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/jﬁhg'ﬂ:c'ﬂ:r',r'@ A.N. Kolmogorov, “Lirnit
Distriputions for Sums of Independent Random
Variaoles® (1949)

. “All these distribution laws, called stable,
deserve the most serious attention. It is probable that the
scope of applied problems in which they play an essential
role will become in due course rather wide.”(but did not
mention any !)

“normal” convergence to abnormal (that is,
different from Gaussian —A. Ch.) stable laws ... ,
undoubtedly, has to be considered in every large textbook,
which intends to equip well enough the scientist in the
field of statistical physics.”(fragmentary exposition in
Balescu, Ebeling&Sokolov,...)




1. Stability: distribution of sum of independent identically distributed stable random
variables = distribution of each variable (ustaling factor)

d

AP IINRREIREINY c —nla 0<ag<2, g is Léevyindex

i=1

Gauss: a= 2, ¢, =n'?

Corollary 1. Statistical seltsimilarity , random fractal:

When does the whole look like its parte> description of random fractal ptocesses

Corollary 2. Normal diffusion law, Brownian motion

or the rule of summingvariances j>

Corollary 3. Superdiffusion; L evy AX ~Zn:xi On*O0tY, Ua>1/

i=1




0le property
r'o utions

ﬁx(k;a,D)E<eXp¢kX)>=eXr(-D k‘T) Xas D> 0= px XaDbD )D :

O<a<? oo x fL+a'

~Cauchy

Particular cases
1. Gauss,a= 2
All moments are finite

2. Cauchy,a=1 D
1D)=—F—
Vioments of order g < 1 are finite =) Px1.D)= n(D2 +X2)

Corollary : description of hignly non-equiliorium pro
possessing large pbursts and/or JLHJI&‘ rs




/“ll?!lﬂﬁrnarkablg property
of stable distributions

Iputions

3. Generalized Central Limit Theorem _: stable distributions are the limit ones
for distributions of sums of random variables (have domain of attraction) =
appear, when evolution of the system or the result of experiment is
determined by the sum of a large number of random ¢ uantities

Gauss: attracts f(x) with finite Set of probability densities fpy),
variance f0) 20, [fgde =1

<X2> = j X2 f (X) dx < oo Ql ;ii’rj.tracu(:ul

L_évy: attract f(x) with infinite’ variance
and thesameasymptotic behavior

<x2>:}ox2f(x)ck:oo f0)~xXF, 0<a<Z
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Due to the three remarkable properties of
stable distributions it is now believed that the
Lévy statistics provides a framework for the
description of many natural phenomena in

physical, chemical, biological, economical, ...
systems from a general common point of view




/Elnﬁ\-’igmrﬂour]gm in an lonized Gas
(Holtzmark 1919)

Application: spectral lines broadening in plasmas

3-dimensiong
symmetric

stable
distribution




raciions

« gravity field of stars (=3/2)
« electric fields of dipoles (= 1)

« velocity field of point vortices in fully developed
turbulence (=3/2)

(to name only a few)

* also: asymmetric Levy stable distributions in the first
passage theory, single molecule line shape cumulants in
glasses ...




Anomalous diffuson

<(F§—F30)2>Dtﬂ, Uzl

Superdiffusion

H>1

Subdiffusion
U<l

turbulent media
(gases, fluids, plasmas)
Hamiltonian chaotic
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[INormal diffusion Levy Superdiffusion

(X*(t)) o t (X2(t)) oc 1.
©=1.66>1
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NO LS ANENMALOUS DIFFUSION

_Bmm_lzmagmgmwmenbyi évy flights:

optimal strategy to search for food
resources distributed at random ?

(Jean Baptiste Perrin: 1909) Gael Ramos-Fernandes et al. (2004)

<R2 (t)> [t <R2(t)> ] t,U U= 1. vS/plqer#rilaonkeys

grain of putty

/]
4







Example. Experiments
In a rapidly rotating
annulus Swinneyet al.).

Weakly turbulent

Ordered flow: I O /.
Levy diffusion 7N 2 flow:
(flights and traps) y Gaussian, diffusion
u~15-1.8 =1




u(r) a*; g =+4ev

Fig.2. SUPERDIEEUSIONpositivelyandnegatively
changedarticlesin aperiodiciield ofi atomstringsalong
theaxis<100>n asiliconcrysial

Fig.1. NORMAL DIFFUSION:
randemlydistribuiedatonm
Siflplefs




Protein diffusion to next neighbor siteson folding DNA (deoxyribonucleic acid)

Mhulk kot « Motion of binding proteins or enzymes
() Bulk_."'\:* along DNA: detach to a volume- reattach
excursion before reaching the target

f( Sliding

on (Berg — von Hippel model)

(EJL * Intersegmentaljumps permitted
ntersegiantal at chain contact points due to polymer looping

s
LY

Target_
finding (1) o » Contoured length x| stored

In a loop between contact points

Optimal Target Search on a Fastfolding Polymer Chain (Lomholt et al.2005)

gn(x,t): DB£+DL o ~ Kot [N(X,1) +KonNpuik — 1 (£)0(X)
ot ox° d|xF
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Flight for Light

(P. Barthelemy et al, Nature 2008)

* New optical material in
which light performs a
L évy flight

e |deal experimental
system to studyl evy
flights in a controlled way

» Precisely chosen
distribution of glass
microspheresof
different diameters d

P(d) ~ ¢? *)

Figure: L évy walker trajectory in a scale—invarian Levy glass




Lévy fli @ions‘in hot atomic vapours
Mercadier et al. Nature Physics 2009)

° Measuring the Step Source cell Observation cell
size distribution of
photons

e Under Gaussian

assumptions of

emission and Laser beam
absorption spectra

(Doppler broadening) _ : :
Figure: Double cell configuration to measure the s (]

size PDF

Figure: power law exponent a of the step size
distribution vs number n of scattering events
(multiply scattering)

Step number n
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Distriputions

economic stock prices and current exchange rates (1963)
radio frequency. electromagnetic noise

underwater acoustic noise

noise in telephone networks

biomedical signals

stochastic climate dynamics

o furbulence in the edge plasmas of thermonuclear devices (Uragan
2M, ADLITYA, 2003; Heliotron J;, 2005 ...)




motion
) LEVY MOTION:
M successive additions of the noise values

Lévy index | = outliers 1 Lévy index | = “flights” become
longer
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RIMENTAL OBSERVARSGNIGEIIE/ SHTS IN WIND
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Velocity increments Distribution of increments
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gamlpFootindary plasma of

agall | SVI» (Gonchar et al., 2003

=3m=9,R,=1m,a=01m
B,=0.7T,/(a)/2rn = 0.3,

P = 200 kW, 7 = 60 ms,

n, =10* m*,T,(0) =500 eV, T, <100 eV

Helical magnetic coils
(from above)
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Poincare section of magnetic line
, JI3 — Langmuir prove

lon saturation current
<j at different probe positions
| a) R=111ecm; 6) R=112cm ;
o i gl s, ¢) R=112.5em; 2) R=113em.
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cemiproolricary plas
arator «Uragan 3WVl»

1. Kurtosis and “chi-square” criterium : evidence of norGaussianity.
2. Modified method of percentiles L évy index of turbulent fluctuations

: I e i
lon saturation current O&n Floating potential 1o

o Fluctuations ei density and potential measured in dundary plasma ofistellarator
“Uragani3M™ obey L evy: statistics




* similar conclusions about the. évy statistics of plasma fluctuations have been

drawn for
ee ADITYA
oo | -2M
oo |HD, TJ-II
ee Heliotron J

“bursty” character of fluctuations in other devices (DIl -D, TCABR, ...)

“Levy turbulence” is a widely spread phenomenoes  Models are strongly needed |




/imglvrm ed concepts

¢ Truncated Levy Flights: PDFsresembled_évy stable
distribution in the central part, however at greater scales the
asymptoticsdecay faster, than the_évy stable ones, <x2><oo —
the Central Limit Theorem is applied =

at large times the PDF tends to Gaussian, howevespometimes

very slowly

< Levy Walks: finite velocity when the motion of a masive
object Is considered

Might be important for the bumblebees in a finitebox ???
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