
Chapter 6

Row-Column Designs

6.1 Double blocking

As we noted in Section 4.1, sometimes more than one system of blocks is nec-
essary.

Example 6.1 (Example 4.5 continued: Wine-tasting)In this experiment, each of
eight judges tastes each of four wines. The plan given in Table 4.2 treats the judges
as blocks and specifies the order of tasting for each judge. Perhaps the positions in
tasting order should also be considered as blocks.

The plan is rewritten in Table 6.1. Wine 4 is almost always tasted first or second.
By the fourth tasting the judges may be feeling happy (and so give good marks to
the other wines) or bored (and so give bad marks to the other wines). In either case,
the comparison of wine 4 with the other wines could be biased.

It would be better to regard ‘judges’ and ‘positions in tasting order’ as two sys-
tems of blocks.

For the rest of this chapter we shall call one system of blocks ‘rows’ and the
other system ‘columns’. Each design will therefore be written in a rectangle, like
the one in Table 6.1. For simplicity, we assume that:

Judge
Tasting 1 2 3 4 5 6 7 8

1 2 4 4 2 1 2 4 4
2 1 3 1 4 4 4 2 3
3 3 2 2 3 3 1 1 1
4 4 1 3 1 2 3 3 2

Table 6.1: Another way of writing the plan in Table 4.2
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106 Chapter 6. Row-Column Designs

(i) each row meets each column in a single plot;

(ii) all treatments occur equally often in each row;

(iii) all treatments occur equally often in each column;

(iv) there arem rows:

(v) there aren columns.

From these assumptions it follows that there aren plots per row andm plots per
column; thatN = mn; thatt dividesn andt dividesm; and that every treatment has
replicationr, wherer = nm/t.

6.2 Latin squares

The simplest way in which the above conditions can be satisfied is whenn =
m= t. Then the design is called a Latin square.

Definition A Latin square of order tis an arrangement oft symbols in at × t
square array in such a way that each symbol occurs once in each row and once in
each column.

Example 6.2 (Latin square of order 6) Figure 6.1 shows a Latin square of order
6.

A B C D E F
C A B F D E
B C A E F D
D F E A C B
E D F B A C
F E D C B A

Figure 6.1: Latin square of order 6

A B C D
D A B C
C D A B
B C D A

Figure 6.2: Cyclic Latin square of or-
der 4

Here are some simple methods of constructing Latin squares.

Cyclic method Write the symbols in the top row in any order. In the second row,
shift all the symbols to the right one place, moving the last symbol to the front.
Continue like this, shifting each row one place to the right of the previous row.

A cyclic Latin square of order 4 is shown in Figure 6.2.

More generally, each row can be shifteds places to the right of the previous
one, so long ass is co-prime tot.
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Group method (for readers who know a little group theory) Take any groupG of
ordert. Label its elementsg1, g2, . . . ,gt . Label the rows and columns of the
square byg1, g2, . . . , gt . In the cell in the row labelledgi and the column
labelledg j put the elementgig j .

g1 g2 . . . g j . . . gn

g1
...
gi gig j
...

gn

For example, whent = 4 we can takeG to be the cyclic group
{

1,g,g2,g3 : g4 = 1
}

to obtain
1 g g2 g3

1 1 g g2 g3

g g g2 g3 1
g2 g2 g3 1 g
g3 g3 1 g g2

.

Stripping off the border of labels at the top and the left, and relabelling the
symbols, gives the Latin square

0 1 2 3
1 2 3 4
2 3 0 1
3 0 1 2

,

which is a cyclic square in which each row is shifted one place to the left
(equivalently, three places to the right) of the row before.

Whent = 6 we can takeG to be the symmetric groupS3. This gives the Latin
square in Figure 6.1.

Product method Given two Latin squares

S1 of sizet1 with lettersA1, . . . ,At1
S2 of sizet2 with lettersB1, . . . ,Bt2,

we make a new Latin squareS1⊗S2 with lettersCi j for i = 1, . . . ,t1 and j = 1,
. . . , t2.

Enlarge squareS2. Wherever letterB j occurs, put the whole squareS1 but
replacing lettersA1, . . . ,At1 by C1 j , . . . ,Ct1 j .

For example, whent1 = t2 = 2 we can take

S1 =
A1 A2

A2 A1
and S2 =

B1 B2

B2 B1
.
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Then

S1⊗S2 =

C11 C21 C12 C22

C21 C11 C22 C12

C12 C22 C11 C21

C22 C12 C21 C11

,

which can be rewritten as

C D E F
D C F E
E F C D
F E D C

.

Note that this Latin square is not cyclic.

6.3 Construction and randomization

We return to the more general case that bothm andn are multiples oft. To
construct a row-column design and randomize it, proceed as follows.

(i) Divide them×n rectangle intot× t squares.

(ii) In eacht× t square, put any Latin square of ordert, using the same symbols
in each square.

(iii) Randomly permute them rows (not the treatments within them).

(iv) Randomly permute then columns (not the treatments within them).

Note that the division intot× t squares is artificial, just to help in the construc-
tion of the design. It must be ignored at the randomization stage.

Example 6.1 revisited (Wine-tasting)Here we have 4 wines, 4 rows and 8 columns,
so we start by dividing the 4×8 rectangle into 4×4 squares.

1 2 3 4
... 5 6 7 8

1
...

2
...

3
...

4
...

Then we put any two 4×4 Latin squares into the spaces. Here we use the symbols
A, B, C andD for the wines, to avoid confusion with the numbering of the rows and
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columns.
1 2 3 4

... 5 6 7 8

1 A B C D
... C D A B

2 D A B C
... D C B A

3 C D A B
... A B C D

4 B C D A
... B A D C

We rub out the construction lines (the dotted vertical line above).
To randomize the rows, we choose a random permutation of four objects by one

of the methods described in Section 2.2. If the permutation is(
1 2 3 4
1 3 4 2

)
then we randomize the rows of the previous rectangle to obtain

1 2 3 4 5 6 7 8

1 A B C D C D A B

3 C D A B A B C D

4 B C D A B A D C

2 D A B C D C B A

.

Similarly, to randomize the columns we choose a random permutation of eight ob-
jects. The permutation (

1 2 3 4 5 6 7 8
3 6 5 7 8 2 1 4

)
gives the following rectangle.

3 6 5 7 8 2 1 4

1 C D C A B B A D

3 A B A C D D C B

4 D A B D C C B A

2 B C D B A A D C

Before giving the plan to the experimenter, replace the row and column numbers
by the natural orders (or the explicit names of the rows and columns, if they have
any). The final plan is shown in Table 6.2.
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Judge
Tasting 1 2 3 4 5 6 7 8

1 C D C A B B A D
2 A B A C D D C B
3 D A B D C C B A
4 B C D B A A D C

Table 6.2: Randomized plan in Example 6.1

6.4 Orthogonal subspaces

As before, we define the treatment subspaceVT of dimensiont, the one-dimensional
subspaceV0 = W0 consisting of constant vectors, and putWT = VT ∩V⊥0 , which has
dimensiont−1. SpacesVR andVC are defined just like the blocks subspaceVB; that
is,VR consists of vectors which are constant on each row, andVC consists of vectors
which are constant on each column, so that dimVR = m and dimVC = n. Then put

WR = VR∩V⊥0

and
WC = VC∩V⊥0 ,

so that dimWR = m−1 and dimWC = n−1. Assumptions (i)–(iii) in Section 6.1
imply that the spacesWT , WR andWC are orthogonal to each other: the proof is like
the proof of Theorem 4.1. Therefore

VR+VC +VT = W0⊕WR⊕WC⊕WT

orthogonally, and so

dim(VR+VC +VT) = 1+(m−1)+(n−1)+(t−1).

Put
WE = (VR+VC +VT)⊥

(the notationE for the subscript will be explained in Chapter 10). Then

dimWE = N− (1+(m−1)+(n−1)+(t−1)) = (n−1)(m−1)− (t−1),

and
V = W0⊕WR⊕WC⊕WT ⊕WE

orthogonally. This decomposition ofV gives the analysis of variance, for both the
fixed-effects model and the random-effects model.
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6.5 Fixed effects: model and analysis

For each plotω, write

R(ω) = the row containingω
C(ω) = the column containingω.

We callRandC therow factor and thecolumnfactor respectively.
In the fixed-effects model, rows and columns both contribute to the expection

but not to the covariance. That is,

E(Yω) = τT(ω) + ζR(ω) + ηC(ω) (6.1)

and
Cov(Y) = σ2I .

Here ζ1, . . . , ζm are unknown parameters associated with the rows andη1, . . . ,
ηn are unknown parameters associated with the columns. We can rewrite Equa-
tion (6.1) in vector terms as

E(Y) = τ + ζ + η, (6.2)

whereτ ∈ VT , ζ ∈ VR, andη ∈ VC. As in Section 4.5, putτ0 = τ̄u0, τT = τ− τ0,
ζ0 = ζ̄u0, ζR = ζ−ζ0, η0 = η̄u0, andηC = η−η0. Thenτ0, ζ0 andη0 are all inW0

while τT ∈WT , ζR∈WR andηC ∈WC. Then Equation (6.2) gives

E(Y) = (τ0 + τT)+(ζ0 + ζR)+(η0 + ηC)
= (τ0 + ζ0 + η0)+ τT + ζR+ ηC,

with τ0 + ζ0 + η0 in W0, τT in WT , ζR in WR andηC in WC. We cannot distinguish
betweenτ0, ζ0 andη0, that is, between the overall level of treatment means, row
means and columns means. However, becauseWT , WR andWC are orthogonal to
each other, we can estimate treatment contrasts, row contrasts and column contrasts.
In fact, Theorem 2.4 shows that

E(PWT Y) = PWT (EY) = PWT (τ0 + ζ0 + η0 + τT + ζR+ ηC) = τT

and
E(‖PWT Y‖2) = ‖τT‖2 +dim(WT)σ2.

Similarly,E(PWRY) = ζR, E(PWCY) = ηC,

E(‖PWRY‖2) = ‖ζR‖
2 +dim(WR)σ2,

and
E(‖PWCY‖2) = ‖ηC‖

2 +dim(WC)σ2.

This gives us the anova table in Table 6.3.
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6.6 Random effects: model and analysis

In the random-effects model we assume that rows and columns make no con-
tribution to the expectation but that they do affect the pattern of covariance. Thus
E(Zω) = 0 and soE(Yω) = τω, for all plotsω, while, for a pair of plotsα andβ,

cov(Zα,Zβ) =


σ2 if α = β
ρ1σ2 if α 6= β butR(α) = R(β)
ρ2σ2 if α 6= β butC(α) = C(β)
ρ3σ2 otherwise.

Typically ρ1 > ρ3 andρ2 > ρ3. In matrix form

Cov(Y) = σ2I + ρ1σ2(JR− I)+ ρ2σ2(JC− I)+ ρ3σ2(J−JR−JC + I)
= σ2[(1−ρ1−ρ2 + ρ3)I +(ρ1−ρ3)JR+(ρ2−ρ3)JC + ρ3J],

whereJR is theN×N matrix whose(α,β)-entry is equal to{
1 if R(α) = R(β)
0 otherwise,

andJC is defined similarly with respect to the column factor.

Theorem 6.1 If

Cov(Y) = σ2[(1−ρ1−ρ2 + ρ3)I +(ρ1−ρ3)JR+(ρ2−ρ3)JC + ρ3J],

then the eigenspaces ofCov(Y) are W0, WR, WC and(VR+VC)⊥, with eigenvalues
ξ0, ξR, ξC andξ respectively, where

ξ0 = σ2[1+(n−1)ρ1 +(m−1)ρ2 +(m−1)(n−1)ρ3]
ξR = σ2[1+(n−1)ρ1 −ρ2 −(n−1)ρ3]
ξC = σ2[1 −ρ1 +(m−1)ρ2 −(m−1)ρ3]
ξ = σ2[1 −ρ1 −ρ2 + ρ3].

Proof Put C = Cov(Y). Let x be a vector inV. An argument similar to the one
in Section 4.6 shows that ifx ∈ VR thenJRx = nx while if x ∈ V⊥R thenJRx = 0.
Likewise, if x ∈ VC thenJCx = mx while if x ∈ V⊥C thenJCx = 0. As always, if
x ∈V0 thenJx = Nx = nmx while if x ∈V⊥0 thenJx = 0.

Now, u0 ∈VR∩VC∩V0 so

Cu0 = σ2[(1−ρ1−ρ2 + ρ3)+n(ρ1−ρ3)+m(ρ2−ρ3)+nmρ3]u0 = ξ0u0.

If x ∈WR thenx ∈VR∩V⊥C ∩V⊥0 so

Cx = σ2[(1−ρ1−ρ2 + ρ3)+n(ρ1−ρ3)]x = ξRx.
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Similarly, if x ∈WC then

Cx = σ2[(1−ρ1−ρ2 + ρ3)+m(ρ2−ρ3)]x = ξCx.

Finally, if x ∈ (VR+VC)⊥ thenx ∈V⊥R ∩V⊥C ∩V⊥0 and so

Cx = σ2(1−ρ1−ρ2 + ρ3)x = ξx.

Note thatξC = ξ + σ2m(ρ2−ρ3), which is bigger thanξ if ρ2 > ρ3. Similarly,
ξR> ξ if ρ1 > ρ3.

The treatment subspaceWT is contained in the eigenspace(VR +VC)⊥, so we
obtain the anova table shown in Table 6.4.

Estimation and testing of treatment effects is the same in the fixed-effects and
the random-effects models. In the fixed-effects model we can also estimate row
differences and column differences and test for these differences. These tests are
one-sided. In the random-effects model we could do formal two-sided tests of the
null hypotheses thatξR = ξ andξC = ξ. However, all that we normally do is compare
MS(rows) with MS(residual) and MS(colums) with MS(residual) to draw broad
conclusions.

If MS(rows) >> MS(residual) then rows are good for blocking. Likewise, if
MS(columns) >> MS(residual) then columns are good for blocking. If either
MS(rows) << MS(residual) or MS(columns) << MS(residual) then either there
are some patterns of variability or management patterns which the experimenter
has not told you about or he is fiddling the data.

Questions for Discussion

6.1 Look at the eelworm experiment from Assigment 3. Suppose that, in the year
following the eelworm experiment, a similar experiment is to be conducted on the
same plots, using four types of fertilizer at a single dose and no “control”. How
should the plots be divided into blocks?

6.2 The report-writing department of a technical research station needs to replace
its old word-processing system. It plans to evaluate 5 new word-processors. The
vendors of each word-processor have agreed to make several copies of it available
to the department for a one-week trial period: the first full week in March. The
head of the department has decided to abandon all normal work for that week and
devote it to testing and evaluating the new word-processors. There are 15 typists in
the department’s typing pool. The minimum amount of time that a typist can spend
with a new word-processor and sensibly be asked to evaluate it for ease of use is
one day.

Design the experiment and produce a plan for the head of the department.
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