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1.4 Somespecialassociationschemes

Wehavealreadymetthetrivial, groupdivisibleandrectangularassociationschemes.

1.4.1 Triangular associationschemes

Let Ω consistof all 2-subsetsfrom ann-setΓ, sothat
�
Ω
���

n � n � 1��� 2. For α in
Ω, put�

1 � α � � 	
β 
 Ω :

�
α � β

���
1 
�

2 � α � � 	
β 
 Ω : α � β

�
/0 
��

Thena1
�

2 � n � 2� and

a2
� n � 2C2

� � n � 2��� n � 3��� 2 � ������
2

α

Γ
n � 2

Let ω, η, ζ andθ bedistinctelementsof Γ. If α
��	

ω � η 
 andβ
��	

ω � ζ 
 then�
1 � α ��� �

1 � β � ��	�	
ω � γ 
 : γ 
 Γ � γ �� ω � η � ζ 
�� 	�	

η � ζ 
�
��
whichhassize � n � 3� � 1

�
n � 2. Ontheotherhand,if α

�!	
ω � η 
 andβ

�"	
ζ � θ 


then �
1 � α ��� �

1 � β � ��	�	
ω � ζ 
�� 	 ω � θ 
#� 	 η � ζ 
�� 	 η � θ 
�
��

whichhassize4.
This is calledthe triangular associationschemeT � n� .
The labelling of the verticesof the Petersengraphin Figure1.9 shows that

the associationschemein Example1.4 is T � 5� (with the namesof the classes
interchanged—thisdoesnot matter).

1.4.2 Johnsonschemes

More generally, let Ω consistof all m-subsetsof ann-setΓ, where1 $ m $ n� 2.
For i

�
0, 1, . . . , m, let α andβ be i-th associatesif�

α � β
���

m � i �
sothatsmallervaluesof i giveasi-th associatessubsetswhichhavelargeroverlap.

It is clearthateachelementhasai i-th associates,where

ai
� mCm� i % n � mCi

(seeFigure1.10).
Weshallshow laterthatthis is anassociationscheme.It is calledtheJohnson

schemeJ� n � m� . In particular, J� n � 1� � n andJ� n � 2� � T � n� .
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&	
1 � 3 


& 	
2 � 5 


&	
3 � 4 


&	
1 � 5 


&	
2 � 4 


& 	
4 � 5 
&	

1 � 4 
& 	
1 � 2 
&	

2 � 3 

&	

3 � 5 

Figure1.9: ThePetersengraphasT � 5� .

Γ

α

β

i

im � i

n � m � i

Figure1.10: i-th associatesin theJohnsonscheme
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1.4.3 Hamming schemes

Let Γ beann-setandlet Ω
�

Γm. For α andβ in Ω, let α andβ be i-th associates
if α andβ differ in exactly i positions,where0 $ i $ m. Evidently, everyelement
of Ω hasai i-th associates,where

ai
� mCi % � n � 1� i �

We shall show later that this is anassociationscheme.It is calledtheHamming
schemeH � m� n� .

The cubeschemein Example1.5 is H � 3 � 2� , as the labelling in Figure1.11
shows.

' ' ' '
' ' ' '

((((
((((

&

&

&

&
&& &&000 010

100 110

001 011

101 111

Figure1.11:Thecubelabelledto show it asH � 3 � 2�
1.4.4 Distance-regular graphs

Recallthatapathof lengthl betweenverticesα andβ of agraphis asequenceof
l edgese1, e2, . . . , el suchthatα 
 e1, β 
 el andei � ei ) 1 �� /0 for i

�
1, . . . , l � 1.

Thegraphis connectedif everypair of verticesis joinedby apath.
Theonly stronglyregulargraphswhich arenot connectedaredisjoint unions

of completegraphsof the samesize. The graphformedby the red edgesof the
cubein Example1.5 is suchagraph;sois thegraphformedby theblackedgesof
thecube.

In a connectedgraph, the distancebetweentwo verticesis the length of a
shortestpath joining them. In particular, if

	
α � β 
 is an edgethen the distance

betweenα andβ is 1, while thedistancefrom α to itself is 0. Thediameterof a
connectedgraphis themaximumdistancebetweenany pair of its vertices.

All connectedstronglyregulargraphshave diameter2. Theyellow edgesof
thecubeform aconnectedgraphof diameter3.
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In any connectedgraph * it is naturalto definedsubsets* i of its vertex-setΩ
by * i

�+	 � α � β �,
 Ω % Ω : thedistancebetweenα andβ is i 
��
sothat * i � α � �+	

β 
 Ω : thedistancebetweenα andβ is i 
��
Definition Let * bea connectedgraphwith diameters andvertex-setΩ. Then* is distance-regular if * 0, * 1, . . . , * s form anassociationschemeon Ω.

In a distance-regulargraph * , thereareintegersai suchthat
� * i � α � �-� ai for

all α. In any connectedgraph,if β 
.* i � α � then* 1 � β �,/0* i � 1 � α �1�2* i � α ���2* i ) 1 � α ���
SeeFigure 1.12. Hencein a distance-regular graph pi

j1

�
0 if i �� 0 and j �


&
α

a0

* 0 � α �
3
4

5
6

a1

* 1 � α �
. . .

ai � 1

* i � 1 � α �
ai

* i � α �
ai ) 1

* i ) 1 � α �
3
4

5
6

3
4

5
6

3
4

5
67 7 7 7 7 7 78 8 8 8 8 8 89 9 9 9 9 9 9: : : : : : : &β9999999 ::::::: ; ; ; ; ; ; ;< < < < < < <' '= = ==

bi ci

Figure1.12:Edgesthroughα andβ in adistance-regulargraph	
i � 1 � i � i � 1 
 . Putbi

�
pi

i � 1 > 1 andci
�

pi
i ) 1 > 1. It is interestingthattheconstancy

of theai, bi andci is enoughto guaranteethatthegraphis distance-regular.

Theorem 1.4 Let Ω be the vertex-setof a connectedgraph * of diameters. If
there are integers ai , bi , ci for 1 $ i $ s such that, for all α in Ω and all i in	
1 �?�����@� s
 ,
(a)

� * i � α � ��� ai ;

(b) if β 
.* i � α � then
� * i � 1 � α ���2* 1 � β � �A� bi and

� * i ) 1 � α �1�2* 1 � β � ��� ci

(socs mustbe0) then * is distance-regular.

Proof It is clearthatconditions(i) (diagonalsubset)and(ii) (symmetry)in the
definition of associationschemearesatisfied. It remainsto prove that AiA j is a
linearcombinationof theAk, whereAi is theadjacency matrixof thesubset* i .

Let i 
 	
1 �����?�?� s � 1 
 . Then



20 B everyelementin * i � 1 � α � is joinedto exactlyci � 1 elementsof * i � α � ,B every elementin * i � α � is joined to exactly a1 � bi � ci elementsof * i � α � ,
andB everyelementin * i ) 1 � α � is joinedto exactlybi ) 1 elementsof * i � α � .

* i � 1 � α � * i � α � * i ) 1 � α �& C C C CDDDD& E E E E E E E< < < < < < <F F F F F F F: : : : : : : &EEEEEEE FFFFFFF <<<<<<< GGGGGGG
a1 � bi � ci

ci � 1 bi ) 1

Therefore

AiA1
�

ci � 1Ai � 1 �H� a1 � bi � ci � Ai � bi ) 1Ai ) 1 �
UsingthefactsthatA0

�
I andall thebi arenon-zero(becausethegraphis con-

nected),inductionshowsthat,for 1 $ i $ s,B Ai is apolynomialin A1 of degreei, andB Ai
1 is a linearcombinationof I , A1, . . . , Ai.

Henceif i, j 
 	
0 �����?�I� s
 thenAiA j is alsoapolynomialin A1.

Applying asimilar argumentto * s � α � gives

AsA1
�

cs� 1As� 1 �J� a1 � bs� As

so A1 satisfiesa polynomial of degrees � 1. Thus eachproductAiA j can be
expressedasa polynomialin A1 of degreeat mosts, soit is a linearcombination
of A0, A1, . . . , As. Hencecondition(iii) is satisfied.

Example 1.5 revisited The yellow edgesof the cubeform a distance-regular
graphwith diameter3 andthefollowing parameters:

a1
�

3 a2
�

3 a3
�

1
b1

�
1 b2

�
2 b3

�
3

c1
�

2 c2
�

1 c3
�

0 �
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In the Johnsonscheme,draw an edgebetweenα andω if
�
α � ω

� �
m � 1.

Now supposethat β 
 �
i � α � , so that

�
α � β

� �
m � i, as in Figure1.10. If η 
�

i � 1 � α �K� �
1 � β � thenη is obtainedfrom β by replacingoneof the i elementsin

β L α by oneof the i elementsin α L β, so β is joined to i2 elementsin
�

i � 1 � α � .
Similarly, if θ 
 �

i ) 1 � α �M� �
1 � β � thenθ is obtainedfrom β by replacingoneof

them � i elementsin α � β by oneof then � m � i elementsin Ω LN� α � β � , soβ is
joined to � m � i ��� n � m � i � elementsin

�
i ) 1 � α � . Hence

�
1 definesa distance-

regulargraph,andsotheJohnsonschemeis indeedanassociationscheme.
Similarly,

�
1 in theHammingschemedefinesadistance-regulargraph,sothis

is alsoagenuineassociationscheme.
(Warning: literaturedevotedto distance-regular graphsusuallyhasai to de-

notewhatI amcallinga1 � bi � ci .)

1.4.5 Cyclic associationschemes

Cyclic associationschemesareimportantin their own right, but this subsection
alsodevelopstwo otherimportantideas.Oneis theexpressionof theadjacency
matricesas linear combinationsof other, simpler, matriceswhoseproductswe
alreadyknow, as in Example1.6. The secondis the introductionof algebras,
whicharecentralto thetheoryof associationschemes.

Let Ω be O n, theintegersmodulon, consideredasagroupunderaddition.
(Thereaderwhois familiarwith grouptheorywill realisethat,throughoutthis

subsection,theintegersmodulon maybereplacedby any finite Abeliangroup,so
longassomeof thedetailedstatementsaresuitablymodified.)

We candefinemultiplicationon FΩ by

χαχβ
�

χα ) β for α andβ in Ω,

extendedto thewholeof FΩ byP
∑

α Q Ω
λαχα R P

∑
β Q Ω

µβχβ R �
∑

α Q Ω
∑

β Q Ω
λαµβχα ) β �

Thus,if f andg arein FΩ then� f g��� ω � � ∑
α Q Ω

f � α � g � ω � α �
so this multiplication is sometimescalledconvolution. It is associative (because
additionin O n is), is distributive over vectoraddition,andcommuteswith scalar
multiplication, so it turns FΩ into an algebra, called the group algebra of O n,
writtenF O n.
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Now let S
ω
��	 � α � β �,
 Ω % Ω : β � α

�
ω 


andlet Mω
�

AT ω, so that the � α � β � -entryof Mω is equalto 1 if α
�

β � ω and
to 0 otherwise.Then

MγMδ
�

Mγ ) δ

for γ andδ in Ω, and
Mωχγ

�
χγ � ω

for ω andγ in Ω. Matricesof theform ∑ω Q Ω λωMω for λω in F arecalledcirculant
matrices.

Example1.7 For O 5,

M4
� 0 1 2 3 4

0
1
2
3
4

UVVVVW 0 0 0 0 1
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0

XZYYYY[
andM1

�
M \4. Circulantmatricesarepatternedin diagonalstripes.Thegeneral

circulantmatrix for O 5 is

0 1 2 3 4
0
1
2
3
4

UVVVVW λ µ ν ρ σ
σ λ µ ν ρ
ρ σ λ µ ν
ν ρ σ λ µ
µ ν ρ σ λ

XZYYYY[ �
Let ] bethesetof circulantmatrices.It formsa vectorspaceover F under

matrix additionandscalarmultiplication. It is alsoclosedundermatrix multipli-
cation,which is associative, is distributive over matrix addition,andcommutes
with scalarmultiplication.So ] is alsoanalgebra.Themap

ϕ:F O n ^ ]
definedby

ϕ

P
∑

ω Q Ω
λωχω R �

∑
ω Q Ω

λωMω

is abijectionwhichpreservesthethreeoperations(addition,scalarmultiplication,
multiplication)soit is analgebra isomorphism.
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Notation If ∆ /�O n, write � ∆ for
	 � δ : δ 
 ∆ 
 and, if γ 
 ∆, write γ � ∆ for	

γ � δ : δ 
 ∆ 
 .
Definition A partitionof O n into sets∆0, ∆1, . . . , ∆s is ablueprint if

(i) ∆0
��	

0 
 ;
(ii) for i

�
1, . . . , s, if ω 
 ∆i then � ω 
 ∆i (thatis, ∆i

� � ∆i);

(iii) thereare integersqk
i j suchthat if β 
 ∆k then thereare preciselyqk

i j ele-
mentsα in ∆i suchthatβ � α 
 ∆ j .

Condition(iii) saysthat thereareexactly qk
i j orderedpairsin ∆i % ∆ j thesum

of whoseelementsis equalto any givenelementin ∆k. It impliesthat

χ∆i χ∆ j

�
∑
k

qk
i jχ∆k � (1.2)

Notethat
χ∆0

�
∑

ω Q ∆0

χω
�

χ0;

thefirst ‘0’ is an elementof the labellingset
	
0 � 1 �����?�I� s
 andthefinal ‘0’ is the

zeroelementof O n.
Supposethat∆0, ∆1, . . . , ∆s do form a blueprintfor O n. Put

�
i
�+_

ω Q ∆i

S
ω,

sothat �
i � α � �+	

β 
 Ω : α � β 
 ∆i 
 � α � ∆i
�

α � ∆i

by condition(ii). In particular,
� �

i � α � �`�a�
∆i

�
. Moreover, each

�
i is symmetric,

and
�

0
�

Diag� Ω � . Now theadjacency matrixAi of
�

i is givenby

Ai
�

∑
ω Q ∆i

Mω
�

∑
ω Q ∆i

ϕ � χω � � ϕ

P
∑

ω Q ∆i

χω R �
ϕ � χ∆i �

soEquation(1.2)showsthat

AiA j
�

ϕ � χ∆i � ϕ � χ∆ j � � ϕ � χ∆iχ∆ j ��
ϕ � ∑

k

qk
i jχ∆k � � ∑

k

qk
i jϕ � χ∆k ��

∑
k

qk
i jAk

andhencethe
�

i form anassociationschemeonΩ. It is calledacyclicassociation
scheme.

Thus a partition of the smallerset Ω with the right properties(a blueprint)
leadsto apartitionof thelargersetΩ % Ω with theright properties(anassociation
scheme).Theformeris mucheasierto check.
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Example1.8 In O 13, put ∆0
��	

0 
 , ∆1
��	

1 � 3 � 4 ��� 4 ��� 3 �?� 1 
 and∆2
�

Ω L ∆0 L
∆1. Wecalculatethesumsα � β for α, β 
 ∆1.

1 3 4 � 4 � 3 � 1

1 2 4 5 � 3 � 2 0
3 4 6 � 6 � 1 0 2
4 5 � 6 � 5 0 1 3� 4 � 3 � 1 0 5 6 � 5� 3 � 2 0 1 6 � 6 � 4� 1 0 2 3 � 5 � 4 � 2

In thebodyof thetable

0 occurs 6 times
1 � 3 � 4 �,� 4 �b� 3 �b� 1 eachoccur2 times
2 � 5 � 6 �,� 6 �b� 5 �b� 2 eachoccur3 times

soχ∆1χ∆1

�
6χ∆0 � 2χ∆1 � 3χ∆2.

As usualfor s
�

2, thereis nothingmoreto check,for

χ∆1χ∆2

�
χ∆1 � χΩ � χ0 � χ∆1 ��
6χΩ � χ∆1 � χ∆1χ∆1�
6 � χ0 � χ∆1 � χ∆2 �K� χ∆1 �c� 6χ0 � 2χ∆1 � 3χ∆2 ��
3χ∆1 � 3χ∆2

and

χ∆2χ∆2

�
χ∆2 � χΩ � χ0 � χ∆1 ��
6χΩ � χ∆2 � χ∆1χ∆2�
6 � χ0 � χ∆1 � χ∆2 �M� χ∆2 �c� 3χ∆1 � 3χ∆2 ��
6χ0 � 3χ∆1 � 2χ∆2 �

So∆0, ∆1, ∆2 form a blueprintfor O 13.

For any n, the sets
	
0 
 , 	 d 1 
 , 	 d 2 
 , . . . form a blueprint for O n. The cor-

respondingcyclic associationschemeis the sameas the one derived from the
circuit Cn with n vertices,which is a distance-regulargraph.Call this association
schemee n .


