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Abstract

Experiments in a wide range of topics are carried out in blocks;
the assumption is that experimental units in the same block are
more alike than those in different blocks.

How should you design the experiment if the blocks are too
small to contain every treatment?

Some of the answers are counter-intuitive. There are interesting
links to Victorian puzzles, electrical networks and graph theory.
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An experiment in a field

We have 6 varieties of cabbage to compare in this field.
How do we avoid bias?
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Partition the experimental units into homogeneous blocks
and plant each variety on one plot in each block.
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An experiment on people

Several studies have suggested that drinking red wine gives
some protection against heart disease, but it is not known
whether the effect is caused by the alcohol or by some other
ingredient of red wine. To investigate this, medical scientists
enrolled 40 volunteers into a trial lasting 28 days. For the first
14 days, half the volunteers drank two glasses of red wine per
day, while the other half had two standard drinks of gin. For
the remaining 14 days the drinks were reversed: those who had
been drinking red wine changed to gin, while those who had
been drinking gin changed to red wine. On days 14 and 28, the
scientists took a blood sample from each volunteer and
measured the amount of inflammatory substance in the blood.

Each experimental unit consist of one volunteer for 14 days.
So there are 80 experimental units.
Each volunteer forms a block of size 2.

The treatments are the 2 types of drink.
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An experiment on diffusion of proteins

A post-doc added from 0 to 4 extra green fluorescent proteins
to cells of Escherichia coli, adding 0 to 10 cells, 1 to 10 further
cells, and so on. Then she measured the rate of diffusion of
proteins in each of the 50 cells.

This is what she did.

Monday Tuesday Wednesday Thursday Friday
0000000000 1111111111 2222222222 3333333333 4444444444

Are the perceived differences caused by differences in size?

Did she get better at preparing the samples as the week wore
on?

Were there environmental changes in the lab that could have
contributed to the differences?
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Diffusion of proteins: continued

What she did.

Monday Tuesday Wednesday Thursday Friday
0000000000 1111111111 2222222222 3333333333 4444444444

Better to regard each day as a block.

Monday Tuesday Wednesday Thursday Friday
0011223344 0011223344 0011223344 0011223344 0011223344

There may still be systematic differences within each day,
so better still, randomize within each day.

Monday Tuesday Wednesday Thursday Friday
1040223134 2230110443 1421324030 4420013312 3204320411
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An experiment on detergents

In a consumer experiment, twelve housewives volunteer to test
new detergents. There are 16 new detergents to compare, but it
is not realistic to ask any one volunteer to compare this many
detergents.
Each housewife tests one detergent per washload for each of
four washloads, and assesses the cleanliness of each washload.

The experimental units are the washloads.
The housewives form 12 blocks of size 4.

The treatments are the 16 new detergents.
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Experiments in blocks

I have v treatments that I want to compare.
I have b blocks, with k plots in each block.

blocks b k treatments v
contiguous plots 4 6 cabbage varieties 6

volunteers 40 2 drinks 2
days 5 10 numbers of cells 5

housewives 12 4 detergents 16 ← k < v

How should I choose a block design?
How should I randomize it?
How should I analyse the data after the experiment?
What makes a block design good?
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Two designs with v = 15, b = 7, k = 3: which is better?

Conventions: columns are blocks;
order of treatments within each block is irrelevant;
order of blocks is irrelevant.

1 1 2 3 4 5 6
2 4 5 6 10 11 12
3 7 8 9 13 14 15

1 1 1 1 1 1 1
2 4 6 8 10 12 14
3 5 7 9 11 13 15

replications differ by ≤ 1 queen-bee design

The replication of a treatment is its number of occurrences.

A design is a queen-bee design if there is a treatment that
occurs in every block.

Average replication = r̄ = bk/v = 1.4.
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Equireplicate designs

Theorem
If every treatment is replicated r times then vr = bk.

Proof.
Count the number of experimental units in two different
ways.
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Two designs with v = 5, b = 7, k = 3: which is better?

1 1 1 1 2 2 2
2 3 3 4 3 3 4
3 4 5 5 4 5 5

1 1 1 1 2 2 2
1 3 3 4 3 3 4
2 4 5 5 4 5 5

binary non-binary

A design is binary if no treatment occurs more than once in any
block.

We shall not consider any design in which there is any block
having the same treatment on every plot.

Average replication = r̄ = bk/v = 4.2.
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Two designs with v = 7, b = 7, k = 3: which is better?

1 2 3 4 5 6 7
2 3 4 5 6 7 1
4 5 6 7 1 2 3

1 2 3 4 5 6 7
2 3 4 5 6 7 1
3 4 5 6 7 1 2

balanced (2-design) non-balanced

A binary design is balanced if every pair of distinct treatments
occurs together in the same number of blocks.
(These are also called 2-designs.)

Average replication = every replication = r̄ = bk/v = 3.
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Results about balanced incomplete-block designs

v = number of treatments b = number of blocks
k = block size

Theorem

1. In a BIBD,
1.1 every treatment occurs in r blocks, where vr = bk;
1.2 r(k− 1) = (v− 1)λ;
1.3 v ≤ b.

2. BIBDs do not exist for all values of v, b and k.
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Kirkman’s Schoolgirls Problem (1847)

There are 15 schoolgirls in a certain class.
Every day, they go for a walk, and the teacher insists that they
walk in groups of size 3.
Arrange the girls in groups for a week (7 days) in such a way
that each pair of girls walk together in a group exactly once.

This is a BIBD with v = 15, b = 5× 7 = 35 and k = 3,
with the extra property that there are five whole groups per
day.

BIBDs have been studied extensively by pure mathematicians
as well as statisticians.

Homework
Solve Kirkman’s Problem for 15 schoolgirls.
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Estimation and variance

We measure the response Y on each unit in each block.

If that unit has treatment i and block m, then we assume that

Y = τi + βm + random noise.

We want to estimate all the simple differences τi − τj.

Put Vij = variance of the best linear unbiased estimator for
τi − τj.

We want all the Vij to be small.
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Design → graph

If i 6= j, the concurrence λij of treatments i and j is
the number of occurrences of the pair {i, j} in blocks,
counted according to multiplicity.

The concurrence graph G of the design has the treatments as
vertices.
There are no loops.
If i 6= j then there are λij edges between i and j.
So the valency di of vertex i is

di = ∑
j 6=i

λij.
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Concurrence graphs of two designs: v = 15, b = 7, k = 3

1 1 2 3 4 5 6
2 4 5 6 10 11 12
3 7 8 9 13 14 15

1 1 1 1 1 1 1
2 4 6 8 10 12 14
3 5 7 9 11 13 15
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Graph → matrix

The Laplacian matrix L of this graph has
(i, i)-entry equal to di = ∑

j 6=i
λij

(i, j)-entry equal to −λij if i 6= j.
So the row sums of L are all zero.

Hence L has eigenvalue 0 on the all-1 vector.

This trivial eigenvalue has multiplicity 1
⇐⇒ the graph G is connected
⇐⇒ all simple treatment differences are estimable.

Call the remaining eigenvalues nontrivial.
They are all non-negative.
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Generalized inverse

Under the assumption of connectivity,
the Moore–Penrose generalized inverse L− of L is defined by

L− =
(

L +
1
v

Jv

)−1

− 1
v

Jv,

where Jv is the v× v all-1 matrix.

(The matrix
1
v

Jv is the orthogonal projector onto the null space
of L.)
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How do we calculate variance?

Theorem
Assume that all the noise is independent, with variance σ2.
Then the variance of the best linear unbiased estimator of the simple
difference τi − τj is

Vij =
(

L−ii + L−jj − 2L−ij
)

kσ2.

Put V̄ = average value of the Vij. Then

V̄ =
2kσ2 Tr(L−)

v− 1
= 2kσ2 × 1

harmonic mean of θ1, . . . , θv−1
,

where θ1, . . . , θv−1 are the nontrivial eigenvalues of L.
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Optimality

The design is called
I A-optimal if it minimizes the average of the variances Vij;

—equivalently, it maximizes the harmonic mean of the
non-trivial eigenvalues of the Laplacian matrix L;

I D-optimal if it minimizes the volume of the confidence
ellipsoid for (τ1, . . . , τv);
—equivalently, it maximizes the geometric mean of the
non-trivial eigenvalues of the Laplacian matrix L;

over all block designs with block size k and the given v and b.

(Agricultural statisticians tend to favour A-optimality;
industrial statisticians prefer D-optimality.)
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Balanced designs are optimal

Theorem
If there is a balanced incomplete-block design (BIBD) (2-design)
for v treatments in b blocks of size k,
then it is A- and D-optimal.

Hence a general idea that
I designs optimal on either of these criteria should be close

to balanced
I designs optimal on either of these criteria are not very bad

on the other.
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D-optimality: spanning trees

A spanning tree for the graph is a collection of edges of the
graph which form a tree (graph with no cycles)
and which include every vertex.

Theorem

product of non-trivial eigenvalues of L
= v× number of spanning trees.

So a design is D-optimal if and only if its concurrence graph G
has the maximal number of spanning trees.

This is easy to calculate by hand when the graph is sparse.
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Electrical networks

We can consider the concurrence graph as an electrical network
with a 1-ohm resistance in each edge. Connect a 1-volt battery
between vertices i and j. Current flows in the network,
according to these rules.

1. Ohm’s Law:
In every edge, voltage drop = current × resistance =
current.

2. Kirchhoff’s Voltage Law:
The total voltage drop from one vertex to any other vertex
is the same no matter which path we take from one to the
other.

3. Kirchhoff’s Current Law:
At every vertex which is not connected to the battery, the
total current coming in is equal to the total current going
out.

Find the total current I from i to j, then use Ohm’s Law to
define the effective resistance Rij between i and j as 1/I.

24/33



Electrical networks: A-optimality

Theorem
The effective resistance Rij between vertices i and j is

Rij =
(

L−ii + L−jj − 2L−ij
)

.

So
Vij = Rij × kσ2.

Effective resistances are easy to calculate
without matrix inversion if the graph is sparse.
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Example calculation
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Dual channel microarrays

At the end of the 20-th century, there was an explosion of
experiments in genomics, using two-colour microarrays.

These are effectively block designs with k = 2,
and biologists wanted A-optimal designs,
but they did not know the vocabulary “block” or “A-optimal”.

They did a computer search for A-optimal designs and
D-optimal designs with k = 2 and v = b.
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Optimal designs when k = 2 and b = v
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Optimal designs when k = 2 and b = v

v = 7 v = 8 v = 9
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Optimal designs when k = 2 and b = v

v = 8 v = 9 v = 10
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Optimal designs when k = 2 and b = v

v = 9 v = 10 v = 11
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Block size 2, and b = v: D

If k = 2 and b = v then the design consists of a cycle with trees
attached to some vertices.

For a spanning tree, remove one edge without disconnecting
the graph.
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10 spanning trees 4 spanning trees

The cycle is uniquely D-optimal when b = v.
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Block size 2, and b = v: A
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For a given size of cycle,
the sum of the effective resistances is minimized,
and so the total variance is minimized,
when everything outside the cycle is attached as a leaf to the
same vertex of the cycle.
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Block size 2, and b = v: A

Consider a cycle of length s
with v− s leaves attached to one vertex of the cycle.

The sum of the pairwise effective resistances is a cubic function
of s with a local minimum in [2, 5] and decreasing with large s.

When v is small, the minimum on [2, v] is at v;
for larger v, the minimum on [2, v] is the local minimum.
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Block size 2 and b = v

D-optimal designs cycle always

A-optimal designs cycle if v ≤ 8
square with leaves attached if 9 ≤ v ≤ 12
triangle with leaves attached if 12 ≤ v

For v ≥ 9, the ranking on the D-criterion is essentially the
opposite of the ranking on the A-criterion,
and the A-optimal designs are far from equireplicate.
The change is sudden, not gradual.
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What about larger block sizes?

Research is ongoing.

It appears that the problem is not block size k = 2 but
low average replication r̄.

It appears that D-optimal designs are always
(nearly) equireplicate.

It appears that
I when r̄ ≥ 4 then most (nearly) equireplicate designs are

close to A-optimal;
I when r̄ < 2.5 then if v is large enough then the A-optimal

designs are close to queen-bee designs.
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