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Abstract

H. Desmond Patterson, who died in March 2013, introduced
the design key in a paper in 1965. It is a way of constructing
designs for experiments with many factors.

I shall explain the algorithm and talk about some of the early
work on it. I shall also mention various pieces of software that
implement it.

I will also talk about two recent applications: multiphase
experiments and strip-block experiments.
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H. Desmond Patterson
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Time-line

Early 1960s HDP working in the Statistics Department at
Rothamsted Experimental Station

1965 H. D. Patterson: The factorial combination of
treatments in rotation experiments. Journal of
Agricultural Science, 65, 171–182.
This paper introduced the design key.
The number of levels of each factor must be a
power of a single prime number p. All examples
have p = 2, but it is mentioned that the method
can also be used with p = 3.
I had intended to include an example from this
paper, but they are all far too complicated. I am
amazed that any referee understood it at the time.
Parts of it are almost as if Desmond is thinking
aloud.
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Time-line

mid 1960s to mid 1970s Design key “used at Rothamsted in the
routine computer production of experimental
designs”.
HDP moved to the Agricultural Research Council
Unit of Statistics at the University of Edinburgh.
Design key used in Edinburgh in the routine
computer production of experimental designs.

1976 H. D. Patterson: Generation of factorial designs.
Journal of the Royal Statistical Society, Series B, 38,
175–179.
The algorithm is given more formally, and is
extended to cover factors whose numbers of levels
may not all be powers of the same prime.
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Time-line

1976 RAB arrives in Edinburgh to work as a post-doc
under the supervision of HDP.
RAB pointed out some difficulties in the 1976
paper: for example, the integers modulo 3 may be
written as 0, 1, 2, or as 0, 1, −1, (or as . . . ) and this
makes a difference when you interpret them
modulo 2.

1977 R. A. Bailey, F. H. L. Gilchrist and H. D. Patterson:
Identification of effects and confounding patterns
in factorial designs. Biometrika, 64, 347–354.
This avoided the problem by working modulo the
highest common factor of the numbers of levels.
However, all the examples are for factors with six
levels, and the presentation is not easy to follow.
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Time-line

1977 R. A. Bailey: Patterns of confounding in factorial
designs. Biometrika, 64, 597–603.
I used the theory of Abelian groups to prove and
explain the properties of the design key.
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Time-line

1977 HDP and RAB wrote a draft paper about using the
design key to construct designs for
three-dimensional experimental layouts.
We realised that no one but us would understand
it unless we preceded it with an introductory
paper explaining the design key in simple terms.

1978 H. D. Patterson and R. A. Bailey: Design keys for
factorial experiments. Journal of the Royal Statistical
Society, Series C, 27, 335–343.
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Example 1: the key

Factors
Factors Factors with five levels

Experimental units Rows R
Columns C

Treatments Variety of wheat W
Quantity of nitrogen N

Every factor is represented by a single letter.
Levels are integers modulo 5.

Constraints W and N should both be orthogonal to rows and to
columns.

Design key The design key expresses each treatment factor as a
linear combination of factors on the experimental units.

W = R + C N = R + 2C

9/29

Example 1: construction

W = R + C N = R + 2C

C
R 0 1 2 3 4
0 0, 0 1, 2 2, 4 3, 1 4, 3
1 1, 1 2, 3 3, 0 4, 2 0, 4
2 2, 2 3, 4 4, 1 0, 3 1, 0
3 3, 3 4, 0 0, 2 1, 4 2, 1
4 4, 4 0, 1 1, 3 2, 0 3, 2

The experimental units are defined by all combinations of
levels of R and C.

The level of W is shown first in each cell.

The level of N is shown second in each cell.
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Example 1: confounding

W = R + C N = R + 2C

Stratum unit effect df tmt factor tmt effect
Rows R 4 W + 2N interaction

Columns C 4 W + 4N interaction
Rows-by-Columns R + C 4 W variety main

R + 2C 4 N nitrogen main
R + 3C 4 W + 3N interaction
R + 4C 4 W + N interaction

W + N = 2R + 3C ≡ 6R + 9C = R + 4C
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Example 2: the key

Factors
Factors (Pseudo-)factors

with 2 levels
Experimental units Blocks (4) B1, B2

Plots in Blocks (4) P1, P2

Treatments S (2) S
T (2) T
U (2) U
V (2) V

The pseudofactors for each factor all have the same letter.
Levels are integers modulo 2.

Constraints All treatment main effects should be orthogonal to
blocks. So should as many two-factor interactions as possible.

Design key

S = P1 T = P2 U = B1 + P1 + P2 V = B2 + P1 + P2
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Example 1: construction

S = P1 T = P2 U = B1 + P1 + P2 V = B2 + P1 + P2

The experimental units are defined by all combinations of
levels of B1, B2, P1 and P2.

Block 1 Block 2 Block 3 Block 4
B1 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
B2 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
P1 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1
P2 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1
S 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1
T 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1
U 0 1 1 0 0 1 1 0 1 0 0 1 1 0 0 1
V 0 1 1 0 1 0 0 1 0 1 1 0 1 0 0 1
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Example 2: confounding

S = P1 T = P2 U = B1 + P1 + P2 V = B2 + P1 + P2

Stratum unit effect df tmt factor tmt effect
Blocks (B) B1 1 S + T + U 3 f.i.

B2 1 S + T + V 3 f.i.
B1 + B2 1 U + V U-by-V intn

Plots in Blocks (BP) P1 1 S main S
P2 1 T main T

P1 + P2 1 S + T S-by-T intn
B1 + P1 1 T + U T-by-U intn
B1 + P2 1 S + U S-by-U intn

B1 + P1 + P2 1 U main U
B2 + P1 1 T + V T-by-V intn
B2 + P2 1 S + V S-by-V intn

B2 + P1 + P2 1 V main V
B1 + B2 + P1 1 S + U + V 3 f.i.
B1 + B2 + P2 1 T + U + V 3 f.i.

B1 + B2 + P1 + P2 1 S + T + U + V 4 f.i.
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Time-line

1985 A. Kobilinsky: Confounding in relation to duality
of finite Abelian groups. Linear Algebra and its
Applications, 70, 321–347.

1985 R. A. Bailey: Factorial design and Abelian groups.
Linear Algebra and its Applications, 70, 349–368.

1991 A. Kobilinsky and H. Monod: Experimental
design generated by group morphisms: an
introduction. Scandinavian Journal of Statistics, 18,
119–134.
These papers further explain the properties of
designs constructed by the design key, by using
group theory. In particular, they show that in
many circumstances it suffices to consider each
different prime separately, using pseudofactors for
any factor whose number of levels is divisible by
more than one prime.
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What does the design key do?

A design key is a list giving an alias for each treatment
(pseudo-)factor as a linear combination of (pseudo-)factors for
the experimental units.

This gives
I an algorithm for constructing the design;
I a design that is orthogonal;
I (if it is a fractional replicate) a fraction which is regular;
I an algorithm for identifying the confounding between

treatment effects and strata defined by a poset block
structure on the experimental units.

But how do you choose a suitable design key?
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Time-line (back a bit)

1988 P. J. Zemroch: Strategies for generating blocked
fractional replicate designs by computer.
Computational Statistics Quarterly, 4, 43–57.

1989 P. J. Zemroch, K. Lunn, A. Baines and
D. T. Clitheroe: Finding design keys using Prolog.
Computational Statistics Quarterly, 4, 311–332.

1990 P. J. Zemroch: KEYFINDER: A Prolog system for
finding design keys—Version 2. COMPSTAT ’90.

1994 R. W. Payne and M. F. Franklin: Data structures
and algorithms for an open system to design and
analyse generally balanced designs. COMPSTAT
’94.

1995 A. Kobilinsky: PLANOR : programme de
génération automatique de plans d’expériences
réguliers. INRA, Versailles.
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Time-line

1997 R. W. Payne, J. M. Potts and P. J. Verrier: The
description of experimental designs in
information systems. Computers and Electronics in
Agriculture, 19, 69–86.
This explained the algorithms underlying the
design key in the practical context of agricultural
experiments.
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Time-line (back a bit)

1995 A. Kobilinsky and H. Monod: Juxtaposition of
regular factorial designs and the complex linear
model. Scandinavian Journal of Statistics, 22,
223–254.
Partition the experimental material into
macroblocks. In each macroblock, use a different
design key to construct a regular fraction. The
resulting design may not be orthogonal, but it will
have general balance.

1999 R. W. Payne: Design keys, pseudo-factors and
general balance. Computational Statistics and Data
Analysis, 29, 217–229.
In a resolved design, different design keys can be
used in each replicate. The resulting design may
not be orthogonal, but it will have general balance.
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Time-line

2008 RAB extended the design key method to
experiments with multiple phases or multiple
tiers, and used it in several applications. The
design key makes it very simple to keep track of
all the confounding.
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Proteomics (Kathy Ruggiero)

�
�

�
�

2 Interventions

2 Tissues

�
�

�
�

8 Cages
2 Animals in C
2 Positions in A, C

�
�

�
�

8 Runs

8 Labels

-

-
?

I Interventions probably has the biggest variance from
Phase I, so try to confound this with a low-variance term in
Phase II.

I If possible, confound the rest of Cages with the same term,
to avoid losing degrees of freedom for the residual.

I If possible, make Tissues and I#T orthogonal to Runs and
Labels.

Use 2-level pseudofactors and Patterson’s design key.

I I ≡ C1 C1 C2 C3 Ci ≡ Ri + Li R1 R2 R3
A A ≡ R1

T T ≡ P + C3 P P ≡ L2 L1 L2 L3 21/29

Proteomics: calculations using the design key
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2 Interventions

2 Tissues
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8 Cages
2 Animals in C
2 Positions in A, C

�
�

�
�

8 Runs

8 Labels

-

-
key

I I ≡ C1 C1 C2 C3 Ci ≡ Ri + Li R1 R2 R3
A A ≡ R1

T T ≡ P + C3 P P ≡ L2 L1 L2 L3

P + C2 = R2 Positions[A,C], Runs

T ≡ P + C3 ≡ L2 + R3 + L3 T, P[A,C], R#L

I+T = C1 +P+C3 = R1 +L1 +L2 +R3 +L3 I#T, P[A,C], R#L
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Proteomics: skeleton anova

units animal-bits treatments
source df source df source df EMS
Mean 1 Mean 1 Mean 1 ξ0 + 8η0

Runs 7 Animals[C]1 1 ξR + 2ηCA
Positions[A,C]1 2 ξR + 2ηCAP
Residual 4 ξR

Labels 7 Animals[C]2 1 ξL + 2ηCA
Positions[A,C]2 2 ξL + 2ηCAP
Residual 4 ξL

R#L 49 Cages 7 Interventions 1 ξRL + 2ηC + q(I)
Residual 6 ξRL + 2ηC

Animals[C]3 6 ξRL + 2ηCA
Positions[A,C]3 12 Tissues 1 ξRL + 2ηCAP + q(T)

I#T 1 ξRL + 2ηCAP + q(IT)
Residual 10 ξRL + 2ηCAP

Residual 24 ξRL
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Time-line

2013 C.-S. Cheng and P.-W. Tsai: Templates for design
key construction. Statistica Sinica, in press.
This includes templates for split-plot designs and
for strip-block designs.

2014 Ching-Shui Cheng’s forthcoming book on Theory
of Factorial Design has several sections about the
design key.
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Software

Using a given
design key

DSIGN at Rothamsted HDP ≤ 1965

DSIGN at ARCUS HDP
and Mike
Franklin

1970s—
1980s

AGDESIGN in
GenStat

MFF early
1990s

Choosing
a suitable
design key
and using it

KEYFINDER
(in Prolog)

Peter
Zemroch

late 1980s

PLANOR at INRA
(in APL)

André
Kobilinsky

≤ 1995

FKEY in GenStat Roger Payne,
MFF
and Anne
Ainsley

≤ 2000
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Desmond Patterson in retirement
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Desmond Patterson died on 12 March 2013.
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Janet Patterson with Sally on Longniddry beach
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Thank you, Desmond

I am very grateful to Desmond for the personal guidance and
inspiration that he gave to me early in my career.

Let us all celebrate his introduction of the design key.
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