
Preface

It is commonnow in academiccircles to lamentthe declinein the teachingof
geometryin our schoolsanduniversities,andtheresultinglossof “geometricin-
tuition” amongourstudents.Ontheotherhand,recentdecadeshaveseenrenewed
links betweengeometryandphysics,to thebenefitof bothdisciplines.Oneof the
world’s leadingmathematicianshasarguedthattheinsightsof “pre-calculus”ge-
ometryhave a rôle to play at all levels of mathematicalactivity (Arnol’d [A]).
There is no doubt that a combinationof the axiomaticand the descriptive ap-
proachesassociatedwith algebraandgeometryrespectively canhelp avoid the
worstexcessesof eitherapproachalone.

Thesenotesareaboutgeometry, but by no meansall or evenmostof geom-
etry. I amconcernedwith thegeometryof incidenceof pointsandlines,over an
arbitraryfield, andunencumberedby metricsor continuity(or evenbetweenness).
Themajorthemesaretheprojectiveandaffine spaces,andthepolarspacesasso-
ciatedwith sesquilinearor quadraticforms on projective spaces.The treatment
of thesethemesblendsthedescriptive (What do these spaces look like?) with the
axiomatic(How do I recognize them?) My intentionis to explain anddescribe,
ratherthanto give detailedargumentfor every claim. Someof thetheorems(es-
peciallythecharacterisationtheorems)arelongandintricate.In suchcases,I give
a proof in a specialcase(oftenover thefield with two elements),andanoutline
of thegeneralargument.

Theclassicalworksonthesubjectarethebooksof Dieudonńe[L] andArtin [B].
I do not intend to competewith thesebooks. But much has happenedsince
they werewritten (theaxiomatisationof polarspacesby VeldkampandTits (see
Tits [S]), the classificationof the finite simplegroupswith its many geometric
spin-offs, Buekenhout’s geometriesassociatedwith diagrams,etc.), and I have
includedsomematerialnot foundin theclassicalbooks.

Roughly speaking,the first five chaptersare on projective spaces,the last
five on polar spaces.In moredetail: Chapter1 introducesprojective andaffine
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spacessynthetically, andderivessomeof theirproperties.Chapter2, onprojective
planes,discussestherôle of Desargues’andPappus’theoremsin thecoordinati-
sationof planes,andgivesexamplesof non-Desarguesianplanes.In Chapter3,
we turn to the coordinatisationof higher-dimensionalprojective spaces,follow-
ing VeblenandYoung. Chapter4 containsmiscellaneoustopics: recognitionof
somesubsetsof projectivespaces,includingconicsoverfinite fieldsof oddchar-
acteristic(Segre’s theorem);thestructureof projective lines; andgenerationand
simplicity of theprojectivespeciallineargroups.Chapter5 outlinesBuekenhout’s
approachto geometryvia diagrams,andillustratesby interpretingtheearlierchar-
acterisationtheoremsin termsof diagrams.

Chapter6 relatespolaritiesof projectivespacesto reflexivesesquilinearforms,
andgivesthe classificationof theseforms. Chapter7 definespolar spaces,the
geometriesassociatedwith suchforms, andgivesa numberof theseproperties;
the Veldkamp–Tits axiomatisationandthe variantdueto BuekenhoutandShult
arealsodiscussed,andprovedfor hyperbolicquadricsandfor quadricsover the
2-elementfield. Chapter8 discussestwo importantlow-dimensionalphenomena,
theKlein quadricandtriality, proceedingasfar asto definethepolarity defining
theSuzuki–Tits ovoidsandthegeneralisedhexagonof typeG2. In Chapter9, we
take a detourto look at thegeometryof theMathieugroups.This illustratesthat
therearegeometricobjectssatisfyingaxiomsvery similar to thosefor projective
andaffinespaces,andalsohaving ahighdegreeof symmetry. In thefinal chapter,
we definespinorsandusethemto investigatethegeometryof dualpolarspaces,
especiallythoseof hyperbolicquadrics.

Thenotesarebasedon postgraduatelecturesgivenat QueenMary andWest-
field Collegein 1988and1991.I amgratefulto membersof theaudienceonthese
occasionsfor their commentsandespeciallyfor their questions,which forcedme
to think things throughmore carefully than I might have done. Among many
pleasuresof preparingthesenotes,I counttwo lecturesby JonathanHall on his
beautifulproof of the characterisationof quadricsover the 2-elementfield, and
the challengeof producingthe diagramsgiven the constraintsof the typesetting
system!

In theintroductorychaptersto bothtypesof spaces(Chapters1 and6), aswell
aselsewherein the text (especiallyChapter10), somelinearalgebrais assumed.
Often, it is necessaryto do linear algebraover a non-commutative field; but the
differencesfrom the commutative casearediscussed.A goodalgebratextbook
(for example,Cohn(1974))will containwhatis necessary.

PeterJ.Cameron,London,1991
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Preface to the second edition

Materially, this edition is not very differentfrom the first edition which was
publishedin the QMW MathsNotesseriesin 1991. I have convertedthe files
into LATEX, correctedsomeerrors,andaddedsomenew materialanda few more
references;this versiondoesnot representa completebringingup-to-dateof the
original. I intendto publishthesenoteson theWeb.

In themeantime,oneimportantrelevantreferencehasappeared:DonTaylor’s
book The Geometry of the Classical Groups [R]. (Unfortunately, it hasalready
goneoutof print!) Youcanalsolook atmy own lecturenotesonClassicalGroups
(whichcanbereadin conjunctionwith thesenotes,andwhichmightbeintegrated
with themoneday). Othersourcesof informationincludetheHandbook of Inci-
dence Geometry [E] and(on theWeb)two seriesof SOCRATESlecturenotesat
http://dwispc8.vub.ac.be/Poten za/le ctno tes. html
and
http://cage.rug.ac.be/˜fdc/int ensiv ecou rse2 /fina l.ht ml

Pleasenotethat, in Figure2.3, therearea few linesmissing:dottedlinesutq
andurv anda solid line ub1c2. (The reasonfor this is hintedat in Exercise3 in
Section1.2.)

PeterJ.Cameron,London,2000
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