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3.2 Partially balanced incomplete-block designs

Definition An incomplete-block design with treatment-$8tis partially bal-
ancedwith respect to a given association scheme®@mwith non-diagonal as-
sociate classesi, (», ..., (s if there are integer&g, A1, ...,As such that

(B,n) € G=NA(B,n) =\;;

s
N= _;)\iAi-

More generally, an incomplete-block design is partially balanced if there exists
some association scheme on the treatment set with respect to which it is partially
balanced.

in other words

Partial balance implies equal replication. We always wrifier Ao.

Definition An incomplete-block design ibalancedif it is partially balanced
with respect to the trivial association scheme.

Statisticians often abbreviate partially balanced incomplete-block designs to
PBIBDs and balanced incomplete-block designs to BIBDs. On the other hand,
pure mathematicians often know BIBDs as ‘2-designs’; some people call them
simply ‘designs’. We always writ& for A1 in a BIBD.

Of course, a given incomplete-block design may be partially balanced with re-
spect to more than one association schem®.dfor example, a BIBD is partially
balanced with respect to every association schem®.0We usually give the as-
sociation scheme with the smallest number of associate classes among those with
respect to which the design is partially balanced. In Chdif2eve shall show that
such a ‘simplest’ association scheme is well defined.

Definition An incomplete-block design is group divisible triangular, ... de-
sign if it is partially balanced with respect to any group divisible, triangular, ...
association scheme @. It is atransversal desigif it is group divisible with
A1 =0 andA2 = 1 and every block contains one treatment from each group.

Example 3.3 (Example 3.1 continued)This design is group divisible with groups
1,2||3,4|| 5,6 and concurrenceg =2,A\2 =1. =

Lemma 3.2 In a partially balanced incomplete-block design,

iai)\i =r(k—1).
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In particular, in a balanced incomplete-block design,
t—DA=r(k—1).
Proof Use Lemma 3.1 (ii). =
Example 3.4 The design witht =4,b=6,k=2,r = 3 and blocks
a={12}, b={13}, c={1,4}, d={2,3}, e={2,4}, f={34}
is balanced. Its dual has=6,b=4,k=3,r = 2 and blocks
1={ab,c}, 2={ad,e}, 3={b,d,f}, 4={cef}.

This is group divisible for the groups f || b,e|| c,d. In fact, it is a transversal
design. =

Warning: duals of partially balanced incomplete-block designs are not always
partially balanced. | have introduced duals to enlarge the class of designs we can
study.

Example 3.5 Let® ={0,1,2,3,4,5,6}. The blocks{1,2,4}, {2,3,5}, {3,4,6},
{4,5,0}, {5,6,1}, {6,0,2}, {0,1,3} form a balanced incomplete-block design
witht=b=7,r=k=3andA=1. =

A balanced incomplete-block design for whikh= 3 andA = 1 is called a
Steiner triple system

Example 3.6 By taking the complement of each block in Example 3.5, we obtain
the following balanced incomplete-block design wite- b=7,r = k=4 and

A = 2. The blocks arg0,3,5,6}, {1,4,6,0}, {2,5,0,1}, {3,6,1,2}, {4,0,2,3},
{5,1,3,4} and{6,2,4,5}. =

Example 3.7 Let © consist of all 2-subsets df1,2,3,4,5}. Consider the ten

blocks of the form
{{i, 3. {i.k {i.kH} -
They form a triangular design. Ithas-b=10,r=k=3,A\1=1andA\,=0. =

Example 3.8 More generally, le® consist of allm-subsets of an-setl", where

n > 2m. Choosel with m< | < n. For eachl-subset® of I, form the block
{8 € ©:08C ®}. The set of such blocks is an incomplete-block design wvith
"Cm, b="C, k='Cynandr ="™C,_,. Itis partially balanced with respect to
the Johnson association scher(ig th).
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Example 3.9 Let © be the set of 16 cells in ax44 square array and |& be any
4 x 4 Latin square. Construct an incomplete-block design with 12 blocks of size 4
as follows. Each row is a block. Each column is a block. For each letter of each
of M, the cells which have that letter form a block.

For example, if

1234 ABICID
51678 BIAD[C
O=971011/121 3 M=©cipraTB
13 14| 15|16 DICIB|A

then the blocks ar€l, 2, 3,4}, {5,6,7,8}, {9,10,11,12}, {13,14,15,16}, {1,5,9, 13},
{2,6,10,14}, {3,7,11, 15}, {4,8,12, 16}, {1,6,11,16}, {2,5,12,15}, {3,8,9,14}
and{4,7,10,13}.

This design is partially balanced with respect to tH8,B)-type association
scheme defined byl. =



