Chapter 1

AssociationSchemes

1.1 Partitions

Associationschemesreaboutrelationsbetweerpairsof elementf asetQ. In
thisbook Q will alwaysbefinite. RecallthatQ x Q is the setof orderedpairsof
elementof Q; thatis,

QxQ={(a,p):aeQ, BeQ}.

| shall give three equivalent definitions of associatiorscheme,n terms of
partitions,graphsand matricesrespectrely. Eachdefinition hasadvantagesand
disadwantagesgdependingon the context.

Recallthata partition of a setA is a setof non-emptysubsetof A which are
mutually disjointandwhoseunionis A.

Let C beary subsebf Q x Q. Its dual subseis ', where

C'={(B,a):(a,B) € C}.

We saythat C is symmetridf ¢ = C’. Onespecialsymmetricsubseis thediago-
nal subseDiag(Q) definedby

Diag(Q) = {(w,w) : we Q}.

Definition (First definition of associationscheme) An association
schemewith s associatelassen afinite setQ is a partitionof Q x Q into sets
Co, C1, - .., Cs (calledassociateclasse$ suchthat

(i) Co=Diag(Q);

(i) G issymmetricfori=1,...,s,
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(i) foralli, j,kin {0,...,s} thereis anintegerp}‘j suchthat,for all (a,B) in ¢k,
[{ve Q:(a,y) € G and(y,p) € Gj}| = pf-

Notethatthe superscripkin p{‘j doesnot signify a power.

Elementsa andf3 of Q arecalledi-th associatesf (a,B) € G.

We canvisualizeQ asa squarearray whoserows and columnsare indexed
by Q, asin Figurel.1. If therows andcolumnsareindexedin the sameorder
thenthe diagonalsubsetonsistof the elementon the maindiagonal which are
markedOin Figurel.l. Condition(i) saysthat (; is preciselythisdiagonalsubset.
Condition(ii) saysthatevery otherassociatelassis symmetricaboutthatdiago-
nal: if thewhole pictureis reflectedaboutthatdiagonalthenthe associatelasses
remainthe same.For example,the setof elementsmarked x couldform anasso-
ciateclassif symmetrywerethe only requirementCondition(iii) is muchharder
to visualizefor partitions,but is easierto interpretin the latertwo definitions.

Q

Figurel.l: Theelementof Q x Q

Note that condition (ii) implies that pioj =0if i # j. Similarly, p'(-‘)j =0if
j # kandpl, = 0if i # k, while p; = 1= p},. Condition(iii) impliesthatevery
elementof Q hasp{ i-th associatesso thatin factthe setof elementsnarked x
in Figure 1.1 could not be an associateclass. Write g = pﬁ. This is calledthe
valencyof the i-th associateclass. (Many authorsusen; to denotevaleng, but
this conflictswith thevery naturaluseof n; in Chapters?? and??.)

Theintegers|Q|, s, a for 1< i < sand p{‘j for 1 <,i, j,k < sarecalledthe
parametes of thefirstkind. Notethat pl§; = p¥.

Examplel.1 LetAjU---UA, beapartitionof Q into b subset®f sizem, where
b > 2 andm > 2. Thesesubsetsaretraditionally calledgroups eventhoughthey
have nothingto do with the algebraicstructurecalledagroup.Let a andf3 be
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e firstassociateff they arein thesamegroupbut o # 3;
e secondassociateff they arein differentgroups.

SeeFigurel.2.

first associates secondassociates

Figurel.2: Partition of Q in Examplel.1.

If we Q thenw hasm— 1 first associateand (b — 1)m secondassociates.
If o andf3 arefirst associateshenthe numberof y which are specifiedasso-
ciatesof a andf are:

firstassociat®f 3 | secondassociatef 3
first associat®f a m-—2 0
secondassociat®f o 0 (b—1)m

For example,thoseelementswhich arefirst associate®f both a and 3 arethe
m— 2 otherelementsn the groupwhich containsa andp. If a andf3 aresecond
associatethenthe numberof y which arespecifiedassociatesf a andf3 are:

firstassociat®f 3 | secondassociatef 3
first associat®f a 0 m-—1
secondassociat®f a m—1 (b—2)m

Sothisis anassociatiorschemewith s=2,a3 = m—1,a, = (b— 1)m, and
pp=m-2  pj,=0 p7, =0 pf,=m-1
p3;=0 ps, = (b—1)m 5 =m—1 p5,= (b—2)m

It is calledthegroupdivisibleassociatiorschemedenotedsD(b, m) orb/m. (The
name‘groupdivisible” hasstuck,becauséhatis thenameoriginally usedoy Bose
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andNair. But anyonewho usesthe word “group” in its algebraicsenseas upset
by this. It seemdo meto be quite acceptable¢o call the schemgust “divisible”.
Someauthorstried to compromiseby calling it “groop-dwisible”, but the nonce
word “groop” hasnotfoundwide approval.) =

To save writing phrasedik e “first associatesf a” we introducethe notation
G (a) for thesetof i-th associatesf a. Thatis

G(a)={BeQ:(a,B)€G}.
Thuscondition(iii) saysthat|G (o) N Cj(B)| = p if Be Gi(a).

Example 1.2 Let|Q|=n, let (y bethediagonakubsetndlet (1 = {(a,B) e Q x Q:a # B} =
Q x Q\ (b. Thisis thetrivial associatiorscheme—th@nly associatiorscheme

on Q with only oneassociateelass. It hasag = n—1 and p}; = n—2. | shall

denotetn. m

Example 1.3 Let Q beann x m rectangulamarraywith n > 2 andm > 2, asin
Figurel.3. Notethatthisis apictureof Q itself, notof Q x Q! Put

m

Figurel.3: ThesetQ in Examplel.3

G = {(a,B):a, Bareinthesamerow buta # B}

¢ = {(a,B):a, Barein thesamecolumnbut o # 3}
s = {(a,B):aqa, Barein differentrows andcolumng
QxQ\ G\ G\ G

Thenag =m—1,ap=n—1andag= (m—-1)(n—1).
If (a,B) € 1 thenthe numberof y which arespecifiedassociatesf a andf3

are:
Gi(B) | C2(B) C3(B)
G(@)[m=2] 0 0
G(a)| 0 0 n—1
G(a)] 0 | n=1|(n=-1)(m-2)
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Theentriesin theabove tablearethe pilj :
If (a,B) € ¢ thenthe numberof y which arespecifiedassociatesf a andf3

are:
aB) | &B) G3(B)
G(@)| O 0 m
G| 0 | n-2 0
G(a) | m=1| 0 |(n—2)(m-1)

Theentriesin theabove tablearethe p3.
Finally, if (a,B) € G thenthenumberof y which arespecifiedassociatesf a
andp are:

B | &B) G(B)
0 1

G)| 1 0
G(a) | m—2| n-2|(n—2)(m-2)

andtheentriesin theabove tablearethe pﬁ- :
This is the rectangularassociatiorschemeR(n,m) or n x m. It hasthree

associatelasses. =
S
Lemmal.l (i) Z)a.-=|Q|;
i:

(i) for everyi andk, Z p}‘j = a.
]

Proof (i) ThesetQ isthedisjointunionof (y(a), Ci(a), ..., G(a).

(i) Givenary (a,B) in G, theset( (a) is thedisjointunionof thesetsG(a) N
Ci(B)forj=0,1,...,s. =

Thusit is sufficientto checkconstanyg of theg; for all but onevalueof i, and,
for eachpair (i, k), to checkthe constang of p}‘j for all but onevalueof j.

Thusconstructionof tableslik e thoseabove is easienf we includea row for
(o(a) andacolumnfor (p(B). Thenthefiguresin thei-th row andcolumnmust
sumto a;, sowe begin by putting thesetotalsin the magins of the table, then
calculatethe easierentries(rememberinghatthe tablemustbe symmetric),then
finish off by subtraction.

Example 1.4 Let Q consistof theverticesof the Petersemraph,whichis shavn
in Figurel.4. Let (; consistof the edgesof the graphand (> consistof the non-
edgeqdthatis, of thosepairsof distinctverticeswhich arenotjoined by anedge).
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Figurel.4: ThePetersemraph

Inspectionof the graphshows that every vertex is joined to threeothersand so
a; = 3. It followsthata, =10—1—-3=6.
If {a,B} isanedge we readilyobtainthe partialtable

Go(a) | Gi(a) | G(a)
GP)| O 1 0 1
aB| 1 0 3
C(B) 0 6

| 1] 3 ] 6 |10

becausehereareno trianglesin the graph.To obtainthe correctrow andcolumn
totals,this mustbe completedas

Go(a) | Gi(a) | G(a)
GQP)| O 1 0 1
aP)| 1 0 2 3
CPB)] O 2 4 6

1 [ 3 [ 6 [10

We work similarly for the casethat{a, B} is notanedge.If you arefamiliar
with the Petersergraphyou will know that every pair of verticeswhich arenot
joinedby anedgearebothjoinedto exactly onevertex; if youarenotfamiliarwith
the graphandits symmetriesyou shouldcheckthatthis is true. Thus p%l =1
This givesthe middle entry of thetable,andthethreeentriesin the bottomright-
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handcorner(p?,, p3, andp3,) canbecalculateddy subtraction.

G(a) | Gi(a) | &(a)
GPB)| O 0 1 1
aP)| o 1 2 3
P 1 2 3 6

| 1 [ 3 ] 6 [10

Sohereagainwe have anassociatiorschemewith two associatelasses. =

1.2 Graphs

Now thatwe have donethe examplewith the Petersemyraph,we needto examine
graphsa little more formally. Recallthata finite graphis a finite setl", whose
elementsare called vertices togetherwith a setof 2-subsetof I' callededges
(A “2-subset”’meansa subsetf size?2.) Strictly speakingthisis anundirected
graph. Verticesy andd aresaidto bejoined by an edee if {y,d} is anedge.The
graphis completdaf every 2-subsets anedge.

Examplel.4 suggests secondwvay of looking at associatiorschemesimag-
ine that all the edgesin the Petersergraphare blue. For eachpair of distinct
verticeswhich are not joined, draw a red edgebetweenthem. We obtaina 2-
colouring of the completeundirectedgraphKig on ten vertices. Condition (iii)
givesusaspecialpropertyaboutthe numberof trianglesof varioustypesthrough
anedgewith agivencolour.

Definition (Seconddefinition of associationscheme) An associatiorschemewith
s associatelassen a finite setQ is a colouring of the edgesof the complete
undirectedyraphwith vertex-setQ by s colourssuchthat

(i)’ foralli, j, kin {1,...,s} thereis anintegerp}‘j suchthat,wheneer {a, 3}
is anedgeof colourk then

{ye€ Q: {a,y} hascolouri and{y,B} hascolourj}| = p!‘j;

(iv)" everycolouris usedatleastonce;

(v)' thereareintegersa; for i in {1,...s} suchthateachvertex is containedn
exactly a; edgesf colouri.

Thestrangenumberings to aid comparisorwith thepreviousdefinition. There
is noneedfor ananalogueof condition(i), becausevery edgeconsistof two dis-
tinct vertices norfor ananalogueof condition(ii), becauseve have specifiedthat
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the graphbe undirected. Condition (iii) saysthatif we fix differentverticesa
and[, andcoloursi and j, thenthe numberof triangleswhich consistof theedge
{a,B} andani-colourededgethrougha anda j-colourededgethroughf is ex-
actly p[‘] wherek is the colour of {a, B}, irrespectve of the choiceof a andp.
(SeeFigure1.5.) We did not needa condition(iv) in the partition definition be-
causewe specifiedthatthe subsetsn the partitionbe non-empty Finally, because
condition(iii)’ doesnot dealwith the analogueof the diagonalsubsetwe have to
putin condition(v)’ explicitly. Alternatively, if we assuméhatnoneof thecolours
usedfor the edgess white, we cancolourall the verticeswhite. Thenwe recover
exactly the parameter®f thefirst kind, with ag = 1, pi? = q, p{o = p{)i =1,and

P} = Plo=Pp; =0if i #J.

pf vertices give this
typeof triangle

colouri \

a

colourk/ B

~———colour |

Figure1.5: Condition(iii)’

Example 1.5 Let Q bethe setof the 8 verticesof the cube. Colourthe edgesof
thecubeyellow, themaindiagonalgedandthefacediagonaldlack. In Figurel.6
theyellow edgesareshawn by solid lines, the red edgesby dashedines,andthe
blackedgesareomitted. If youfind this picturehardto follow, take any convenient
cuboidbox,draw blacklinesalongthefacediagonalsandcolourtheedgesyellow.

Every vertex is in threeyellow edgesponered edgeandthreeblack ones,so
ayellow = 3, 8red = 1 andapjack = 3.

white yellow red black

white 0 1 0 0

Thevaluespiyje”OW aretheentriesin  yellow 1 0 0 2 ,
red 0 0 0 1
black 0 2 1 0
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Figurel.6: Thecube:solidlinesareyellow, dashednesarered

white yellow red black
white 0 0 1 0

thevaluesp{fd aretheentriesin  yellow 0 0 0 3 and
red 1 0 0 0
black 0 3 0 0

white yellow red black
white 0 0 0 1
thevaluespP@ aretheentriesin  yellow 0 2 1 0
red 0 1 0 0
black 1 0 0 2

Thuswe have anassociatiorschemaewith threeassociatelasses. =

If an associatiorschemehastwo associateclasseswe can regard the two
coloursas'visible’ and‘invisible’, asin Examplel.4. The graphformedby the
visible edgess saidto be stronglyregular.

Definition A finite graphis stronglyregular if

(a) it is regular in the senseahatevery vertex is containedn the samenumber
of edges;

(b) everyedgeis containedn the samenumberof triangles;

(c) everynon-edges containedn thesamenumberof configurationdik

(d) it is neithercomplete(all pairsareedgeshor null (no pairsareedges).




