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Two or more random variables
Two continuous random variables

If X and Y are continuous random variables defined on the same sample space, they
have a joint probability density function fx y(x,y) such that, if A is any region of R,
then

P(Y) )= [ [ firley)dedy.

(x,y)eA

Since probabilities are non-negative, we have fx y(x,y) > 0 for all real x and y. Putting
A =R? gives

/ / Fry(x,y)dady = 1.

It can also be shown that if dx and dy are small and positive then

Px <X <x+dxandy <Y <y+9y) ~ fxy(x,y)oxdy.
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The joint cumulative distribution function Fx y is given by

y X
Fyy(x,y)=P(X <xandY <Yy) :/ / fxy(t,u)drdu.



The marginal probability density functions are obtained by integrating over the
other variable:

fx(x) = /fo.,r(x,y)dy;
fr(y) = /fo./y(%y)dx.

If g is a real function of two variables and if X and Y have a joint continuous
distribution then E(g(X,Y)) is defined by

E(g(X,Y)) = /_0; /_ig(x,y)fx,y(x,y)dxdy-
Theorem 8 E(X+Y) =E(X)+E(Y).

The proof is just like the proof in the discrete case, but uses integration instead of
summation.

For continuous random variables, P(X = x) = P(Y =y) = 0, so we have to adapt
the definition of independence.

Definition If X and Y have a joint continuous distribution then X and Y are indepen-
dent of each other if fy y(x,y) = fx(x)fy(y) for all real x and y.

If X and Y are independent of each other and x; < x> and y; < y; then
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so the events “x; < X <x” and “y; <Y < y,” are independent of each other.
The following holds for joint continous random variables as well as for joint dis-
crete random variables. Again, the proof uses integration instead of summation.

Theorem 9 If X and Y are independent then E(XY) =E(X)E(Y).



Covariance and correlation

Definition The covariance of X and Y is
Cov(X,¥) = E[(X —E(X))(Y —E(Y))].

This definition is exactly the same as it was for discrete random variables. So are
the following two theorems and their proofs.

Theorem 10 (a) Cov(X,X) = Var(X).
(b) Cov(X,Y)=E(XY)—-EX)E(Y).
(c) If a is a constant then Cov(aX,Y) = Cov(X,aY) =aCov(X,Y).
(d) If b is a constant then Cov(X,Y +b) = Cov(X +b,Y) = Cov(X,Y).
(e) Cov(X,Y+Z)=Cov(X,Y)+Cov(X,Z).
(f) If X and Y are independent then Cov(X,Y) = 0.
Theorem 11 If a and b are constants and X and Y are random variables then
Var(aX 4 bY) = a* Var(X) + 2abCov(X,Y) + b* Var(Y).
In particular, if X and Y are independent of each other then
Var(X +Y) = Var(X —Y) = Var(X) + Var(Y).

Definition The correlation between random variables X and Y is
Cov(X,Y)

v/ Var(X) Var(Y)

corr(X,Y) =

Theorem 12 —1 < corr(X,Y) < 1.
Proof Put E(X) = uy and E(Y) = uy. Let ¢ be any real number. Then
(X —pux) +1(Y —y)]* > 0,

K E ([(X —px) +1(Y )] >0,



The left-hand side = E[(X —pux)* +2¢(X —ux) (Y —py) +15(Y —uy)?]
= E[(X —pux)?] + 2 E[(X —ux) (Y —py)] + P E[(Y — py)?]
= Var(X)+21Cov(X,Y) +12 Var(Y)
= f(¢t), say.

Then f(¢) is a quadratic function of # which is always non-negative, so its discriminant
(the part we think of as “b> — 4ac”) is negative or zero: that is,

4[Cov(X,Y)]* —4 Var(X) Var(Y) < 0.

The quantity 4 Var(X) Var(Y) is positive, so we can divide by it without changing the
sign, SO

[Cov(X,Y)]
Var(xX) Var(y) | S0
SO
[Cov(X,Y))*
Var(X) Var(Y) ~
That is,

[corr(X,Y)]? < 1.

Taking square roots, we obtain
—1<corr(X,Y)<1. m

Theorem 13 Let X and Y be random variables such that Y = aX + b, where a and b
are constants and a # 0. Then

corr(X,¥) = +1 %f ais posfuye
—1 if a is negative.
Proof By Theorem 10, Cov(X,Y) = Cov(X,aX +b) = Cov(X,aX) =aCov(X,X) =
aVar(X). Also Var(Y) = Var(aX +b) = Var(aX) = a® Var(X), and so Var(X) Var(Y) =
a® (Var(X))>.
If @ > 0 then the positive square root of a® (Var(X))? is a Var(X), so
Cov(X,Y)  aVar(X)

oY) = X Var(y)  aVar(X)

If a < 0 then the positive square root of a® (Var(X))?* is —a Var(X), so

Cov(X,Y)  aVar(X)

= =—1. =
Var(X) Var(Y) —aVar(X)

corr(X,Y) =



