories. However, in a wide range of so-called
weakly chaotic systems, the separation of nearby trajectories is sub-exponential in time, and the
Lyapunov exponent vanishes. When a hole is introduced in chaotic systems, the positive Lyapunov
exponents on the system’s fractal repeller can be related to the generation of metric entropy and
the escape rate from the system. The escape rate, in turn, links these two chaos properties to
important statistical-physical quantities like the diffusion coefficient. However, no suitable gener-
alisation of this escape rate formalism exists for weakly chaotic systems. In our paper we show that
in a paradigmatic one-dimensional weakly chaotic iterated map, the Pomeau—Manneville map, a
generalisation of its Lyapunov exponent (which we call ‘stretching’) is completely suppressed in
the presence of a hole. This reflects the collapse of the invariant measure onto the fixed point. Our
result is based on numerical evidence and a corresponding stochastic model. The correspondence
between map and model is tested via a related partially absorbing map. We examine the structure
of the map’s fractal repeller, which we reconstruct via a simple algorithm. We also examine the
generation of entropy in the open map, which is shown to be consistent with the collapsed stretch-
ing. As a result, we conclude that no suitable generalisation of the escape rate formalism to weakly
chaotic systems can exist.

1. Introduction

Dynamical systems in nature are typically not isolated, or closed, but instead are open, fostering complex
interactions with their environments by exchanging matter, heat, or information [1]. Stochastic theory
models these situations by supplementing a given stochastic dynamics with appropriate boundary con-
ditions, which for open systems are absorbing boundaries. This setting yields paradigmatic scenarios like
first passage problems [2, 3], for which there exist famous mathematical results like the Sparre Andersen
theorem [4]. First passage problems have in turn wide applications across all fields of science, as in cold
atoms, chemical reactions, climate, foraging, finance, and computer science [5-9].

However, open systems have not only been studied by stochastic methods but also in deterministic
dynamical systems theory [10-13]. Prominent open chaotic dynamical systems that have been invest-
igated experimentally are ultracold atoms, confined by beams of light to pre-defined geometries with a
hole on the boundary through which particles can escape [14, 15]. These open Hamiltonian dynamical
systems have also been studied theoretically, leading to the prediction of universal laws for their escape
dynamics [16—18]. Simplified versions of open deterministic dynamics are in turn amenable to proofs of
particular mathematical ergodic and dynamical systems properties [19-21].
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Another layer of results was added to the field of open dynamical systems at the beginning of the
1990s, when stochastic and deterministic approaches were combined within the framework of nonequi-
librium statistical physics by means of the escape rate formalism to transport [22-24], explaining the
origin of irreversible transport in time-reversible deterministic dynamical systems by the chaotic and
fractal properties of their associated nonequilibrium steady states [10, 25-27]. However, this approach
only worked for well-behaved types of stochastic and deterministic dynamics, namely ones exhibting
‘normal’ transport properties like Brownian motion-type diffusion, where the mean square displacement
of an ensemble of particles grows linearly in time. In the stochastic world normal diffusion is typically
generated by Markovian, Gaussian dynamics like simple random walks, Wiener or Ornstein—Uhlenbeck
processes [28-30]. These processes can be related by probabilistic coarse graining [31] to deterministic
dynamical systems that are ‘chaotic’ in the sense of exhibiting a positive Lyapunov exponent, which
for sake of clarity in the following we denote as ‘strongly chaotic’. Strongly chaotic dynamical systems
typically generate normal diffusion in suitable settings [10, 25, 27]. But it is well-known that there
are other dynamical systems displaying irregular dynamics characterised by zero Lyapunov exponents,
called weakly chaotic [27, 32-35]. Widely studied examples are polygonal billiards [27, 36] and Pomeau—
Manneville maps, where the latter have been introduced to model intermittency in turbulence [37-39].
These types of dynamics correspond in a probabilistic description to more non-trivial, non-Markovian
and/or non-Gaussian stochastic processes like Lévy flights and walks [40], fractional Brownian motion
[41], or continuous time random walks [42], to just name a few generic examples. All these determ-
inistic and stochastic processes generate what became known as anomalous diffusion, where the mean
square displacement grows nonlinearly in time, either sub- or superdiffusively (corresponding to a sub-
or superlinear spreading of particles with time, respectively) [43-46].

Characterising these different types of dynamics by their escape properties if systems are open on
bounded domains, it was found that for strongly chaotic dynamics, (respectively, Markovian, Gaussian
stochastic processes), the number of particles typically decays exponentially in time [10, 25, 27, 47, 48],
while for weakly chaotic dynamics, (respectively, non-Markovian, non-Gaussian stochastic processes),
particle escape often exhibits power-law decay [16—18, 32]. Importantly, for hyperbolic dynamical sys-
tems, an escape rate formula could be derived expressing the exponential escape rate in terms of the dif-
ference between the positive Lyapunov exponents and the metric entropy on the emerging fractal repeller
[49-51]. This result is in turn a generalisation of the famous Pesin identity, which holds for strongly
chaotic closed dynamical systems [10, 25, 52, 53]. That strongly chaotic open dynamics exhibits the same
type of escape as corresponding Markovian Gaussian open stochastic systems furnishes in turn a crucial
link between this escape rate formula and transport coefficients in nonequilibrium steady states, such as
diffusion coefficients, viscosities, conductivities and chemical reaction rates [10, 22-25, 27, 53], substanti-
ating the escape rate formalism that we already mentioned above.

Along these lines, a long-standing fundamental open question is whether there is any generalisation
of this escape rate formalism to weakly chaotic dynamical systems [27, 35, 54]. If so, it should pave the
way to express generalised transport coefficients characterising anomalous transport in terms of corres-
ponding generalised chaos quantities assessing weak chaos [35]. The simplest systems that can be stud-
ied along these lines are time-discrete one-dimensional maps. Despite their simplicity, they have been
shown to nevertheless reproduce fundamental chaotic and statistical-physical properties as exhibited by
much more complex, realistic systems [10, 25-27, 47, 48]. An elementary example reproducing strong
chaos is the famous Bernoulli map (or: doubling map, shift map, dyadic transformation) as discussed in
textbooks [25, 47, 48, 53]. A paradigmatic generalisation, containing the Bernoulli map as a special case,
which models weakly chaotic dynamics, is the Pomeau—Manneville map referred to above. It generates
a mode of dynamics that is called intermittent, as it alternates between laminar phases, where a particle
sticks to a marginally unstable fixed point, and chaotic bursts, where a particle moves away seemingly
randomly to other parts in the phase space [35, 47, 48]. For the closed system a generalised version of
the Pesin identity could be obtained [35, 54-60]. However, results for an open version of this simple
weakly chaotic model with escape are scarce in the literature. There are rigorous mathematical results for
the parameter regime of this map where it still exhibits a positive Lyapunov exponent [61-64] but, to
our knowledge, not for the one where the Lyapunov exponent is zero.

Accordingly, the goal of our paper is to assess essential dynamical systems properties of the open
Pomeau—Manneville map, especially in the parameter region where its dynamics is weakly chaotic,
featuring a zero Lyapunov exponent. Our article is structured as follows: in order to set the scene
by providing relevant background knowledge, in section 2 we start with a brief review of the closed
Pomeau—Manneville map and its characteristic properties, which touches upon concepts of infinite
ergodic theory. In section 3 we introduce the open Pomeau—Manneville map, where we focus in particu-
lar on the spreading between nearby trajectories that is assessed by the Lyapunov exponent. However, as
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this exponent yields by definition a value of zero for subexponential spreading, we refine our approach
by instead looking at a generalisation, which we call Lyapunov ‘stretching, which corresponds to the
Birkhoff sum over all contributions to the stretching. Its time evolution yields important informa-

tion about the irregularity of trajectories, and eventually determines the Lyapunov exponent when
obtained as a time average. We calculate this key quantity numerically from simulations, and analytic-
ally through a stochastic model, and compare the results with each other. Surprisingly, we find that the
mean cumulative stretching approaches a constant value with time, instead of growing without bound

as in strongly chaotic dynamical systems, which, counterintuitively, shows that in the long-time limit
there is no dynamical instability generating irregular spreading of trajectories any more. In section 4

we compute the dynamical systems entropy production in the open map and comment on the diffi-
culty to obtain reliable, conclusive results. In this section we also assess in detail the structure of the
fractal repeller emerging in the open system. In section 5 we extend our methods to the full range of
parameters, including those exhibiting positive Lyapunov exponent as studied previously, where we con-
firm analogous results. We conclude in section 6 by commenting about the question of a generalised
escape rate formula for this system. Given our findings, the existence of such a formula is impossible, in
line with previous mathematical results [63]. We discuss the consequences of this conclusion for cross-
linking anomalous transport coefficients to weak chaos quantities by a potentially generalised escape rate
approach for weakly chaotic dynamical systems. A very brief account of the main results of this work has
been given in the conference proceedings reference [65].

2. Background

2.1. Pomeau—-Manneville map
In this paper we consider a variation on the Pomeau—Manneville map,

M(x) =x+ax* (mod1), (1)

for z>1, a> 0, generating dynamics as x,+, = M(x,) for a given initial condition x¢. In the closed map,
we typically take a=1 so that M(1~) = 1; an example is shown in figure 1. This map was first described
in [37-39] as a representation of the intermittent dynamics observed in Lorenz systems in models of
atmospheric convection currents [66]. The map is characterised by its marginally unstable fixed point at
x=0, with M’(0) = 1, whose existence is responsible for the peculiar dynamics of the map, which are
characterised by contrasting periods of chaos (when x, is away from the fixed point) and slow, laminar
motion (when x, is close to the fixed point), which define the dynamics as ‘sporadic’ or ‘intermittent’
[55, 67-70], see figure 1.

Near the fixed point, the laminar dynamics can be continuously approximated by [71-73]

dx
— =ax 2
o (2)
from which we may derive a characteristic time scale for the duration spent in the laminar phase by a
particle at position x,: if x,, is injected uniformly into the region around the fixed point, the time until

its escape is given by the density

b7

W(t) - (b+t)”+1’

>0 (3)

1

for v:= =
(Type II), Lomax, or g-exponential, and has diverging moments fooo t*w(t)dt for k > ~. Importantly, for
v < 2 (corresponding to map parameters z > %), w(t) has no finite variance, and for v < 1 (resp. z > 2),
w(t) has no finite mean. This separates the dynamics into three main dynamical regimes [55], shown in
table 1, which we must consider separately. We also show in table 1 the special case z=1 (v = 00), for
which the map is piecewise linear and uniformly hyperbolic, and for which the formula (3) no longer
holds.

The diverging moments of w(t) cause quite some problems: for z > 2, the map has no normalisable
invariant measure, but rather preserves an infinite invariant measure [35, 55, 75—77] which is no longer
normalisable. As a result, there is no convergence to a non-equilibrium steady state represented by a
true, normalisable invariant probability density, but rather a continued evolution of the map’s density
towards the infinite invariant density [59, 78]. The non-existence of steady states implies that the sys-
tem’s dynamics are susceptible to vary with time, a phenomenon known as dynamical aging [78-80],
observed in systems from the stochastic [81, 82] to the physical [83-85] and financial [86].

and b :=+y/a [67, 69-71, 73, 74]. This distribution, a power law, can be named as Pareto
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Figure 1. Left: A typical trajectory of the closed Pomeau—Manneville map as a function of n, displaying the periods of chaotic and
laminar motions which give it the descriptor ‘intermittent’. Right: The closed PM map (red), with a sample trajectory shown as a
cobweb plot (green). The line x,4; = x;, is shown for comparison (black).

Table 1. A table showing the key differences between the three main dynamical regimes of the closed Pomeau—Manneville map, and the
piecewise linear special case z=1, in terms of their important dynamical properties. In open systems the piecewise linear case is well
understood; in this paper we focus mainly on the case z > 2, but we remark upon the other two regimes in section 5.

(uniformly) strongly ~ normalisable
hyperbolic? chaotic? invariant growth of dynamical
M’ (x)| > 1 A>0 density? recurrence times quantities
z=1 (piecewise linear) 4 v 4 all moments finite exactly linear
1<z< % X v v finite mean and linear (with normal
variance fluctuations)
% <z<2 X (4 v finite mean, linear (with Lévy
diverging variance fluctuations)
z>2 X X b 4 diverging mean and non-linear (and
variance Lévy distributed)

As a result, the map is no longer ergodic [87, 88] in the sense that it no longer obeys the Birkhoff
formula [89]

n—1

%Zf(xk)%/fd,u* (n— o00), (4)

k=0

for p* the normalised invariant measure, for Lebesgue-typical xo. The failure of this relation is known to
physicists as weak ergodicity breaking [35, 79, 90, 91]. Instead, time-averaged variables remain a function
of the initial condition x; (i.e. ‘random’), and we obtain only convergence in distribution, of the form

1 n—1

— > ) % /fd/f‘ (5)

" k=0

for some sequence (a,), and some random variable £, which is Mittag—Leffler distributed with index
a € (0,1) and E[¢,] = 1. This result is known as the Aaronson-Darling-Kac theorem [35, 75, 76, 78, 92—
95]. For the Pomeau—Manneville map, (a,) grows proportionally to n” [88].

In this paper we interest ourselves in two quantities: the Lyapunov ‘stretching, which we define as
a cumulative generalisation of the Lyapunov exponent, and the generation of entropy. The Lyapunov
stretching we define as

n—1
Api=Y In|M’ (x)] (6)
k=0
from which the traditional Lyapunov exponent is recovered by
o1
A= lim —A,. (7)
n—oo 1
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Table 2. A table showing, in very broad terms, the known state of affairs for the dynamical and escape properties of open and closed
hyperbolic, non-hyperbolic and weakly chaotic dynamical systems, considering the Pomeau—Manneville map as our frame of reference.
Our work focuses mainly on the dynamical quantities of the lower-right quadrant, see [63] for escape properties and section 5 for a
discussion of dynamics in the central 1 < z < 2 regime.

strongly chaotic and unif.

hyperbolic (e.g. piecewise strongly chaotic and non- weakly chaotic
linear) hyperbolic (e.g. PM, 1 <z < 2) (e.g. PM,z>2)
closed system (no escape) Ay~n Ay ~n?
open system (escape) exponential escape, algebraic escape, (A,) ~ 777
(Au) ~ n on the fractal
repeller
1.0 1.0 T
0.8 1 0.8
0.6 1 ; 0.6 ;
: ; —
0.4 1 0.4 4
0.2 1 0.2 1
€1 o
o Az A A LA A\ Ao
0.0 : —_— — 0.0 ; : - ;
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Xn Xn

Figure 2. Left: The closed Pomeau—Manneville map shown in red for z =3, a = 1, with its corresponding Gaspard—Wang par-
tition shown in blue. The diagonal x, 41 = x,, is shown in black. Right: The open Pomeau—Manneville map for z=3, ¢, = 2

5
o= %, with its corresponding adapted Gaspard—Wang partition, with the escape region (ci,¢,) shown in grey.

We make this definition in order to generalise the Lyapunov exponent to weakly chaotic systems, namely
those for which A =0; in such systems, A, increases sublinearly [35, 54]. In the Pomeau—Manneville
map, for z<2 (i.e. v >1) we have A >0 (and thus A, ~ An), while for z>2 (i.e. ¥ < 1) we have (A,) ~
n”Y, which was conjectured in [55], shown numerically in [54, 56, 57, 59] and proven in [35, 58, 60].

This state of affairs is summarised in the first row of table 2, indicating the rate of growth of A, in
the different parameter ranges of the map. Below we outline the method used by [55] to estimate A,
applied to the closed map. We will later adapt this method to the open system, which will form the
main part of our results.

2.2. Gaspard—Wang theory
In [55], the authors defined a countable partition of the unit interval {Ag,A;,A,,...} defined by preim-
ages of the map’s branch cut, shown in figure 2. This generates a chain

A07

Ala
= Ay = A — Ag— (8)
2

whereupon each interval of the partition maps approximately uniformly onto the next, and Ay maps
bijectively onto the entire unit interval. If the map branch in each interval is linearised, as in [55, 96],
then the map preserves a uniform density within each interval. These dynamics define a countable
Markov process where the transition probabilities at the final step are determined by the relative size of
the intervals,
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P[Ag — A] ~ (k+1)77 71 (9)

In [55] the authors investigated the recurrence properties of Ap, namely, the number of visits to Ay in #
timesteps of the process, denoted by N,. The calculations are simple, emerging as a special case of results
in [97], and we have explicitly included them for the case 0 <y < I in section 1.1 of the supplementary
material, since we will use them later. The following results are obtained: if © and o are the mean and
standard deviation of the individual recurrence time in (8) (which is related to (3)), where they exist,
then

o if v>2,
n  on/?
eifl<y<2,
n nA 1
]P’[N,,}Mx<ul+7> ]%Gv(x) (11)
e if 0 <y <1,
nY

for ®(x) the cumulative distribution function of a standard normal random variable,
1
D (x) = 5 [l—kerf(x/\/iﬂ (13)

and G, (x) the cumulative distribution function of a Lévy distribution whose characteristic function is

given by
o (s) = exp{—|s|7r(1 ) [cos (”21) ~isin (”21) ;J } (14)

In general, a closed form expression for G, (x) is not known, with the exception of the case v = % [45,

98], where
/
Gl/z(x)=2{1—<1>[(27;)12]} (15)

with density function

1 5, m
p(x)= 3% 2 exp (7@) . (16)
The expected value E[N,] is shown to increase linearly with n, namely E[N,] ~ 41> in the cases covering
~>1, and algebraically in the case v < 1, with E[N,] ~ n?. This forms a central part of Gaspard and
Wang’s thesis, which is that both the Lyapunov stretching A, and the algorithmic complexity, which
relates to the Kolmogorov-Sinai entropy, are asymptotically proportional to N, since Ay and its neigh-
bouring regions of phase space are the dominant contributors to these quantities.

3. Main results
3.1. Open Pomeau—Manneville map

In this paper we consider an open variant of the Pomeau—Manneville map, also related to a map of
Liverani et al [99], which we define by

(17)

with a:= (1 —¢;)¢; * defined so that M(c;) = 1, i.e. so that both branches of the map span the inter-
val [0,1]. The interval ¢; < x < ¢, defines the ‘escape region), and trajectories which fall into this region
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are disregarded and considered to be killed. By this construction, almost all trajectories (with respect
to, say, the Lebesgue measure on xy) will eventually leave the interval, with the proportion of trajector-
ies remaining alive at time #, which we call survival probability, decaying algebraically with time, being
asymptotically proportional to n~7, with ~ := i as in (3) [54, 63]. It is not difficult to observe that
the support of those trajectories which are not killed—the ‘fractal repeller’ of the system [49-51]—
resembles a deformed Cantor set, albeit the deformity is highly non-trivial. For a trajectory with initial
condition xy we denote the time at which the trajectory escapes by tesc(xo) (hence, tesc(xg) is power-law
distributed); if xy lies on the fractal repeller then f..(x9) = co. In this paper, we take (cj,¢;) = (%, %),
although any suitable values would suffice, and from simulations we do not believe these values to be in
any way special. We also interest ourselves mainly in the dynamical regime where z > 2, and for analytic
convenience, our calculations are performed in the case z=3 (corresponding to v = %), exemplifying
this regime.

The current state of knowledge concerning the dynamics on the open system are thus summarised
in the second row of table 2. This demonstrates the exponential escape and positive Lyapunov exponent
that the piecewise linear open map is known to have, as well as the results from [54, 63] concerning the
escape rate in the non-linear (z > 1) system. reference [63] proves this result for the cases z <2 (cases for
which a finite invariant density exists in the closed system), while [54] gave numerical evidence support-
ing this in all areas, which we verified numerically. reference [63] also showed that the evolving density
in the open map conditioned on survival converges to the delta function at the marginal fixed point,
0(0); another fact which we also numerically confirm for all parameter ranges.

In this paper we are interested in identifying the Lyapunov stretching (6) in the open Pomeau—
Manneville map. In order to deal with the problem of trajectories escaping, we must condition our
ensemble averages on the survival time of the trajectory. Therefore we define

(A)r = (Ay (x0) | tesc (x0) > 1) (18)

as the Lyapunov stretching at time n (interpreted as the physical system time) conditional on the pro-
cess surviving up to time at least ¢ (interpreted as a measurement time), for 0 < n < t. Further, we are
interested in the behaviour of this quantity on trajectories on the fractal repeller, i.e. the set of trajector-
ies which never escape. This is of interest to us because of its significance in the escape rate formalism,
see section 4. This therefore motivates the reasoning that studying (A,); as we increase the measurement
time t — oo will give us some indication of the dynamics on the repeller, as the repeller is by definition
the limit set of trajectories surviving to t = oo; formally, (> {Xo | fesc(x0) > £}. Naturally, for any fixed ¢,
(A,); is an increasing function of the physical time n, with (Ag); = 0, since A, is cumulative, but a priori
it is not clear that (A,); should have any monotonic relation with t for fixed n, and in general we found
some settings in which it does not.

In our simulations, we choose to initialise our system from uniform initial conditions; however, we
expect the dynamical behaviour in general to display a strong dependence on the initial density. To give
one example, in [63] it was found that the escape rate, even in the long-time limit, is dependent on the
‘shape’ of the initial density at the marginal fixed point, if the density is singular at that point. We make
this choice principally because, due to the lack of a normalisable invariant density for the closed or open
system, there is no other natural choice of initial measure; we also generally find that the uniform dens-
ity samples all of the phase space better than a density heavily concentrated at the fixed point, and thus
in some settings it has been shown to generate better statistics in finite-time simulations [73].

Our initial numerical findings are shown in figure 3, for varying values of t ranging between t = 10?
and t = 10°. We see that as t increases, the stretching (A,); for fixed n appears to converge towards a
distinctive functional form, which increases rapidly at first but later slows and flattens out. Further, it is
unclear exactly how much this curve flattens out: whether it remains bounded as (n,f) — co, or con-
tinues to increase at some rate, for example logarithmically. Finally, we see that, towards the end of
each measurement period (i.e. as n—t), there is a systematic deviation from this functional form, in
the form of a distinctive ‘tick’ representing an increased amount of stretching. Our task in the following
sections is to understand this behaviour in full via the use of an analytic stochastic model.

3.2. Open Gaspard—Wang theory
In this section we construct a stochastic model, by generalising the Gaspard—Wang model, to explain
the flattening of the Lyapunov stretching, by demonstrating a corresponding flattening in N,,. We work
in the case z=3, 7= %, since this is the only case in the 7 < 2 regime for which we have an analytic
expression for the appropriate corresponding Lévy law G, ;(x).

From figure 2, we construct a partition similarly to in (8), where we identify the union of the escape
region and the right hand branch as Ay = (c;, 1), and define Ay, A,,... as the preiterates of this region in

7
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Figure 3. Left: In shades of blue (solid), the cumulated Lyapunov stretching (A,); computed from numerical simulations, as a
function of n, for values of t = 107, i € {2,3,4,5,6}, 0 < n < t. Simulations are averaged over an ensemble of N = 10* surviving
trajectories. In shades of red (dashed), analytic estimates to (A,) derived from the Gaspard—~Wang theory, see (21)-(22) and cor-
responding text for details. Right: In shades of blue (top), the cumulated Lyapunov stretching (A, ) incurred during complete
(dashed) and incomplete (dotted, bottom) phases of each trajectory, with the total shown in solid lines, from numerical simula-
tions. In red (below), analytic estimates of the same, derived from Gaspard—Wang theory, (see (21)-(22) and corresponding text)
with the analytically-derived ‘ticks’ (see (23) and corresponding text for details) added.

the left hand branch. Then we can construct an identical symbolic dynamics on this new countable state
space by

[esc],
AO7
Ay A s Ay Ay (19)
A27
It is evident that the transition probabilities
P[Ag — Al ~ (k+1)"7"! (20)
remain proportional to those in the closed case, but are rescaled by a factor of (1 —¢), for € := %

the probability of escape after having landed uniformly in Ag. Therefore, conditioning on trajectories
who do not escape, the relative probabilities of reinjection to Ay are equivalent to those in the closed
case; except that trajectories with many reinjections are relatively de-weighted in the ensemble, in exponential
proportion to the number of reinjections they experience: since each visit to Ay comes with a e-probability
risk of escape, denoting by N the number of visits to A, in # timesteps in the open system,

pw; (%) o< py, (x) - (1= )" = pw, (x) - exp (—vx) (21)

for v := —In(1 —€). In the supplementary material (section 1.2) this is calculated for the case v = %,
where it is revealed that E[N}] converges to a positive constant as # — 0o, with exponential fluctuations
(i.e. pn: (x) converges to an exponential distribution). In figure 3 we plot E[N;] in pale pink alongside
the numerical results for the Lyapunov stretching (A,,),.

In order to compare this result with the Lyapunov stretching observed in simulations, we estimate
the proportionality constant suggested in [55] that relates (A,) ~ C(N,,). In the supplementary material
(section 2) we roughly estimate the Lyapunov stretching incurred during a trajectory from Ay through to

Ay asymptotically by
I(k)~(v+1)Ink+0O(1). (22)

Therefore we may take as an approximate constant C := E[I(k)] with k power-law distributed according
to (9), equivalently (3) (shown in bright red in figure 3). However we may also take a more nuanced
model, for example a time-dependent model (A,) ~ C,(N,). For the remainder of this paper we use this
approach with ‘constant’ C, := E[I(k) | k < n], conditioning simply on the fact that the duration of each
completed excursion to the fixed point cannot exceed the total lifespan of the trajectory at that time (see
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Figure 4. A schematic diagram showing the separation of a typical trajectory into complete and incomplete segments. In blue: the
instantaneous rate of stretching log M’ (x,,). By estimating the ‘overhang’ period m, we may estimate the contribution incurred
during the incomplete phase.

supplementary material, section 2 for details). We see in figure 3 that this produces a curve, plotted in
dark red, very similar in shape to the results from simulations, while differing quantitatively by some
amount. This difference appears on the face of it to be approximately constant—the curious reader is
directed to section 4.2 and figure 6.

That the total stretching should flatten off so completely seems in some sense unphysical, and should
be surprising, and one may cast doubt on whether this is truly what is observed in our simulations. In
particular, we should seek a dynamical explanation of the ‘ticks’ that are observed towards the end of
each trajectory, as n approaches t. Especially, the scale of these ‘ticks’ should also remain bounded as
(n,t) = oo if the same is to be true of the stretching as a whole.

These may be explained by a more careful examination of the dynamics, which reveals a more subtle
contribution which we show in figure 4. This depicts the instantaneous ‘stretching’ logM’(x,) as a func-
tion of time n throughout several phases of a typical trajectory. Each visit to Ay corresponds to the com-
pletion of a laminar motion from Ay to Ay, which incurs some calculable amount of stretching, but
there is also an ‘incomplete’ motion which lasts from the time of the final visit to Ay, labelled 7, until
the end of the measurement time f. Since this segment of the trajectory never reaches Ay, its contribu-
tion to the stretching is not accounted for. Further, simulations reveal that typically for large ¢, this con-
tribution tends to dominate the time interval, i.e. 7 < t. Therefore it is important for us to understand
the contribution from this ‘incomplete phase’ of the trajectory.

In the supplementary material (section 3) the contribution from the incomplete phase is calculated
via a stochastic model, by estimating the time m after the end of measurement time, shown in the dia-
gram (figure 4), at which an incomplete excursion would eventually reach Ay, and from this use (22) to
calculate the contribution of the stretching within measurement time by

Iincomplete ([7—7 t]) = Icomplete ([7—7 t+ mD - Icomplete ([t7 t+ mD . (23)

Here the ‘overhang’ time m is estimated via some delicate probability theory, see supplementary mater-
ial (section 3). By this approach we discover that the contribution of the incomplete segments corres-
ponds exactly to the ‘ticks’ observed in figure 3, and converges in the theory towards a standard func-
tional form, as a function of n/#, whose height, or total contribution, is also asymptotically constant

as (n,t) — co. Adding these contributions, for varying t, to the raw E[A,] gives a very good qualitat-
ive representation of the curves (A, ), observed in simulations, see figure 3. Further, by separating our
simulation data into contributions from ‘completed’ and ‘incomplete’ phases (i.e. stretching incurred
before and after the final visit to Ag), we see evidence supporting our model: the complete contribu-
tion no longer displays ticks for large (n,t), and instead displays a smooth, flat, convergent curve; while
the incomplete contribution has a distinct repetitive functional form as predicted, which very strongly
matches our model for the incomplete component. As a result of these findings, it is now apparent that
the ‘ticks’ are rather a finite-time effect caused by the finite measurement time #, but nevertheless one
which is persistent even in the limit # — oco. Such effects might be expected to be observed in a vari-
ety of processes where the mean characteristic time between ‘events’ is infinite; it is reminiscent, for
example, of the difference between the dynamics of Lévy flights and Lévy walks, which are two related
continuous-time random walk systems, defined by propagation ‘events’ which are power-law distributed
in time, and which are differentiated from each other only by the motion of a particle between these
events [100, 101].
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4, Generalised Pesin relation

4.1. Entropy

Secondly, we concern ourselves with the generation of entropy in the open Pomeau—Manneville map.
Specifically, the Pesin relation for strongly chaotic (A > 0) closed systems, and the escape rate formal-
ism for strongly chaotic open systems, concern themselves with the Kolmogorov-Sinai entropy hgs over
trajectories on the fractal repeller, defined by

. 1
hgs == sup lim —H,, H,:=— Z .U(An,i) lnN(An,i)v (24)
A e Ani€A,

for A, the ‘refinement’ of an initial partition A = {A;} via backwards iteration [10, 25, 31, 102].
Closely related to the Kolmogorov-Sinai entropy is the algorithmic complexity of Kolmogorov and
Chaitin [102-104]: given a partition {A;} of the system’s state space, we record at each timestep n the
element of the partition into which x, falls, thus generating a sequence {w}, representing the symbolic
dynamics of the process; then the algorithmic complexity of the resulting sequence measures the min-
imum required length of a (binary) computer program s({w},) to reproduce it. For strongly chaotic
systems, the sequence w, may appear effectively random, and thus len(s({w},)) ~ len({w},) = n. For
systems with periodic or highly regular dynamics, we may obtain len(s({w},)) < n. Here we define

K(n) = (len (s ({w},)))In2, (25)

the length of the optimal encoding, with the factor of In2 converting the measurement from binary bits
to natural units, which we prefer as we define H, using the natural logarithm. It follows immediately
that the mean length of the encoding cannot be shorter than the information of the sequence itself, and
hence K(n) > H, [105-107]; further, providing that the chosen partition satisfies certain requirements
[31, 108], we get that [105, 106, 109, 110]

1
lim *K(}’l) = th. (26)
n—oo 1
For a strongly chaotic system (in one dimension) with hgg > 0, the Pesin theorem relates the entropy to
the Lyapunov exponent

A = hgs (27)

and from (26) we obtain H, ~ K(n) ~ n. For a periodic or constant sequence, we have K(n) ~ In(n).

In order to estimate the algorithmic complexity, we tested the LZ77 [111] and LZ78 [112]
algorithms, which were designed as general purpose algorithms for text compression, and the CASToRe
algorithm [113], designed to be more sensitive than LZ78 for use on dynamical systems. For a partition
we take the binary partition defined by the two branches of the map. In [54, 113-115], each of these
algorithms were used to estimate the entropy generation in some well known dynamical systems, includ-
ing the closed Pomeau—Manneville map and others. The results were found to fit well with expectations,
with K(n) ~ n”, which would indicate at a more general relation of the type

<An> ~ H, (28)

which would constitute a generalised Pesin relation. This relation was later shown for closed Pomeau—
Manneville type systems in [58, 60].

We apply this to the surviving trajectories of the open system in the same way as we did to A,
by defining K(n,t) similarly to (25), where we condition the ensemble average in that equation on
fesc(X0) = t as before. Our results for the LZ77 algorithm are shown in figure 5. However we do not find
our results to be conclusive, for the following reasons: both the LZ78 and CASToRe algorithms have an
in-built hard limit to their sensitivity, being unable to compress a binary string of length n to anything
less than O(n'/?) and O(log, n) respectively, which our simulations run firmly up against (and there-
fore our results for these algorithms are not shown); and therefore we surmise K(n) = O(logn) or less.
Meanwhile, LZ77, while less computationally efficient, does not appear to have such a hard limit by its
definition, and for this we also find K(n) ~ logn. On the other hand, we know that the complexity of a
periodic or constant sequence must also be at least K(n) ~ logn + const. [115, 116]. In practice we find
our sample trajectories to indeed be very regular, as the measurement time is dominated by the phase
of laminar motion in the left-hand branch (the ‘incomplete phase’ described above), during which no
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Figure 5. In shades of blue: the LZ77 complexity K(n,t) for t = 10', i € {2,3,4,5}, averaged over an ensemble of N = 10> surviv-
ing trajectories. Error bars at the end of each line show the standard error about the sample mean. In faded red, dashed: the line
proportional to In(n) for comparison.

‘information’ is added due to its regular dynamics. This, therefore, while not fully constituting a posit-
ive result, for us is completely consistent with a total flattening of the entropy, since we understand a
priori that this method would not be able to distinguish a total flattening from a logarithmic or sub-
logarithmic growth. This in turn would be consistent with, and potentially evidence for, the total flatten-
ing of the Lyapunov stretching, based on the form we may expect a generalised escape rate formula to
take.

4.2. Analysis of the fractal repeller
Based on our discussion above, we now turn to analyse the structure of the fractal repeller of the open
system. We would expect its structure to be extremely influential on the dynamics of the process, espe-
cially for longer measurement times, and in particular, we may be concerned that the open map restric-
ted to the repeller (which is then a closed process) may still produce some non-zero amount of stretch-
ing, which is atypical of a standard trajectory and would therefore cast doubt on the suitability of a
stochastic model.

This we approach in two ways: firstly, we compare the results from the deterministic map (17) and
the Gaspard—Wang calculations with two other systems. The first is a partially absorbing map, given by

M (x) = (29)

x—c
1—¢?

x4axt, 0<
<

(taking a and ¢; as before) which is a closed map in which the escape region is unified with the right-
hand branch, which instead becomes partially absorbing, with a particle instead being randomly ejec-
ted from the system with probability e := $="* upon each visit to the right-hand branch. Thus, surviv-
ing trajectories undergo deterministic dynamics similar to in the ordinary map (and in the model), but
the influence of the initial condition—and therefore the fractal repeller—on escape is suppressed. The
second is a purely stochastic simulation of the process defined by the open Gaspard—Wang model, based
on the model process described in figure 4: we sequentially draw recurrence times from the time distri-
bution (3) until their sum surpasses the prescribed measurement time ¢; however after each recurrence
event we kill the process with some probability ¢, after which we do not consider it. For each realisa-
tion of this process which survives until the measurement time is reached, we calculate the Lyapunov
stretching based on the sampled recurrence times via (22) and (23) (for complete and incomplete phases
respectively). This therefore simulates precisely the stochastic setup defined by the open Gaspard—Wang
model, and is unaffected by any potential artefacts, deviations or subtleties arising from the deterministic
dynamics. In both cases we find results which qualitatively match those from the map and the model,
see figure 6, but again differ quantitatively by some amount which appears asymptotically constant. In
other words: introducing/removing aspects of the deterministic map (resp., stochastic aspects) to the sys-
tem does not qualitatively change the observed generation of Lyapunov stretching.

It will not escape the reader’s notice that all four of these systems—the deterministic map, the
Gaspard—Wang model, and the two systems described above, the partially absorbing map and the
stochastically simulated model-—shown in figure 6 have quantitatively different transient growth, which
persists as different total stretching in the long-time limit, even as the qualitative growth pattern remains
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Figure 6. Left: Lyapunov stretching (A,), for t = 10°,i € {2,3,4,5,6} for, from top to bottom, the partially absorbing map vari-
ant (from simulations, in green), the deterministic map (from simulations, in blue), the analytic open Gaspard—Wang model
(see section 3.2, in red), and from stochastic simulations (see text, in magenta). Simulations for the deterministic and partially
absorbing maps are averaged over an ensemble of N = 10* surviving trajectories; the stochastic simulations are averaged over an
ensemble of N = 107 surviving trajectories. Right: Estimates of the cumulative measure on the fractal repeller of the determin-
istic open Pomeau-Manneville map, for z= 3, taken via two limiting procedures: in blue, the cumulative measure of N = 10°
surviving initial conditions after ¢ iterations of the map, initialised from a uniform density, for values of ¢ between t = 10 and

t = 50,000; in red: the reconstructed cumulative measure after ¢ iterations of the procedure described in the text, for values of ¢
between t =1 and t = 16; in both cases, darker colours (closer to the centre of the plot) correspond to larger t; inset: a histogram
of the simulated measure, showing the approximate density function; grey vertical bars indicate the escape region and its preiter-
ates; coloured vertical lines indicate prominent periodic points of varying orders and their preiterates; observe that the repeller is
clustered on the fixed point x = 0 and its preiterates.

the same. This also extends, in some cases, to different amplitudes of the ‘ticks. While we do not have a
full, systematic explanation for each individual discrepancy, it is inevitably the case that there are transi-
ent and sub-leading-order effects in the dynamics which will necessarily be smoothed over or neglected
in our models, which will inevitably lead to such outcomes. Rather, the crucial message for us is the per-
sistence of the qualitative, asymptotic growth (or lack thereof) which is evidently common to all such
systems.

Secondly, we look at the distribution of initial conditions which survive for very long times, as a
proxy for the repeller itself. This is shown as a cumulative distribution in figure 6. We also plotted these
as a fine histogram for = 50,000 (inset). In particular we looked for the prevalence of periodic and
pre-periodic points, which could have a more prominent influence in the deterministic map that is not
captured by the stochastic model. In strongly chaotic systems, periodic cycles often form a significant
structure governing the dynamics [117, 118]. We also looked at the same for the partially absorbing map
(for which we would expect periodic cycles to be under-represented). However, we found no evidence
of a special prevalence of periodic cycles in the ensemble; rather, we found only a dependence on pre-
images of the fixed point at x=0.

In fact we hypothesise that this is the only significant feature of the fractal repeller: in figure 6 we
show that we may reconstruct the distribution of surviving initial conditions by only considering scaled
pre-iterates of the fixed point, via a procedure described in the supplementary material (section 4), and
we find that this converges quite well to the distribution obtained from simulations. In the reconstruc-
tion, the measure at each pre-image x,_; of some point x, is scaled in inverse accordance to the stretch-
ing incurred during the mapping from x,_; to x,, i.e.

1

:u’(dxn—l) ~ |M, (xnfl)‘ 1%

(dxa) .- (30)

A more detailed description of the reconstruction of the repeller is given in the supplementary mater-
ial (section 4). This, we believe, goes some way to explaining the total suppression of stretching in the
map, as only trajectories stuck close to pre-images of the marginal fixed point remain prominent in the
system for long time. The backwards-iterates of the marginal fixed point form a skeleton for the dynam-
ics of the open Pomeau—Manneville map in just the same way as periodic points form a skeleton for
cycle expansions in hyperbolic maps [117-121], except that while the separation of trajectories in the
neighbourhood of periodic cycles has an exponential rate, trajectories near the marginal fixed point
separate at a much ‘stickier’ stretched exponential rate. This ‘collapse’ of the repeller to the fixed point
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Figure 7. Lyapunov stretching (A,), from the purely stochastic simulated system described in the text, for z=1.25 (left) and
z=1.75 (right), divided into the cumulated contributions from complete (red, dashed) and incomplete (green, dotted) phases
(with the total in blue, solid lines), for values of t ranging between ¢t = 10 and ¢ = 200 for z=1.25, and t = 10 and t = 10* for
z=1.75, in both cases averaged over an ensemble of N = 10* surviving trajectories.

also explains the total suppression of the Lyapunov stretching for long times. A potentially interesting
open question could be to determine some of the fractal geometric properties of the repeller, such as its
fractal dimension; we would expect that this could be dependent not only on z (resp., ) but also on the
size and position of the hole [21, 122], thus making this and other such questions very rich but beyond
the scope of this work.

5. Parameter variation

Finally, we repeat our analysis for a selection of different values of the parameter z. Since the closed
Pomeau-Manneville map is known to pass through three distinct dynamical regimes, when 1 <z < 2

(v > 2, strongly chaotic with Gaussian fluctuations), 3 <z <2 (1 < < 2, strongly chaotic with Lévy
fluctuations), and z > 2 (0 < v < 1, weakly chaotic—see table 1); we examine here results from simula-
tions for selected z in each of these intervals. Since it is only in the z > 2 regime where the usual symp-
toms of weak chaos (the vanishing of the Lyapunov exponent, the infinite invariant measure, and weak
ergodicity breaking) are observed, it is not a priori clear to what extent the results we see in this case will
be replicated in others.

In figure 7 we plot the Lyapunov stretching from stochastically simulated systems in the cases
z=1.25 and z=1.75. Due to very high rates of escape in smaller z regimes, obtaining sufficiently many
surviving trajectories for long times in the deterministic map is unviable, and so we instead stochastically
simulate the process, using the procedure described in section 4.2. In figure 6 we verify that this qualitat-
ively matches to the results from the deterministic map in the case z= 3.

We see in the z=1.75 case a distinct flattening very similar to z= 3, even though in this case a pos-
itive Lyapunov exponent and a normalisable invariant density both exist in the closed system. In the
z=1.25 case the situation is less clear, and gathering data for surviving trajectories for long times is
harder due to significantly higher rates of escape (here we obtained data only up to r=200), but by
analysing ‘complete’ and ‘incomplete’ segments of trajectories separately, we see both that the contribu-
tion from ‘complete’ segments decays with large (1, ) to a constant in a similar fashion to the other two
cases, and that the contribution from the ‘incomplete’ phases appears as though it may remain bounded
(although on this latter point the numerical evidence is not conclusive). This is a good fit with results
proven in [63] on the open Pomeau—Manneville map for z < 2, which showed for a wide class of initial
densities that the escape rate from such systems is always algebraic, and the evolving density of surviv-
ing trajectories always converges to a delta function at the fixed point, §(0). Although not covered in
that reference, this is also true for z > 2, as we have confirmed numerically. Thus the critical feature in
the suppression of the dynamics may not be the loss of strong chaos or ergodicity at z=2, but rather
the loss of hyperbolicity which occurs for all z> 1, even in strongly chaotic and ergodic regimes. These
results, in all, encourage us to fill in the remaining quadrant in table 2 by claiming (A,) ~ O(1) with
algebraic escape throughout the entire indicated region.
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6. Conclusion

In summary, we have shown that by inserting a hole into an archetypal intermittent and weakly chaotic
map, the chaos inside the system, here represented by the generation of Lyapunov stretching, a gen-
eralisation of the Lyapunov exponent, is killed, in the sense that the average total Lyapunov stretch-

ing remains bounded. The generation of this quantity in both the closed and open systems is analytic-
ally explained fully by a simple stochastic model, which is verified by simulations. The correspondence
between map and model, as well as the influence of the map’s fractal repeller, is tested extensively via
the use of a partially absorbing model, and the structure of the repeller is shown to collapse completely
onto pre-iterates of the map’s marginal fixed point, which we are able to fully reconstruct. The genera-
tion of entropy was also examined, via the use of standard algorithms to estimate dynamical complex-
ity. While, given the limited power of these existing algorithms, our results for the entropy production
were not entirely conclusive, we argued that overall they are in line with our findings for the Lyapunov
stretching. Finally, we have presented numerical evidence that a similar total flattening of the stretching
is observed even for parameters which, when the system is closed, are ergodic and strongly chaotic. We
may remark that we have chosen to construct our hole in a rather specific way, but we expect qualit-
atively similar results to hold for a wide variety of hole placements, given broadly applicable results in
[63], although in general a dependence of dynamical quantities on the size and position of holes must
be noted [21, 122]. Results for similar maps in which the hole covers a neighbourhood of the marginal
fixed point were established in [123, 124].

The collapse of the measure for all parameter values, one of the main results of this paper, has
in our view profound implications. While the closed system exhibits a generalised Pesin identity [35,
54-60], our result implies that there can be no generalised escape rate formula for the open Pomeau—
Manneville map, cross-linking Lyapunov stretching and metric entropy production on the fractal repeller
to escape from it. The total collapse of the measure instead implies a profound instability of this weakly
chaotic map with respect to perturbation by drilling in a hole [63]. This is in sharp contrast to uni-
formly hyperbolic, strongly chaotic systems like the Bernoulli map, where there is no collapse of the
measure when opening up the system. In a way, the collapse may be understood as resulting from an
interplay between an essentially exponential escape mechanism from the chaotic region A, (in the sense
of equation (21)) and a subexponential mixing generated by the map’s internal dynamics. Viewed in this
way, in the Pomeau—Manneville map the ‘exponential’ escape from A depletes the system faster than it
can mix internally, hence there is no remaining non-trivial dynamics on the emerging fractal repeller,
and the whole measure collapses onto the fixed point and its pre-images. This is of course only a very
crude, qualitative picture of the whole situation, but it seems to be in line with the scenario analysed
rigorously mathematically in reference [64]. A further important consequence of the non-existence of a
generalised escape rate formula for the open Pomeau—Manneville map is that that there cannot be any
escape rate formalism relating anomalous transport coefficients to weak chaos quantities for this dynam-
ics, in contrast to what was firmly established for strongly chaotic diffusive systems [22-24]. As it stands,
there is no simple way to ‘cure’ this deficiency, and any alternative to relate weak chaos quantities to
anomalous transport coefficients appears to be unclear at present.

One may question the generality of these results beyond the simple framework of the Pomeau—
Manneville map. For strongly chaotic dynamical systems it was shown that the escape rate formalism
holds for a hierarchy of different dynamical systems, bridging the gap between abstract mathematical
models, like one-dimensional maps and two-dimensional baker transformations, to physically more real-
istic dynamics of particle billiards, like Lorentz gases [10, 25-27]. Along the same lines, it would be
important to check for the relevance of our result for more realistic weakly chaotic dynamical systems,
perhaps even for Hamiltonian dynamical systems when their dynamics is governed by fractal hierarch-
ies of islands of stability in phase space [17, 18]. Systems exhibiting infinite invariant densities, similar
to the Pomeau—Manneville map, that can be studied experimentally are in turn subrecoil laser-cooled
atoms, which may point in a direction to bring such phenomena to experimental reality [125]. We
may also remark that the theory we developed is based on a Markov chain model, in the spirit of the
approach by Gaspard and Wang that employed a similar methodology [55]; but Markov chains belong to
the stochastic world, which in turn suggests a generality of our result beyond dynamical systems theory,
opening up a wider variety of further modelling opportunities.
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