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Axioms for polar spaces

Theaxiomatisationof polar spaceswasbegunby Veldkamp,completedby Tits,
andsimplified by Buekenhout,Shult, Hanssens,andothers. In this chapter, the
analogueof Chapter3, theseresultsarediscussed,andproofsgivenin somecases
as illustrations. We begin with a discussionof generalisedquadrangles,which
play a similar rôle hereto that of projective planesin the theory of projective
spaces.

7.1 Generalisedquadrangles

Wesaw thedefinitionof ageneralisedquadranglein Section6.4: it is a rank2
geometrysatisfyingtheconditions

(Q1) two pointslie on at mostoneline;

(Q2) if thepoint p is noton theline L, thenp is collinearwith exactlyonepoint
of L;

(Q3)nopoint is collinearwith all others.

For later use,we representgeneralisedquadranglesby a diagramwith a double
arc,thus: � ���

Theaxioms(Q1)–(Q3)areself-dual;so thedualof a generalisedquadrangle
is alsoageneralisedquadrangle.

Two simpleclassesof examplesareprovidedby thecompletebipartitegraphs,
whosepointsfall into two disjointsets(with at leasttwo pointsin each,andwhose
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98 7. Axiomsfor polar spaces

linesconsistof all pairsof pointscontainingonefrom eachset),andtheir duals,
thegrids, someof which we met in Section6.4. Any generalisedquadranglein
which lineshave just two pointsis a completebipartitegraph,anddually (Exer-
cise2). We notethatany line containsat leasttwo points,anddually: if L were
a singletonline

�
p � , thenevery otherpoint would becollinearwith p (by (Q2)),

contradicting(Q3).
Apart from completebipartitegraphsandgrids, all generalisedquadrangles

haveorders:

Theorem 7.1 Let G bea generalisedquadranglein which there is a line with at
leastthreepointsanda pointonat leastthreelines.Thenthenumberof pointson
a line, andthenumberof linesthrougha point,areconstants.

Proof First observe that,if linesL1 andL2 aredisjoint, thenthey have thesame
cardinality;for collinearitysetsupabijectionbetweenthepointson L1 andthose
onL2.

Now supposethat L1 andL2 intersect. Let p be a point on neitherof these
lines. Then one line through p meetsL1, and onemeetsL2, so thereis a line
L3 disjoint from both L1 andL2. It follows that L1 andL2 both have the same
cardinalityasL3.

Theotherassertionis proveddually.

This proof works in both thefinite andthe infinite case.If G is finite, we let
s andt betheordersof G; that is, any line hass � 1 pointsandany point lies on
t � 1 lines,sothatthediagramis

s

�
t

���
For theclassicalpolarspacesoverGF� q� , we haves � q andt � q1	 ε, where

ε is givenin Table6.5.1.
Fromnow on,“generalisedquadrangle”will beabbreviatedto GQ.
Thenext resultsummarisessomepropertiesof finite GQs.

Theorem 7.2 LetG bea finiteGQ with orderss
 t.
(a) G has � s � 1��� st � 1� pointsand � t � 1��� st � 1� lines.

(b) s � t dividesst � s � 1��� t � 1� ;
(c) if s 
 1, thent � s2;
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(d) if t 
 1, thens � t2.

Proof (a) is provedby elementarycounting,likethatin Section6.5. (b) is shown
by an argumentinvolving eigenvaluesof matrices,in the spirit of the proof of
the FriendshipTheoremoutlinedin Exercise2.2.4. (c) is provedby elementary
counting(seeExercise3), and(d) is dualto (c).

In particular, if s � 2, thent � 4; andthecaset � 3 is excludedby (b) above.
So t � 1 
 2 or 4. Thesethreevaluesarerealisedby the threeorthogonalrank 2
polarspacesoverGF� 2� . Wewill see,asaspecialcaseof a laterresult,thatthese
aretheonly GQswith s � 2. However, this resultis sufficiently interestingto be
worthanotherproof whichgeneralisesit in a differentdirection.

Theorem 7.3 Let G be a GQ with orders s � 2 and t. Thent � 1 
 2 or 4; and
there is a uniquegeometryfor each valueof t.

Notethegeneralisation:t is not assumedto befinite!

Proof Take a point andcall it ∞; let
�
Li : i � I � be the setof lines containing

∞. Numberthe pointsotherthan∞ on Li as pi0 and pi1. Now, for any point q
not collinearwith p, thereis a function fq : I � �

0 
 1 � definedby the rule that
theuniquepoint of Li collinearwith q is pi fq � i � . We usethefunction fq asa label
for q. Let X be thesetof pointsnot collinearwith ∞. We considerthepossible
relationshipsof pointsin X. Write q � r if q andr arecollinear.

1. If q 
 r � X satisfyq � r, then fq and fr agreein just oneposition,viz., the
uniqueindex i for which theline Li through∞ meetstheline qr.

2. If q 
 r arenot collinearbut somepoint of X is collinearwith both, then fq
and fr agreein all but two positions;for all but two valuesarechangedtwice, the
remainingtwo beingchangedjustonce.

3. Otherwise,fq � fr ; for all thecommonneighboursof q andr areadjacent
to ∞.

Notetoo that,for any i � I andq � X, thereis a point r � q for which fq and
fr agreeonly in i, viz., thelastpoint of theline throughq meetingLi .

Now suppose(aswe may) that � I ��
 2, andchoosedistinct i 
 j 
 k � I . Given
q � X, chooser 
 s
 t � X suchthat fq and fr agreeonly in i, fr and fs only in j,
and fs and ft only on k. Thenclearly fq and ft agreein preciselythethreepoints
i 
 j 
 k, sincethesevaluesarechangedtwice andall othersthreetimes.By thecase
analysis,it follows that � I ��� 3 or � I ��� 2 � 3, asrequired.

The uniquenessalsofollows from this analysis,with a little morework: we
know enoughabout the structureof X that the entire geometrycan be recon-
structed.
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Problem. Canthereexist aGQ with sfinite (s 
 1) andt infinite?
Theproof above shows that thereis no suchGQ with s � 2. It is alsoknown

thatthereis no GQ with s � 3 or s � 4 andt infinite, thoughtheproofsaremuch
harder. (This is due to Kantor andBrouwer for s � 3, andCherlin for s � 4.)
Beyond this, nothingis known, thoughCherlin’s argumentcould in principle be
extendedto largervaluesof s.

TheGQswith s � 2 andt � 1 
 2 have simpledescriptions.For s � 1 we have
the3 � 3 grid. For t � 2, take thepointsto beall the2-elementsubsetsof a set
of cardinality6, andthe lines to be all partitionsof the 6-setinto threedisjoint
2-subsets.The GQ with order � 2 
 4� is a little harderto describe.The implicit
constructionin Theorem7.3is oneof thesimplest— thefunctionsfq areall those
which take thevalue1 anevennumberof times,eachsuchfunctionrepresenting
auniquepoint. ThisGQalsoarisesin classicalalgebraicgeometry, astheSchl̈afli
configurationof 27 lines in a generalcubic surface,lying threeat a time in 45
planes.

In the classicalpolar spaces,the orderss andt areboth powersof the same
prime.Thereareexampleswherethis is not thecase— seeExercise5.

Exercises

1. Prove thatthedualof a GQis aGQ.
2. Prove thataGQ with two pointson any line is acompletebipartitegraph.
3. Let G bea finite GQ with orderss
 t, wheres 
 1. Let p1 andp2 benon-

adjacentpoints,andlet xn bethenumberof points p3 adjacentto neitherp1 nor
p2 for which thereareexactlyn commonneighboursof p1 
 p2 andp3. Show that

∑xn � s2t � st � s � t 

∑nxn � s� t � 1��� t � 1��


∑n � n � 1� xn � � t � 1� t � t � 1� �
Henceprove that t � s2, with equality if and only if any threepairwisenon-
collinearpointshaveexactlys � 1 commonneighbours.

4. In this exercise,we usethe terminologyof coding theory (as in Section
3.2).ConsiderthespaceV of wordsof length6 with evenweight.This is avector
spaceof rank5 overGF� 2� . The“standardinnerproduct”onV is abilinearform
which is alternating(by theevenweightcondition);its radicalV � is spannedby
theuniqueword of weight6. Thus,V � V � is a vectorspaceof rank4 carryinga
non-degeneratealternatingbilinear form. The 15 non-zerovectorsof this space
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are cosetsof V � containinga word of weight 2 and the complementaryword
of weight 4, andso canbe identifiedwith the 2-subsetsof a 6-set. Extendthis
identificationto anisomorphismbetweenthecombinatorialdescriptionof theGQ
with orders(2, 2) andtherank2 symplecticpolarspaceoverGF� 2� .

5. Let q beanevenprime power, andlet C bea hyperoval in Π � PG� 2 
 q� ,
a setof q � 2 pointsmeetingevery line in 0 or 2 points(seeSection4.3). Now
take Π to bethehyperplaneat infinity of AG � 3 
 q� . Let G bethegeometrywhose
pointsareall thepointsof AG � 3 
 q� , andwhoselinesareall thelinesof AG � 3 
 q�
which meetΠ in apoint of C. Prove thatG is aGQ with orders � q � 1 
 q � 1� .

6. Construct“free” GQs.

7.2 Diagrams for polar spaces

The inductive propertiesof polar spacesareexactly what is neededto show
thatthey arediagramgeometries.

Proposition 7.4 A classicalpolar spaceof rankn belongsto thediagram� � ����� �!� � �
with n nodes.

Proof GivenavarietyU of rankd, thevarietiescontainedin it form aprojective
spaceof dimensiond � 1, while thevarietiescontainingit arethoseof thepolar
spaceU � � U of rankn � d; moreover, any varietycontainedin U is incidentwith
any varietycontainingU . Sincea rank2 polarspaceis a generalisedquadrangle,
it follows by induction that residuesof varietiesare correctly describedby the
diagram.

This diagramis commonlyreferredto asCn.
By analogywith Section5.2, it might be thoughtthatany geometrywith di-

agramCn for n " 3 is a classicalpolar space.This is falsefor several reasons,
which we will seeat variouspoints.But first, hereis oneexampleof a geometry
with diagramC3 which is nothinglikeapolarspace,eventhoughit is highly sym-
metrical. This geometrywasdiscoveredby Arnold Neumaier, andis referredto
asNeumaier’s geometryor theA7-geometry.

Let X beasetof sevenpoints.Thestructureof aprojectiveplanePG� 2 
 2� can
be imposedon X in 30 differentways— this numberis the index of PGL� 3 
 2�
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in the symmetricgroupS7. SincePGL� 3 
 2� containsno oddpermutations,it is
containedin thealternatinggroupA7 with index 15,andsothe30planesfall into
two orbits of length15 underA7. Now we take the points, lines, andplanesof
the geometryto be respectively the elementsof X, the 3-elementsubsetsof X,
andoneorbit of A7 on PG� 2 
 2� s. Incidencebetweenpointsandlines,or between
linesandplanes,is definedby membership;andeverypoint is incidentwith every
plane.

It is clear that the residueof a plane is a projective planePG� 2 
 2� , while
the residueof a line is a digon. Considerthe residueof a point x. The lines
incidentwith x canbe identifiedwith the2-elementsubsetsof the6-elementset
Y � X # �

x � . Given a plane, its threelines containingx partition Y into three
2-sets. It is easyto checkthat, given sucha triple of lines, thereare just two
waysto draw the remainingfour lines to completePG� 2 
 2� , andthat thesetwo
arerelatedby anoddpermutationof X. Soour chosenorbit of planeshasexactly
onememberinducingthegivenpartitionof Y, andtheplanesincidentwith x can
be identifiedwith all thepartitionsof Y into three2-sets.As we saw in Section
7.1,this incidencestructureis a generalisedquadranglewith order2 
 2.

Weconcludethatthegeometryhasthediagram

2

�
2

�
2

���
This exampleshows that, even in a geometrywith sucha simple diagram,

a variety is not necessarilydeterminedby its point-shadow (all planeshave the
samepoint-shadow!); the intersectionof point-shadows of varietiesneednot be
the point-shadow of a variety, and the pointsand lines neednot form a partial

linearspace.Sothespecialpropertiesof lineardiagramswith all strokes � L �
donotextend.However, classicalpolarspacesdohave theseniceproperties.

A C3-geometryin whicheverypointandeveryplaneareincidentis calledflat.
Neumaier’sgeometryis theonly known finite exampleof suchageometry. Some
infinite exampleswereconstructedby SarahRees;we now describethese.First,
a re-interpretationof Neumaier’sgeometry.

Considertherank6 vectorspaceV of all binarywordsof length7 having even
weight.OnV, wecandefinea quadraticform by therule

f � v �$� 1
2 wt � v �%� mod2� �

Thebilinearform obtainedby polarising f is just theusualdotproduct,since

wt � v � w �$� wt � v �&� wt � w �'� 2v � w �
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It followsthat f is non-singular:theonly vectororthogonaltoV is theall-1 word,
which is not in V. Now thepointsof X, which index thecoordinates,arein one-
one correspondencewith the seven words of weight 6, which are non-singular
vectors.The linescorrespondto thevectorsof weight4, which compriseall the
singularvectors.

We saw in Section6.4 that the planeson the quadricfall into two families,
suchthat two planesof thesamefamily meetin a subspaceof evencodimension
(necessarilya point),while planesof differentfamiliesmeetin asubspaceof odd
codimension(theemptysetor a line). Now aplaneon thequadriccontainsseven
non-zerosingularvectors(of weight4), any two of which areorthogonal,andso
meetin anevennumberof points,necessarily2. Thecomplementsof these4-sets
form seven 3-sets,any two meetingin onepoint, so forming a projective plane
PG� 2 
 2� . It is readily checked that the two classesof planescorrespondexactly
to the two orbits of A7 we describedearlier. So the points, lines andplanesof
Neumaier’s geometrycanbe identifiedwith a specialsetof seven non-singular
points, the singularpoints,andonefamily of planeson the quadric. Incidence
betweenthenon-singularandthesingularpointsis definedby orthogonality.

Now we reversethe procedure. We start with a hyperbolic quadric Q in
PG� 5 
 F � , that is, a quadricof rank 3 with germzero. A setS of non-singular
points is called an exterior set if it has the property that, given any line L of
Q, a uniquepoint of S is orthogonalto L. Now considerthegeometryG whose
POINTS,LINES andPLANESarethepointsof S, thepointsof Q, andonefamily
of planesonQ; incidencebetweenPOINTSandLINES is definedby orthogonal-
ity, thatbetweenLINES andPLANESis incidencein thepolarspace,andevery
POINT is incidentwith everyPLANE.

Suchageometrybelongsto thediagramC3. For theresidueof aPLANE Π is
a projective plane,naturallythedualof Π. (Thecorrespondencebetweenpoints
of Sandlinesof Π is bijective;for, givenx � S, x� cannotcontainΠ, sinceapolar
spacein PG� 4 
 q� cannothave rank3, andsoit meetsΠ in a line.) Theresidueof
aPOINTx is thepolarspacex� , whichaswe’veseenis rank2, andsoaGQ.And
of coursethePOINTSandPLANESincidentwith aLINE form adigon.

Thasshowedthatno furtherfinite examplescanbeconstructedin this way:

Theorem 7.5 There is no exterior setfor thehyperbolicquadric in PG� 5 
 q� for
q 
 2.

However, Rees(who first describedthis construction)observedthat thereare
infinite examples.ConsiderthecasewhereF �)( ; let theform bex1x2 � x3x4 �
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x5x6. Now the spaceof rank 3 spannedby � 1 
 1 
 0 
 0 
 0 
 0� , � 0 
 0 
 1 
 1 
 0 
 0� and� 0 
 0 
 0 
 0 
 1 
 1� is positive definite,andso is disjoint from thequadric;thepoints
spannedby vectorsin this spaceform anexteriorset.

Now we turn to hyperbolicquadricsin general.As we saw in Section6.4,the
maximalt.s.subspaceson sucha quadricQ of rankn canbepartitionedinto two
families,sothataflat of dimensionn � 2 lies in a uniquememberof eachfamily.
We constructa new geometryby letting theseflatsbevarietiesof differenttypes.
Now thereis noneedto retaintheflatsof dimensionn � 2, sincesuchaflat is the
intersectionof thetwo maximalflatscontainingit.

Theorem 7.6 LetQ bea hyperbolicquadricof rankn " 3. LetG bethegeometry
whoseflats are the t.s. subspacesof dimensiondifferent from n � 2, where the
two familiesof flats of dimensionn � 1 are assigneddifferent types. Incidence
betweenflats, at leastoneof which hasdimensionlessthan n � 1, is as usual;
while � n � 1� -flatsof differenttypesare incidentif they intersectin an � n � 2� -flat.
Thenthegeometryhasdiagram� � �������!�

�
� �

(n nodes).

Proof We needonly checkthe residueof a flat of dimensionn � 3: the rest
follows by induction,asin Proposition7.4. Sucha flat cannotbetheintersection
of two � n � 1� -flats of different types; so any two suchflats of different types
containingit areincident.

This diagramis denotedby Dn. Theresultholdsalsofor n � 2, providedthat
weinterpretD2 astwounconnectednodes— thequadrichastwo familiesof lines,
eachline of onefamily meetingeachline of theother.

Exercises

1. Prove that theline joining two pointsof anexterior setto thequadricQ is
disjoint from Q.

2. Prove that an exterior set to a quadricin PG� 5 
 q� must have q2 � q � 1
points.

3. Show thattheplaneconstructedin Rees’exampleis anexterior set.
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7.3 Tits and Buekenhout–Shult

Wenow begin workingtowardstheaxiomatisationof polarspaces.Thismajor
resultof Tits (building onearlierworkof Veldkamp)will notbeprovedcompletely
here,but the next four sectionsshouldgive someimpressionof how the proof
works.

Tits’ theoremcharacterisesa classof spaceswhich almostcoincideswith the
classicalpolar spacesof rank at least3. Thereare a few additionalexamples
of rank 3, someof which will be describedlater. I will usethe term abstract
polar spacefor a geometrysatisfyingtheaxioms. In fact,Tits’ axiomsdescribe
all subspacesof arbitrarydimension;an alternative axiom system,proposedby
BuekenhoutandShult,involvesonly pointsandlines(in thespirit of theVeblen–
Youngaxiomsfor projective spaces).In this section,I show the equivalenceof
theseaxiomsystems.

Temporarily, then,anabstract polar spaceof typeT is a geometrysatisfying
theconditions(P1)–(P4)of Section6.4,repeatedherefor convenience.

(P1)Any flat, togetherwith theflats it contains,is a projective spaceof dimen-
sionat mostr � 1.

(P2)Theintersectionof any family of flatsis a flat.

(P3)If U is aflat of dimensionr � 1 andp apointnot in U , thentheunionof the
linesjoining p to pointsof U is aflat W of dimensionr � 1; andU * W is a
hyperplanein bothU andW.

(P4)Thereexist two disjoint flatsof dimensionr � 1.

An abstract polar spaceof typeBS is a geometryof pointsandlines satisfying
thefollowing conditions.In theseaxioms,asubspaceis a setSof pointswith the
propertythatif a line L containstwo pointsof S, thenL + S; a singularsubspace
is a subspace,any two of whosepointsarecollinear.

(BS1)Any line containsat leastthreepoints.

(BS2)No point is collinearwith all others.

(BS3)Any chainof singularsubspacesis of finite length.

(BS4)If thepoint p is noton theline L, thenp is collinearwith oneor all points
of L.
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(Notethat(BS4)is our earlier(BS),andis thekey conditionhere.)

Theorem 7.7 (a) Thepointsandlinesof an abstractpolar spaceof typeT form
anabstractpolar spaceof typeBS.

(b)Thesingularsubspacesof anabstractpolar spaceof typeBSformanabstract
polar spaceof typeT.

Proof (a) It is aneasydeductionfrom (P1)–(P4)thatany subspaceis contained
in a subspaceof dimensionn � 1. For let U be a subspace,andW a subspace
of dimensionn � 1 for which U * W hasdimensionaslarge aspossible;if p �
U # W, then(P3) givesa subspaceof dimensionn � 1 containingp andU * W,
contradictingmaximality.

Now, if L is a line andp a point not on L, let W bea subspaceof dimension
n � 1 containingL. If p � W, thenp is collinearwith everypoint of L; otherwise,
theneighboursof p in W form ahyperplane,meetingL in oneor all of its points.

Thus,(BS4)holds.Theotherconditionsareclear.

(b) Now let G beanabstractpolarspaceof typeBS.Call two pointsadjacent
if they arecollinear; this givesthe point seta graphstructure. Every maximal
cliquein thegraphis a subspace.For let Sbea maximalclique,andp 
 q � S; let
L bea line containingp andq. Any pointof S # L is collinearwith p andq, andso
with everypoint of L; thusS , L is a clique,andby maximality, L + S.

If p -� S(whereSis amaximalclique),thenthesetof neighboursof p in S is a
hyperplane.Everypointq � S liesoutsidesuchahyperplane;for, by (BS2),there
is a point p not adjacentto q. As we saw in Section3.1, if every line hassize3,
thenthis impliesthatS is aprojectivespace;but thisdeductioncannotbemadein
general.However, in thepresentsituation,BuekenhoutandShultareableto show
thatSis indeedaprojectivespace.(In particular, this impliesthattwo pointslie on
atmostoneline. For theunionof two linesthroughtwo commonpointsis aclique
by (BS4),andsowould becontainedin a maximalclique.However, Buekenhout
andShulthave to show that two pointslie on at mostoneline beforethey know
thatthesubspacesareprojectivespaces;theproof is surprisinglytricky.)

Any singularsubspaceliesin somemaximalclique,andsois itself aprojective
space.Thus(P1)holds;andtheremainingaxiomscannow beverified.

Wewill now simplify theterminologyby usingtheterm“abstractpolarspace”
equallyfor eithertype.

Theinductionprincipleswe usedin classicalpolarspaceswork in almostthe
sameway in abstractpolarspaces.
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Proposition 7.8 Let U be a � d � 1� -dimensionalsubspaceof an abstract polar
spaceof rankn. ThenthesubspacescontainingU form an abstract polar space
of rankn � d.

Exercise

1. Show directly that,in anabstractpolarspaceof typeBShaving threepoints
on any line, any two points lie on at mostone line, andsingularsubspacesare
projective.

7.4 Recognisinghyperbolic quadrics

Thereare two specialcaseswherethe proof of the characterisationof po-
lar spacesis substantiallyeasier, namely, hyperbolicquadricsandquadricsover
GF� 2� ; they will betreatedin this sectionandthenext.

In the caseof a hyperbolicquadric,we bypassthe needto reconstructthe
quadricby simply showing that thereis a uniqueexampleof eachrankover any
field. First,weobserve thatthepartitionof themaximalsubspacesinto two types
followsdirectly from theaxioms;propertiesof theactualmodelarenot required.
Webegin with ageneralresultonabstractpolarspaces.

An abstractpolarspaceG canberegardedasa point-linegeometry, aswe’ve
seen.Sometimesit is usefulto considera“dual” situation,definingageometryG.
whosePOINTsarethemaximalsubspacesof G andwhoseLINEs arethenext-
to-maximalsubspaces,incidencebeingreversedinclusion.Wecall this geometry
a dual polar space. In a dual polar space,we definethe distancebetweentwo
POINTsto bethenumberof LINEs onashortestpathjoining them.

Proposition 7.9 LetG. bea dualpolar space.

(a) Thedistancebetweentwo POINTsis thecodimensionof their intersection.

(b) Givena POINT p anda LINE L, there is a uniquePOINTof L nearestto p.

Proof Let U1, U2 be maximalsubspaces.By the inductive principle (Proposi-
tion 7.8), we mayassumethatU1 * U2 � /0. (It is clearthatany pathfrom U1 to
U2, in which not all termscontainU1 * U2, musthave lengthstrictly greaterthan
thecodimensionof U1 * U2; so,oncetheresultis provedin thequotient,no such
pathcanbeminimal.)
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Now eachpoint of U1 is collinear (in G) with a hyperplanein U2, andvice
versa; so,givenany hyperplaneH in U2, thereis a uniquepoint of U1 adjacentto
H, andhence(by (P3))auniquemaximalsubspacecontainingH andmeetingU1.
Theresultfollows.

(b) Let U be a maximal subspaceandW a subspaceof rank one lessthan
maximal.As before,wemayassumethatU * W � /0. Now thereis auniquepoint
p � U collinearwith all pointsof W. Then / W
 p0 is theuniuePOINTontheLINE
W nearestto thePOINTU .

Proposition7.10 Let G bean abstract polar spaceof rankn, in which any � n �
2� -dimensionalsubspaceis containedin exactly two maximalsubspaces.Then
the maximalsubspacesfall into two families, the intersectionof two subspaces
havingevencodimensionin each if andonly if thesubspacesbelongto thesame
family.

Proof The associateddual polar spaceis a graph. By Proposition7.9(b), the
graphis bipartite,sinceif anoddcircuit exists,thenthereis oneof minimal length,
andbothverticeson any edgearethenequidistantfrom theoppositevertex in the
cycle.

Now, in any abstractpolarspaceof rankn " 4, in which linescontainat least
threepoints,any maximalsubspaceis isomorphicto PG� n � 1 
 F � for someskew
field F. Now aneasyconnectednessargumentshows that thesamefield F coor-
dinatiseseverymaximalsubspace.

Theorem 7.11 LetGbeanabstractpolar spaceof rankn " 4, in whicheachnext-
to-maximalsubspaceis containedin exactlytwomaximalsubspaces.Assumethat
somemaximalsubspaceis isomorphicto PG� n � 1 
 F � . ThenF is commutative,
andG is isomorphicto thehyperbolicquadricof rankn overF.

Proof It is enoughto show thatF is commutativeandthatnandF uniquelydeter-
minethegeometry, sincethehyperbolicquadricclearlyhastherequiredproperty.

Ratherthanprove F commutative, I will show merely that it is isomorphic
to its opposite. It suffices to show this when n � 4. Take two maximal sub-
spacesmeetingin a planeΠ, anda point p � Π. By the FTPG,both maximal
subspacesareisomorphicto PG� 3 
 F � . Now considertheresidueof p. This is a
projective space,in which thereis a planeisomorphicto PG� 2 
 F 12� , anda point
residueisomorphicto PG� 2 
 F � . HenceF �� F 1 . ThestrongerstatementthatF is
commutative is shown by Tits. He observesthat thequotientof p hasa polarity
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interchanginga point anda planeincidentwith it, andfixing every line incident
with both; andthis canonly happenin a projective 3-spaceover a commutative
field.

Let U1 andU2 be disjoint maximalsubspaces.Note that they have thesame
typeif n is even,oppositetypesif n is odd.Let p beany point in neithersubspace.
Thenfor i � 1 
 2, thereis auniquemaximalsubspaceWi containingp andmeeting
Ui in a hyperplane.ThenWi hastheoppositetype to Ui, soW1 andW2 have the
sametype if n is even, oppositetypesif n is odd. Thus, their intersectionhas
codimensioncongruentto n mod2. Sincep � W1 * W2, theintersectionis at least
a line. But their distancein thedualpolarspaceis at leastn � 2, sinceU1 andU2

havedistancen; soW1 * W2 is a line L. ClearlyL meetsbothU1 andU2.
Eachpoint of U1 is adjacentto a hyperplaneof U2, and vice versa; so U1

andU2 arenaturallyduals.Now the lines joining pointsof U1 andU2 areeasily
described,andit is nothardto show thatthewholegeometryis determined.

7.5 Recognisingquadrics over GF3 24
In this section,we determinethe abstractpolar spaceswith threepointson

every line. Sincewe aregiven informationonly aboutpointsandlines, the BS
approachis the naturalone. The resultherewasfirst found by Shult (assuming
a constantnumberof lines per point) andSeidel(in general),andwasa crucial
precursorof the Buekenhout–ShultTheorem(Theorem7.7). Shult and Seidel
provedthetheoremby inductionontherank:a rank2 polarspaceis ageneralised
quadrangle,andtheclassificationin this caseis Theorem7.3. Theelegantdirect
argumentgivenhereis dueto JonathanHall.

Let G beanabstractpolar spacewith threepointsper line. We have already
seenthatthefactsthattwopointslie onatmostoneline,andthatmaximalsingular
subspacesareprojectivespaces,areprovedmoreeasilyunderthishypothesisthan
in general.But hereis adirectproofof thefirst assertion.Supposethatthepoints
a andb lie ontwo lines

�
a 
 b 
 x � and

�
a 
 b 
 y � . Theny is collinearwith a andb, and

soalsowith x; so thereis a line
�
x 
 y
 z� for somez, andbotha andb arejoined

to z. Any furtherpoint is joined to bothor neitherx andy, andso is joined to z,
contradicting(BS2).

Definea graphΓ whoseverticesarethepoints,two verticesbeingadjacentif
they arecollinear. Thegraphhasthefollowing property:

(T) every edge
�
x 
 y � lies in a triangle

�
x 
 y
 z� with thepropertythatany further

point is joinedto oneor all of
�
x 
 y
 z� .
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This is calledthe triangle property. Shult andSeidelphrasedtheir resultasthe
determinationof finite graphswith thetriangleproperty. (Theargumentjustgiven
shows that,in a graphwith thetrianglepropertyin which no vertex is adjacentto
all others,thereis a uniquetrianglewith thepropertyspecifiedby (T) containing
any edge.Thus,thegraphandthepolarspacedetermineeachother.) Theproof
givenbelow is not theoriginal argumentof ShultandSeidel,which usedinduc-
tion, but is a directargumentdueto JonathanHall (having theaddedfeaturethat
it worksequallywell for infinite-dimensionalspaces).

Theorem 7.12 An abstract polar spacein which each line containsthreepoints
is a quadricoverGF� 2� .
Proof As notedabove,we mayassumeinsteadthatwe have a graphΓ with the
triangleproperty(T), having at leastoneedge,andhaving no vertex adjacentto
all others.Let X be thevertex setof thegraphΓ, andlet F � GF� 2� . We begin
with thevectorspaceV̂ of all functionsfrom X to F which arezeroeverywhere
excepton a finite set,with pointwiseoperations.(If X is finite, thenV is just the
spaceFX of all functionsfrom X to F.) Let x̂ � V̂ bethecharacteristicfunctionof
thesingletonset

�
x � . Thefunctionsx̂, for x � X, form a basisfor V̂. We definea

bilinearform b̂ onV̂ by setting

b̂ � x̂ 
 ŷ�$�65 0 if x � y or x is joinedto y,
1 otherwise,

andextendinglinearly, anda quadraticform f̂ by setting f̂ � x̂�7� 0 for all x � X
andextendingto V̂ by therule

f̂ � v � w �!� f̂ � v �&� f̂ � w ��� b̂ � v 
 w � �
Notethatbothb̂ and f̂ arewell-defined.

Let R betheradicalof f̂ ; thatis, R is thesubspace�
v � V̂ : f̂ � v �8� 0 
 b̂ � v 
 w �8� 0 for all w � V̂ �9


andsetV � V̂ � R. Thenb̂ and f̂ inducebilinearandquadraticformsb 
 f onV: for
example,we have f � v � R�$� f̂ � v � (andthis is well-defined,that is, independent
of thechoiceof cosetrepresentative). Now let x̄ � x̂ � R � V.

Weclaimthattheembeddingx :� x̄ hastherequiredproperties;in otherwords,
it is one-to-one;its imageis thequadricdefinedby f ; andtwoverticesareadjacent
if andonly if thecorrespondingpointsof thequadricareorthogonal.Weproceed
in aseriesof steps.
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Step1 Let
�
x 
 y
 z� bea specialtriangle, asin thestatementof thetriangleprop-

erty (T). Thenx̄ � ȳ � z̄ � 0.
It is requiredto show thatr � x̂ � ŷ � ẑ � R. Wehave

b̂ � r 
 v̂�$� b̂ � x̂ 
 v̂��� b̂ � ŷ 
 v̂��� b̂ � ẑ
 v̂�$� 0

for all v � X, by thetriangleproperty;and

f̂ � r �$� f̂ � x̂�&� f̂ � ŷ�&� f̂ � ẑ��� b̂ � x̂ 
 ŷ��� b̂ � ŷ 
 ẑ��� b̂ � ẑ
 x̂�8� 0

by definition.

Step2 Themapx :� x̄ is one-to-oneon X.
Supposethat x̄ � ȳ. Thenr � x̂ � ŷ � R. Henceb̂ � x̂ 
 ŷ�!� 0, andsox is joined

to y. Let z be the third vertex of the specialtrianglecontainingx andy. Then
ẑ � x̂ � ŷ � R by Step1, andso z is joined to all otherpointsof X, contraryto
assumption.

Step3 Anyquadrangleis containedin a 3 � 3 grid.
Let

�
x 
 y
 z
 w � be a quadrangle.Letting x � y � x̄ � ȳ, etc.,we seethatx � y

is not joined to z or w, andhenceis joined to z � w. Similarly, y � z is joined
to w � x; andthethird point in thespecialtrianglethrougheachof thesepairsis
x � y � z � w, completingthegrid. (SeeFig. 7.1.)

Step4 For anyv � V, write v � ∑i ; I x̄i , where xi � X, andthenumberm �<� I �
of summandsis minimal(for thegivenv). Then

(a) m � 3;

(b) thepointsxi arepairwisenon-adjacent.

This is thecrucialstep,andneedsfour sub-stages.

Substep4.1 Assertion(b) is true.
If xi � x j , wecouldreplacexi � x j by thethird pointxk of thespecialtriangle,

andobtainashorterexpression.
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x x	 y y

y	 z

zz	 ww

w	 x x	 y	 z	 w

Figure7.1: A grid

Substep4.2 If L is a line on x1, andy a point of L which is adjacentto x2,
theny � xi for all i � I .

If not, let L � �
x1 
 y
 z� , andsupposethatxi � z. Thenxi is joinedto thethird

point w of theline x2y. Let u bethethird point on xiw. Thenz̄ � p̄1 � ū � x̄i � x̄2,
andwecanreplacex̄1 � x̄2 � x̄i by theshorterexpression̄z � ū.

Substep4.3 There are twopointsy
 z joinedto all xi .
Eachline throughx1 containsa point with this property, by Substep4.2. It is

easilyseenthat if x1 lies on a uniqueline, thenoneof the pointson this line is
adjacentto all others,contraryto assumption.

Substep4.4 m � 3.
Supposenot. Consideringthe quadrangles

�
x1 
 y
 x2 
 z� and

�
x3 
 y
 x4 
 z� , we

find (by Step3) pointsa andb with

x̄1 � ȳ � x̄2 � z̄ � ā 
 x̄3 � ȳ � x̄4 � z̄ � b̄ �
But thenx̄1 � x̄2 � x̄3 � x̄4 � ā � b̄, a shorterexpression.

Step5 If v � V, v -� 0, and f � v�$� 0, thenv � x̄ for somex � X.
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If not then,by Step4, eitherv � x̄ � ȳ, or v � x̄ � ȳ � z̄, wherepointsx 
 y (and
z) are(pairwise)non-adjacent.In thesecondcase,

f � v�8� f � x̄�&� f � ȳ�=� f � z̄�=� b � x̄ 
 ȳ�=� b � ȳ 
 z̄�&� b � z̄
 x̄�8� 0 � 0 � 0 � 1 � 1 � 1 � 1 �
Theothercaseis similar but easier.

Step6 x � y if andonly if b � x̄ 
 ȳ�$� 0.
This is trueby definition.

7.6 The generalcase

A weakform of the generalclassificationof polar spaces,by Veldkampand
Tits, canbestatedasfollows.

Theorem 7.13 A polar spaceof typeT havingfiniterankn " 4 is eitherclassical,
or definedby a pseudoquadratic form on a vectorspaceover a division ring of
characteristic2.

I will not attemptto outlinetheproof of this theorem,but merelymake some
remarks,includinga “definition” of apseudoquadraticform.

Let V be a vector spaceover a skew field F of characteristic2, and σ an
anti-automorphismof F satisfying σ2 � 1. Let K0 be the additive subgroup�
x � xσ � of F, and K .>� K � K0. A function f : V � K . is called a pseudo-

quadratic form relative to σ if thereis a σ-sesquilinearform g suchthat f � v �?�
g � v 
 v � modK0. Equivalently, f polarisesto a σ-Hermitian form f satisfying�A@ v � V ���CB c � F ��� f � v 
 v �?� c � cσ � , that is, a trace-valuedform. The function
f definesa polar space,consistingof the subspacesof V on which f vanishes
(modK0). If K0 is equalto thefixedfield of σ, thenthesamepolarspaceis de-
finedby theHermitianform g; sowe mayassumethat this is not thecasein the
secondconclusionof Theorem7.13.For furtherdiscussion,seeTits [S].

Tits’ resultis actuallybetterthanindicated:all polarspacesof rankn " 3 are
classified.Therearetwo typesof polar spacesof rank 3 which arenot covered
by Theorem7.13. The first exists over any non-commutative field, andwill be
describedin thefirst sectionof Chapter8. Theotheris remarkablein consistingof
theonly polarspaceswhoseplanesarenon-Desarguesian.Thistypeis constructed
by Tits from the algebraicgroupsof type E6, and againI refer to Tits for the
construction,which requiresdetailedknowledgeof thesealgebraicgroups.The
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planesactuallysatisfyaweakeningof Desargues’theoremknown astheMoufang
condition, andcanbe“coordinatised”by certainalternativedivisionrings which
generalisetheCayley numbersor octonions.

Of course,thedeterminationof polarspacesof rank2 (GQs)is ahopelesstask!
Nevertheless,it is possibleto formulatethe Moufangcondition for generalised
quadrangles;andall GQssatisfyingtheMoufangconditionhavebeendetermined
(by FongandSeitzin thefinite case,Tits andWeissin general.)This effectively
completestheanalogywith coordinatisationtheoremsfor projectivespaces.

Theothergeometricachievementof Tits in the1974lecturenotesis theana-
logueof theFundamentalTheoremof ProjectiveGeometry:

Theorem 7.14 Anyisomorphismbetweenclassicalpolar spacesof rankat least
2, which are not of symplecticor orthogonal typein characteristic2, is induced
bya semilineartransformationof theunderlyingvectorspaces.

The reasonfor the exceptionwill be seenin Section8.4. As in Section1.3,
thisresultshowsthattheautomorphismgroupsof classicalpolarspacesconsistof
semilineartransformationsmoduloscalars.Thesegroups,with someexceptions
of small rank,have “large” simplesubgroups,just ashappenedfor theautomor-
phismgroupsof projective spacesin Section4.6. Thesegroupsaretheclassical
groups, andarenamedafter their polar spaces:symplectic, orthogonalanduni-
tary groups. For details,seethe classicaccounts:Dickson[K], Dieudonńe [L ],
andArtin [B], or for morerecentaccountsTaylor [R], Cameron[10]. In thesym-
plecticor unitarycase,theclassicalgroupconsistsof all thelineartransformations
of determinant1 preservingthe form definingthe geometry, moduloscalars.In
theorthogonalcase,it is sometimesnecessaryto passto a subgroupof index 2.
(For example,if the polar spaceis a hyperbolicquadricin characteristic2, take
thesubgroupfixing thetwo familiesof maximalt.s.subspaces.)


