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Abstract. We consider work fluctuation relations (FRs) for generic types
of dynamics generating anomalous diffusion: Lévy flights, long-correlated
Gaussian processes and time-fractional kinetics. By combining Langevin and
kinetic approaches we calculate the probability distributions of mechanical
and thermodynamical work in two paradigmatic nonequilibrium situations,
respectively: a particle subject to a constant force and a particle in a harmonic
potential dragged by a constant force. We check the transient FR for two models
exhibiting superdiffusion, where a fluctuation-dissipation relation does not exist,
and for two other models displaying subdiffusion, where there is a fluctuation-
dissipation relation. In the two former cases the conventional transient FR is not
recovered, whereas in the latter two it holds either exactly or in the long-time
limit.
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1. Introduction

Fluctuation relations (FRs) denote large-deviation symmetry properties in probability
density functions (PDFs) of nonequilibrium statistical physical observables.  One
subset of them, fluctuation theorems, grew out of generalizations of the second law
of thermodynamics to thermostated systems [1]-[3]. Another subset, work relations,
generalize a thermodynamic equilibrium relation between work and free energy to
nonequilibrium situations [4]. These two fundamental classes were generalized by other
FRs from which they can partially be derived as special cases [5]-[7]. FRs hold for a great
variety of systems thus featuring one of the rare statistical physical principles that is valid
very far from equilibrium [8,9]. Many of these relations have been verified in experiments
on nanosystems [10, 11].

Anomalous dynamics refers to processes that do not obey the laws of conventional
statistical physics [12,13]. Paradigmatic examples are diffusion processes where the long-
time mean square displacement does not grow linearly in time, (x?(t)) oc t* with g = 1 for
Brownian motion, but either subdiffusively with p < 1 or superdiffusively with p > 1. Such
anomalous transport phenomena have recently been observed in a wide variety of complex
systems [14]. This raises the question of to what extent FRs are valid for anomalous
dynamics. Results for generalized Langevin equations [15]-[19], Lévy flights [20] and
continuous-time random walks [21] showed both validity and violations of different FRs.

In this letter we propose to classify FRs for anomalous dynamics by distinguishing
between four generic types of anomalous diffusion: we consider a particle exhibiting
one-dimensional anomalous diffusion generated by a random force that, firstly, obeys
anomalous statistics (Lévy flights) or, secondly, normal statistics but with anomalous
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memory properties (non-Markovian long-correlated Gaussian noise). In the latter case
we consider noise that is internal or external depending on the existence of a fluctuation-
dissipation theorem. Also, we consider the case described by a time-fractional kinetic
equation where anomalous diffusion is stipulated by long power law asymptotics of the
PDF for the random waiting time intervals between instant successive jumps [13].

In all cases, a regular external force given by a potential U(z, X(t)) acts on the
particle at position x, where X is an external control parameter that varies according
to a fixed protocol X(t). Following [22], we study our four models in two different
nonequilibrium situations: for class A the particle is driven by a constant external force,
for class B the particle is confined to a moving harmonic potential. We restrict ourselves to
overdamped motion, where the particle acceleration is negligible. Furthermore, in order to
be consistent, we choose the simplest nonequilibrium initial condition x(t = 0) = 29 = 0
for all four cases, since there is no Boltzmann equilibrium for the systems exhibiting Lévy
flights and for those driven by an external Gaussian noise.

2. Class A. Systems under a constant force

In this section we consider models driven by a constant external force, U = —Fyx. We
are interested in the mechanical work PDFp(Wy,t), where the mechanical work Wy is
given by Wy = — f dz 0U/0x = Fyx. Note that for class A systems Wy is identical
to the heat. Thus, the PDF p(Wy,t) is simply related to the = PDF, f(z,t), by

(W, t) = Fy L f (W) Fy, t).

2.1. A system exhibiting Lévy flights

Our starting point is the Langevin equation for an overdamped Lévy particle moving in
a constant field under white Lévy noise,

dz FO
T T, (2.1)

where Fj is a constant force, m the mass, v the friction coefficient, and £(¢) holds for white
Lévy noise. That is, the time integral over At, L(At) = tt+m dt’&(t'), is the a-stable
Lévy process whose PDF p,(z, At) has the characteristic function (CF) p,(k, At) [23],

Dok, At) = F{p,(z, At)} = / dz e®py(x, At) = exp[—Do|k|*At], (2.2)

— 00

where a € [0,2] is the Lévy index, and D, has the meaning of the noise intensity. In
this paper we restrict ourselves to the case of symmetric Lévy noise; the generalization
to asymmetric noise will be given elsewhere. It is well known that in the absence of an
external potential the Lévy particle exhibits superdiffusive motion, in the sense that the
fractional moments of the order p, 0 < p < a, give superdiffusive scaling, (|z|*)?/* o %/,
that is the ‘effective second moment’ grows faster than ¢ if a < 2. The PDF f(x,t) obeys
the space-fractional Fokker—Planck equation [13]

of 0 ([ Fy o~ f
ot Ox (mvf) + L. Ol|x|®’ (2:3)
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where the Riesz fractional derivative on the right-hand side is understood via its Fourier
transform as F{0%f/0|x|*} = —|k|*F{f} = —|k|*f(k,t). Equation (2.3) is easily solved

~

in Fourier space, giving, for the CF p(k,t) of the work PDF, p(k,t) = f(kFp, 1),

p(k,t) = exp [(ipk — o®|k|*) ], p=F:/(my),0% = F{'D,. (2.4)
Using the CF equation (2.4), it can easily be seen that p(Wy,t) can be rewritten as
1 WM — pt
p(Wu, t) = mLa (W) ; (2.5)

~

where L,(x) is the Lévy stable PDF whose CF is given by L, (k) = exp(—|k|*). It is
convenient to introduce the scaled value of the work wy = Wy/(pt) [20]. We then look
at the fraction defining the transient FR

—— =Ly ——— Loy|———F— . 2.6

we) = g~ e\ o wipaet) 29

Only when the particle is subjected to a Gaussian noise, a = 2, do we have a conventional
transient FR,

gi(wn) = exp(Awyt), (2.7)

where A = I /(kgTm~), and we use the Einstein relation, D,—o = kgT'/(m~), with T the
temperature of the heat bath and kg the Boltzmann constant. For arbitrary Lévy noise
with 0 < o < 2 we use the asymptotics of the Lévy stable PDF, L, (§) ~ C/|¢|'T, C =
7 tsin(ra/2)T(1 + «) [23], which gives

lim g(wy) = 1. (2.8)

wp— oo

This means that asymptotically large positive and negative fluctuations of work are
equally probable for Lévy flights. This was established for the first time in the different
nonequilibrium situation of a case B system in [20].

2.2. A system driven by long-correlated internal Gaussian noise

Let us now consider non-Markovian processes with long-time memory characterized by
a memory function exhibiting slow power law decay in time. The starting point is the
overdamped Langevin equation (compare with equation (2.1)),

¢ F
dt' 2(0)VK(t —t') = == + £(t 2.
i - = 2o +ew. (2.9
where the dot above z denotes the time derivative. The autocorrelation function of
the Gaussian noise is connected with the friction kernel by the fluctuation-dissipation
relation of the second kind [24] (£(¢t)&(t)) = (kgT/m~y)K(t — t'), which implies that we
treat £(t) as an internal noise. To model long-time memory, a natural choice for the
friction kernel is K (t) = Tg_lt_ﬁ/F(l — 0#),t > 0,0 < § < 1. Here, by including the
factor 1/I'(1 — 3), we may use the limit t=?/T'(1 — 3) — 26(¢),8 — 17, to obtain
(EE)) = 2kgTo(t — t')/(my), thus recovering the case of overdamped (ordinary)
Brownian motion. Equation (2.9) is easily solved in Laplace space, Z(s) = [ dt z(t)e™",
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giving after the inverse Laplace transformation
1-3 8
x(t) = Fos !
my T(1+40

where H(t) = (t/7)?~1/T(3). The z PDF is Gaussian, and thus the work PDF is also
Gaussian, with mean and variance given by

] +/0 dt' E(HYH(t — 1), (2.10)

B B FOQTéfﬁ B s o B N QT/éfﬁFOQ kT 3
(Wa) = Fo(x(t)) = my T(L+5) ow = Fo((@(t) — (z(t) T T+ B) my
(2.11)

From the second formula of (2.11) it follows that the particle exhibits subdiffusion. Thus,
from equation (2.11) we conclude that the subdiffusion dynamics caused by long-correlated
Gaussian noise under the fluctuation-dissipation theorem of the second kind leads to a
conventional transient FR,

2.3. A system driven by long-correlated external Gaussian noise

The starting point is again the Langevin equation (2.1); however, we now assume that
£(t) is a stationary Gaussian process with zero mean, (£(t)) = 0, and autocorrelation
function

(EWEE) = sr el =110, 0<f<l, (213)

(1=0)y |
where C is a constant. Here the noise {(t) is treated as an external noise, since unlike
section 2.2 the fluctuation-dissipation theorem of the second kind is not valid in this
system. As f — 1 and C; = vkgT/m, we obtain (£(t)&(t')) = 2kgTo(t — t')/(m~), and
equation (2.1) together with equation (2.13) boils down to the Langevin description of an
overdamped Brownian particle.

The work PDF is easily constructed as a Gaussian function with mean (Wy(t)) =
F3t/(my) and variance o3, = 2C3t> PF¢/(v*I'(3 — 3)). We note that the mean square
displacement grows as t>~?, that is, the system exhibits superdiffusion, in contrast to the
internal noise case. Here it is convenient to introduce the mean production of heat per
unit time, pyw = (Wy)/t = F3/(m7y), and the scaled value of work, wy = Wi/ (W).
The transient FR for the heat then takes the form

gi(w) = p(War, 1) /p(—= W, 1) = exp(A(B)wnt?), (2.14)

where A(G) = I'(3 — B)y pw/(mCp). Equation (2.14) tells us that the superdiffusion
dynamics caused by external long-correlated Gaussian noise leads to a ‘non-conventional’
transient FR of stretched exponential type. To our knowledge, this is the first time that
a FR has been derived that still reproduces the exponential form of conventional FRs by
containing an explicit time dependence with a fractional power of time. As # — 1 and
Cy = vkgT/m we arrive at the conventional transient FR for a Brownian particle. Similar
results have been obtained for a random walk model with memory-dependent transition
rates by applying functional integration techniques [25].
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2.4. A system described by a time-fractional kinetic equation

The starting point is a set of coupled Langevin equations for the motion of a
particle [26,27]
dz(u)  Fy

du = m—v + &(u), du = 7(u), (2.15)

where the random walk x(t) is parametrized by the variable u. The random process &(u)
is a white Gaussian noise, ({(u)) = 0, ({(w)é(uv)) = 2kgTo(u —u')/(m7y), and 7(u) is
a white Lévy stable noise, which takes positive values only and obeys a totally skewed
alpha-stable Lévy distribution with 0 < o < 1. It was demonstrated [26,27] that such
a subordinated Langevin description is equivalent to the time-fractional Fokker—Planck
equation

of

A Dl—a
ot t

0 F, 0?
v K. 2
+ * Ox2

R f(z,t), f(z,t=0)=4d(z), (2.16)
which is used to model a variety of subdiffusion phenomena; see, e.g., [13] for detailed
discussions. In this equation v, and K, are generalized friction and diffusion constants,
respectively, obeying the (generalized) Einstein relation K, = kgT/(m~,), and D; ™% is
the Riemann-Liouville fractional derivative on the right semi-axis, which, for a ‘sufficiently
well-behaved’ function ¢(t) is defined as D}'¢ = I'"1(1 — p)(d/dt) fot dr(t —7)7"¢(1),0 <
p < 1, with Laplace transform s“¢(s). From equation (2.16) the equations for the
first and the second moments can easily be obtained and then solved using the Laplace
transformation. The mean square displacement in the absence of any external force is
given by (z%(t))o = 2K,t*/T'(1 + ) demonstrating subdiffusive behavior. We note also
that the (second) Einstein relation is recovered, (z(t))r, = Fo(z*(t))o/(2ksT), which
connects the first moment in the presence of a constant force Fy with the second moment in
the absence of this force [13]. Both Einstein relations are fluctuation-dissipation relations
of the first kind for this system [24].

Applying the Laplace transform to equation (2.16), and solving the equation in the
Laplace space separately for x > 0 and = < 0, we get, with f(a:, s) — 0 at x — +oo,

. s 1 Vox VE + 4K, s¢

x,s) = ex — |z , 2.17
e = e (m o L2 (217)
where Vy = Fy/m~. Note that at & = 1 equation (2.17) gives the Laplace transform of

the Gaussian distribution. In the general case of 0 < o < 1 we have, for the ratio of the
Laplace transforms for the work PDF's,

PWa,s) f(WM/F075)> ~ exp (WM> .

(=W, s)  f(~=Wa/Fp, s

Transferring p(—Wy, s) from the left-hand side to the right-hand side of
equation (2.18) and then making an inverse Laplace transformation, we arrive at the
FR in the time domain. Thus, we conclude that, like for the case with long-correlated
internal Gaussian noise, subdiffusive dynamics modeled by a time-fractional Fokker—
Planck equation obeying a fluctuation-dissipation relation leads to a conventional transient

FR.

- M 2.1
T (2.18)
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3. Class B. Systems coupled to a harmonic oscillator

In this section we consider a particle confined by a harmonic potential that is dragged
by a constant velocity, U = (k/2)(x — X (t))?, where X (t) = v,t, v, = const. We are
interested in the PDF of thermodynamical work W given by

Wﬂﬂ:/HX&N&X:AZMMXWMMMM@X:—m&Ahﬂx—mﬂ. (3.1)

3.1. A system exhibiting Lévy flights

The starting point is the coupled Langevin equations written in the comoving coordinate
frame, y = x — v,t,

dy 1 AW
A —— t),
s S R0 a

= —ru,y(t), (3.2)

where £(t) is a white Lévy noise as in section 2.1, 7. = m~y/k is the relaxation time. For
this case the CF of the work PDF was calculated in [20] by using a functional integration
technique. We propose here a different approach based on the generalized space-fractional
kinetic equation for the joint PDF ¢(y, Wr,t) (or ¢(x, Wr,t)). The kinetic equation for
this PDF can be constructed almost immediately from noticing that, with the proper
change of variables, equation (3.2) defines the Langevin equations for the underdamped
Lévy particle, for which y and W have the meaning of velocity and coordinate, respectively.
The corresponding kinetic equation is known in the theory of Lévy flights as a velocity-
fractional Klein—Kramers equation [28]. Thus, we have

9 10 9% 9

— + D, + KU, .
(yo) PR Yo

0
_¢(y7 WTat) - U*a_y - T_*ﬁy

ot

(3.3)

Equation (3.3) is subject to the initial condition ¢(y, Wr,t = 0) = §(y)o(Wr). We
note that at o = 2 equation (3.3) corresponds to the equation for the PDF ¢(y, Wr, t) of
a driven Brownian particle [29].

To solve equation (3.3) we make a double Fourier transformation, é(k, q,t) =
ffooo dy ffooo dWr exp(iky + igWr)é(y, Wr, t), and solve the equation for the CF ¢(k, g, t)
by the method of characteristics. We present here a simpler CF of the work PDF,

Inp(g,t) = Ing(k = 0,q,t) = igA — |q|*B(«), (3.4)

where

' : \a
A=v272K (— -1+ et/T*) : B, = Davf(m”y)a/ dt’ <1 — et VT*) . (3.5)
0

The result given by equations (3.4) and (3.5) is identical to that reported in [20]. As a
consequence, for the work PDF of the Lévy flights we have the same relation as was derived
previously for the heat PDF in the case of a constant force, equation (2.10), which means
that asymptotically large positive and negative fluctuations of thermodynamic work are
equally probable for Lévy flights.
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3.2. A system driven by long-correlated internal Gaussian noise

The starting Langevin equation in the comoving coordinate frame has the form

t t

—Tﬂ — / dt'y(t"K(t —t') — u*/ dt' K(t') + &(t) = 0, (3.6)
«Jo 0

where K (t) is related to (£(¢)&(t')) via the fluctuation-dissipation relation of the second

kind; see section 2.2. Similar problems have been studied in [17,18]: in [17] an

underdamped oscillator driven by internal fractional Gaussian noise was considered; [18]

analyzes an overdamped oscillator but with equilibrium initial condition.

Equation (3.6) is easily solved in Laplace space.  Taking into account the
Laplace transformation, [~ dte™'t""1E,,(—ct*) = s*°/(s*+c), where E,u(z) =
S on s 2% /T(ak + b) is a Mittag-Leffler function in two parameters, whose exhaustive list
of properties can be found, for example, in [30], equation (3.6) gives (recall that y(0) = 0)

Wr(t) = —ku, /Olt dt’ Hy(t — t)E(t) + rv? Hy(t), (3.7)

where

Hi(t) =7 [1 — Eg1 (—ct?)], Hy(t) = t*Eg 3 (—ct’), (3.8)

and ¢ = Tﬁl_’g/T*. Using the relation Hy(t) = fot dt' H,(t')K (t — '), which can be easily
checked in Laplace space, we get the work PDF| which is Gaussian with mean and variance
given, respectively, by

t
(W) = kvZHs(t), Oy = 2&203%/ drHy(7)Hy (7). (3.9)
0
Using first the formulae for the derivative and integral of the Mittag Leffler func-
tion (see [30], equations (1.83) and (1.99), respectively), and second the asymptotics
Eup(2) = —271/T'(b — a) (see [30], equation (1.143)), we get asymptotically at t — oo the
conventional FR, p(Wr,t)/p(—=Wr,t) = exp{Wr/(kgT)}. We note that in contrast to the
case for a constant force, section 2.2, the conventional fluctuation relation holds here in
the asymptotic limit of long times only.

3.3. A system driven by long-correlated external Gaussian noise

The starting point is again the Langevin equation in the comoving coordinate frame,
equation (3.2), where we assume that £(¢) is a stationary Gaussian process with zero
mean, (£(¢)) = 0, with a pair correlation function given by equation (2.13). Solving the
first equation of equation (3.2) with the initial condition y(0) = 0, we get

y(t) = —vr (1—e ™) + / 4t () exp (—t - t/) . (3.10)

0 Tx

Using the second equation from equation (3.2), we get an expression for the work Wy and
then construct the work PDF as the Gaussian function with the mean (Wr) given by the

doi:10.1088,/1742-5468 /2009/03 /103002 8
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term A in equation (3.5) and the variance

2.2 2-3
2 m U*Cﬂt —t/T —t/T t
UWT F(?) B ﬁ) { € ( € ) ﬁ’ ﬁ’ Te

e VM (1,3 - ﬂ,t/f*)}, (3.11)

where M (a, b, z) is a Kummer function. At 5 = 1 and C; = vkgT'/m equation (3.11) yields
the result for the Brownian motion with nonequilibrium initial condition z(0) = 0. After
the relaxation stage, t > 7,, we have for the mean and variance of the work, respectively,

(Wr) = mu2qt oy = Lm%QC 2 (3.12)

10 Wr F(3 — B) N . .

Like in section 2, we introduce a mean production of work v per unit time at t > 7,
(Wr)/t = v =~ymuv? = const, as well as a scaled value of work w, wr = Wy /(Wr), Wr =
vwrt. With that we get the transient FR in the form

p(Wr,t)/p(=Wr, t) = exp (B(B)wrt”), (3.13)
where B(8) = I'(3 — 3)y*v?/Cjs. This agrees with the FR for the heat, equation (2.14).
The conventional FR is recovered in the limit of g = 1.

3.4. A system described by a time-fractional kinetic equation

Like in section 2.4, the starting point is the coupled Langevin equations written in a
comoving frame as
dy(u) dt(u) dWr

T = U %y(u) + &(u), e 7(u), T —rKv,y(t), (3.14)

where we have added the equation for the work Wr. Now, we are able to construct
a generalized fractional kinetic equation governing the joint PDF for the work and
coordinate. Indeed, introducing wr = —Wr/(kv.) = Wr/(kVL), Vi = —uv,., we observe
that the system (3.14) is equivalent to that considered by Friedrich and co-workers in
connection with fractional kinetic equations including inertial effects [31], if w and y are
regarded, respectively, as the coordinate and velocity of the inertial particle. This set
of Langevin equations is equivalent to the fractional Kramers—Fokker—Planck equation
proposed in [32]. In our notation

o, 0,0 N

where 7, and K, are generalized frlctlon and dlffusmn constants, respectively, as in
section 2.4, and D}~ is a fractional substantial derivative defined as

o 0 oN 1 [t dt
l—a =
Dt ¢(wT7y7t) - (615 +ya +V3y) ( ) /0 (t_t/)l_a

X exp [— (t—1t) ( aaT + Vi aay)] o(wr,y,t'). (3.16)

The solution can be obtained by following the method developed in [33]. After getting
the solution of this equation it is possible to check the FR for the work PDF ¢(Wr,t), as
will be discussed in detail in a long paper.
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4. Conclusions

We have shown that for two superdiffusive systems without fluctuation-dissipation
relation, one subject to white Lévy stable noise and the other one to long-correlated
external Gaussian noise, the conventional transient FR does not hold. Namely, by applying
two methods, a Langevin approach and one based on a space-fractional kinetic equation,
we have found that for stochastic systems driven by Lévy noise the asymptotically large
positive and negative fluctuations of work are equally probable, which generalizes previous
studies in [20] of the thermodynamic work fluctuation theorem for Lévy flights. For the
systems driven by long-correlated external Gaussian noise we found a new, unconventional
FR characterized by a stretched exponential type of behavior in time. On the other hand,
for two subdiffusive systems with a fluctuation-dissipation relation, one subject to long-
correlated internal Gaussian noise and the other one modeled by a time-fractional kinetic
equation, the conventional transient FR is recovered. To our knowledge, this is the first
time that the transient FR has been verified for time-fractional kinetics. Our studies of
these four generic types of anomalous dynamics suggest an intimate connection between
fluctuation-dissipation relations and FRs for the case of anomalous diffusion.

We expect our results to have important applications to experiments: Recently it has
been shown that migrating biological cells exhibit anomalous dynamics similar to that
under the influence of correlated Gaussian noise [34]. This suggests checking whether
cells migrating under chemical concentration gradients obey anomalous FRs. A second
type of experiment would involve dragging a particle through a highly viscous gel instead
of through water [10], or measuring the fluctuations of a driven pendulum in gel [35].
Thirdly, one may check for anomalous FRs for granular gases exhibiting subdiffusion
dynamics [36]. On the theoretical side, our approach paves the way to systematically
checking the remaining varieties of conventional FRs [5]-[7] for anomalous generalizations.
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