
Chapter 1

AssociationSchemes

1.1 Partitions

Associationschemesareaboutrelationsbetweenpairsof elementsof a setΩ. In
this bookΩ will alwaysbefinite. RecallthatΩ � Ω is thesetof orderedpairsof
elementsof Ω; thatis,

Ω � Ω � ���
α � β � : α � Ω � β � Ω �
	

I shall give threeequivalent definitionsof associationscheme,in termsof
partitions,graphsandmatricesrespectively. Eachdefinition hasadvantagesand
disadvantages,dependingon thecontext.

Recallthata partition of a set∆ is a setof non-emptysubsetsof ∆ which are
mutuallydisjoint andwhoseunionis ∆.

Let � beany subsetof Ω � Ω. Its dual subsetis �� , where

� � � ���
β � α � :

�
α � β �������
	

Wesaythat � is symmetricif ����� � . Onespecialsymmetricsubsetis thediago-
nal subsetDiag

�
Ω � definedby

Diag
�
Ω ��� ���

ω � ω � : ω � Ω ��	
Definition (First definition of associationscheme) An association
schemewith s associateclasseson a finite setΩ is a partitionof Ω � Ω into sets� 0, � 1, . . . , � s (calledassociateclasses) suchthat

(i) � 0 � Diag
�
Ω � ;

(ii) � i is symmetricfor i � 1, . . . , s;
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(iii) for all i, j, k in
�
0 ��	�	�	�� s� thereis anintegerpk

i j suchthat,for all
�
α � β � in � k,���� γ � Ω :

�
α � γ ����� i and

�
γ � β ����� j � �� � pk

i j 	
Notethatthesuperscriptk in pk

i j doesnot signify apower.
Elementsα andβ of Ω arecalledi-th associatesif

�
α � β ����� i .

We canvisualizeΩ asa squarearraywhoserows andcolumnsare indexed
by Ω, asin Figure1.1. If the rows andcolumnsareindexed in the sameorder,
thenthediagonalsubsetconsistsof theelementson themaindiagonal,whichare
marked0 in Figure1.1.Condition(i) saysthat � 0 is preciselythisdiagonalsubset.
Condition(ii) saysthateveryotherassociateclassis symmetricaboutthatdiago-
nal: if thewholepictureis reflectedaboutthatdiagonalthentheassociateclasses
remainthesame.For example,thesetof elementsmarked � couldform anasso-
ciateclassif symmetryweretheonly requirement.Condition(iii) is muchharder
to visualizefor partitions,but is easierto interpretin thelatertwo definitions.

Ω

Ω

0
0

0
0

0
0

0

�� �

�

�

�

Figure1.1: Theelementsof Ω � Ω

Note that condition (ii) implies that p0
i j � 0 if i �� j. Similarly, pk

0 j � 0 if

j �� k andpk
i0 � 0 if i �� k, while p j

0 j � 1 � pi
i0. Condition(iii) impliesthatevery

elementof Ω hasp0
ii i-th associates,so that in fact thesetof elementsmarked �

in Figure1.1 could not be an associateclass. Write ai � p0
ii . This is calledthe

valencyof the i-th associateclass. (Many authorsuseni to denotevalency, but
this conflictswith theverynaturaluseof ni in Chapters??and??.)

The integers �Ω � , s, ai for 1  i  s and pk
i j for 1  !� i � j � k  s arecalledthe

parametersof thefirst kind. Notethat pk
i j � pk

ji 	
Example1.1 Let ∆1 "$#�#�#%" ∆b beapartitionof Ω into b subsetsof sizem, where
b & 2 andm & 2. Thesesubsetsaretraditionallycalledgroups, eventhoughthey
havenothingto do with thealgebraicstructurecalledagroup.Let α andβ be
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' first associatesif they arein thesamegroupbut α �� β;' secondassociatesif they arein differentgroups.

SeeFigure1.2.

#�#�#

#�#�#Ω � ∆1 ∆2 ∆3 ∆b" " " "
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secondassociates

Figure1.2: Partitionof Ω in Example1.1.

If ω � Ω thenω hasm 3 1 first associatesand
�
b 3 1� msecondassociates.

If α andβ arefirst associatesthenthenumberof γ which arespecifiedasso-
ciatesof α andβ are:

first associateof β secondassociateof β
first associateof α m 3 2 0
secondassociateof α 0

�
b 3 1� m

For example,thoseelementswhich arefirst associatesof both α andβ are the
m 3 2 otherelementsin thegroupwhich containsα andβ. If α andβ aresecond
associatesthenthenumberof γ which arespecifiedassociatesof α andβ are:

first associateof β secondassociateof β
first associateof α 0 m 3 1
secondassociateof α m 3 1

�
b 3 2� m

Sothis is anassociationschemewith s � 2, a1 � m 3 1, a2 � �
b 3 1� m, and

p1
11 � m 3 2 p1

12 � 0 p2
11 � 0 p2

12 � m 3 1

p1
21 � 0 p1

22 � �
b 3 1� m p2

21 � m 3 1 p2
22 � �

b 3 2� m
It is calledthegroupdivisibleassociationscheme,denotedGD

�
b � m� or b4 m. (The

name“groupdivisible” hasstuck,becausethatis thenameoriginally usedby Bose
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andNair. But anyonewho usestheword “group” in its algebraicsenseis upset
by this. It seemsto meto bequiteacceptableto call theschemejust “divisible”.
Someauthorstried to compromiseby calling it “groop-divisible”, but thenonce
word “groop” hasnot foundwide approval.)

To save writing phraseslike “first associatesof α” we introducethenotation� i
�
α � for thesetof i-th associatesof α. Thatis� i

�
α ��� �

β � Ω :
�
α � β ����� i �
	

Thuscondition(iii) saysthat
�� � i
�
α �657� j

�
β � �� � pk

i j if β ��� k
�
α � .

Example1.2 Let �Ω �8� n, let � 0 bethediagonalsubsetandlet � 1 � ���
α � β �9� Ω � Ω : α �� β ���

Ω � Ω :� 0. This is the trivial associationscheme—theonly associationscheme
on Ω with only oneassociateclass. It hasa1 � n 3 1 and p1

11 � n 3 2. I shall
denoteit n.

Example1.3 Let Ω be an n � m rectangulararraywith n & 2 andm & 2, asin
Figure1.3.Notethatthis is apictureof Ω itself, not of Ω � Ω! Put

n

m

Figure1.3: ThesetΩ in Example1.3

� 1 � ���
α � β � : α � β arein thesamerow but α �� β �� 2 � ���
α � β � : α � β arein thesamecolumnbut α �� β �� 3 � ���
α � β � : α � β arein differentrowsandcolumns�� Ω � Ω :;� 0 :;� 1 :<� 2 	

Thena1 � m 3 1, a2 � n 3 1 anda3 � �
m 3 1� � n 3 1� .

If
�
α � β �<�=� 1 thenthenumberof γ which arespecifiedassociatesof α andβ

are: � 1
�
β � � 2

�
β � � 3

�
β �� 1

�
α � m 3 2 0 0� 2
�
α � 0 0 n 3 1� 3
�
α � 0 n 3 1

�
n 3 1� � m 3 2�
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Theentriesin theabove tablearethe p1
i j .

If
�
α � β �<�>� 2 thenthenumberof γ which arespecifiedassociatesof α andβ

are: � 1
�
β � � 2

�
β � � 3

�
β �� 1

�
α � 0 0 m 3 1� 2
�
α � 0 n 3 2 0� 3
�
α � m 3 1 0

�
n 3 2� � m 3 1�

Theentriesin theabove tablearethe p2
i j .

Finally, if
�
α � β ����� 3 thenthenumberof γ whicharespecifiedassociatesof α

andβ are: � 1
�
β � � 2

�
β � � 3

�
β �� 1

�
α � 0 1 m 3 2� 2
�
α � 1 0 n 3 2� 3
�
α � m 3 2 n 3 2

�
n 3 2� � m 3 2�

andtheentriesin theabove tablearethe p3
i j .

This is the rectangularassociationschemeR
�
n � m� or n � m. It has three

associateclasses.

Lemma 1.1 (i)
s

∑
i ? 0

ai �@�Ω � ;
(ii) for everyi andk, ∑

j
pk

i j � ai .

Proof (i) ThesetΩ is thedisjointunionof � 0
�
α � , � 1

�
α � , . . . , � s

�
α � .

(ii) Givenany
�
α � β � in � k, theset � i

�
α � is thedisjointunionof thesets� i

�
α �A5� j

�
β � for j � 0, 1, . . . , s.

Thusit is sufficient to checkconstancy of theai for all but onevalueof i, and,
for eachpair

�
i � k � , to checktheconstancy of pk

i j for all but onevalueof j.
Thusconstructionof tableslike thoseabove is easierif we includea row for� 0
�
α � anda columnfor � 0

�
β � . Thenthefiguresin the i-th row andcolumnmust

sumto ai , so we begin by putting thesetotals in the margins of the table, then
calculatetheeasierentries(rememberingthatthetablemustbesymmetric),then
finishoff by subtraction.

Example1.4 Let Ω consistof theverticesof thePetersengraph,which is shown
in Figure1.4. Let � 1 consistof theedgesof thegraphand � 2 consistof thenon-
edges(that is, of thosepairsof distinctverticeswhich arenot joinedby anedge).
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Figure1.4: ThePetersengraph

Inspectionof the graphshows that every vertex is joined to threeothersandso
a1 � 3. It follows thata2 � 10 3 1 3 3 � 6.

If
�
α � β � is anedge,we readilyobtainthepartialtable

� 0
�
α � � 1

�
α � � 2

�
α �� 0

�
β � 0 1 0 1� 1
�
β � 1 0 3� 2
�
β � 0 6

1 3 6 10

becausethereareno trianglesin thegraph.To obtainthecorrectrow andcolumn
totals,this mustbecompletedas

� 0
�
α � � 1

�
α � � 2

�
α �� 0

�
β � 0 1 0 1� 1
�
β � 1 0 2 3� 2
�
β � 0 2 4 6

1 3 6 10

We work similarly for thecasethat
�
α � β � is not anedge.If you arefamiliar

with the Petersengraphyou will know that every pair of verticeswhich arenot
joinedby anedgearebothjoinedto exactlyonevertex; if youarenotfamiliarwith
the graphandits symmetries,you shouldcheckthat this is true. Thus p2

11 � 1.
This givesthemiddleentryof thetable,andthethreeentriesin thebottomright-
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handcorner(p2
12, p2

21 andp2
22) canbecalculatedby subtraction.

� 0
�
α � � 1

�
α � � 2

�
α �� 0

�
β � 0 0 1 1� 1
�
β � 0 1 2 3� 2
�
β � 1 2 3 6

1 3 6 10

Sohereagainwehaveanassociationschemewith two associateclasses.

1.2 Graphs

Now thatwehavedonetheexamplewith thePetersengraph,weneedto examine
graphsa little more formally. Recall that a finite graphis a finite setΓ, whose
elementsarecalledvertices, togetherwith a setof 2-subsetsof Γ callededges.
(A “2-subset”meansa subsetof size2.) Strictly speaking,this is anundirected
graph.Verticesγ andδ aresaidto be joinedby an edge if

�
γ � δ � is anedge.The

graphis completeif every2-subsetis anedge.
Example1.4suggestsa secondwayof looking at associationschemes.Imag-

ine that all the edgesin the Petersengraphare blue. For eachpair of distinct
verticeswhich are not joined, draw a red edgebetweenthem. We obtaina 2-
colouringof the completeundirectedgraphK10 on ten vertices. Condition(iii)
givesusaspecialpropertyaboutthenumberof trianglesof varioustypesthrough
anedgewith agivencolour.

Definition (Seconddefinition of associationscheme)An associationschemewith
s associateclasseson a finite setΩ is a colouringof the edgesof the complete
undirectedgraphwith vertex-setΩ by s colourssuchthat

(iii) � for all i, j, k in
�
1 ��	�	�	�� s� thereis aninteger pk

i j suchthat,whenever
�
α � β �

is anedgeof colourk then

� � γ � Ω :
�
α � γ � hascolour i and

�
γ � β � hascolour j �B�C� pk

i j ;

(iv) � everycolouris usedat leastonce;

(v) � thereareintegersai for i in
�
1 ��	�	�	 s� suchthateachvertex is containedin

exactlyai edgesof colour i.

Thestrangenumberingis toaidcomparisonwith thepreviousdefinition.There
is noneedfor ananalogueof condition(i), becauseeveryedgeconsistsof two dis-
tinct vertices,nor for ananalogueof condition(ii), becausewehavespecifiedthat
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the graphbe undirected. Condition (iii) saysthat if we fix differentverticesα
andβ, andcoloursi and j, thenthenumberof triangleswhichconsistof theedge�

α � β � andan i-colourededgethroughα anda j-colourededgethroughβ is ex-
actly pk

i j , wherek is the colour of
�
α � β � , irrespective of the choiceof α andβ.

(SeeFigure1.5.) We did not needa condition(iv) in thepartitiondefinitionbe-
causewespecifiedthatthesubsetsin thepartitionbenon-empty. Finally, because
condition(iii) � doesnot dealwith theanalogueof thediagonalsubset,wehave to
putin condition(v) � explicitly. Alternatively, if weassumethatnoneof thecolours
usedfor theedgesis white,wecancolourall theverticeswhite. Thenwerecover
exactly theparametersof thefirst kind, with a0 � 1, p0

ii � ai , pi
i0 � pi

0i � 1, and

p0
i j � p j

i0 � pi
0 j � 0 if i �� j.

( β

(α

(

DDDDD
DE E E

E E E
E E

F F F
F F F
F F FF

G G GIH
colourk

D D D DIJcolour i

K colour j

pk
i j vertices give this

typeof triangle

Figure1.5: Condition(iii) �

Example1.5 Let Ω bethesetof the8 verticesof thecube.Colour theedgesof
thecubeyellow, themaindiagonalsredandthefacediagonalsblack.In Figure1.6
theyellow edgesareshown by solid lines,therededgesby dashedlines,andthe
blackedgesareomitted.If youfind thispicturehardto follow, takeany convenient
cuboidbox,draw blacklinesalongthefacediagonalsandcolourtheedgesyellow.

Every vertex is in threeyellow edges,onered edgeandthreeblackones,so
ayellow � 3, ared � 1 andablack � 3.

Thevaluespyellow
i j aretheentriesin

white yellow red black
white
yellow

red
black

LMM
N

0 1 0 0
1 0 0 2
0 0 0 1
0 2 1 0

OQPP
R �
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Figure1.6: Thecube:solid linesareyellow, dashedonesarered

thevaluespred
i j aretheentriesin

white yellow red black
white
yellow

red
black

LMM
N

0 0 1 0
0 0 0 3
1 0 0 0
0 3 0 0

OQPP
R and

thevaluespblack
i j aretheentriesin

white yellow red black
white
yellow

red
black

LMM
N

0 0 0 1
0 2 1 0
0 1 0 0
1 0 0 2

O PP
R 	

Thuswehaveanassociationschemewith threeassociateclasses.

If an associationschemehastwo associateclasses,we can regard the two
coloursas‘visible’ and‘invisible’, asin Example1.4. Thegraphformedby the
visible edgesis saidto bestronglyregular.

Definition A finite graphis stronglyregular if

(a) it is regular in thesensethatevery vertex is containedin thesamenumber
of edges;

(b) everyedgeis containedin thesamenumberof triangles;

(c) everynon-edgeiscontainedin thesamenumberof configurationslike( (
(

non-edge

T T T T T
SSSSS

(d) it is neithercomplete(all pairsareedges)nor null (nopairsareedges).


