A DESCENT PRINCIPLE IN MODULAR SUBGROUP ARITHMETIC

PETER J. CAMERON AND THOMAS W. MULLER

1. INTRODUCTION

For a group I" and a positive integer n, denote by s, (I') the number of index n subgroups
in .1 We call T" an FSG-group if s, (") is finite for all n. In particular, finitely generated
groups have this property. Modular subgroup arithmetic, a chapter in the theory of
subgroup growth, deals with divisibility properties of the sequence {s,(I') },,>1 or related
subgroup counting functions and their connection with the algebraic structure of the
underlying group I'; cf. the forthcoming book [11] by Lubotzky and Segal for more
background information.

In general, divisibility properties of subgroup counting functions appear to be rather
peculiar to the particular group under investigation, and (unlike their growth behaviour)
tend to be severely distorted when passing to a subgroup of finite index.

Example. Consider the cartesian map from the modular group I' = PSLy(Z) = Cy % Cs
onto Cy x C3 = (. By a theorem of Nielsen, the kernel of this map is free of rank 2;
cf. [18] and [12]. Moreover, by a theorem of Stothers [21],

5,(PSLy(Z)) =1 mod 2 <= n=2"""—3 or n=2(2"" — 3) for some o > 1.

On the other hand, it follows from M. Hall’s recursion formula ([7, Theorem 5.2])
r— r—1
(B =n(m) ™ = S (=) T su(F), n>1 1)
o<p<n
that s, (Fy) is always odd.
Against this background it is rather surprising that a non-trivial positive result in this

direction does in fact exist (see Theorem 1 below). Given a prime p and an FSG-group
I, define the p-pattern II®”)(T') of T to be the family of sets

(1) = {n (0), nP (), ..., 12, (1)},
where
H?(F) = {n eN: s,() Ejmodp}, 0<j<np;
in particular, Iy := HgQ)(F) is the parity pattern of I'. The main result of this paper is
the following.

!The reader should be warned that, in the literature on subgroup growth, s, (I') often denotes the
number of subgroups in I' of index at most n, that is, the summatory function of s, (I') in our notation.
1
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Theorem 1 (Descent Principle). Let p be a prime, I' an FSG-group, and let A QT be
a normal subgroup of index p". Then
n? @ =p @) u {J #(IP@)nN-pN), 0<j<p (@)

J
0<p<r

Equivalently, if Xt p,(2) denotes the mod p projection of the series ), -, sn41(I')2", and
if Xap(2) is the corresponding GF (p)-series for the group A, then under our assump-
tions

T r—1
Xrp(z) = > P Xp,(277) + Y XL V(. (3)
p=0 p=0

Theorem 1 generalizes the main result of [15], where the conclusions (2) and (3) are
established under the extra hypothesis that I'/A is cyclic. As the above example demon-
strates, the assumption in Theorem 1 that (I" : A) be a prime power cannot be weak-
ened. Also, it is easy to see by examples that, in the context of this theorem, the
subgroup A must be chosen as a normal subgroup.

A certain cohomological property of finite p-groups (to be of ‘Frobenius type’) plays
a crucial role in the proof of the main theorem. This concept, whose definition will
be given in the next section, is implicit in Frobenius’ theorem concerning the equation
2™ = 1 in finite groups? and P. Hall’s twisted version [9, Theorem 1.6] of the latter
result. It follows from Hall’s theorem that every cyclic group of prime power order is of
Frobenius type. The following generalization, to be established in Section 2, is a crucial
ingredient in our proof of the main theorem.

Proposition 1. Every group of prime power order is of Frobenius type.

The relevance of this proposition in the present context stems from the following re-
duction result, whose proof occupies Section 3.

Proposition 2. Let p be a prime, I' an FSG-group, and let A<I" be a normal subgroup
of index p" with I'/A of Frobenius type. Then formulae (2) and (3) hold true.

Our main result follows immediately from these two propositions.

In the remainder of the paper we present two applications. First, consider the funda-
mental group I of a finite graph (I'(—),Y") of finite p-groups. If I' contains a free normal
subgroup § of index mp = lem {|T'(v)| : v € V(Y)}, then s,(I) is periodic modulo p,
and its p-pattern is determined completely by that of s, (F); cf. Theorem 2. Existence
of such a free normal subgroup § is not guaranteed, and in Section 4 we provide various
sufficient conditions, one of which involves homogeneity; we use the classification of
finite homogeneous groups due to Cherlin and Felgner [3].

As another application, we extend one of the main results of [16] concerning the p-
patterns of free powers &*? of a finite group & with ¢ a p-power to groups of the more
general form ) x &*¢, where ) is any finite p-group; cf. Theorem 3.

2See [4, §2, Theorem II] and [8].
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2. GROUPS OF FROBENIUS TYPE

In what follows, a certain cohomological property of finite groups of prime power order
(to be of ‘Frobenius type’) will play a crucial role. Recall the concept of a derivation (in
a non-commutative setting): given groups & and $, and a fixed action o : & — Aut($))
by automorphisms of & on ), a map d : & — §) is called a derivation (with respect to
the action «), if

d(g1g2) = (d(91))"d(g2) (91,90 € B).

Note that, for a derivation d : & — $ with respect to «, we have d(1) = 1 and,
consequently,

(dg™)™ = (d(g))™" (g€ ®).

Definition 1. Let p be a prime.

(i) A non-trivial finite p-group & is termed admissible, if, for each finite group $
with p||9] and every action a : & — Aut($)), the corresponding set Dero(®, §)
of derivations d : & — $), formed with respect to this action «, has cardinality a
multiple of p.

(ii) A finite p-group & is said to be of Frobenius type, if every subgroup 44 > 1 of &
15 admissible.

By a theorem of Philip Hall, cyclic groups of prime power order are of Frobenius type.
Indeed, an equivalent way of stating Hall’s original result [9, Theorem 1.6] is as follows.

Let € be a finite cyclic group, $ a finite group, and let o : € — Aut($)) be an action by
automorphisms of € on §. Then

‘Dera(cag)ﬂ = O IIlOd ng(|Q:‘7 |f)’>

For a = 1, the trivial action of € on $), Hall’s theorem reduces to the well-known
result of Frobenius concerning the equation " = 1 in finite groups. The problem to
discern which finite groups of prime power order are of Frobenius type was raised in
[17]. Proposition 1 provides a somewhat surprising solution of this problem. In order
to establish this result, we first deal with the untwisted case (o = 1).

Lemma. Let p be a prime, & a non-trivial finite p-group, and let $ be a finite group
of order divisible by p. Then | Hom(®, )| =0 mod p.

Proof. Classifying homomorphisms by their kernel, and applying the isomorphism the-
orem, we find that

|Hom(6,9)| = ) |Inj(6/3,9)]. (4)
PISNIO)

We now make use of the facts that (i) every subgroup of index p in a finite p-group is
normal, (ii) the automorphism group of &/ contains an element of order p, provided
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|& /0| > p, and (iii) Aut(& /D) acts freely on the set Inj(& /D, 9), provided the latter is
non-empty. The second fact follows, for instance, from Gaschiitz’s theorem [6] asserting
the existence of an outer automorphism of order p; however, since we only need to know
that p||Aut(& /)| for |&/B| > p, we can get by with a more elementary argument.
Indeed, if &/ is non-abelian, then it has an inner automorphism of order p. If, on the
other hand, & /% is abelian and |& /Y| > p, then & /U must contain a direct summand
of one of the forms €,- or €, with ¢ > 2. In the first case, |Aut(& /)| is divisible by

|Aut(€,0)| = (p”) =p” '(p—1) =0 mod p,

where ¢ is Euler’s totient function, while, in the second case, |Aut(® /)| must be
divisible by

[Aut(0€,)| = [GL, (p)| = (0" = 1)(p" —p)--- (" —p"~') =0 mod p.
Hence, evaluating (4) modulo p, we get
| Hom(®, 9H)| =1 + 5,(&)|Inj(€,, H)| mod p.

We have s,(®) = 1 mod p by Frobenius’ generalization of Sylow’s third theorem and
the fact that & # 1. (Alternatively, one might compute

T(@) _
(@) = Lol =gty ® 7 =1 mod

where 7(®) is the rank of the factor group & = &/®(8), since every subgroup of &
of index p contains ®(&). Moreover, by Frobenius’ theorem concerning the equation
2™ =1 in finite groups and the fact that p’ |9, we have

Inj(€,, H)| = -1 mod p,

whence the lemma. O

Proof of Proposition 1. Let p be a prime, & a non-trivial finite p-group, $ a finite group
of order divisible by p, and let o : & — Aut($)) be an action by automorphisms of &
on $), where multiplication in the group Aut($)) is given by the rule

(01 32)(h) = oa(01(h)) (01,09 € Aut($), h € ).
We have to show that
Der,(,9)| =0 mod p. (5)
Let
F(®,9)=H°

be the set of all functions from & to . We make & act (from the right) on F (&, $)
by setting

(F@g)(x) = (flgzg™))" (9,7 € &, f € F(&,9)).
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For g1, g0, x € ® and f € F(&,9),

((f ® 91) & 92) (iL‘) = ((f ® 91)(92xg;1))a(g2)

_ (f(glgzﬂcg;lgfl))a(gm)

= (f® (9192)) (),

as well as f® 1 = f, and we have indeed defined an action of & on F(&, $). In what fol-
lows, two distinguished subsets of F (&, ) will play a role: the set Der, (&, $) of deriva-
tions d : & — § with respect to «, and the set Hom*(&, $)) of anti-homomorphisms
from & to $. Note that

| Hom(&, H)| = [Hom™ (&, 9)], (6)
a bijection being given by the map
b=t Pt (g) = (0(g)

We have to check that the action of & on F(&
of & on the subsets Der,(®,$) and Hom"(®
Der,(®, 9), we have

(d@g)(zy) = (d(gzyg™)*?
= (dlgwg™)" " (d(gyg ™)™

= ([d®g)(@)"(d® g)(y),

that is, d® g : & — $) is again a derivation with respect to «. Similarly, for g,z,y € &
and ¢* € Hom*(&, §),

W @g)(zy) = (¥ (gayg™")™
_ (w*(gyg_l))a(g)(w*(g:rg_l))a(g)

= (Weg) ()W ®g)(z).

Denote by Der, (&, )® and Hom* (&, £)® the fixed point sets of Der, (8, §) and Hom*(&, §),
respectively, under the respective &-action, so that

|Dero (&, 9)| = [Dery (6, $)®| mod p (7)

g €6, Y € Hom(8,9)).

) defined above restricts to an action
). Indeed, for g,z,y € & and d €

St

Y
Y

and
| Hom* (&, 9)| = | Hom" (&, 9)®|  mod p. (8)
The decisive point in the proof is the fact that
Der,(®, $)® = Der, (6, $) N Hom*(&, $) = Hom*(&, £)®. (9)
Indeed, let d € Der, (8, $). Then

d € Derg (6, 9)® «— (d(ga:g_l))a(c) =d(z) (9,2 € ®).
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Now
(d(gxg—l)“(g) _ ((d(gx))a(gl)d(g—l))a(g)
= d(gq;)(d(gfl))a(g)
= d(gz)(d(g) ",
hence

d € Dery(®,$)® <= d € Hom*(8,9), d € Der,(®,9).
Similarly, if ¥* € Hom* (&, §)), then
¥* € Hom'(8,9)° < ¢'(g7'ag) = ('(@)"” (g.v € ®)
= Vagts) = @) (geee®)
< )" € Der, (6, 9),
whence (9). In view of equations (6)—(9) and the lemma, we now find that, modulo p,
[Dera(®,9)] = [Dera(®,6)°
= |Der,(®,$) N Hom™*(&, $H)|
= |Hom™(8,9)°|
= |Hom™(&,9)|
— | Hom(®, %) =0,
whence (5), and the proof of Proposition 1 is complete. O

3. PROOF OF PROPOSITION 2

PutT'//A=6. A Subgroup T of index n in I', which is not contained in A, projects onto
a non-trivial subgroup T'A JA = & of &, say \(’5\ p” with 0 < p < r, and intersects A
in a subgroup A with (A : A) = n/p". Hence, each such I' is a member of the set

U U U sS4, (10)

0<p<r (&:@)=p™—r (A:A)=n/p—r
where

S(®,A) = {’fgr: TNA=A, fA/A:&S},

and, conversely, each subgroup T contained in the set (10) is of index n in I and not
contained in A. It follows that

=> > X IS<@,K>|+{

0<p=r (&:6)=pr—r (A:A)=n/pr—r

Snpr(A), D" |n

11
0, P’ fn. (1
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Pick p, &, and A as in (11), and consider the corresponding set S(&,A). We claim
that

Aut(®)] - [S(8, A)| = [{1 € Hom(&, Nr(A)/A) : 7u(B) = (12)

where 7 : Np(A)/A — @ is the natural map with kernel Na(A)/A induced by the
identity. Indeed, if we take res (@5, ﬁ) then comblmng the canonical 1somorphlsm
® = T'/A with the embedding I'/A — Np(A )/A induced by the inclusion map I' —
Nr(A) gives a homomorphism ¢ : ® — Np(A)/A, such that 70 = idg. Conversely, if

L6 — Np(A )/A is a homomorphism satisfying 7 = idg, then m 1(L(€5)) is contained

in the set S(6,A). Here, : Np(A) — Np(A)/A is the canonical projection map. It is
straightforward to check that these two maps invert each other, whence the existence
of a bijective correspondence between S (05 A) and the set

{1 € Hom(&, Np(A)/A) : 70 =idg}.

It follows in particular, that our claim (12) holds if the set on its right-hand side is
empty. If, on the other hand, this set is non-empty, then it decomposes into |[Aut(® )]

disjoint subsets of equal size according to the automorphism 7. € Aut(®) induced by
t, whence (12). The set on the right-hand side of (12) is of cardinality

\Aut )| Z ’Deram (‘5 Na(A)/A)],

where the summation extends over all subgroups U < 7~ L(®) which contain Na(A)/A
and are split extensions of V. A(A)/A by &, and where, for cach such %, the action agy
of & on Na(A)/A is by conjugation via a fixed chosen complement to Na(A A)/A in 0.
Since & is assumed to be of Frobenius type, we conclude that |S (Q5 A)| = 0 mod p,

unless p 1 [Na(A)/A|. Combining the latter observation with (12), we find that the
triple sum occurring on the right-hand side of (11) is congruent modulo p to

o> Y {r=rve): r=d}) (13)

0<p<r (@:8)=pr—r

where the innermost sum is extended over all subgroups A of index n/p"~? in A sat-
isfying p t (Na(A) : A) and p? | |[771(&)|. Omitting the condition that p* | |[771(®)]
(which is possible since this restriction only avoids zero summands), we can rewrite (13)
by interchanging the second and third summation, to obtain

>y > [{F<@): T8} (14)

0<PET (Ad)=n/p=¢ (&:B)=p' =+
pH(Na(A):A)

Since p {1 (NA(K) : 3), any p-subgroup of Np(ﬁ)/ﬁ is mapped faithfully under 7;
hence, the inner sum in (14) precisely counts the number of subgroups of order p”
in the group Np(A)/A, the latter number being congruent to 1 modulo p (by Frobe-
nius’ generalization of Sylow’s third theorem) provided that pp||Np(ﬁ) /A, and zero
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otherwise. Consequently, we find that

Snpr(A), P n
Z \Qp,nl—i-{ pr(B), 7] mod p, (15)

0<p<r 0’ pT + n

sn(I)

where
Oy = {& <A (AR =n/p? pt(Na(D): A), 7 | (No(A) - &)}.

Fix p and n, and denote by U, ,—»(A) the set of subgroups of index n/p"™” in A.
Since A is normal in I, the group I' acts by conjugation on U, /,»—»(A), and this action
restricts to an action of I' (and hence of A) on the sets 2,,. Therefore, if p"? | n

and A € Qpn, then (A : NA(K)) = 0 (p), and ,,, decomposes into orbits of length
divisible by p under A. Suppose, on the other hand, that p"=* || n, and consider the

action of I' on the set

Uy s (D) — Q. = {A <A: (A:A)=n/pr, P (N(A) : &)}.

Then, if A € Uy jpr—o(A) = Q. we have (T : Np(A)) = 0 (p); that is, Uy, (A) = Q0

decomposes into classes of length divisible by p under I'. Hence,

Spipr—e(A), PP n
Q. = v mod p. (16)
0, otherwise
Analysing (15) by means of (16) gives
5,(I') = Sp/pr(A) mod p, " | n, (17)
as well as
5,(I') = Sppr—»(A) mod p, p" " n, 0<p< (18)
Statements (17) and (18) can be rephrased as
()N N =p I(A), 0<j<p, (19)
and

P () Np = (N = pN) = p(I7(A) N (N=pN)), 0<p<r,0<j<p, (20)

respectively. Taking the union of (19) and (20) for every fixed j now yields (2). It
remains to establish equation (3) as an equivalent version of (2). Assuming (2), we
have

Xrp(2) =Y(2) + > Y,(2),

0<p<r

Y()i= > > !

0<j<p nEH;m (A)

where

and

Y,(2) == Z Z jPT o 0<p<

0<I<P nen'? (A)n(N—pN)
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Clearly,
Y(Z) = Zpr_l XAyp(Zpr).

Moreover, by Wilson’s theorem,

Yo(2) =2 Xap(P) + Y > iln=1)(n—=2)---(n—p+1)2F"!
0<jg<p nEHSm(A)
= pril XA,p(pr) + prleil X(Ap’;l)(zpp)’

whence (3). The converse follows in a similar way.

4. DIVISIBILITY PROPERTIES DETERMINED BY FREE NORMAL SUBGROUPS

The category of graphs used in this section is described in Serre’s book [19]. Let
(I'(=),Y) be a finite graph of finite groups with fundamental group I' = m(I'(-),Y),
and let p be a prime. Moreover, denote by V(Y') and E(Y") the set of vertices respectively
(geometric) edges of Y, and let mr be the least common multiple of the orders of the
finite subgroups in I', that is,

mr = lcm{\F(v)] NS V(Y)}.

The free rank p(T') of T" is defined as the rank of a free subgroup in I' of index mrp. It
is connected with the rational Euler characteristic x(I') of I' via

u(l) + mrx(I') =1, (21)
and the latter quantity can be computed in terms of the graph of groups (I'(—),Y") by

means of the formula
1 1
0= 2 Tl 2 Tl <22>

vEV(Y) c€E(Y)

cf. [1, Chap. IX, Prop. 7.3] or [20, Prop. 14]. If I" has a free normal subgroup § of
index mr and with quotient I'/§ a p-group, then every vertex group I'(v) must be of
p-power order; and if x(I') < 0, then any free normal subgroup § of index mr has rank
k() = u(T') > 1, and, by Theorem 1, the p-pattern of T" is determined via (2) by the
p-pattern of §. Consequently, all conclusions of [15, Theorem 2] remain valid in this
more general situation, and we obtain the following.

Theorem 2. Let p be a prime, (I'(—),Y) a finite graph of groups all of whose vertex
groups are of p-power order, and let I' be its fundamental group. Let mpr = p", and
suppose that ' contains a normal free subgroup of index mr, and that x(I') < 0. Then

(i) the function s,(I") is periodic modulo p,
(i) for p =2 we have IIr = N,
(iii) for p =3 and u(T') odd we have HgS)(F) =N,
(iv) for p = 3 and u(') even, s,(I") is periodic modulo 3 with period 8 - 3". More
precisely, in this case s,(I') = 1 mod 3 if and only if n is congruent mod 8 - 3" to

one of the 3" numbers
0, 371, 37, 83771 31 113771 163771, 173771 19 - 3771, 30(1 + 24)0),
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8-3°(1+3X), 3°(11 + 24X), 8- 37(2 + 3)\), 3°(17 + 24)), 3°(19 + 24))
with0 < p<r—1and 0 <\ <31

and s,(T') = 2 mod 3 if and only if n is congruent mod 8 - 3" to one of the 3"+
numbers

4.3 5.3 7.3771 4.37 13-3"71 5.37, 203771, 7-37,23-3"71, 4-3°(1+6)),
4-3°(5 +6A), 3°(5 + 24N), 3°(7 + 24X), 3°(13 + 24), 3°(23 + 24)
with0<p<r—1and <\ < 3,1

The usefulness of Theorem 2 depends on our being able to verify the hypothesis that I"
contains a normal free subgroup of index mr. The remainder of this section is devoted
to the latter problem.

Proposition 3. Let p be a prime, (I'(=),Y) a finite tree of groups all of whose vertex

‘s

groups are of p-power order, I' = m(I'(=),Y), and let mp = p".
(i) If all vertex groups I'(v) are cyclic, then I' contains precisely
HveV(Y) ‘P(|F(U

HeeE(Y) e([I'(e

free normal subgroups of index mr, where ¢ is Euler’s totient function.

)|
il /@(mr)

(i1) If all vertex groups I'(v) are elementary abelian, then ' contains exactly

[ecry) [T (e)[" % |GLy—q,(p)]]
[Levey [IT@)=%[GL,—q4,(p)|]

free normal subgroups of index mr, where d, = dim,I'(0), 0 € V(Y)U E(Y).

Proof. (i) This is [15, Lemma 1].

(ii)) Let & be an elementary abelian p-group of rank r. The number of free normal
subgroups in I' of index mr is obtained by dividing by

[Aut(8)] = [GL(p)| = (0" = V)" —p) - " =)
the number of homomorphisms ¢ : [' — & with the property that
Virey  T'(v) — & is an embedding (23)
for every vertex v € V(Y). We will show by induction on |V (Y')| that there are precisely

[eeny [T |GL—a.(p)]]
[Levey [IT@)=2[GL,—q4,(p)]]

such homomorphisms . This is true if |V (Y')| = 1. So suppose that |V (Y)| > 2, let v,
be a terminal vertex of Y such that

max {|T'(v)] - v € V(Y)\{wo}} =1,

and let Y’ be the subtree of Y obtained by clipping the edge ¢y € E(Y) with vy €
Jeg. Let deyg = {vg,v)}. We have I' = T F(* : ['(vg), where T := m(I'(—),Y”), the

€0

|GL,(p)|
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amalgamation being with respect to the canonical embeddings tc,, ¢, of I'(e) in I'(vg)
respectively I'(v). By our inductive hypothesis there are exactly

oLwl I [P *16Lwm]/ TI [P *1GL 0 )l

e€E(Y") VeV (Y?)

homomorphisms ¢’ : I' — & satisfying (23) for every v € V(Y’). In order to extend
a given such map 1’ to a homomorphism ¢ on I' satisfying (23) for all v € V(Y), we
have to find an embedding j : I'(vg) — & such that the diagram

) —0> F ’Uo)

o

commutes. Let dim,I'(vy) = 7 and dim,I'(eg) = po with 0 < py < o < r. Moreover,
let Cy be a complement to ¢.,(I'(ep)) in ['(vg), that is, I'(vg) = te,(['(e0)) & Co and
dim, Cy = ro — po. Then our task is to find embeddings jc, : Cy — & such that

V' (er, (T(€0))) N joy (Co) = 0. (24)

To this end, we first run through all ry-dimensional subspaces & of & containing
(A (F(eo))) then seek complements Cj to (¢, (I'(eo))) in each such &g, and finally

€o
identify Cy with each such Cf via an 1som0rphlsm which can be done in |GL,,—_,,(p)]

ossible ways. There are (' " ro-dimensional subspaces &/ in & containin
T0—P0 0
p

' (i, (I'(eg))), and, given such a subspace &, there are

[Hom(@§,// (1, (T (eo), 01, (T (e0))) | = poo -

complements Cj to ¥'(c, (I'(eg))) in &;. Hence, the total number of embeddings jc,
satisfying (24) equals

(7’ o )00) pPO T0—p0) ’GL ( ), — ’P(€0)|T_deo GLT—deO (p)|
ro—po/, e [T (wo) [0 |G Ly—a,,, (P)]

Le

giving rise to the same number of extensions of a given map v’ on [/, whence (ii). O

A group & is termed homogeneous, if every isomorphism between finitely generated
subgroups is induced by an automorphism of &. This concept arouse (for arbitrary
first order structures) in model theory in connection with quantifier elimination. For
instance, it is known that a finite group is homogeneous if and only if its first order
theory has quantifier elimination; cf. [10, Cor. 8.4.2]. The finite homogeneous groups
have been classified by Cherlin and Felgner; cf. [2] and [3]. In particular, a finite
p-group & is homogeneous if and only if one of the following holds:

(i) 8= Cyr @ --- @ Cpr for some 7, s € Ny;

Vv
s copies

(ii) ® = Q, the quaternion group of order §;

(ifi) ® = Q.
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Here, Q* is a certain group of order 64, class 2, and exponent 4, which arises for instance
as the Sylow 2-subgroup of PSU(3,4?); cf. [2, Sect. 2] for more details.

Definition 2. For a group ® and a subgroup $ < &, we define the centralizer Cpyy(s)(9)
of $ in Aut(®) to be

Crut(e) (9) == {a € Aut(®) : a(h) =h forall he ,6}.

Proposition 4. Let p be a prime, let (I'(—),Y) be a finite tree of groups, I' = m (I'(-),Y),
and suppose that all vertex groups I'(v) are isomorphic to &, where & is a finite homo-
geneous p-group. Then I' contains precisely

[T 1Cnue)(T(e))l
ecE(Y)

free normal subgroups of index mpr = |&|.

The proof of Proposition 4 is similar to that of Proposition 3 (ii), making use of the
fact that [Cauye)(I'(e)?)| exactly equals the number of ways in which to extend any
embedding of the edge group I'(ep) into & to an automorphism of &.

Corollary 1. (i) If, in Proposition 4, we take & = Q, then T' contains precisely
249 . 45T) free normal subgroups of index mr = 8, where

al'):={e€ E(Y) : |[I'(e)| <4}| and b(I') :==|[{e € E(Y) : |I'(e)| = 4}|.
(ii) For & = 9, the number of free normal subgroups in T of index mr = 64 equals

15360¢M) . 5120°M) . 25601 . 25641) . 128¢(M) . 39(1) . 169(T) .4h(F)’

where
a(l):={e€ E(Y): T'(e) =1},
b(l) :=He € E(Y) : [I'(e)| = 2},
cl):={e€ E(Y): T'(e) = Cy x Cy},
dT):=|{e€ E(Y): T'(e) 2 C4}|,
e() :={e € BE(Y) : [T(e)| = 8},
@) :={ee€ E(Y): T'(e) = Cy x C4},
g(l):={ee E(Y): T'(e) = D},
h(l) :=|{e € E(Y): |T'(e)| = 32}|.

Here, $1¢ is the split extension

HDig = <a,b la* =b" =1, :a_1>.

The assertions of the corollary follow immediately from Proposition 4, once the orders
of the corresponding centralizers are known. For the second part these have been found
with the help of the computer algebra system GAP [5].
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Remark. A finite group & is homogeneous if and only if, for every tree of groups
(I'(=),Y) with all vertex stabilizers isomorphic to &, I' = 7 (I'(—),Y’) contains a free
normal subgroup of index mp. Indeed, the forward implication follows immediately
from Proposition 4. If, on the other hand, & is not homogeneous, then there exists
an isomorphism between two subgroups $1, $H2 of &, which is not induced by an au-
tomorphism. We can then form the amalgam I' = & ;g ®, where the abstract group $

is identified with $; in the left factor and with $)5 in the right factor, in such a way
that the isomorphism between $); and £, induced by these embeddings is the given
isomorphism. Then I' does not possess a free normal subgroup of index mr = |®|.

Now let (I'(=),Y) be a tree of groups all of whose vertex groups are isomorphic to
Dy, the dihedral group of order 8, and let I' be its fundamental group. Call an edge
e € E(Y) wild, if T'(e) contains an involution which is identified with the central in-
volution in one of its corresponding vertex groups, and a non-central involution in the
other.

Proposition 5. Let I" be as above. Then I has a free normal subgroup of index mpr = 8
if and only if the tree of groups (I'(—),Y) does not contain a wild edge. In the latter
case, the number of free normal subgroups of index my equals

o(T) 8
2 | Rl

ecE(Y)
T'(e) inner

where
o(l') := [{e € E(Y) : T'(e) outer}|,

and an edge e € E(Y') is termed inner respectively outer, depending on whether or not
['(e) is embedded into the cyclic subgroup of order 4 of T'(T(e)).

Proof. Necessity of the stated existence criterion is clear. In the positive direction,
one argues along lines similar to the proof of Proposition 3 (ii), distinguishing cases
according to how the group associated with the relevant terminal edge e is embedded
into I'(o(e)) in the induction step. O

Define the type 7(T") of a finitely generated virtually free group I' & 71 (T'(—), Y) as the
tuple

T(F> = (ml"§ Cl(r)a s 7<H(F>7"' 7<mr(r))7

where the (,(I") are integers indexed by the divisors of mr, given by
C(T) = }{e e E(Y): [I'(e) ‘ /@H — |{U eV(Y): [T'(v)] ‘ /ﬁl}‘

with V(YY) and E(Y) as above. We have (,(I") > 0 for k < mp and (,,.(I') > —1 with
equality occurring in the latter inequality if and only if YV is a tree; cf. [13, Lemma 2]
and [14, Proposition 1]. It can be shown that the type 7(I') is in fact an invariant of
the group I', that is, independent of the particular decomposition of I' in terms of a
graph of groups (I'(—),Y), and that two virtually free groups I'y and I'y contain the
same number of free subgroups of index n for each positive integer n if and only if
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7(I'y) = 7(T'y); cf. [13, Theorem 2]. It follows from (22) that the Euler characteristic
of I' can be expressed in terms of the type via

X(T) = —=mgt Y p(me/r)G(T). (25)
K|mp

Equations (21) and (25) imply in particular that, if two virtually free groups have the
same number of free index n subgroups for each n, then their Euler characteristics
respectively free ranks must coincide. For a finitely generated virtually free group I'
and a prime p define the p-rank up(F ) of T by means of the formula

)=1+4 > @(mr/r)¢(T).

plr|lmp

Moreover, denote by f\(I') the number of free subgroups in I' of index Amyr.

Proposition 6. Let p be a prime, (I'(—),Y) a finite graph of groups all of whose vertex
groups are non-trivial finite p-groups, and let I' = m(I'(=),Y). Then the following
assertions are equivalent:

(i) f1(I) # 0 mod p,
(i) pp(L) =0,
(iii) ' s a free product of the form I' =2 § % Cp, * - - - % C}, with s > 0
_/._/
s copies

and a group $ of order mr.

Corollary 2. Let p be a prime, and let T' = § x C}*° be a free product of s > 0 copies
of the cyclic group of order p and a finite p-group $. Then I' contains a normal free
subgroup of index mr.

Proof. This follows from the action by conjugation of I on the set of free subgroups of
index mr, together with the implication (iii) = (i) of Proposition 6. O

Proof of Proposition 6. The equivalence of (i) and (ii) follows from a discussion of the

formula3
—oe T[T KO

klmp 1<k<mr
(mr,k)=k
making use of facts concerning 7(I') mentioned above. Suppose now that p,(I') = 0.
Then Y is a tree, and, after contracting edges of Y corresponding to trivial amalgama-
tions if necessary, we may assume that (I'(—),Y") is normalized, that is, |['(e)| # |['(v)]
for all e € E(Y) and v € Je. For a positive integer n, denote by e,, v, the number of
edges e € E(Y) respectively vertices v € V(Y') whose associated group I'(e) respectively
I'(v) has order n, define an arithmetic function f(n) via

f(n) = Z(ev —v,), n>1,

v|n

3Cf. formulae (3) and (11) in [13].
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and let mp = p”. Then, for 0 < p <,

e;, p=20
fw)=q-1, p=r (26)
0, otherwise,

and, by Mobius inversion,

en ==Y puv) f(n/v), n>1, (27)

vin

where p is the classical Mobius function. Since our claim (iii) holds for » < 1, we may
assume that r > 2. In the latter case, we find from (26) and (27) that

—€, p= 1
epr — Upp = 1§ 0, l<p<r (28)
-1, p=r.

Using the facts that (I'(—),Y’) is normalized and that Y is a tree (hence, in particular,
does not contain loops), we find from (28) that

e,r =0, therefore v,r =1

eyr—1 = 0, therefore vy =0

ey2 = 0, therefore v, =0

ep = 0, therefore v, =e;.

It follows that all edge groups are trivial, that is, I' is the free product of its vertex
groups, and that V(Y') contains precisely one vertex vy with |I'(vg)| = p" and e; > 0
vertices v satistying I'(v) = C,, whence (iii). Since the implication (iii) = (ii) is trivial,
the proof of Proposition 6 is complete. O

5. THE GROUPS ['(8, 9, q)

For a finite group &, a prime p, and p-powers ¢, ¢ with ¢g > 1, let
F:F<®>ﬁaq):~6*‘®**®n (29)

q copies

where § is of order . Put I' := ['(6,1,q) = &*. It follows from the normal form
theorem applied to the free product $ = I' that ['(&, §,q) is a split extension of the
group

A=(T":hefH)=e&=T(8,1,q7)
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by $; in particular, the groups I' and A satisfy the hypotheses of Theorem 1, and (2)
yields the reduction formula

(18,9, 9) = 71" (1(8, 1,q2)) U | o (I (1(8, 1,49)) N (N - pN)),

olq
o<q

0<j<p. (30)

Formula (30) allows us to translate results concerning the groups I'(&, 1, ¢) obtained in
[16] into results for groups of the more general form (29). Since, for the most part, this
translation process is entirely straightforward, and whatever extra arguments are needed
can be found in [16, Sect. 8], we shall leave this task to the reader. As an example,
we state the generalization of [16, Theorem 12], which provides a remarkably explicit

combinatorial description of the p-pattern II?)(I'(&, §, ¢)) under a certain assumption
on &.

Theorem 3. Let & be a finite group, p a prime, let ¢ and § be p-powers such that
qq > 1, and let $ be a group of order . Assume that s4(®) = 0 (p) for all d € N with
d# 1 (p) (that is, ® € Fin(p) in the notation of [16]). Then we have

P (r(s,9,9) = Joog,, 0<ij<p,

olq

where OY)

&.q.q consists of all positive integers n =1 mod pqq such that the sum

L+ (g9~ D)(n —1)/(g9) '
QGZNS (ﬂ 1+ (q7—1)(n—1)/(qq) — HQH) 11 (54,(8))

n—1

de p0="007

1s congruent to j modulo p.

Here, the vector dg, € N™ attached to the group & and prime p is defined as

di—1 dy—1 dr—1>

d :z( , ey
—op P P p

where 1 = dy < d; < --- < d, = |®] is the collection in increasing order of those positive

integers d for which s4(®) # 0 (p).
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