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1.4 Somespecialassociationschemes

We havealreadymetthetrivial, groupdivisibleandrectangulaassociatiorschemes.

1.4.1 Triangular associationschemes

Let Q consistof all 2-subsetsrom ann-setl’, sothat|Q| =n(n—1)/2. Fora in
Q, put

r
Gla) = {BeQ:janp|=1} n_2
Ga) = {BeQ:anB=0}.

Thena; = 2(n-2) and @a

a;=""2Cy=(n—2)(n—3)/2.
Let w, n,  andB bedistinctelementf I'. If a = {w,n} andp = {w,{} then

a@na®) ={{wyr:yel, y#w n, Gu{{n,{}},

whichhassize(n—3) +1=n—2. Ontheotherhand,if a = {w,n} andp = {{,6}
then
Cl(o)NCiB) = {{w, (},{w,6},{n,{},{n,8}},

which hassize4.

Thisis calledthetriangular associatiorschemeT (n).

The labelling of the verticesof the Petersergraphin Figure 1.9 shaws that
the associatiorschemein Examplel.4is T(5) (with the namesof the classes
interchanged—thidoesnot matter).

1.4.2 Johnsonschemes

More generally let Q consistof all m-subsetof ann-setl’, wherel < m< n/2.
Fori=0,1,..., m leta and bei-th associateg

‘GHB‘:m_L

sothatsmallervaluesof i give asi-th associatesubsetsvhich have largeroverlap.
It is clearthateachelementhasg; i-th associatesiyhere

g ="Cmix""C

(seeFigurel.10).
We shallshow laterthatthis is anassociatiorschemelt is calledthe Johnson
scheme)(n,m). In particulay J(n, 1) = nandJ(n,2) = T(n).
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{34}

{1,5} {2,5}

<

{2,4} {1,3}

Figure1.9: The PetersemraphasT(5).

/ n—m-—i \ r

N /

Figurel.10:i-th associates the Johnsorscheme




18

1.4.3 Hamming schemes

Letl beann-setandlet Q =T™. Fora andf in Q, leta andp bei-th associates
if a andp differin exactlyi positionswhere0 < i < m. Evidently, every element
of Q hasg; i-th associatesyhere

a="Ci x (n—1)'.

We shallshaw laterthatthis is an associatiorscheme.lt is calledthe Hamming
schemeH(m,n).

The cubeschemen Examplel.5is H(3,2), asthe labellingin Figure1.11
shaows.

001 011

000 010

100 110

101 111

Figurel.11: Thecubelabelledto shawv it asH(3,2)

1.4.4 Distance-regular graphs

Recallthata pathof lengthl betweenverticesa andf3 of agraphis a sequencef
| edgeses, e, ..., g suchthata € e;, Be g andene, 1 #0fori=1,...,1—1.
Thegraphis connectedf every pair of verticesis joinedby a path.

The only stronglyregular graphswhich arenot connectedaredisjoint unions
of completegraphsof the samesize. The graphformedby the red edgesof the
cubein Examplel.5is suchagraph;sois thegraphformedby the blackedgesof
thecube.

In a connectedyraph, the distancebetweentwo verticesis the length of a
shortestpath joining them. In particular if {a,B} is an edgethenthe distance
betweenn andp is 1, while the distancefrom a to itself is 0. The diameterof a
connectedyraphis the maximumdistancebetweerary pair of its vertices.

All connectedstronglyregular graphshave diameter2. Theyellow edgesof
the cubeform aconnectedyraphof diameter3.
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In ary connectedyraphg it is naturalto definedsubsetsj; of its vertex-setQ

by
Gi = {(a,B) € Q x Q: thedistancebetweern andfisi},

sothat
Gi(a) = {B € Q : thedistancebetweer andBisi}.

Definition Let G beaconnectedyraphwith diameters andvertex-setQ. Then
G is distance-egularif Go, Gi, ..., Gs form anassociatiorschemeon Q.

In adistance-rgulargraph G, thereareintegersa; suchthat|G;(a)| = & for
all a. In ary connectedyraph,if B € Gi(a) then

G1(B) € Gi—1(a) U Gi(a) U Giv1(a).
SeeFigure 1.12. Hencein a distance-rgular graph pijl =0ifi#0andj ¢

ap ap di—1 a; Qi1

Go(a) Gi(a) Gi-1(a) Gi(a) Gi1(a)
Figurel.12: Edgesthrougha andp in adistance-rgulargraph

{i—1,i,i+1}. Putbi = p|_,, andci = |, ;. It is interestingthatthe constany
of thea;, bj andc; is enoughto guaranteeghatthe graphis distance-rgular.

Theorem 1.4 Let Q be the vertex-setof a connectedgraph G of diameters. If
there are integers a;, bj, ¢ for 1 < i < ssud that, for all a in Q andall i in

{%,...,s},
@ [Gi(a)|=a;
(b) if B€ Gi(a) then|Gi—1(a) N G1(B)| = b and|Gi+1(a) N Gi(B)| =i

(socs mustbe0) then G is distance-egular.

Proof It is clearthatconditions(i) (diagonalsubsetyand(ii) (symmetry)in the

definition of associatiorschemeare satisfied. It remainsto prove that AjA; is a

linearcombinationof the Ay, whereA is the adjaceng matrix of the subsetg;.
Leti e {1,...,s—1}. Then
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e everyelementn Gi_1(a) is joinedto exactly ¢i_1 elementf Gi(a),

e everyelementin Gi(a) is joinedto exactly a; — bj — ¢; elementf Gi(a),
and

e everyelementn Giy1(a) is joinedto exactly b1 elementof Gi(a).

a1 —bi—¢

QH

Gi-1(a) Gi(a) Gi+1(a)

Therefore
AAL =C_1A_1+ (a1 — b —Cc)A +bif1A 1.

Usingthefactsthat Ag = | andall the b; arenon-zero(becausehe graphis con-
nected)jnductionshavsthat,for 1 <i <s,

e A isapolynomialin A; of degreei, and
° Ai1 is alinearcombinationof |, Aq, ..., A.

Henceif i, j € {0,...,s} thenA/A; is alsoa polynomialin A;.
Applying asimilaramgumentto Gs(a) gives

AsA1 = Cs 1As 1+ (a1 — bs)As

so A; satisfiesa polynomial of degrees+ 1. ThuseachproductAjAj can be
expressedsa polynomialin A; of degreeat mosts, soit is alinearcombination
of Ag, A1, ..., As. Hencecondition(iii) is satisfied. =

Example 1.5 revisited The yellow edgesof the cubeform a distance-rgular
graphwith diameter3 andthefollowing parameters:

=3 aa=3 az=1
bi1=1 by=2 b3=3
c1=2 =1 c3=0. =
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In the Johnsonschemedrav an edgebetweena andw if [aNw| = m—1.
Now supposehat3 € G(a), sothat|aNp| = m—i, asin Figure1.10. If n €
G-1(a) N C1(B) thenn is obtainedfrom B by replacingoneof thei elementsn
B\ o by oneof thei elementsn o\ B, so B is joinedto i2 elementsn ¢_1(a).
Similarly, if 8 € G11(a) N C1(B) then® is obtainedfrom (3 by replacingone of
them—i elementsn a NP by oneof then— m—i elementsn Q\ (aUB), soBis
joinedto (m—i)(n—m—i) elementsn G.1(a). Hence(; definesa distance-
regulargraph,andsothe Johnsorschemas indeedanassociatiorscheme.

Similarly, ;1 in theHammingschemeadefinesa distance-rgulargraph,sothis
is alsoa genuineassociatiorscheme.

(Warning: literaturedevotedto distance-rgular graphsusually hasa; to de-
notewhatl amcallinga; — b —¢;.)

1.4.5 Cyclic associationschemes

Cyclic associatiorschemesareimportantin their own right, but this subsection
alsodevelopstwo otherimportantideas. Oneis the expressionof the adjaceng
matricesas linear combinationsof other simpler matriceswhoseproductswe
alreadyknow, asin Examplel.6. The secondis the introductionof algebras,
which arecentralto thetheoryof associatiorschemes.

Let Q beZy, theintegersmodulon, consideredgsa groupunderaddition.

(Thereademwhois familiar with grouptheorywill realisethat,throughouthis
subsectiontheintegersmodulon maybereplacedy ary finite Abeliangroup,so
long assomeof the detailedstatementaresuitablymodified.)

We candefinemultiplicationon F by

XoXp = Xa+p fora andfin Q,

extendedo thewholeof F© by

aeQBeQ

Thus,if f andgarein F then

(fg)(w) = Z}f(a)g(w—a)

ac

so this multiplicationis sometimegalled convolution It is associatie (because
additionin Zp, is), is distributive over vectoraddition,andcommuteswith scalar
multiplication, so it turns F® into an algebra, called the group algebra of Zp,
written FZn.
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Now let
Dpy={(0,B) e QAxQ:f—0a=w}

andlet My, = Ap,, sothatthe (a, B)-entryof M, is equalto 1if a = —wand
to 0 otherwise.Then
MyMs =My, 5

foryandd in Q, and
MuwXy = Xy-w

for wandyin Q. Matricesof theform ¥ ... q AwM, for Ay, in F arecalledcirculant
matrices.

Example 1.7 For Zs,

My =

A WNEFLO

OO Okr oo
OOPFrOOoLrR
OPrP OOCON
PO OOOW
QOO Or A~

andM; = M. Circulantmatricesare patternedn diagonalstripes. The general
circulantmatrix for Zs is

012 34
Of[AN pv po
1|0 AN pvVvop
2| p AN pv "
3|V p oAy
4 u v po A

Let M bethesetof circulantmatrices.lIt formsa vectorspaceover F under
matrix additionandscalarmultiplication. It is alsoclosedundermatrix multipli-
cation, which is associatre, is distributive over matrix addition,and commutes
with scalamultiplication. So M is alsoanalgebra.Themap

O:FZpn— M
definedby

)\oo w| = }\ooMoo
o(Z )2,

is abijectionwhich preseresthethreeoperationgaddition,scalamultiplication,
multiplication)soit is analgebraisomorphism
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Notation If A C Zy, write —A for {—3: 8 € A} and,if y € A, write y+ A for
{y+d:0€A}.

Definition A partitionof Z,, into setsfg, Ay, ..., Agis ablueprintif
() bo={0};
(i) fori=1,...,s if we A then—w e A; (thatis, A = —4);

(iii) thereareintegersqf, suchthatif B € Ay thenthereare preciselydl ele-
mentsa in A suchthatB — o € A;.

Condition(iii) saysthatthereareexactly q!‘j orderedpairsin Aj x Aj thesum
of whoseelementss equalto ary givenelementn Ay. It impliesthat

XaiXa; = qu(jXAk- (1.2)

Notethat
Xag = Xow = X0;
° (A)E%o

thefirst ‘0’ is an elementof the labellingset{0, 1,...,s} andthefinal ‘0’ is the
zeroelementof Z,.
SupposéhatAg, Ay, ..., As do form ablueprintfor Zn. Put G = Ugep, Deos
sothat
CGla)={BeQ:a-BeA}=a-A=a+A
by condition(ii). In particular |G (a)| = |Ai|. Moreover, each( is symmetric,
and(p = Diag(Q). Now theadjaceng matrix A; of G is givenby

A= .Moo: '¢(Xw):¢( %.Xw> = 0(Xa)

soEquation(1.2) shavsthat
AA; = o(Xa)d(Xa;) = d(XaXa;)

= Zq”XAk Zq” (Xay)
= Zqij

andhencehe G form anassociatiorschemeon Q. It is calledacyclicassociation
scheme.

Thus a partition of the smallersetQ with the right properties(a blueprint)
leadsto a partitionof thelargersetQ x Q with theright propertieganassociation
scheme)Theformeris mucheasierto check.
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Example 1.8 In Zj3, putAp = {0}, A1 = {1,3,4,—4,—3,—1} andA; = Q\ Ao\
A;. We calculatethesumsa + 3 for a, B € A;.

| 1] 3] 4[-4[-3]-1
1] 2| 4] 5]-3]-2] 0
3| 4] 66/ -1 0] 2
4] 5/-6|-5] 0] 1| 3
—4[=3|-1] 0] 5] 6|-5
—3[—2[ 0| 1| 6| -6|-4
“1 0 2| 3|-5|-4|-2

In thebodyof thetable

0 occurs 6times
1,3 4, -4, -3, —1 eachoccur2times
2,5, 6, —6, -5, —2 eachoccur3times

SOXa, XA, = 6Xao + 2Xa; + 3Xa,-
As usualfor s= 2, thereis nothingmoreto check,for

XaXa, = Xa, (Xo —Xo—Xay)

6Xa — Xa, — XaXa,

6 (Xo+ Xa; +Xa,) — Xa, — (6Xo+ 2Xa; +3Xa,)
3Xa, +3Xa,

and

X0 Xa, = Xop (X —Xo—Xay)
= 6Xa — Xaz — XA X4,
= 6(Xo+Xa, +Xa,) — Xa, — (3Xa, +3Xa,)
6Xo0+ 3Xa; + 2Xa,-

S0/, A1, Ay form ablueprintfor Z13. m

For ary n, the sets{0}, {£1}, {£2}, ... form a blueprintfor Z,. The cor-
respondingecyclic associationschemeis the sameas the one derived from the
circuit C, with n verticeswhichis a distance-rgulargraph.Call this association

scheme(n).



