Preface

It is commonnow in academiccirclesto lamentthe declinein the teachingof
geometryin our schoolsanduniversities,andthe resultinglossof “geometricin-
tuition” amongour studentsOntheotherhand recentdecadesave seerrenaved
links betweergeometryandphysics to thebenefitof bothdisciplines.Oneof the
world’s leadingmathematicianbasarguedthatthe insightsof “pre-calculus’ge-
ometry have a role to play at all levels of mathematicahctivity (Arnol’d [A]).

Thereis no doubtthat a combinationof the axiomaticand the descriptve ap-
proachesassociatedvith algebraand geometryrespectrely canhelp avoid the
worstexcesse®f eitherapproachalone.

Thesenotesare aboutgeometry but by no meansall or even mostof geom-
etry. | amconcerneavith the geometryof incidenceof pointsandlines, overan
arbitraryfield, andunencumberelly metricsor continuity (or evenbetweenness).
The majorthemesarethe projective andaffine spacesandthe polar spacessso-
ciatedwith sesquilineanor quadraticforms on projectve spaces.The treatment
of thesethemesblendsthe descriptve (What do these spaces ook like?) with the
axiomatic(How do | recognize them?) My intentionis to explain anddescribe,
ratherthanto give detailedargumentfor every claim. Someof the theoremqes-
peciallythecharacterisatiotheoremsparelongandintricate.In suchcases| give
a proofin a specialcase(often over the field with two elements)andanoutline
of thegeneraligument.

Theclassicalvorksonthesubjectarethebooksof Dieudonré[L] andArtin [B].
I do not intend to competewith thesebooks. But much has happenedsince
they werewritten (the axiomatisatiorof polar spacesy VeldkampandTits (see
Tits [S]), the classificationof the finite simple groupswith its mary geometric
spin-ofs, Buekenhouts geometriesassociatedvith diagrams,etc.),and| have
includedsomematerialnotfoundin theclassicabooks.

Roughly speaking,the first five chaptersare on projectve spacesthe last
five on polar spaces.In more detail: Chapterl introducesprojective and affine



spacesyntheticallyandderivessomeof their properties Chapter2, on projectve
planesdiscusseshe role of Desagues’andPappus’theoremsn the coordinati-
sationof planes,andgivesexamplesof non-Desaguesianplanes.In Chapter3,
we turn to the coordinatisatiorof higherdimensionalprojective spacesfollow-
ing VeblenandYoung. Chapter4 containsmiscellaneousopics: recognitionof
somesubsetof projective spacesincluding conicsover finite fields of odd char
acteristic(Segre’s theorem);the structureof projectve lines; andgeneratiorand
simplicity of theprojectve specialineargroups.Chaptels outlinesBuekenhouts
approacho geometryia diagramsandillustratesby interpretingtheearlierchar
acterisatiortheoremsn termsof diagrams.

Chaptel6 relategpolaritiesof projective spaceso reflexive sesquilineaforms,
and givesthe classificationof theseforms. Chapter7 definespolar spacesthe
geometriesaassociatedvith suchforms, andgivesa numberof theseproperties;
the Veldkamp—Tts axiomatisatiorandthe variantdue to Buekenhoutand Shult
arealsodiscussedandprovedfor hyperbolicquadricsandfor quadricsover the
2-elemenfield. Chapter8 discusse$wo importantlow-dimensionaphenomena,
theKlein quadricandtriality, proceedingasfar asto definethe polarity defining
the Suzuki—Tits ovoidsandthe generalisedhexagonof type G,. In Chapter9, we
take a detourto look atthe geometryof the Mathieugroups. This illustratesthat
therearegeometricobjectssatisfyingaxiomsvery similar to thosefor projectve
andaffine spacesandalsohaving ahigh degreeof symmetry In thefinal chapter
we definespinorsandusethemto investigatehe geometryof dual polar spaces,
especiallythoseof hyperbolicquadrics.

The notesarebasedon postgraduatéecturesgivenat QueenMary andWest-
field Collegein 1988and1991.1 amgratefulto memberof theaudiencenthese
occasiongor their commentsandespeciallyfor their questionswhich forcedme
to think things throughmore carefully than| might have done. Among mary
pleasure®f preparingthesenotes,l counttwo lecturesby JonatharHall on his
beautiful proof of the characterisatiof quadricsover the 2-elementffield, and
the challengeof producingthe diagramsgiven the constraintsof the typesetting
system!

In theintroductorychapterdo bothtypesof space¢Chapters and6), aswell
aselsavherein the text (especiallyChapterl0), somelinear algebrais assumed.
Often, it is necessaryo do linear algebraover a non-commutatie field; but the
differencedrom the commutatve caseare discussed.A good algebratextbook
(for example,Cohn(1974))will containwhatis necessary

PeterJ. Cameronlondon,1991



Preface to the second edition

Materially, this edition is not very differentfrom the first edition which was
publishedin the QMW Maths Notesseriesin 1991. | have convertedthe files
into IATEX, correctedsomeerrors,andaddedsomenen materialanda few more
referencesthis versiondoesnot represent completebringing up-to-dateof the
original. I intendto publishthesenotesonthe Weh

In themeantimepneimportantrelevantreferencéhasappearedDon Taylor’s
book The Geometry of the Classical Groups [R]. (Unfortunately it hasalready
goneoutof print!) You canalsolook atmy own lecturenoteson ClassicalGroups
(which canbereadin conjunctionwith thesenotesandwhich mightbeintegrated
with themoneday). Othersourceof informationincludethe Handbook of Inci-
dence Geometry [E] and(onthe Web)two seriesof SOCRAES lecturenotesat

http://dwispc8.vub.ac.be/Poten zal/le ctno tes. html
and
http://cage.rug.ac.be/ fdc/int ensiv ecourse2 /fina Lht ml

Pleasenotethat,in Figure2.3,thereareafew linesmissing: dottedlinesutq
andurv anda solid line ubico. (Thereasonfor thisis hintedat in Exercise3 in
Sectionl.2.)

Peter]. Cameronl.ondon,2000
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