7

Axioms for polar spaces

The axiomatisatiorof polar spacesvasbegun by Veldkamp,completedby Tits,
andsimplified by Buekenhout,Shult, Hanssensand others. In this chaptey the
analoguenf Chapter3, theseresultsarediscussedandproofsgivenin somecases
asillustrations. We begin with a discussionof generalisedjuadranglesyhich
play a similar role hereto that of projectve planesin the theory of projectve
spaces.

7.1 Generalisedquadrangles

We saw thedefinitionof ageneralisedjuadranglen Section6.4: it is arank?2
geometrysatisfyingthe conditions

(Q1)two pointslie on atmostoneline;

(Q2)if thepoint pis notontheline L, thenp is collinearwith exactly onepoint
of L;

(Q3) no pointis collinearwith all others.

For later use,we represengeneralisedjuadrangledy a diagramwith a double
arc,thus:
O———0,

The axioms(Q1)—(Q3)areself-dual;so the dual of a generalisedjuadrangle
is alsoa generalisedjuadrangle.

Two simpleclasse®f examplesareprovidedby thecompletebipartite graphs
whosepointsfall into two disjointsets(with atleasttwo pointsin eachandwhose
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98 7. Axiomsfor polar spaces

lines consistof all pairsof pointscontainingonefrom eachset),andtheir duals,
the grids, someof which we metin Section6.4. Any generalisedjuadranglen
which lines have just two pointsis a completebipartitegraph,anddually (Exer-
cise2). We notethatary line containsat leasttwo points,anddually: if L were
asingletonline {p}, thenevery otherpoint would be collinearwith p (by (Q2)),
contradicting(Q3).
Apart from completebipartite graphsand grids, all generalisedjuadrangles

have orders:

Theorem 7.1 Let G be a generlisedquadanglein which there is a line with at
leastthreepointsanda pointon at leastthreelines. Thenthenumberof pointson
aline, andthe numberof linesthrougha point, are constants.

Proof Firstobserethat,if linesL; andL, aredisjoint, thenthey have the same
cardinality;for collinearity setsup a bijectionbetweernhe pointson L1 andthose
onLo.

Now supposehatL; andL; intersect. Let p be a point on neitherof these
lines. Thenoneline throughp meetsL;, and one meetsL,, sothereis aline
L3 disjoint from both L; andL,. It follows thatL; and L, both have the same
cardinalityasLs.

Theotherassertions proveddually. =

This proof works in boththefinite andtheinfinite case.If G is finite, we let
sandt betheordersof G; thatis, ary line hass+ 1 pointsandary pointlies on
t+ 1 lines,sothatthediagramis

C—=0.
S t

For the classicalpolar spacesver GF(q), we have s= q andt = g**¢, where
€isgivenin Table6.5.1.

Fromnow on, “generalisedquadrangle’vill be abbreviatedto GQ.

Thenext resultsummarisesomepropertieof finite GQs.

Theorem 7.2 LetG bea finite GQ with orders s, t.
(a) Ghas(s+1)(st+ 1) pointsand(t+1)(st+ 1) lines.
(b) s+t dividesst(s+1)(t+1);

(c)if s> 1, thent < s%;
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(d)ift > 1, thens < t2.

Proof (a)is provedby elementarycounting likethatin Section6.5. (b) is shavn
by an amgumentinvolving eigervaluesof matrices,in the spirit of the proof of
the FriendshipTheoremoutlinedin Exercise2.2.4. (c) is proved by elementary
counting(seeExercise3), and(d) isdualto (c). =

In particular if s= 2, thent < 4; andthe caset = 3 is excludedby (b) above.
Sot = 1,2 or 4. Thesethreevaluesarerealisedby the threeorthogonalrank 2
polarspace®ver GF(2). We will seeasaspecialcaseof alaterresult,thatthese
arethe only GQswith s= 2. However, this resultis sufficiently interestingto be
worth anothemproofwhich generalise# in adifferentdirection.

Theorem 7.3 Let G bea GQ with orders s= 2 andt. Thent = 1,2 or 4; and
thereis a uniqguegeometryfor eat valueoft.

Notethegeneralisationt is notassumedo befinite!

Proof Take a pointandcall it «; let {L; : i € |} bethe setof lines containing
. Numberthe pointsotherthane onL; as pjp and pj1. Now, for ary point q
not collinearwith p, thereis a function fq : | — {0,1} definedby the rule that
theuniquepointof L; collinearwith g is pj¢,i). We usethefunction fq asalabel
for g. Let X bethe setof pointsnot collinearwith . We considerthe possible
relationshipsf pointsin X. Write q ~ r if gandr arecollineat

1. If q,r € X satisfyq ~ r, then fq and f; agreein just oneposition,viz., the
uniqueindex i for whichtheline L; througheo meetstheline gr.

2. If g,r arenot collinearbut somepoint of X is collinearwith both,then fq
and f, agreein all but two positions;for all but two valuesarechangedwice, the
remainingtwo beingchangedustonce.

3. Otherwise,fq = f;; for all thecommonneighbourof g andr areadjacent
to .

Notetoothat,for ary i € | andq € X, thereis a pointr ~ g for which fq and
fr agreeonlyin i, viz., thelastpoint of theline throughg meetingL;.

Now suppos€aswe may)that || > 2, andchoosedistincti, j,k € I. Given
q € X, chooser,s,t € X suchthat fq and f, agreeonly in i, f and fs only in j,
and fs and f; only onk. Thenclearly fq and f; agreein preciselythethreepoints
I, j,K, sincethesevaluesarechangedwice andall othersthreetimes.By the case
analysisjt followsthat|l| = 3 or ||| — 2= 3, asrequired.

The uniguenesslsofollows from this analysis,with a little morework: we
know enoughaboutthe structureof X that the entire geometrycan be recon-
structed. m
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Problem. Canthereexista GQ with sfinite (s> 1) andt infinite?

The proof above shaws thatthereis no suchGQ with s= 2. It is alsoknown
thatthereis no GQwith s= 3 or s= 4 andt infinite, thoughthe proofsaremuch
harder (This is dueto Kantor and Brouwerfor s = 3, and Cherlinfor s= 4.)
Beyond this, nothingis known, thoughCherlin’s agumentcouldin principle be
extendedo largervaluesof s.

The GQswith s= 2 andt = 1, 2 have simpledescriptionsFor s= 1 we have
the 3 x 3 grid. Fort = 2, take the pointsto be all the 2-elementsubsetf a set
of cardinality 6, andthe linesto be all partitionsof the 6-setinto threedisjoint
2-subsets.The GQ with order(2,4) is a little harderto describe. The implicit
constructiorin Theorem?.3is oneof thesimplest— thefunctionsfy areall those
which take thevalue1l anevennumberof times,eachsuchfunctionrepresenting
auniquepoint. This GQalsoarisesn classicaklgebraiaggeometryasthe Schifli
configurationof 27 linesin a generalcubic surface,lying threeat a time in 45
planes.

In the classicalpolar spacesthe orderss andt are both powersof the same
prime. Thereareexampleswherethisis notthe case— seeExerciseb.

Exercises

1. Provethatthedualof aGQis aGQ.

2. Prove thata GQ with two pointson ary line is acompletebipartitegraph.

3. Let G be afinite GQ with orderss,t, wheres > 1. Let p; and p2 be non-
adjacenfpoints,andlet x, be the numberof points p; adjacento neitherp; nor
p2 for which thereareexactly n commonneighbourof p1, p2 andps. Shav that

Sxn = St — st —S+t,
> = st+1)(t-1),
dn(n=1x, = (t+tt-1).

Henceprove thatt < s?, with equalityif andonly if ary three pairwise non-
collinearpointshave exactly s+ 1 commonneighbours.

4. In this exercise,we usethe terminologyof codingtheory (asin Section
3.2). ConsidetthespaceV of wordsof length6 with evenweight. Thisis avector
spaceof rank5 over GF(2). The“standardinnerproduct’onV is abilinearform
which is alternating(by the evenweightcondition);its radicalV* is spannedy
the uniqueword of weight6. Thus,V /V< is a vectorspaceof rank 4 carryinga
non-dgeneratalternatingbilinear form. The 15 non-zerovectorsof this space
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are cosetsof V+ containinga word of weight 2 and the complementarywvord
of weight4, and so canbe identified with the 2-subset®f a 6-set. Extendthis
identificationto anisomorphisnbetweerthe combinatoriablescriptionof the GQ
with orders(2, 2) andtherank2 symplecticpolarspaceover GF(2).

5. Let g beaneven prime power, andlet C bea hyperoal in N = PG(2,Q),
a setof g+ 2 pointsmeetingevery line in 0 or 2 points(seeSection4.3). Now
take IN to bethe hyperplanetinfinity of AG(3,q). Let G bethe geometrywhose
pointsareall thepointsof AG(3,q), andwhoselinesareall thelinesof AG(3,q)
which meetll in apointof C. Prove thatG is aGQwith orders(q— 1,q+1).

6. Constructfree” GQs.

7.2 Diagramsfor polar spaces

The inductive propertiesof polar spacesare exactly whatis neededo shov
thatthey arediagramgeometries.

Proposition 7.4 A classicalpolar spaceof rankn belongsto thediagram

oO—O— ¢+« O—mmO——0O

with n nodes.

Proof GivenavarietyU of rankd, thevarietiescontainedn it form a projectve
spaceof dimensiond — 1, while the varietiescontainingit arethoseof the polar
spaceJ /U of rankn— d; moreover, ary variety containedn U is incidentwith
ary varietycontainingU. Sincearank?2 polarspaces a generalisedjuadrangle,
it follows by induction that residuesof varietiesare correctly describedby the
diagram. m

This diagramis commonlyreferredto asC,.

By analogywith Section5.2, it might be thoughtthatarny geometrywith di-
agramC, for n > 3 is a classicalpolar space. This is falsefor several reasons,
which we will seeat variouspoints. But first, hereis oneexampleof a geometry
with diagramCs whichis nothinglik e apolarspacegventhoughit is highly sym-
metrical. This geometrywasdiscoveredby Arnold Neumaiey andis referredto
asNeumaiers geometryor the A7-geometry

Let X beasetof sevenpoints. Thestructureof aprojectve planePG(2, 2) can
beimposedon X in 30 differentways— this numberis the index of PGL(3,2)
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in the symmetricgroupS;. SincePGL(3,2) containsno odd permutationsit is
containedn thealternatinggroupA7 with index 15, andsothe 30 planesfall into
two orbits of length 15 underA;. Now we take the points, lines, and planesof
the geometryto be respectiely the elementsof X, the 3-elementsubsetf X,
andoneorbit of A7 on PG(2,2)s. Incidencebetweerpointsandlines,or between
linesandplanesjs definedoy membershipandevery pointis incidentwith every
plane.

It is clearthat the residueof a planeis a projectve plane PG(2,2), while
the residueof a line is a digon. Considerthe residueof a point x. The lines
incidentwith x canbeidentifiedwith the 2-elementsubsetof the 6-elementset
Y = X\ {x}. Given a plane, its threelines containingx partition'Y into three
2-sets. It is easyto checkthat, given sucha triple of lines, thereare just two
waysto draw the remainingfour linesto completeP&2,2), andthat thesetwo
arerelatedby anodd permutatiorof X. Soour choserorbit of planeshasexactly
onememberinducingthe given partitionof Y, andthe planesincidentwith x can
be identifiedwith all the partitionsof Y into three2-sets.As we sawv in Section
7.1,thisincidencestructures a generalisedjuadranglevith order2, 2.

We concludethatthe geometryhasthediagram

2 2 2

This example shaws that, evenin a geometrywith sucha simple diagram,
a variety is not necessarilydeterminedby its point-shadw (all planeshave the
samepoint-shadw!); the intersectionof point-shadws of varietiesneednot be

the point-shadw of a variety, andthe pointsand lines neednot form a partial

linearspace Sothe specialpropertiesof lineardiagramswith all stroleso—E—o

do notextend.However, classicalbolarspaceslo have thesenice properties.

A Cz-geometryin which every pointandevery planeareincidentis calledflat.
Neumaiers geometryis the only known finite exampleof suchageometry Some
infinite exampleswere constructedy SarahRees;we now describehese.First,
are-interpretatiorof Neumaiers geometry

Considettherank6 vectorspaceV of all binarywordsof length7 having even
weight. OnV, we candefinea quadratidorm by therule

f(v) =2wt(v) (mod2).
Thebilinearform obtainedby polarisingf is justthe usualdot product,since

WE(V +w) = wt(v) +wt(w) — 2v.w .
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It followsthat f is non-singulartheonly vectororthogonatoV is theall-1 word,
whichis notin V. Now the pointsof X, which index the coordinatesarein one-
one correspondencwith the seven words of weight 6, which are non-singular
vectors. The lines correspondo the vectorsof weight4, which compriseall the
singularvectors.

We saw in Section6.4 that the planeson the quadricfall into two families,
suchthattwo planesof the samefamily meetin a subspacef evencodimension
(necessarilya point), while planesof differentfamiliesmeetin a subspacef odd
codimensior(theemptysetor aline). Now a planeon the quadriccontainsseven
non-zerosingularvectors(of weight4), any two of which areorthogonalandso
meetin anevennumberof points,necessaril2. Thecomplementsf these4-sets
form seven 3-sets,arny two meetingin one point, so forming a projectve plane
PG(2,2). It is readily checled thatthe two classef planescorrespondxactly
to the two orbits of A; we describedearlier So the points, lines and planesof
Neumaiers geometrycan be identified with a specialsetof seven non-singular
points, the singularpoints, and one family of planeson the quadric. Incidence
betweerthe non-singulaandthe singularpointsis definedby orthogonality

Now we reversethe procedure. We start with a hyperbolic quadricQ in
PG(5,F), thatis, a quadricof rank 3 with germzero. A setS of non-singular
pointsis called an exterior setif it hasthe propertythat, given ary line L of
Q, auniquepoint of Sis orthogonatto L. Now considerthe geometryG whose
POINTS,LINES andPLANESarethepointsof S, thepointsof Q, andonefamily
of planeson Q; incidencebetweerPOINTSandLINES is definedby orthogonal-
ity, thatbetweenLINES andPLANES s incidencein the polar spaceandevery
POINT is incidentwith every PLANE.

Suchageometrybelonggo thediagramCs. For theresidueof aPLANE I is
a projectwve plane,naturallythe dual of I'l. (The correspondencketweerpoints
of Sandlinesof M is bijective; for, givenx € S, x* cannotcontainll, sinceapolar
spacen PG(4,q) cannothave rank 3, andsoit meetd1 in aline.) Theresidueof
aPOINT x is thepolarspacex’, whichaswe've seens rank2, andsoa GQ. And
of coursethe POINTSandPLANES ncidentwith aLINE form adigon.

Thasshavedthatno furtherfinite examplescanbe constructedn this way:

Theorem 7.5 Thee is no exterior setfor the hyperbolicquadricin PG(5,q) for
q> 2.

However, Rees(who first describedhis constructionpbsenedthatthereare
infinite examples.Considerthe casewhereF = R; let theform be x;xo + X3X4 +
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xsXs. Now the spaceof rank 3 spanneddy (1,1,0,0,0,0), (0,0,1,1,0,0) and
(0,0,0,0,1,1) is positive definite,andsois disjoint from the quadric;the points
spannedy vectorsin this spacdorm anexterior set.

Now we turnto hyperbolicquadricsin general As we sav in Section6.4,the
maximalt.s. subspaceen sucha quadricQ of rankn canbe partitionedinto two
families,sothataflat of dimensiomn — 2 lies in a uniquememberof eachfamily.
We constructa new geometryby letting theseflats be varietiesof differenttypes.
Now thereis no needto retaintheflatsof dimensiom — 2, sincesuchaflat is the
intersectiorof thetwo maximalflats containingit.

Theorem 7.6 LetQ bea hyperbolicquadricof rankn > 3. LetG bethegeometry
whoseflats are the t.s. subspace®f dimensiondifferent from n — 2, whee the
two families of flats of dimensionn — 1 are assigneddifferent types. Incidence
betweerflats, at leastone of which hasdimensionlessthann— 1, is as usual;

while (n— 1)-flatsof differenttypesare incidentif they intersectin an (n— 2)-flat.

Thenthe geometryhasdiagram

Proof We needonly checkthe residueof a flat of dimensionn — 3: the rest
follows by induction,asin Proposition7.4. Sucha flat cannotbe theintersection
of two (n— 1)-flats of differenttypes;so ary two suchflats of differenttypes
containingit areincident. =

(n nodes).

This diagramis denotedby D,,. Theresultholdsalsofor n = 2, providedthat
weinterpretD, astwo unconnectedodes— thequadrichastwo familiesof lines,
eachline of onefamily meetingeachline of the other

Exercises

1. Prove thattheline joining two pointsof an exterior setto the quadricQ is
disjointfrom Q.

2. Prove that an exterior setto a quadricin PG(5,q) musthave P+q+1
points.

3. Show thatthe planeconstructedn Rees’exampleis anexterior set.
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7.3 Tits and Buekenhout—Shult

We now begin working towardsthe axiomatisatiorof polarspacesThis major
resultof Tits (building onearlierwork of Veldkamp)will notbeprovedcompletely
here, but the next four sectionsshouldgive someimpressionof how the proof
works.

Tits’ theoremcharacterisea classof spacesvhich almostcoincideswith the
classicalpolar spacesof rank at least3. Thereare a few additionalexamples
of rank 3, someof which will be describedater | will usethe term abstact
polar spacefor a geometrysatisfyingthe axioms. In fact, Tits’ axiomsdescribe
all subspacesf arbitrary dimension;an alternatve axiom system proposedby
BuekenhoutandShult,involvesonly pointsandlines(in the spirit of the Veblen—
Young axiomsfor projectve spaces).In this section,l shov the equivalenceof
theseaxiomsystems.

Temporarily then,anabstract polar spaceof typeT is a geometrysatisfying
the conditions(P1)—(P4)of Section6.4, repeatederefor corvenience.

(P1) Any flat, togethemwith theflatsit contains,s a projectve spaceof dimen-
sionatmostr — 1.

(P2) Theintersectiorof ary family of flatsis aflat.

(P3)If U isaflat of dimensiorr — 1 andp apointnotin U, thentheunionof the
linesjoining p to pointsof U is aflat W of dimensiorr — 1; andU NW is a
hyperplanen bothU andW.

(P4) Thereexist two disjointflats of dimensionr — 1.

An abstract polar spaceof type BSis a geometryof pointsandlines satisfying
thefollowing conditions.In theseaxioms,a subspacés a setS of pointswith the
propertythatif aline L containstwo pointsof S, thenL C S; asingularsubspace
is asubspaceary two of whosepointsarecollinear

(BS1)Any line containsat leastthreepoints.
(BS2)No pointis collinearwith all others.
(BS3) Any chainof singularsubspacess of finite length.

(BS4)If thepoint pis notontheline L, thenp is collinearwith oneor all points
of L.
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(Notethat(BS4)is our earlier(BS), andis the key conditionhere.)

Theorem 7.7 (a) Thepointsandlinesof an abstract polar spaceof typeT form
an abstract polar spaceof typeBS.

(b) Thesingularsubspacesfanabstractpolar spaceoftypeBSformanabstract
polar spaceof typeT.

Proof (a)lt is aneasydeductionfrom (P1)—(P4)thatarny subspacés contained
in a subspacef dimensionn— 1. For let U be a subspaceandW a subspace
of dimensionn — 1 for which U "W hasdimensionaslarge aspossible;if p €
U \W, then(P3) givesa subspacef dimensionn — 1 containingp andU NW,
contradictingmaximality:.

Now, if L isaline andp a pointnotonL, letW bea subspac®f dimension
n— 1 containingL. If p€ W, thenp is collinearwith every pointof L; otherwise,
theneighbourof pin W form ahyperplanemeetingL in oneor all of its points.

Thus,(BS4)holds. Theotherconditionsareclear

(b) Now let G beanabstracipolarspaceof type BS. Call two pointsadjacent
if they are collinear; this givesthe point seta graphstructure. Every maximal
cliquein the graphis a subspaceFor let Sbe a maximalclique,andp,q € S, let
L bealine containingp andg. Any pointof S\ L is collinearwith p andqg, andso
with every pointof L; thusSUL is aclique,andby maximality, L C S.

If p¢& S(whereSis amaximalclique),thenthesetof neighbourf pin Sisa
hyperplaneEvery pointq € Slies outsidesucha hyperplanefor, by (BS2),there
is a point p notadjacento g. As we saw in Section3.1,if everyline hassize 3,
thenthisimpliesthatSis a projective spacejut this deductioncannotbe madein
generalHowever, in the presensituation,BuekenhoutandShultareableto shav
thatSis indeedaprojectve space (In particular thisimpliesthattwo pointslie on
atmostoneline. For theunionof two linesthroughtwo commonpointsis aclique
by (BS4),andsowould be containedn a maximalclique. However, Buekenhout
and Shulthave to showv thattwo pointslie on at mostoneline beforethey know
thatthe subspaceareprojective spacesthe proofis surprisinglytricky.)

Any singularsubspacéesin somemaximalclique,andsois itself aprojectve
space.Thus(P1)holds;andtheremainingaxiomscannow beverified. =

We will now simplify theterminologyby usingtheterm“abstractpolarspace”
equallyfor eithertype.

Theinductionprincipleswe usedin classicalpolarspacesvork in almostthe
sameway in abstracpolarspaces.
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Proposition 7.8 LetU bea (d — 1)-dimensionalsubspaceof an abstract polar
spaceof rankn. Thenthe subspacesontainingU form an abstract polar space
ofrankn—d. m

Exercise

1. Shaw directly that,in anabstracpolarspaceof type BS having threepoints
on ary line, ary two pointslie on at mostoneline, and singularsubspacesare
projective.

7.4 Recognisinghyperbolic quadrics

There are two specialcaseswherethe proof of the characterisatiorof po-
lar spacess substantiallyeasier namely hyperbolicquadricsand quadricsover
GF(2); they will betreatedn this sectionandthe next.

In the caseof a hyperbolicquadric,we bypassthe needto reconstructthe
quadricby simply shaving thatthereis a uniqueexampleof eachrank over ary
field. First, we obsene thatthe partition of the maximalsubspacemto two types
follows directly from the axioms;propertiesof the actualmodelarenot required.
We begin with agenerakesulton abstracipolarspaces.

An abstracpolarspaceG canberegardedasa point-line geometryaswe've
seen.Sometimedt is usefulto considema“dual” situation,definingageometryG*
whosePOINTsarethe maximalsubspacesf G andwhoseLINEs arethe next-
to-maximalsubspacesncidencebeingreversednclusion. We call this geometry
a dual polar space In a dual polar spacewe definethe distancebetweentwo
POINTsto bethe numberof LINEs on a shortespathjoining them.

Proposition 7.9 LetG* beadual polar space
(a) Thedistancebetweertwo POINTSsis the codimensiorof their intersection.

(b) Givena POINT p anda LINE L, thereis a uniquePOINT of L neasestto p.

Proof Let U1, U be maximalsubspacesBy the inductive principle (Proposi-
tion 7.8), we may assumehatU; NUz = 0. (It is clearthatany pathfrom Uz to
U,, in which not all termscontainU; NU,, musthave lengthstrictly greaterthan
the codimensiorof U; NUy; so,oncetheresultis provedin the quotient,no such
pathcanbeminimal.)
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Now eachpoint of Uq is collinear (in G) with a hyperplanen U,, andvice
versg so,givenary hyperplaneH in Uy, thereis a uniquepoint of U; adjacento
H, andhencegby (P3))auniquemaximalsubspaceontainingH andmeetingU;.
Theresultfollows.

(b) Let U be a maximal subspaceandW a subspacef rank one lessthan
maximal. As before we mayassumehatU NW = 0. Now thereis a uniquepoint
p € U collinearwith all pointsof W. Then(W, p) is theuniuePOINT ontheLINE
W nearestothe POINTU. =

Proposition 7.10 Let G be an abstract polar spaceof rankn, in which any (n—
2)-dimensionalsubspacés containedin exactly two maximalsubspaces.Then
the maximalsubspacegall into two families, the intersectionof two subspaces
havingevencodimensionn ead if andonly if the subspacebelongto the same
family.

Proof The associatedlual polar spaceis a graph. By Proposition7.9(b), the
graphis bipartite,sinceif anoddcircuit exists,thenthereis oneof minimallength,
andbothverticeson ary edgearethenequidistanfrom the oppositevertex in the
cycle. m

Now, in ary abstracipolarspaceof rankn > 4, in which linescontainat least
threepoints,any maximalsubspacés isomorphicto PG(n— 1, F) for someskew
field F. Now aneasyconnectednessgumentshaws thatthe samefield F coor
dinatisesevery maximalsubspace.

Theorem7.11 LetG beanabstractpolar spaceof rankn > 4, in which ead next-
to-maximalksubspacés containedn exactlytwo maximalsubspacesAssumehat
somemaximalsubspaces isomorphicto PG(n— 1,F). ThenF is commutative
andG is isomorphicto the hyperbolicquadricof rankn over F.

Proof It isenougho shav thatF iscommutatveandthatn andF uniquelydeter
minethe geometrysincethe hyperbolicquadricclearly hastherequiredproperty

Ratherthanprove F commutatve, | will shav merelythatit is isomorphic
to its opposite. It sufficesto shav this whenn = 4. Take two maximal sub-
spacesneetingin a planell, anda point p € . By the FTPG, both maximal
subspaceareisomorphicto PG(3,F). Now considertheresidueof p. Thisis a
projective spacejn which thereis a planeisomorphicto PG(2,F°), anda point
residueisomorphicto PG(2,F). HenceF = F°. ThestrongerstatementhatF is
commutatve is shavn by Tits. He obseresthatthe quotientof p hasa polarity
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interchanginga point anda planeincidentwith it, andfixing every line incident
with both; andthis canonly happenin a projectve 3-spaceover a commutatve
field.

Let U1 andU, be disjoint maximalsubspacesNote thatthey have the same
typeif nis even,oppositetypesif nis odd. Let p beary pointin neithersubspace.
Thenfor i = 1,2, thereis auniguemaximalsubspac®\ containingp andmeeting
U; in a hyperplane.ThenW hasthe oppositetype to U;, soW; andW, have the
sametype if n is even, oppositetypesif n is odd. Thus, their intersectionhas
codimensiorcongruento n mod2. Sincep € Wy "W, theintersections atleast
aline. But their distancan the dual polarspaces atleastn — 2, sinceU; andU
have distancen; soWy "W, is aline L. ClearlyL meetsbhothU; andU».

Eachpoint of U; is adjacentto a hyperplaneof U,, andvice versg so Uz
andU, arenaturallyduals. Now thelinesjoining pointsof U; andU, areeasily
describedandit is nothardto shav thatthewhole geometryis determined. m

7.5 Recognisingquadrics over GF(2)

In this section,we determinethe abstractpolar spaceswith threepointson
every line. Sincewe are giveninformationonly aboutpointsandlines, the BS
approachss the naturalone. The resultherewasfirst found by Shult (assuming
a constantnumberof lines per point) and Seidel(in general),andwasa crucial
precursorof the Buekenhout—ShulfTheorem(Theorem7.7). Shult and Seidel
provedthetheorenby inductionontherank: arank?2 polarspaces ageneralised
guadrangleandthe classificationin this caseis Theorem7.3. The elegantdirect
argumentgivenhereis dueto JonatharHall.

Let G be anabstractpolar spacewith threepointsperline. We have already
seenhatthefactsthattwo pointslie onatmostoneline, andthatmaximalsingular
subspaceareprojective spacesareprovedmoreeasilyunderthis hypothesighan
in general But hereis adirectproof of thefirst assertionSupposeahatthe points
aandb lie ontwo lines{a, b,x} and{a,b,y}. Thenyis collinearwith aandb, and
soalsowith x; sothereis aline {x,y,z} for somez, andbotha andb arejoined
to z. Any further pointis joinedto both or neitherx andy, andsois joinedto z,
contradicting(BS2).

Definea graphl’ whoseverticesarethe points,two verticesbeingadjacentf
they arecollinear Thegraphhasthefollowing property:

(T) everyedge{x,y} liesin atriangle{x,y, z} with the propertythatary further
pointis joinedto oneor all of {x,y, z}.
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This is calledthe triangle property. Shultand Seidelphrasedheir resultasthe
determinatiorof finite graphswith thetriangleproperty (Theargumentustgiven
showsthat,in a graphwith thetrianglepropertyin which no vertex is adjacento
all others thereis a uniquetrianglewith the propertyspecifiedby (T) containing
ary edge. Thus,the graphandthe polar spacedetermineeachother) The proof
givenbelow is not the original agumentof Shultand Seidel,which usedinduc-
tion, but is a directagumentdueto JonatharHall (having the addedfeaturethat
it worksequallywell for infinite-dimensionakpaces).

Theorem 7.12 An abstract polar spacein which ead line containsthreepoints
is a quadricover GF(2).

Proof As notedabove, we mayassumensteadthatwe have agraphl” with the
triangleproperty(T), having at leastoneedge,andhaving no vertex adjacento

all others.Let X bethevertex setof thegraphl', andlet F = GF(2). We begin

with the vectorspaceV of all functionsfrom X to F which arezeroeverywhere
excepton afinite set,with pointwiseoperations(If X is finite, thenV is justthe
spaceFX of all functionsfrom X to F.) LetX € V bethecharacteristiéunctionof

thesingletonset{x}. Thefunctions, for x € X, form abasisfor V. We definea
bilinearform b onV by setting

~ o~ O if x=yorxisjoinedtoy,
b(x,y)_{l otherwise,

andextendinglinearly, anda quadraticform f by setting f(f() =0forall xe X
andextendingtoV by therule

f(v+w) = f(v)+ f(w)+b(v,w).

Notethatbothb and f arewell-defined.
Let R betheradicalof f; thatis, Ris thesubspace

{veV:f(v)=0, bv,w)=0forallweV},

andsetV =V/R. Thenb and f inducebilinearandquadratidormshb, f onV: for
example,we have f(v+R) = f(v) (andthis is well-defined thatis, independent
of thechoiceof cosetrepresentatie). Now letx =X+ Re V.

We claimthattheembedding+— X hastherequiredpropertiesjn otherwords,
it is one-to-oneits imageis thequadricdefinedby f; andtwo verticesareadjacent
if andonly if the correspondingointsof the quadricareorthogonal We proceed
in aseriesof steps.
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Stepl Let{x,y,z} beaspecialtriangle, asin thestatemenofthetriangle prop-
erty (T). Thenx+y+2z=0.
It is requiredto shaw thatr = X+ y+ 2 € R. We have

b(r, V) = b(%,¥) + b(y, V) +b(2,9) = 0

for all v € X, by thetriangleproperty;and

A~

fir)y=f®+ () +f(@+bxy) +b(9,2)+bz%) =0

by definition.

Step2 Themapx+— Xis one-to-oneon X.

Supposéghatx=y. Thenr =X+y€ R HenceB(f(, y) = 0, andsox is joined
toy. Let z be the third vertex of the specialtriangle containingx andy. Then
2= X+Yy € Rby Stepl, andso z s joinedto all otherpointsof X, contraryto
assumption.

Step3 Anyquadrangleis containedn a 3 x 3 grid.

Let {x,y,z w} beaquadrangle Lettingx+y = x+Y, etc.,we seethatx+y
is not joined to z or w, and henceis joined to z+ w. Similarly, y+ z is joined
to w+ x; andthethird pointin the specialtrianglethrougheachof thesepairsis
X+Yy+ z+w, completingthegrid. (SeeFig. 7.1.)

Step4 ForanyveV, writev= Y X, wheex € X, andthenumberm= |l |
of summandss minimal (for thegivenv). Then

(@m<3;

(b) the pointsx; are pairwisenon-adjacent.
Thisis thecrucialstep,andneeddour sub-stages.
Substep4.1 Assertion(b) is true.

If x; ~ Xj, we couldreplacex; + X; by thethird pointx, of thespecialriangle,
andobtaina shorterexpression.
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w Z+W z
WX Xrytzrw y+z
X X+y y

Figure7.1: A grid

Substep4.2 If L isaline onxz, andy a point of L which is adjacentto x,
theny ~ x; forall i € 1.

If not, let L = {x1,Y,z}, andsupposehatx; ~ z. Thenx; is joinedto thethird
pointw of theline xpy. Let u bethethird pointonxw. Thenz+ p1 +u+X = X,
andwe canreplacex; + X2 + X; by theshorterexpressiorz+ u.

Substep4.3 Thek aretwo pointsy, zjoinedto all x;.

Eachline throughx; containsa point with this property by Substept.2. It is
easilyseenthatif x; lies on a uniqueline, thenone of the pointson this line is
adjacento all others,contraryto assumption.

Substep4.4 m<3.
Supposenot. Consideringthe quadranglegxi, Y, x2,z} and {xs,Y, x4, 2}, we
find (by Step3) pointsa andb with
Xi+Y+Xo+Z=a  Xa+Yy+Xa+z=Dh.

But thenx; + Xz + X3 + Xa = a+ b, ashorterexpression.

Step5 If veV,v#0,andf(v) =0, thenv=xfor somex € X.
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If notthen,by Step4, eitherv = Xx+vy, orv= x+y+ z wherepointsx,y (and
2) are(pairwise)non-adjacentln thesecondcase,

f(v) = f(X)+ f(y)+ f(2 +b(XY) +b(y,2) +b(ZX) =0+0+0+1+14+1=1.

Theothercasais similar but easier

Step6 x~yifandonlyif b(x,y) = 0.
Thisis trueby definition. =

7.6 Thegeneralcase

A weakform of the generalclassificationof polar spaceshy Veldkampand
Tits, canbe statedasfollows.

Theorem 7.13 A polar spaceof typeT havingfiniterankn > 4 is eitherclassical,
or definedby a pseudoquadatic form on a vectorspaceover a division ring of
characteristic2. =

I will notattemptto outline the proof of this theorem put merelymake some
remarksjncludinga“definition” of a pseudoquadratiorm.

Let V be a vector spaceover a skew field F of characteristi2, andc an
anti-automorphisnof F satisfyingo? = 1. Let Kg be the additive subgroup
{x+x°} of F, andK* = K/Kp. A function f : V — K* is called a pseudo-
quadratic form relative to o if thereis a o-sesquilineaform g suchthat f(v) =
g(v,v) modKo. Equivalently f polarisesto a o-Hermitian form f satisfying
(W e V)(3c e F)(f(v,v) = c+c), thatis, a trace-aluedform. The function
f definesa polar space,consistingof the subspacesf V on which f vanishes
(modKp). If Kg is equalto the fixedfield of o, thenthe samepolar spaceis de-
fined by the Hermitianform g; sowe may assumehatthis is not the casein the
secondconclusionof Theorem?7.13. For furtherdiscussionseeTits [S].

Tits’ resultis actuallybetterthanindicated:all polarspace®f rankn > 3 are
classified. Therearetwo typesof polar spacef rank 3 which are not covered
by Theorem7.13. The first exists over any hon-commutatie field, andwill be
describedn thefirst sectionof Chapte8. Theotheris remarkablen consistingof
theonly polarspacesvhoseplanesarenon-DesaguesianThistypeis constructed
by Tits from the algebraicgroupsof type Eg, and againl refer to Tits for the
constructionwhich requiresdetailedknowledgeof thesealgebraicgroups. The
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planesactuallysatisfyawealeningof Desagues’'theorermknown asthe Moufang
condition andcanbe “coordinatised’by certainalternativedivisionrings which
generalisg¢he Cayley numbes or octonions

Of coursethedeterminatiorof polarspace®f rank2 (GQs)is ahopelessask!
Neverthelessijt is possibleto formulatethe Moufang condition for generalised
guadranglesandall GQssatisfyingthe Moufangconditionhave beendetermined
(by FongandSeitzin thefinite case,Tits andWeissin general.)This effectively
completeghe analogywith coordinatisatiotheoremdor projective spaces.

The othergeometricachiezementof Tits in the 1974lecturenotesis the ana-
logueof the Fundamental' heoremof Projectve Geometry:

Theorem 7.14 Anyisomorphisnbetweerclassicalpolar spacesf rank at least
2, which are not of symplecticor orthogonaltypein characteristic2, is induced
by a semilineartransformatiorof theunderlyingvectorspaces. m

The reasonfor the exceptionwill be seenin Section8.4. As in Sectionl.3,
thisresultshavsthattheautomorphisngroupsof classicapolarspacegonsistof
semilineartransformationgnoduloscalars.Thesegroups,with someexceptions
of smallrank, have “large” simplesubgroupsjust ashappenedor the automor
phismgroupsof projective spacesn Section4.6. Thesegroupsarethe classical
groups andare namedafter their polar spaces:symplecti¢ orthogonal and uni-
tary groups. For details,seethe classicaccounts:Dickson[K], Dieudonre [L],
andArtin [B], or for morerecentaccountslaylor [R], Cameror{10]. In thesym-
plecticor unitarycasetheclassicagroupconsistof all thelineartransformations
of determinantl preservingthe form definingthe geometry moduloscalars.In
the orthogonalcase,it is sometimesecessaryo passto a subgroupof index 2.
(For example,if the polar spaceis a hyperbolicquadricin characteristi@, take
thesubgrougixing thetwo familiesof maximalt.s. subspaces.)



