Chapter 2

Unstructured Experiments

2.1 Completely randomized designs

If there is no reason to group the plots into blocks then we saylstinstruc-

tured
Suppose that treatmenis applied tor; plots, in other words thatis replicated

ri times. Then
t

i;l’i =|Q| =N.

Treatments should be allocated to the plots at random. Then the design is said to be

completely randomized
To construct and randomize the design, proceed as follows.

(i) Number the plots 1, 2, .. N.

(i) Apply treatment 1 to plots 1, ...r1; apply treatment 2 to plots; + 1, ...,
r1+ro, and so on, to obtain a systematic design.

(iii) Choose a random permutation f,2,...,N} and apply it to the design.

Example 2.1 (Ficticious) Suppose that there are three treatments cddd&iand
C withra =5 andrg = rc = 4. Then there are 13 plots. The systematic design is as
follows.

plot 1 2 3 456 7 8 9 10 11 12 13
treatment A A A AABBBIBU CC C C

Suppose that the random permutation is

123 4 5 6 7 89 10 11 12 1
6 2 811 13 1 12 57 4 9 3 10’

19



20 Chapter 2. Unstructured Experiments

where we are using the usual two-line way of displaying a permutation, which here
indicates that 1 and 6 are interchanged, 2 does not move, 3 is moved to 8, and so
on. In applying this permutation to the design we move the treatfentplot 1 to

plot 6, leave the treatmeAton plot 2 still on plot 2, move the treatmefbn plot 3

to plot 8, and so on. This gives the following plan.

plot 1 2 3 45 6 7 8 9 10 11 12 13
treatment B A C C B A B ACC A B A

2.2 Why and how to randomize
Why do we randomize? It is to avoid

systematic biasfor example, doing all the tests on treatmént January then all
the tests on treatmeBtin March;

selection biasfor example, choosing the most healthy patients for the treatment
that you are trying to prove is best;

accidental bias for example, using the first rats that the animal handler takes out
of the cage for one treatment and the last rats for the other;

cheating by the experimenter.

Cheating is not always badly intentioned. For example, an experimenter may
decide to give the extra milk rations to those schoolchildren who are most under-
nourished or she may choose to put a patient in a trial if she thinks that the patient
will particularly benefit from the new treatment. This sort of cheating is for the ben-
efit of the (small) number of people in the experiment but, by biasing the results,
may be to the disadvantage of the (large) number of people who could benefit in
future from a treatment which has been demonstrated, without bias, to be superior.
As another example, she may be secretly trying to remove bias by trying to balance
numbers over some nuisance factor without troubling the statistician, but this too
can produce false results unless this ‘balancing’ is taken into account in the anal-
ysis. Yet again, she may be trying to make life a little easier for the technician by
telling him to do all of one treatment first.

Thus doing an objective randomization and presenting the experimenter with
the plan has the added benefit that it may force her to tell you something which she
had thought unnecessary, such as “We cannot do it that way because ...” or “that
will put all replicates of treatmer in the shady part of the field”.

How do we choose a random permutation? The process must be objective, so
that you have no chance to cheat either. Simply writing down the numbers Iy, .. .,
in an apparently haphazard order is not good enough.

One excellent way to randomize is to shuffle a pack of cards. A normal pack
of 52 playing cards should be thoroughly randomized after seven riffle shuffles. In
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Example 2.1 one can deal out the shuffled pack, noting the number (with=JRtk
etc) but not the suit, and ignoring repeated numbers.

Another good method is to ask a computer to produce a (pseudo-)random or-
der of the numbers 1, .. N. Even a palm-top can do this. The permutation in
Example 2.1 corresponds to the random order

6 2 8 11 13 1 12 5 7 4 9 3 10

Two other methods of randomizing use sequences of random numbers, which
can be generated by computers or calculators or found in books of tables. Both
methods will be illustrated here for a random permutation of the numbers 1, ..., 13.

My calculator produces random numbers uniformly distributed between 0 and 1.
We need 13 different numbers, so record the random numbers to 2 decimal places.
These are shown in the top row in Table 2.1. To turn these into the numbers 1-13
in a simple way, keeping the uniform distribution, multiply each random number
by 100 and subtract multiples of 20 to leave a number in the range 1-20. Cross out
numbers bigger than 13: these are marked X in the table. Remove any number that
has already occurred: these are marked R in the table. Continue to produce random
numbers until 12 different numbers have been listed. Then the final number must
be the missing one so it can be written down without further ado.

0.72 034 065 099 001 0.23 030 057 0.17 063 0.14
12 14 5 19 1 3 10 17 17 3 14
12 X 5 X 1 3 10 X X R X

1.00 094 029 005 038 086 059 051 0.22 0.30 0.05
20 14 9 5 18 6 19 11 2 10 5
X X 9 R X 6 X 11 2 R R

0.24 0.78 0.63 0.35 0.13 0.12 0.54 0.96 0.67
4 18 3 15 13 12 14 16 7
4 X R X 13 R X X 7

Table 2.1: Using a sequence of random numbers to generate a random permutation
of 13 numbers

Thus the sequence of random numbers given in Table 2.1 gives us the random
order
12 51 3 10 9 6 11 2 4 13 7.8

Although this process is simple, it usually requires the generation of far more
random numbers than the number of plots being permuted. In the second method
we generate only a few more random numbers than the number of plots, because
only the exact repeats are crossed out. Then place a 1 under the smallest number, a



22 Chapter 2. Unstructured Experiments

0.71 066 031 0.71 0.78 011 0.11 0.41 091 0.24 0.99
10 8 5 X 11 2 X 6 12 4 13

0.20 0.53 0.68 0.24 0.03
3 7 9 X 1

Table 2.2: Second method of using a sequence of random numbers to generate a
random permutation of 13 numbers

2 under the second smallest, and so on, replacing each random number by its rank.
This process is shown in Table 2.2. It gives us the random order

10 8 5 11 2 6 12 4 13 3 7 9.1

2.3 The treatment subspace
Definition The functionT:Q — 7 is called thereatment factor

There is anN-dimensional vector space associated vih It consists ofN-
tuples of real numbers, with each place in tauple associated with one plot.
Formally this vector space R, but it will be calledV for the remainder of this
book. | shall be very cavalier about whether the vectors are row vectors or column
vectors: in fact, ifQ is a rectangular array of plots in a field then the vectors will
also look like rectangles.

Definition Thetreatment subspacef V consists of those vectors \h which are
constant on each treatment.

Notation Since the treatment factor 1§, the treatment subspace will be denoted
V.

Example 2.1 revisited (Ficticious)Figure 2.1 shows the s&k, the treatment fac-
tor T, a typical vector in V and the data vectyr. Beneath this are some vectors in
the treatment subspawg. These include the special vectarg ug anduc, which
will be defined below.

Also in the treatment subspace is the vectof unknown treatment parameters.
Its value on plotois equal tarr (). Under the linear model assumed in Section 2.5,
E(Yw) = T1(w), SO thefitted valueon plotw is equal to the estimated valde,
of T1(,). Thus we have a vectadr of fitted values, which is also in the treatment
subspace.

Definition A vectorvinV is atreatment vectoif v € Vr; it is atreatment contrast
if veVrandy yeqVe = 0.
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Q1 2345 6 7 89 1011 12 13
TTB ACCBABACCAB A

typicalv| vy V2 V3 V4 V5 Vg V7 Vg Vg Vig Vi1 Vi2 Vi3

datay|y:s Y2 Y3 Ya Y5 Y6 Y7 Y8 Yo Y10 Y11 Y12 Y13

some 1 033101033 0 1 0=ug+3uc
vectors |0 £ 00 0% 0 200 % 0 % =(3ua
nvr |-t3o00-4%-1400 4 -%8|-Bu-chu
orthogonal| 0 1 0 0 0 1 0 1 0 0 1 0 1=up

basis 1 0001010000 1 0O=us

for Vr 00110000110 0 O0O=uc

unknown

treatment |Tg TATc Tc T8 TAo T TATc Tc Ta T Tao| =T
parameters

fitted valuesig Ta ic Tc 18 Ta 18 Talc Tc Ta T8 Tal=1
Figure 2.1: Some vectors in Example 2.1

The vector(1/5)ua — (1/4)ug in Figure 2.1 is a treatment contrast.
Recall thescalar product for vectorsv andw in V, the scalar produat- w of v

andw is defined by
PR

In particular,v-v = ¥ ,cq V2, Which is sometimes called treim of squaresf v
and sometimes thequared lengttof v; it is also written agjv||?.
We say that is orthogonalto w (writtenv L w) if v-w =0.

Proposition 2.1 For each treatment i leti; be the vector whose value on ptotis
equal to
{ 1 ifT(w)=i
0 otherwise.
Then{u; : i € 7} is an orthogonal basis for/

Corollary 2.2 If there are t treatments thesim(Vr) =t.
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2.4 Orthogonal projection

Orthogonality is important in statistics, partly because orthogonal vectors cor-
respond to random variables with zero correlation. Many procedures in estimation
and analysis of variance are nothing more than the decomposition of the data vector
into orthogonal pieces.

Definition If W is a subspace &f then theorthogonal complemeif W is {v € V : v is orthogonal tc

Notation The orthogonal complement ¥ is written W=, which is pronounced
HW perp”.

Theorem 2.3 Let W be a subspace of V. Then the following hold.
(i) W+ is also a subspace of V.
iy WHt=w,
(i) dim(W') =dimV —dimW.

(iv) V is theinternal direct sumW @ W-; this means that given any vecter
in V there is a unique vectorin W and a unique vectar in W- such that
v =X+ 2. We callx theorthogonal projectionfv onto W, and writex = RyV.
See Figure 2.2

(V) Ryrv=z=v—x=Vv—Ryv.

(vi) For a fixed vectow in V and vectom in W, § oco (Ve — Weo)? = v —w|?.
Asw varies over W, this sum of squares of differences is minimized when

w = RyVv.

(vii) If {u1,...,un} is an orthogonal basis for W then
V-up V-up V-Un
V= u Upg+-- Un.
Ry (Ul-U1> 1+<u2-uz) 2+ +(Un’un) n

2.5 Linear model

For unstructured plots we assume that
Y=1+7Z,

wheret € Vg, E(Z) = 0, Var(Zy,) = ¢ for all w in Q, and Co\Zy,Zg) = O for
different plotsa andp. In other wordsE(Y) = 1, which is an unknown vector in
Vr, and CovY) = a?l, wherel is theN x N identity matrix.

Under these assumptions, standard linear model theory gives the following re-
sults.
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Figure 2.2: The vectox is the orthogonal projection of the vectoonto the sub-
spaceN

Theorem 2.4 Assume thak(Y) =t and thatCov(Y) = ¢?I. Let W be a d-dimensional
subspace of V. Then

() E(RwY)=PRw(E(Y)) =Ry
(i) E(|RuY]®) = |RvT[|*+dd?.

Theorem 2.5 Assume thaE(Y) = T € Vr and thatCov(Y) = ¢2l. Letx andz be
any vectors iny. Then

() the best (that is, minimum variance) linear unbiased estimator of the scalar
X-TISX-Y;

(ii) the variance of the estimator- Y is ||x%0?;

(iii) the covariance ok-Y andz-Y is (x-z)o?.

2.6 Estimation

Note that if theu; are the vectors defined in Proposition 2.1 thenu; = r;.
Moreover, ifv is any other vector iV thenu; - v is equal to the sum of the values
of v on those plots with treatment Write SUMt_; for the sum of the values of
on the plots with treatmemtandsumy_; for the sum of the values gfon the plots
with treatment. Then

ui-Y =SUMT_; and Ui -y = sumT—;j.
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Moreover, write the mearSUMr_; /ri andsumt—;/ri asMEANT_; and meanT_;
respectively.
Similarly, letug be the all-1 vector; that isjo = S1_, uj. For every vectow in

V, write
we

Thenug-V =3 4oV = Nvforall vinV. In particular,ug - up = N,
Up:Y =SUM=NY and up-y=sum=Ny,

whereSUM andsum are the grand total§ ,cq Yo, and ¥ .o Yo respectively and
andy are the grand mears¥/M /N andsum /N respectively.

To estimate the treatment parametgrputx = (1/rj)u;. Thenx-T = T1; and
X-Y = SUMt_;/r; = MEANt_;. Therefore Theorem 2.5(i) shows that the best
linear unbiased estimator of is MEANT_;, with corresponding estimafe equal
{0 meanT—;.

Similarly, to estimate a linear combination suctpas; Aiti, putx = St_, (i /ri)u;

Now ¢ t
1
X-T= Al =u-1)= AiTi
i; I(ri | ) i; -
t 1 t
S () = g et

so Y AT is the best linear unbiased estimatesofi .
In particular, puft = z}zlriti/N, which is the linear combination af;, ..., T
with Aj =r;/N. Thenx = (1/N)ug, so

and

SUM
Y= -V,
V=T

and this is the best linear unbiased estimatar. of
Now we look at Theorem 2.4 witW = V1. Sincet € V1, we have

t
Ret=1= ZTiui.
i=

Proposition 2.1 and Theorem 2.3(vii) show that

SUMT i

R, Y = Z(Y “') i; - ,_ZMEANT _iui.

Theorem 2.4(i) confirms that this is an unbiased estimator of
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2.7 Sums of squares

Definition LetW be any subspace ®. Thesum of squarefor W means either
IRvY ||? or |Rwy]|?. Thedegrees of freedofior W is another name for dik. The
mean squaréor W is

sum of squares foV

degrees of freedom foW’

for either sense of sum of squares. Téxected mean squafer W, written
EMS(W), is the expectation of the mean square in the random sense; that is

2
EMS(W) = %.

First we apply these ideas witll = \/r. Since

L SUMT_;
ReY = “u;,

i= I

the sum of squares f&fr is equal to

(o) (575)

Now, uj - uj = 0 whenever # |, so this sum of squares

Cssumg, o L sumi

& rf = ri

The quantityy;(sumZ_, /r) is called thecrude sum of squares for treatmenighich
may be abbreviated to C&8atments

The number of degrees of freedom 4r is simply the dimension ofy, which
is equal tat.

The mean square & is equal to

tZSUM%i / .
i i

t
E(|Rs Y [?) = IR4T[2 +t0? = Zriri2+t02,

Theorem 2.4(ii) shows that

becauseR, T = ZLlTiUi- Hence the expected mean square \fgris equal to
S ritt/t+o
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Secondly we apply the ideas withi = V7. By Theorem 2.3(v),
Rvy = Y—Rpy

t
= y- ZlTiUi

i=
= data vector vector of fitted values
= residual vectar

so ||Ryy||? is equal to the sum of the squares of the residuals. For this reason,
all the quantities associated withN are named ‘residual’. (The word ‘error’ is
sometimes used, but this can be confusing to non-statisticians, who tend to interpret
it as ‘mistake’.)

Now, y is the sum of the orthogonal vectors

RsYy and Ryy, so Pythagoras’s Theorem shows y
- A "

2 2 2
(A): — T + .
w}égyz IYI1" = IR YII"+ [IRwy | Rey

The quantityy ,,cq y2, is just thetotal sum of squaresso the sum of squares for
residual is equal to the difference between the total sum of squares and the crude
sum of squares for treatments; indeed, this is usually the easiest way to calculate it.
The number of degrees of freedom for residual is equal to the dimensiah of
which isN —t, by Theorem 2.3(iii). Hence the mean square for residual is equal to

sum of squares for residual
N—t '

This wlll be denoted M§&esidua).
We know thatRyt = 0 becauser € Vy. Thus Theorem 2.4(ii) shows that
E(|[RvY]|?) = (N—t)o? and hence

EMS(residua) = 0. (2.1)

2.8 Variance

Section 2.6 showed that the best linear unbiased estimator of the linear combi-
nationy Aitj isx-Y, wherex = S (A;/ri)u;j. By Theorem 2.5(ii), the variance of this
estimator is equal tfx||?c2. Now

ppor = (3 %u) (5 M) o
i;ri | =t J
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Two cases are particularly important. To estimate the treatment paraméoer
a fixed treatment, putAj = 1 andAj = O for j #i. Then the variance ig?/ri. To

estimate the simple differenag— 1; for fixed differenti andj, putAj = 1,Aj = -1
andAg = 0 if k# i andk # j. Then the variance is equal to
1 1
02 (— + —) . (2.2)
l l'j
Equation (2.1) shows that M&sidua) is an unbiased estimator of, so
t )\IZ
— x MS(residua 2.3
i; . ( ) (2.3)

is an unbiased estimator of the variance of the estimatyrgf;.

Definition Thestandard errorfor the estimaté A;f; is the square root of the esti-
mate of the variance given by (2.3); that is, the standard error is equal to

t )\IZ
— x MS(residual.
i; . ( )

Thus the standard error fér is \/MS(residua) /r;. This is called thestandard
error of a meanwhich may be abbreviated to s. e. m. Similarly, the standard error

for iy —1Tjis
. 1 1
\/MS(reS|dua} (— + —) ,
I I‘j

which is called thestandard error of a differencand abbreviated to s. e. d.

Example 2.1 revisited (Ficticious)Here the estimatea of 14 is equal tosuma /5,
with variance02/5. The simple differencea — 15 is estimated bysuma/5 —
sumg/4, with variance 82/20.

The estimator$a, Tg andic are mutually uncorrelated, but

Cov(ip—1g,Ta—Tc) = 02/5.
Furthermore, the estimatotg — ic andta — (g + 1c)/2 are uncorrelated.

The theory from Theorem 2.4 onwards has made no assumptions about the dis-
tribution of Y about from its expectation and covariance. Assuming multivariate
normality enables us to say more about the distributions of some statistics.

Theorem 2.6 Suppose that the distribution ¥fis multivariate normal, thaE(Y ) =
T € Vr and thatCov(Y) is a scalar matrix. Then the following hold.
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(i) 1f x=St_ (Ni/ri)ui then
X-Y —=YAT
A2 .
(Z r—:) x MS(residua)

has at-distribution on N—t degrees of freedom.

(i) If xandzareinV andx-z=0thenx-Y andz-Y are independent estimators.

2.9 Replication: equal or unequal

If the treatments are unstructured we assume that all estimates of simple treat-
ment differences are equally important. Thus the variances of all these estimators
should be as small as possible. Equation (2.2) shows that the average variance of
these estimators is equal to

1 ¢ (1 1) 141
22wt ) Tt
tt—1) £ J; N r t 4
Proposition 2.7 If positive numbersy;, ..., 1, have a fixed sum R theén(1/r;) is
minimized whenyr=ra=--- =r; = R/t.

This proposition shows that the average variance of the estimators of simple
differences is minimized when the replications ..., r; are as equal as possible.
That is why most designs are equi-replicate.

Suppose that there is one treatment which is not sufficiently available for it to
have replicatiorN/t. If there are only two treatments this is often not a problem,
because replacing replications Wf2 andN/2 by N/3 and N/3 increases the
variance from 42/N to 902/2N, an increase of only 18%. You may even be
able to increase the number of plots slightly, to maintain the variance, if there is an
unlimited supply of the second treatment.

Example 2.2 (Limited availability) Suppose that there are two treatments and 16
plots. Ideally, each treatment is applied to 8 plots, in which case the variance of
the difference is?/4. Suppose that there is only enough of the first treatment for

6 plots but that there are unlimited supplies of the second treatment. Keeping 16
plots we can have replications 6 and 10, giving a varianceséf #5. If we can use

two more plots then we can increase the replication of the second treatment to 12,
in which case the variance returnsag/4.

Life is not so simple when there are more than two treatments. Here the best
that you can do is use the maximum amount of any treatment(s) whose availability
is less tharN/t, and make the remaining replications as equal as possible. The
number of plots is rarely specified exactly in advance, so it will usually be possible
to make all the remaining replications equal by including a few extra plots.
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2.10 Allowing for the overall mean

In Section 2.7 we saw that

g2 U2
EMS(Vy) = w to?= % + EMS(residua).

Thus the difference between ENMG) and EMSresidua) is nonnegative, and is

equal to zeroifandonly it =1, =--- =1, =0.
Usually we do not measure on a scale that makes it plausiblathatt, =
--- =Ty = 0. However, it is often plausible that = 1, = --- = 1;. This is called the

null mode) in which
E(Yy) =k forallwin Q,

wherek is an unknown constant. In other word&Y ) is a scalar multiple ofio.
Let Vo be the subspace ®f which consists of scalar multiples of. Then{ug}
is a basis foMp and dim\Vp = 1. Theorem 2.3(vii) gives the following.

Proposition 2.8 If v € V then

AR _ [ grand total olv s
RV = (UO'UO) Up = < N Uo = Vo

and

rand total of/\ 2
[Revl? = (g ) o Uo

N
_ (grand total ofv)?
B N
= NV

Now, ug = uy +-- -+ U, which is inVr, and so
\p is a subspace ofy. We can apply the ideas of
Section 2.4 with/ in place ofW andVy in place
of V. Thus we define

Wr = {veVr:visorthogonal td/f}
= VrnVy,

and find that
() dimWr =dimVy —dimVp =t —1;
(i) Rywv=Rysv—RyvforallvinV,

(i) |RaV[I?+ |R,VII? = [|[Rs V|2 for all vin V.
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Applying (ii) and (iii) with v = T gives

RMT:T—R/OT:t—T_uo:i(Ti—f)ui (2.4)

and t

t
2 2 = 2
3,10 = Rt = 112~ [Tl = 5 rief N
= i=

=
which is zero if and only if all the; are equal.
Applying (ii) with v =y gives

U /sumT_; sum
Ry = ;( )“"W“fJ

= fitted values for treatmentsfit for null model
t

= _;(fi—y)ui-

The coefficientd; — y are calledreatment effectsTaking sums of squares gives

2 2
sumT_; sum

t
2 _
IRuy?= 5 =T ==

The sum of squares fof is called thesum of squares for treatmentshich may
be abbreviated to §8eatmenty, while the sum of squares fop is called thecrude
sum of squares for the meant just thesum of square for the measo we have

sum of squares for treatments- crude sum of squares for treatments
— crude sum of squares for the mean

Correspondingly, thenean square for treatmentMS(treatmentg and themean
square for the mearMS(mearn), are given by

SStreatments

MS(treatments= —1 ,

SSmean sum?
1 N
The sum of squares for the mean is sometimes calleccdhnection for the

mean which suggests, rather misleadingly, that there is something incorrect about
the full data.

MS(mean =
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2.11 Hypothesis Testing

The previous section shows how to decompose the vector $paate the sum
of three orthogonal pieces:

V=Vr oVi =VooWr & V4.

Correspondingly, the overall dimensidh the data vectoy and its sum of squares

can all be shown as the sum of three pieces. The sums of squares have their corre-
sponing mean squares and expected mean squares, although there is no longer any
sense in adding the three pieces.

V. = VWb & Wr ® Vi

dimension N = 1 + (t—1) + (N—t)

data y = VYU -+ <2 meanT—jUj — >7u0> + (y— Z meanT_iui>
| I
treatment effects residual

sum of ,  SUM? :

squares > Yo= N T SStreatments +  SYresidua)

WeR

mean SUM? SStreatmenty SSresidua)

square N t—1 N—t

expected 2 - NT2

mean NT2 + 02 z'r'tT'—lT + 0% 0?2

square N

To test the null hypothesis
Ho:1=0

against the alternative hypothesis
Hj: 'F;é 0,

look at Mg mear). If MS(mear =~ MS(residua) then we can conclude thamay
well be zero. However, we are not usually interested in this.
To test the null hypothesis

Ho:T1=To=---=T1¢
against the alternative hypothesis
H; : Tis not a constant vector

look at MStreatments If MS(treatments~ MS(residua) then we can conclude
thatt may well be constant, in other words that there are no treatment differences.
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source sum of degrees of mean variance
squares freedom square ratio
2
sum MS(mean)
mean 1 SSmea —
N g y MS(residua)
2 2
sums_;  sum SStreatments MS(treatments
treatments = _ t—1 :
IZ ri N t—1 MS(residual
: . SYresidua
residual «—..... by subtraction....— M —
df(residua)

Total S Vo N
w

Table 2.3: Anova table for unstructured plots and unstructured treatments under the
simple model

Note that both of the above tests are one-sided, becausgriEdé® — o2 and
EMS(treatments— a2 are both nonnegative.

The calcuations are shown in an analysis-of-variance table (usually abbreviated
to ‘anova table’). There is one row for each ‘source’; that is, subspace. The quantity
in the column headed ‘variance ratio’ is the ratio of two mean squares whose expec-
tations are equal under some null hypothesis to be tested: the numerator is the mean
square for the current row, while the denominator is another mean square. Table 2.3
is the anova table for unstructured plots and unstructured treatments.

Comparing the size of a mean square with the mean square for residual gives
an indication that some parameter of interest is non-zero. However, a proper sig-
nificance test cannot be done without knowing the distribution of the variance ratio
under the null hypothesis.

Theorem 2.9 Suppose that the distribution ¥fis multivariate normal. Let \\/and
W, be subspcaces of V with dimensionsadd &. Then the following hold.

(i) If Pw,T = 0thenSSW;)/0? has ax?-distribution with d degrees of freedom.

(i) 1f W1 is orthogonal to W and Ry T = Ry, T = 0 thenMS(W;)/ MS(Ws) has
an F-distribution with d and ¢ degrees of freedom.

There are many experiments where the response variable is manifestly not nor-
mally distributed: for example, the observations may be counts (Example 1.1), per-
centages (Example 1.3) or ordinal scores (Example 1.9). Nonetheless, an F-test will
usually give the qualitatively correct conclusion.

Most textbooks and computer output do not show the line for the mean in the
anova table, as | have done in Table 2.3. There are three reasons why | do so. In
the first place, | think that the calculations are more transparent when the ‘sum of
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squares’ and ‘degrees of freedom’ columns add up to the genuine totals rather than
to adjusted totals.

In the second place, fittingy as a submodel ofy is a first taste of what we shall
do many times with structured treatments: fit submodels and see what is left over.
Figure 2.3 shows the chain of vector subspaf@sC Vo C V¢ according to the
usual convention that a smaller space is shown below a larger space, with a vertical
line to indicate that the smaller space is contained in the larger. This is the opposite
convention to the one used in the anova table, where the subspaces at the bottom of
the figure are shown at the top of the table. Each hypothesis test compares the size
of the extra fit in one subspace (compared to the fit in the subspace below) against
the residual mean square. | see no benefit in tredfrdifferently from any other
submodel.

E(Yo) =Tr@w E(Y)eVr Vr
o fw

E(Yo)=k  E(Y)eVo Vo
A

E(Yo) =0  E(Y) € {0} {0}

Figure 2.3: Three models for the expectatiornyof

The third reason will become clear in Section 2.13, where we shall see that
retaining a line for the mean points to the need to split up the rows of the anova
table by strata even in the simplest case.

2.12 Sufficient replication for power

Suppose that there are two treatments andthatt, = &. Let A be the esti-
mator ford given in Section 2.6. TheA — & has expectation 0 and variancév,
wherev = 1/r1 + 1/r,, from Equation (2.2). Lef be the estimator foo? given in
Section 2.8. PuX = (A—&)/+/VI". Under normality, Theorem 2.6 shows tixahas
a t-distribution ord degrees of freedom, whedes the number of residual degrees
of freedom.

Let a be the 0975 point of the t-distribution od degrees of freedom. Some
values ofa are shown in Table 2.4. If a two-sided t-test with siginificance lev@b0
is performed on the data then we will conclude thet 0 if |A| /v/VIT > a. Thus the
probability p of not finding enough evidence to conclude that 0 is given by

0 0
= Pr|—aVV[ <A < a\l :Pr[—a——<x<a—— .
P | N N
The probability density function of each t-distribution takes larger values be-
tween 0 and than it does between2a and—a, so

Pl-a—x< X <a—x
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d ‘ 2 4 6 10 15 20 30 60
a 4.30 278 245 223 213 209 204 200
PriX >2a] | <0.01 <0.003 Q001 Q0005 Q0003 Q0002 00001 00001

Table 2.4: Values of such that FiX < a] = 0.975, whereX has a t-distribution on
d degrees of freedom

decreases from = 0 to x = a and also decreases froxm= 0 tox = —a. Thus if
—a< 8/vl < athenp > Pri0 < X < 2a] = 0.5— Pr[X > 2a]. Table 2.4 shows
that PfX > 2a] is negligeably small, sp is unacceptably high.

If is bigger tharay/ VI then

PX < —a—8/VI| < PIX < —2a] = Pi{X > 2a,

and sop ~ Pr[X < a—&/+/V[]. If we wantpto be at most  then we need to have
a—o6/v/VI < —b, where—b is the 01 point of the t-distribution witid degrees of
freedom (and sb is the 09 point). Thusa+b < 8/l . If 8is less than-a/vlT
then a similar argument shows that we must RgvlC < —(a+b). Thus we need

(a+b)2vl < &°.
Replacing™ by its expectatiomw? gives
(a+b)%v < (3/0)2. (2.5)

Consider the ingredients in Equation (2.5). We assumddhata known quan-
tity, the size of the smallest difference that we want to detect. The var@hize
assumed unknown, but previous experiments on similar material may give a rough
estimate for its value. In more complicated experiments (see Sections 2.13 and 4.6
and Chapter 8), we shall need to repladey the appropriate stratum variance. In
many experiments the varianee? of the estimator od is given byv=1/ry +1/r5,
but Chapter 11 shows that a more complicated formula is needed in non-orthogonal
designs. The values andb depend partly on the number of degrees of freedom,
which depends on the design. They also depend on some other choiceshe
significance level of the t-tedb;on the upper limit of acceptability fqp.

If we have a even a rough idea of the sizéd®f o, and have set the value aby
choosing a significance level for the t-test, then Equation (2.5) gives an inequality
to be satisfied by andb. There are two ways in which this can be used.

In some areas, such as agricultural research, it is typical to propose the number
of treatments and their replications first, according to resources available. This gives
a value forv, from which Equation (2.5) gives an upper bound lipfrom which
t-tables give a value fop. If this value is acceptably low the experiment proceeds.

If not, a modified experiment is proposed with a smaller value,aiisually by
increasing resources or omitting less interesting treatments.
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In other areas, such as clinical trials, it is more common to set both the signif-
icance level and the power (which is equal te p) in advance. Assuming equal
replicationr, Equation (2.5) is used to update values gindd alternately until
convergence is achieved.

Example 2.3 (Calculation of replication) Suppose that there are two treatments
with equal replicatiom and thatd| /o = 3. Thenv= 2/r and Equation (2.5) gives

2 2
r> §(a+b> .

Start withd = o, for which the t-distribution is standard normal andase 1.960
andb = 1.282. Then

r > 2(1.960+ 1.282)2/9 ~ 2.3.

Taker to be the smallest value that satisfies this inequality, nameh3. Then
N = 6 andd = 4.
Repeat the cycle. Now thdt= 4 we havea = 2.776 andb = 1.533. Hence

r>2(2.776+1.5332%/9~ 4.1

so putr =5. Thend = 8.
This new value ofl givesa = 2.306 andb = 1.397, so

r > 2(2.306+ 1.397)2/9 ~ 3.04.

Thus we put = 4. Thend = 6.
Now a= 2.447 andb = 1.440 so

r > 2(2.447+1.440)%/9 ~ 3.4,

This is satisfied by the current valuegfand we know that the value immediately
below does not satisfy Equation (2.5), so we stop. We conclude that eight experi-
mental units should suffice.

Note that power can be increased by including extra treatments (because this
increasesl) but that this does not alter the variance of the estimator of a difference
between two treatments.

2.13 A more general model

The chapter concludes with a slightly more general model than the one in Sec-
tion 2.5.
As before, we assume that

E(Y)=TeWr.
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However, we change the assumption about covariance to

0?2 ifa=p
po? if a #pP.

In other words, the correlation between responses on pairs of different plmts is
which may not be zero. Thus

CoV(Zq,Zp) = {

Cov(Y) = 0l +pa?(J—1) = a?[(1—p)l +pJ],

whereld is theN x N all-1 matrix.
Now, lug = ugp, and it is easily checked thatip = Nug. Therefore

Cov(Y)up = 6%(1— p+ Np)uo,

soug is an eigenvector of C@Y ) with eigenvalues?(1—p+ Np).
If x eV andx L ug thenJx = 0, because every entry i#x is equal toug - X.
However,Ix =X, so
Cov(Y)x = 6%(1—p)x,

and thereforex is an eigenvector of CaVY) with eigenvalues?(1—p).

The results from Theorem 2.4 onwards have assumed thatyGas a scalar
matrix. Changing this assumption makes no difference to expectations of linear
functions ofY, but it does change the expectation of quadratic functions, dfiat
is, sums of squares. If C6¥) = o2l then all formulas for variance or expected
mean square involve?. If x is an eigenvector of CqY ) with eigenvalue then
Cov(Y) acts orx just like £l Thus careful replacement of by the relevant eigen-
value gives the correct results. There is one possible difficulty in generalizing The-
orem 2.5(iii) to the case whexandz are eigenvectors of C@V) with different
eigenvalues. However, CY) is a symmetric matrix, so eigenvectors with dif-
ferent eigenvalues are orthogonal to each other, soxttat= O in this case. The
other places where different eigenvalues might occur are the generalizations of The-
orem 2.6(i) and Theorem 2.9(ii): we deal with both of these by restricting the results
to eigenvectors with the same eigenvalue.

Theorem 2.10 Suppose thak(Y) =1 € Vr andCov(Y) = C. Then the following
hold.

(i) IfW is any subspace of V th&(Ry(Y)) = RyT.

(i) IfW consists entirely of eigenvectors@fwith eigenvalu€, and ifdimwW =d,
then
E([Ru(Y)II?) = R (1)]* + d&.

(iii) If x € Vr andx is an eigenvector df then the best linear unbiased estimator
ofx-Tisx-Y.
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(iv) If x is an eigenvector o€ with eigenvaluet then the variance ok-Y is

1|1 %

(v) Suppose that andz are eigenvectors d€ with eigenvalueg§ andn respec-
tively. If§ =n thencov(x-Y,z-Y) = (x-2)&; if § #n thencov(x-Y,z-Y)=0.

(vi) Suppose that is an eigenvector of with eigenvalu€, thatx = ;(A;/ri)uj,
that W is a d-dimensional subspace consisting of eigenvectgrsrtdiogonal
to V. If Y has a multivariate normal distribution then

X-Y — S AT

\/<Z ¥> x MS(W)

has at-distribution on d degrees of freedom aB8§W) /€ has ax?-distribution
on d degrees of freedom.

(vii) If Wy and W are subspaces with dimensions ahd ¢, both consisting of
eigenvectors o€ with eigenvalu€;, orthogonal to each other, withypPt =
Ran,T=0, and ifY has a multivariate normal distribution theS(Wy ) / MS(Ws)
has anF-distribution on d and & degrees of freedom.

Definition A stratumis an eigenspace of COY) (note that this is not the same as
a stratum in sampling).

The analysis of variance proceeds just as before, except that we first decompose
V into the different strata. Under the assumptions of this sectgis, one stratum,
with dimension 1 and eigenvalu# (1 — p + Np), while VOL is the other stratum,
with dimensionN — 1 and eigenvaluez(l— p). Call these eigenvalu€g and&;
respectively. We then obtain the anova table shown in Table 2.5.

stratum source df EMS

Vo ‘mean’  mean 1 NT2 + &
r (T 2

VOL ‘plots’ treatments t —1 er't(T_i'IT—) tE,

residual N -—t £

Total N

Table 2.5: Anova table for unstructured plots and unstructured treatments under the
more general model

Now we calculate the variance ratio only for terms with the same eigenvalue.
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There is no way of estimatingp, and hence no way of assessing whether
(statistically significantly) different from zero, and no way of estimating the vari-
ance of the estimator of any treatment paranmgtdtowever, all treatment contrasts
x are inVy" so their linear combinations and their variances may be estimated just
as before. Experiments in which we are interested only in treatment contrasts are
calledcomparative experiments

Questions for Discussion

2.1 A completely randomized experiment was conducted to compare seven treat-
ments for their effectiveness in reducing scab disease in potatoes. The field plan is
shown below.

2|1|6|4|6|7]|5
9112|18|10|24|17|30
1

1

4,3|5|1]|1

o

5

7| 41102124 |29
713|1|3|7]2
7
1

18/30|18|16| 16
716141
9/18(17(19|32| 5|26

The upper figure in each plot denotes the treatment, coded 1-7. The lower figure
denotes an index of scabbiness of potatoes in that plot: 100 potatoes were randomly
sampled from the plot, for each one the percentage of the surface area infected with
scabs was assessed by eye and recorded, and the average of these 100 percentages
was calculated to give the scabbiness index.

2
9
5

AN A RS oL w

(a) Give the analysis-of-variance table for these data.

(b) Is there any evidence that the mean scabbiness is different according to dif-
ferent treatments? Justify your answer.

(c) Estimate the mean scabbiness produced by each treatment.
(d) What is the standard error of the above estimates?

(e) What is the standard error of the differences between means?

2.2 Atechnician has to measure the acidity of four soils. You give him three samples
of each soil and ask him to make the twelve measurements in random order. He says
that a random order will confuse him and that it will be better if he measures the
acidity of all three samples of soil A, then all three samples of soil B, and so on.
Make notes on arguments you will use to persuade him that a random order is better.



