
5

Buekenhout geometries

FrancisBuekenhoutintroducedan approachto geometrywhich hasthe advan-
tagesof beingboth general,andlocal (a geometryis studiedvia its residuesof
small rank). In this chapter, we introduceBuekenhout’s geometries,and illus-
tratewith projectivespacesandrelatedobjects.Furtherexampleswill occurlater
(polarspaces).

5.1 Buekenhout geometries

Sofar, nothinghasbeensaidin generalaboutwhata“geometry”is. Projective
andaffine geometrieshave beendefinedascollectionsof subspaces,but eventhe
structurecarriedby thesetof subspaceswasleft abit vague(exceptin Section3.4,
wherewe usedthe inclusionpartial order to characterisegeneralisedprojective
spacesaslattices). In this section,I will follow an approachdueto Buekenhout
(inspiredby theearlywork of Tits on buildings).

Beforegiving the formal definition, let us remarkthat the subspacesor flats
of a projective geometryareof varioustypes(i.e., of variousdimensions);may
or maynotbeincident(two subspacesareincidentif onecontainstheother);and
arepartiallyorderedby inclusion.To allow for duality, wedonotwantto takethe
partialorderasbasic;and,aswe will see,thebetweennessrelationderivedfrom
it canbe deducedfrom the typeandincidencerelations.So we regardtypeand
incidenceasbasic.

A geometry, or Buekenhoutgeometry, then,hasthe following ingredients:a
setX of varieties, a symmetricincidencerelation I on X, a finite set∆ of types,
anda typemapτ : X � ∆. Werequirethefollowing axiom:
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66 5. Buekenhoutgeometries

(B1) Two varietiesof thesametypeareincidentif andonly if they areequal.

In otherwords,a geometryis a multipartitegraph,wherewe have namesfor the
multipartiteblocks(“types”) of thegraph.We mostlyusefamiliar geometriclan-
guagefor incidence;but sometimes,graph-theoretictermslikediameterandgirth
will beuseful. But onegraph-theoreticconceptis vital; a geometryis connected
if thegraphof varietiesandincidenceis connected.

Therankof ageometryis thenumberof types.
A flag is a set of pairwiseincident varieties. It follows from (B1) that the

membersof a flag have different types. A geometrysatisfiesthe transversality
conditionif thefollowing strengtheningof (B1) holds:

(B2) (a) Everyflag is containedin amaximalflag.

(b) Everymaximalflagcontainsonevarietyof eachtype.

All geometriesherewill satisfytransversality.
Let F bea flag in a geometryG. The residueGF � R

�
F � of F is definedas

follows: thesetof varietiesis

XF ��� x � X � F : xIy for all y � F � ;
thesetof typesis ∆F � ∆ � τ

�
F � ; andincidenceandthetypemaparetherestric-

tions of thosein G. It satisfies(B1) (resp. (B2)) if G does. The typeof a flag
or residueis its imageunderthe typemap,andthecotypeis thecomplementof
thetype in ∆; so thetypeof GF is thecotypeof F. The rankandcorankarethe
cardinalitiesof thetypeandcotype.

A transversalgeometryis calledthick (resp.firm thin) if everyflag of corank
1 is containedin at leastthree(resp.at leasttwo, exactly two) maximalflags.

A propertyholdsresiduallyin ageometryif it holdsin everyresidueof rankat
least2. (Residuesof rank1aresetswithoutstructure.)In particular, all geometries
of interestareresiduallyconnected; in effect, we assumeresidualconnectedness
asanaxiom:

(B3) All residuesof rankat least2 areconnected.

Thenext resultillustratesthis concept.

Proposition 5.1 Let G bea residuallyconnectedtransversal geometry, and let x
andy bevarietiesof X, andi and j distincttypes.Thenthere is a pathfromx to y
in which all varietiesexceptpossiblyx andy havetypei or j.
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Proof Theproof is by inductionon therank.For rank2, residualconnectedness
is just connectedness,andtheresultholdsby definition. Soassumetheresultfor
all geometriesof smallerrankthanG.

We show first that a two-steppathwhosemiddle vertex is not of type i or j
canbe replacedby a pathof the type required.So let xzybe a pathof length2.
Thenx andy lie in the residueof z; so the assertionfollows from the inductive
hypothesis.

Now this constructionreducesby onethe numberof interior verticesnot of
type i or j on a pathwith specifiedendpoints.Repeatingit asoftenasnecessary
givestheresult.

The heartof Buekenhout’s idea is that “local” conditionson (or axiomati-
sationsof) a geometryarereally conditionsaboutresiduesof small rank. This
motivatesthefollowing definitionof adiagram.

Let ∆ be a finite set. Assumethat, for any distinct i 	 j � ∆, a class 
 i j of
geometriesof rank 2 is given, whosetwo typesof varietiesarecalled “points”
and“blocks”. Supposethat the geometriesin 
 j i arethe dualsof thosein 
 i j .
Theset∆ equippedwith thesecollectionsof geometriesis calleda diagram. It is
representedpictorially by takinga “node” for eachelementof ∆, with an“edge”
betweeneachpair of nodes,theedgefrom i to j beingadornedor labelledwith
somesymbolfor theclass 
 i j . Wewill seeexampleslater.

A geometryG belongsto thediagram
�
∆ 	 � 
 i j : i 	 j � ∆ ��� if ∆ is thesetof types

of G and,for all distinct i 	 j � ∆, andall residuesGF in G with rank2 andtype
� i 	 j � , GF is isomorphicto a memberof 
 i j (wherewe take pointsandblocksin
GF to bevarietiesof typesi and j respectively).

In orderto illustratethis idea,we needto definesomeclassesof rank 2 ge-
ometriesto usein diagrams.Someof thesewe have met already;but the most
importantis the mosttrivial: A digon is a rank 2 geometry(having at leasttwo
pointsandat leasttwo blocks)in whichany pointandblockareincident;in other
words,a completebipartitegraphcontaininga cycle. By abuseof notation,the
“labellededge”usedto representdigonsis theabsenceof anedge!This is done
in partbecausemostof therank2 residuesof our geometrieswill bedigons,and
this conventionleadsto unclutteredpictorial representationsof diagrams.

A partial linear spaceis a rank2 geometryin which two pointslie onatmost
oneline (anddually, two linesmeetin at mostonepoint). It is representedby an
edgewith thelabelΠ, thus:

� Π ��
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We alreadymet theconceptslinear spaceandgeneralisedprojectiveplane: they
arepartial linear spacesin which the first, resp. both, occurrencesof “at most”
arereplacedby “exactly”. They arerepresentedby edgeswith labelL andwith-
out any label, respectively. (Conveniently, the labelsfor the self-dualconcepts
of “partial linear space”and “generalisedprojective plane” coincidewith their
mirror-images,while the label for “linear space”doesnot.) Note that a projec-
tiveplaneis a thick generalisedprojectiveplane.Anotherspecialisationof linear
spaces,a “circle” or “completegraph”,hasall linesof cardinality2; it is denoted
by anedgewith labelc.

Now wecangiveanexample:

Proposition 5.2 A projectivegeometryof dimensionn hasthediagram

� � ��������� � ��


Proof Transversalityandresidualconnectivity arestraightforwardto check.We
verify therank2 residues.Take thetypesto bethedimensions0 	 1 	 
�
�
 	 n � 1, and
let F bea flagof cotype � i 	 j � , wherei � j.

Case 1: j � i � 1. ThenF hastheform

U0 � U1 � 
�
�
 � Ui � 1 � Ui � 2 � 
�
�
 � Un � 1



Its residueconsistsof all subspacesof dimensioni or i � 1 betweenUi � 1 andUi � 2;
this is clearlytheprojectiveplanebasedon therank3 vectorspaceUi � 2 � Ui � 1.

Case 2: j � i � 1. Now theflag F lookslike

U0 � 
�
�
 � Ui � 1 � Ui � 1 � 
�
�
 � U j � 1 � U j � 1 � 
�
�
 � Un � 1



Its residueconsistsof all subspaceslying eitherbetweenUi � 1 andUi � 1, or be-
tweenU j � 1 andU j � 1. Any subspaceX of thefirst type is incidentwith any sub-
spaceY of thesecond,sinceX � Ui � 1 � U j � 1 � Y. Sotheresidueis adigon.

In diagrams,it is convenientto label the nodeswith the correspondingele-
mentsof ∆. For example,in thecaseof aprojectivegeometryof dimensionn, we
take thelabelsto bethedimensionsof varietiesrepresentedby thenodes,thus:

0� 1� 2������� n � 2� n � 1��
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I will usethe conventionthat labelsareplacedabove the nodeswherepossible.
This reservesthespacebelow thenodesfor anotheruse,asfollows.

A transversalgeometryis saidto haveorders, or parameters, if therearenum-
berssi (for i � ∆) with thepropertythatany flagof cotypei is containedin exactly
si � 1 maximalflags.If so,thesenumberssi aretheorders(or parameters).Now,
if G is a geometrywith orders,thenG is thick/firm/thin respectively if andonly
if all ordersare � 1/ � 1/� 1 respectively. We will write the ordersbeneaththe
nodes,whereappropriate.Notethata projectiveplaneof ordern (asdefinedear-
lier) hasordersn 	 n (in thepresentterminology).Thus,thegeometryPG

�
n 	 q� has

diagram
0

q

� 1

q

� 2

q

������� n � 2

q

� n � 1

q

��


Weconcludethissectionwith somegeneralresultsaboutBuekenhoutgeome-
tries.Theseresultsdependonourconventionthatanon-edgesymbolisesadigon.

Proposition 5.3 Let the diagram ∆ be the disjoint union of ∆1 and ∆2, with no
edgesbetweenthesesets.Thena varietywith typein ∆1 andonewith typein ∆2

are incident.

Proof We useinductionon the rank. For rank 2, ∆ is the diagramof a digon,
andthe resultis trueby definition. Soassumethat �∆ ��� 2, and(without lossof
generality)that �∆1 � � 1.

Let Xi be the setof varietieswith type in ∆i , for i � 1 	 2. By the inductive
hypothesis,if x 	 y � X1 with xIy, thenR

�
x�"! X2 � R

�
y�"! X2. (ConsideringR

�
x� ,

we seethat every variety in R
�
x�#! X2 is incidentwith y, so the left-handset is

containedin the right-handset. Reversingthe rôles of x and y establishesthe
result.) Now by connectedness,R

�
x�$! X2 is independentof x � X1. (Note that

Proposition5.1is beingusedhere.)But thissetmustbeX2, sinceeveryvarietyin
X2 is incidentwith somevarietyin X1.

A diagramis linear if the “non-digon” edgesform a simplepath,as in the
diagramfor projectivespacesin Proposition5.3above.

Supposethatoneparticulartypein ageometryis selected,andvarietiesof that
typearecalledpoints.Thentheshadow, or point-shadow, of a varietyx is theset
Sh

�
x� of varietiesincidentwith x. Sometimeswewrite Sh0

�
x� , where0 is thetype

of a point. In a geometrywith a lineardiagram,theconventionis thatpointsare
varietiesof theleft-mosttype.



70 5. Buekenhoutgeometries

Corollary 5.4 In a linear diagram,if xIy, andthetypeof y is further to theright
thanthatof x, thenSh

�
x�&% Sh

�
y� .

Proof R
�
x� hasdisconnecteddiagram,with pointsandthetypeof y in different

components;so,by Proposition5.2,everypoint in R
�
x� is incidentwith y.

Exercises

1. (a)Constructageometrywhich is connectedbut not residuallyconnected.
(b) Show that,if G hasany of thefollowing properties,thensodoesany residue

of G of rankat least2: residuallyconnected,transversal,thick, firm, thin.
2. Show thatany generalisedprojectivegeometrybelongsto thediagram

� � ��������� � ��

3. (a)A chamberof a transversalgeometryG is amaximalflag. Let ' bethe

setof chambersof the geometryG. Form a graphwith vertex set ' by joining
two chamberswhich coincidein all but one variety. G is said to be chamber-
connectedif this graphis connected.Prove thata residuallyconnectedgeometry
is chamber-connected,andachamber-connectedgeometryis connected.

(b) Considerthe3-dimensionalaffine spaceAG
�
3 	 F � over thefield F. Take

threetypesof varieties: points (type 0), lines (type 1), and parallel classesof
planes(type 2). Incidencebetweenpoints and lines is as usual; a line L and
a parallel classC of planesare incident if L lies in someplaneof C; and any
varietyof type0 is incidentwith any varietyof type2. Show thatthisgeometryis
chamber-connectedbut not residuallyconnected.

(c)LetV beasix-dimensionalvectorspaceoverafieldF, with abasis� e1 	 e2 	 e3 	 f1 	 f2 	 f3 � .
Let G betheadditivegroupof V, andlet H1, H2, H3 betheadditivegroupsof the
threesubspaces( e2 	 e3 	 f1 ) , ( e3 	 e1 	 f2 ) , and ( e1 	 e2 	 f3 ) . Form the cosetgeome-
try 
 �

G 	 � H1 	 H2 	 H3 ��� : its vaarietiesof type i arethecosetsof Hi in G, andtwo
varietiesareincidentif andonly if thecorrespondingcosetshave non-emptyin-
tersection.Show thatthisgeometryis connectedbut not chamber-connected.

5.2 Some special diagrams

In this section,we first considergeometrieswith lineardiagramin which all
strokesarelinearspaces;thenwe specialisesomeor all of theselinearspacesto
projectiveor affine planes.We will seethattheaxiomatisationsof projectiveand
affinespacescanbeexpressedverysimply in this formalism.
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Theorem 5.5 LetG bea geometrywith diagram

0� L 1� L 2������� n � 2� L n � 1��

Letvarietiesof type0 and1 bepointsandlines.

(a) Thepointsandshadowsof linesforma linear space* .

(b) Theshadowof anyvarietyis a subspaceof * .

(c) Sh0
�
x�&% Sh0

�
y� if andonly if x is incidentwith y.

(d) If x is a varietyandp a pointnot incidentwith x, thenthereis a uniquevariety
y incidentwith x and p such that τ

�
y� � τ

�
x��� 1.

Proof (a) We show that two points lie on at leastoneline by inductionon the
rank. Thereis a path betweenany two points using only points and lines, by
Proposition5.2; so it sufficesto show thatany suchpathof lengthgreaterthan2
canbeshortened.SoassumepILIqIMIr, wherep 	 q 	 r arepointsandL 	 M lines.
By the inductionhypothesis,the POINTsL andM of R

�
q� lie in a LINE Π, a

planeof G incidentwith L andM. By Corollary5.4, p andq areincidentwith Π.
SinceΠ is a linearspace,thereis a line throughp andq. (Theconventionof using
capitalsfor varietiesin R

�
q� is usedhere.)

Now supposethattwo linesL andM containthetwo pointsp andq. Consid-
eringR

�
p� , wefind aplaneΠ incidentwith L andM andhencewith p andq. But

Π is a linearspace,soL � M.
(b) Let y be any variety, and p 	 q � Sh0

�
y� . Sincepointsand lines incident

with y form alinearspaceby (a),thereis aline incidentwith p 	 q andy. Thismust
be theuniqueline incidentwith p andq; and,by Corollary5.4,all its pointsare
incidentwith y andsoarein Sh0

�
y� .

(c) Thereverseimplicationis Corollary5.4.SosupposethatSh0
�
x��% Sh0

�
y� .

Take p � Sh0
�
x� . Then,in R

�
p� , we have Sh1

�
x�+% Sh1

�
y� (sincetheseshadows

arelinearsubspaces), andsoxIy by induction. (Thebasecaseof the induction,
wherex is a line, is coveredby (b).)

(d) This is clear if x is a point. Otherwise,chooseq � Sh0
�
x� , and apply

inductionin R
�
q� (replacingp by theline pq).

Theorem 5.6 A geometrywith diagram
� � �������,� � �

is a generalisedprojectivespace(of finitedimension).
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Proof By Theorem5.5(d),apotentialVeblenconfigurationlies in aplane;since
planesareprojective,Veblen’s axiomholds. It remainsto show thatevery linear
subspaceis theshadow of somevariety;this followseasilyby induction.

Theorem 5.7 A geometrywith diagram

� � L �

consistsof thepoints,linesandplanesof a (possiblyinfinite-dimensional)gener-
alisedprojectivespace.

Proof Veblen’s axiomis verifiedasin Theorem5.6. It is clearthatevery point,
line or planecorrespondsto a variety.

Remark. Considergeometrieswith thediagram

� � L �������-� L ��


By the argumentfor Theorem5.7, we have all the points,lines andplanes,and
somehigher-dimensionalvarieties,of a generalisedprojective space.Examples
ariseby takingall theflatsof dimensionat mostr � 1, wherer is therank. How-
ever, thereareotherexamples.A simplecase,with r � 4, canbeconstructedas
follows.

Let . be a projective spaceof countabledimensionover a finite field F .
Enumeratethe3-dimensionaland4-dimensionalsubspacesin lists T0 	 T1 	 
�
�
 and
F0 	 F1 	 
�
�
 . Now constructa set ' of 4-dimensionalsubspacesin stagesasfol-
lows. At thenth stage,if Tn is alreadycontainedin a memberof ' , do nothing.
Otherwise,of the infinitely many subspacesFj which containTn, only finitely
many areexcludedbecausethey containany Tm with m � n; let Fi betheonewith
smallestindex which is not excluded,andadjoin it to ' . At theconclusion,any
3-dimensionalsubspaceis containedin a uniquememberof ' . Thenthepoints,
lines,planes,andsubspacesin ' form ageometrywith thediagram

� � L � L � 	
wherethe first L denotesthe pointsandlines in 3-dimensionalprojective space
overF.
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Now we turn to affine spaces,wheresimilar resultshold. The labelAf on a
strokewill denotetheclassof affineplanes.

Theorem 5.8 A geometrywith diagram

� Af � �������,� �
is an affinespaceof finitedimension.

Proof It is a linear spacewhoseplanesareaffine (that is, satisfyingcondition
(AS1) of Section11). We mustshow that parallelismis transitive. So suppose
that L1 / L2 / L3, but L1 01/ L3. Thenall threelines lie in a subspaceof dimension
3; so it is enoughto deducea contradictionin the caseof geometriesof rank 3.

Notethat,for a geometrywith diagram� Af � � , two planeswhich have a

commonpointmustmeetin a line.
Let Π1 be the planethroughL1 andL2, andΠ2 the planethroughp andL3,

wherep is a point of L1. ThenΠ1 andΠ2 bothcontainp, so they meetin a line
M 0� L1. ThenM is notparallelto L2, someetsit in apointq, But thenΠ2 contains
L3 andq, henceL2, andsois equalto Π1, acontradiction.

Thefactthatall linearsubspacesareshadowsof varietiesis provedasin The-
orem5.6.

Theorem 5.9 A geometrywith diagram

� Af � L �
in which someline hasmore than threepoints,consistsof the points, lines and
planesof a (possiblyinfinite-dimensional)affinespace.

Theproof is asfor Theorem5.7,usingBuekenhout’sTheorem3.10.

Exercises

1. Considerageometryof rankn with diagram

� L � �������,� � 	
in which all lineshave thesamefinite cardinalityk, andall theprojective planes
have thesamefinite orderq.
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(a) If n � 4, prove that thegeometryis eitherprojective (q � k � 1) or affine
(q � k).

(b) If n � 3, provethatq � k � 1 	 k 	 k2 or k
�
k2 � 1� .

(This resultis dueto DoyenandHubaut[16]).
2. Constructaninfinite “free-like” geometrywith diagram

� c � ��


(Ensurethat threepoints lie in a uniqueplane,while two planesmeet in two
points.)

3. (a) Show that an inversive planebelongsto the diagram � c � Af � .
Whatarethevarieties?

(b) Show how to constructageometrywith diagram

� c � ��������� � Af �

(n nodes)from anovoid in PG
�
n 	 F � (seeSection4.4).


