5

Buekenhout geometries

FrancisBuekenhoutintroducedan approachto geometrywhich hasthe adwan-
tagesof beingboth general,andlocal (a geometryis studiedvia its residuesof
small rank). In this chaptey we introduceBuekenhouts geometriesandillus-
tratewith projectve spacesndrelatedobjects.Furtherexampleswill occurlater
(polarspaces).

5.1 Buekenhout geometries

Sofar, nothinghasbeensaidin generabboutwhata“geometry”is. Projectve
andaffine geometriehave beendefinedascollectionsof subspacedyut eventhe
structurecarriedby thesetof subspacewasleft abit vague(exceptin Section3.4,
wherewe usedthe inclusion partial orderto characterisegeneralisedrojectve
spacesaslattices). In this section,l will follow anapproachdueto Buekenhout
(inspiredby the earlywork of Tits on buildings).

Before giving the formal definition, let us remarkthat the subspacesr flats
of a projectve geometryare of varioustypes(i.e., of variousdimensions)may
or maynotbeincident(two subspaceareincidentif onecontainsheother);and
arepartially orderedby inclusion. To allow for duality, we do notwantto take the
partial orderasbasic;and,aswe will see thebetweenneseelationderivedfrom
it canbe deducedrom the type andincidencerelations. So we regardtype and
incidenceasbasic.

A geometry or Buelenhoutgeometry then, hasthe following ingredients:a
setX of varieties a symmetricincidencerelation| on X, afinite setA of types
andatypemapt : X — A. We requirethefollowing axiom:
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66 5. Buelenhoutgeometries

(B1) Two varietiesof the sametype areincidentif andonly if they areequal.

In otherwords,a geometryis a multipartitegraph,wherewe have namedor the
multipartiteblocks(“types”) of the graph.We mostly usefamiliar geometridan-
guagefor incidence put sometimesgraph-theoretitermslik e diameterandgirth
will beuseful. But onegraph-theoreticoncepts vital; a geometryis connected
if thegraphof varietiesandincidences connected.

Therankof ageometryis the numberof types.

A flag is a setof pairwiseincidentvarieties. It follows from (B1) that the
membersof a flag have differenttypes. A geometrysatisfiesthe transvesality
conditionif thefollowing strengtheningf (B1) holds:

(B2) (a) Everyflagis containedn a maximalflag.
(b) Every maximalflag containsonevariety of eachtype.

All geometriederewill satisfytrans\ersality
Let F beaflagin ageometryG. TheresidueGg = R(F) of F is definedas
follows: thesetof varietiesis

Xg ={xe X\F :xlyforallye F};

the setof typesis Ar = A\ 1(F); andincidenceandthe type maparetherestric-
tions of thosein G. It satisfies(B1) (resp. (B2)) if G does. Thetypeof aflag
or residueis its imageunderthe type map,andthe cotypeis the complemenbf
thetypein A; sothetype of Gr is the cotypeof F. Therankandcorankarethe
cardinalitiesof thetype andcotype.

A trans\ersalgeometryis calledthick (resp.firm thin) if everyflag of corank
1is containedn atleastthree(resp.atleasttwo, exactly two) maximalflags.

A propertyholdsresiduallyin ageometnyif it holdsin everyresidueof rankat
least2. (Residue®f rankl aresetswithoutstructure.)in particular all geometries
of interestareresiduallyconnectedin effect, we assumeesidualconnectedness
asanaxiom:

(B3) All residueof rankatleast2 areconnected.

Thenext resultillustratesthis concept.

Proposition 5.1 Let G bea residuallyconnectedransvesal geometryandlet x
andy bevarietiesof X, andi and j distincttypes.Thenthereis a pathfromx toy
in which all varietiesexceptpossiblyx andy havetypei or j.
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Proof Theproofis by inductionontherank. For rank2, residualconnectedness
is just connectednesandtheresultholdsby definition. Soassumehe resultfor
all geometrieof smallerrankthanG.

We shaw first that a two-steppathwhosemiddle vertex is not of typei or |
canbereplacedby a pathof the typerequired. Solet xzybe a pathof length 2.
Thenx andy lie in the residueof z, sothe assertiorfollows from the inductive
hypothesis.

Now this constructionreducesoy onethe numberof interior verticesnot of
typei or j onapathwith specifiedendpoints.Repeatingt asoftenasnecessary
givestheresult. =

The heartof Buekenhouts ideais that “local” conditionson (or axiomati-
sationsof) a geometryarereally conditionsaboutresiduesof smallrank. This
motivatesthefollowing definition of adiagram.

Let A be a finite set. Assumethat, for ary distincti, j € A, a classg;j of
geometrieof rank 2 is given, whosetwo typesof varietiesare called “points”
and“blocks”. Supposehatthe geometriesn Gji arethe dualsof thosein Gij.
ThesetA equippedwith thesecollectionsof geometriess calledadiagram 1t is
representegictorially by takinga “node” for eachelementof A, with an“edge”
betweeneachpair of nodesthe edgefromi to j beingadornedor labelledwith
somesymbolfor theclassgij. We will seeexampledater.

A geometryG belonggo thediagram(A, (Gij i, j € 4)) if Aisthesetof types
of G and,for all distincti, j € A, andall residuesGg in G with rank2 andtype
{i, i}, Gr is isomorphicto amemberof G;; (wherewe take pointsandblocksin
Gr to bevarietiesof typesi and j respectiely).

In orderto illustratethis idea, we needto definesomeclasseof rank 2 ge-
ometriesto usein diagrams.Someof thesewe have met already;but the most
importantis the mosttrivial: A digonis arank2 geometry(having at leasttwo
pointsandatleasttwo blocks)in which any pointandblock areincident;in other
words, a completebipartite graphcontaininga cycle. By aluseof notation,the
“labelled edge”usedto representligonsis the absencef anedge! This is done
in partbecausenostof therank 2 residuesof our geometriesvill bedigons,and
this corventionleadsto unclutteredpictorial representationsf diagrams.

A patrtial linear spaces arank2 geometryin which two pointslie on atmost
oneline (anddually, two linesmeetin at mostonepoint). It is representethy an

edgewith thelabelll, thus:
.

Oo——oO.
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We alreadymetthe conceptdinear spaceandgenerlisedprojectiveplane they
are partial linear spacesn which the first, resp. both, occurrence®f “at most”
arereplacedby “exactly”. They arerepresentethy edgeswith label L andwith-
out ary label, respectiely. (Corveniently the labelsfor the self-dualconcepts
of “partial linear space”and “generalisedprojective plane” coincide with their
mirror-images,while the label for “linear space”doesnot.) Note thata projec-
tive planeis athick generalisegbrojective plane. Anotherspecialisatiorof linear
spacesa “circle” or “completegraph”,hasall linesof cardinality2; it is denoted
by anedgewith labelc.
Now we cangive anexample:

Proposition 5.2 A projectivegeometryof dimensiom hasthediagram

Proof Trans\ersalityandresidualconnectvity arestraightforvardto check.We
verify therank2 residuesTake thetypesto bethedimension®,1,...,n—1, and
let F beaflagof cotype{i, j}, wherei < j.

Casel: j=i+1.ThenF hastheform
Up<Ui<...<Uji1<Ujjo < ... <Up_1.
Its residueconsistf all subspacesf dimension ori+ 1 betweerd; 1 andU;o;
thisis clearlythe projective planebasedn therank 3 vectorspaceJ; 2 /U;_1.
Case2: j>i+1. NowtheflagF lookslike
Up<...<Uia<Upa<...<Uj 1 <Ujp1<...<Up g,

Its residueconsistsof all subspace$ying eitherbetweenU; 1 andU; 1, or be-
tweenU;_; andUj, 1. Any subspace of thefirst typeis incidentwith ary sub-
spaceY of thesecondsinceX < Uj1; <Uj_1 <Y. Sotheresidueis adigon. =

In diagramsi,it is cornvenientto label the nodeswith the correspondingele-
mentsof A. For example,in the caseof a projectve geometryof dimensiom, we
take thelabelsto bethedimension®f varietiesrepresentetdy the nodesthus:

0
o

or
N
)7
N
T
[
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I will usethe corventionthatlabelsare placedabove the nodeswherepossible.
This resenesthe spacebelov thenodesfor anothemuse,asfollows.

A trans\ersalgeometryis saidto have orders, or parametes, if therearenum-
berss (for i € A) with the propertythatary flag of cotypei is containedn exactly
s + 1 maximalflags. If so,thesenumberss arethe orders(or parameters)Now,
if G is ageometrywith orders,thenG is thick/firm/thin respectiely if andonly
if all ordersare> 1/> 1/= 1 respectirely. We will write the ordersbeneaththe
nodeswhereappropriate Note thata projective planeof ordern (asdefinedear
lier) hasordersn, n (in the presenterminology).Thus,thegeometryPG(n, g) has
diagram

0 1 2 n—2 n—-1
q q q q q

We concludethis sectionwith somegeneraresultsaboutBuekenhoutgeome-
tries. Theseresultsdepencdbn our corventionthata non-edgesymbolisesa digon.

Proposition 5.3 Let the diagram A be the disjoint union of A; and A,, with no
edgesbetweerthesesets. Thena variety with typein A; andonewith typein Az
areincident.

Proof We useinductionon therank. For rank 2, A is the diagramof a digon,
andtheresultis true by definition. Soassumehat|A| > 2, and(without loss of
generality)that|Aq| > 1.

Let X; be the setof varietieswith typein 4, for i = 1,2. By the inductive
hypothesisijf x,y € X; with xly, thenR(x) N X2 = R(y) N Xz. (ConsideringR(x),
we seethat every variety in R(x) N X; is incidentwith y, so the left-handsetis
containedin the right-handset. Reversingthe roles of x andy establisheshe
result.) Now by connectednes$(x) N Xz is independenbf x € X;. (Note that
Propositions.1is beingusedhere.)But this setmustbe Xy, sinceevery varietyin
Xz isincidentwith somevarietyin X;. m

A diagramis linear if the “non-digon” edgesform a simple path, asin the
diagramfor projective spacesn Propositions.3above.

Supposehatoneparticulartypein ageometnyis selectedandvarietiesof that
typearecalledpoints. Thenthe shadow or point-shadowof a variety x is the set
Sh(x) of varietiesincidentwith x. Sometimesve write Shy(x), where0Q is thetype
of a point. In ageometrywith alineardiagram,the corventionis that pointsare
varietiesof the left-mosttype.
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Corollary 5.4 In alinear diagram,if xly, andthetypeofy is further to theright
thanthat of x, thenSh(x) C Sh(y).

Proof R(x) hasdisconnectediagram,with pointsandthetypeof y in different
componentsso, by Proposition5.2, every pointin R(x) is incidentwithy. m

Exercises

1. (a) Constructageometrywhichis connectedut not residuallyconnected.
(b) Shaw that,if G hasary of thefollowing propertiesthensodoesary residue
of G of rankatleast2: residuallyconnectedtrans\ersal thick, firm, thin.
2. Shaw thatary generalisegbrojectve geometrybelongsto thediagram

3. (a) A chamberof atrans\ersalgeometryG is amaximalflag. Let F bethe
setof chamberof the geometryG. Form a graphwith vertex set & by joining
two chamberswvhich coincidein all but onevariety G is saidto be chamber
connectedf this graphis connectedProve thata residuallyconnectedjeometry
is chamberconnectedanda chambeiconnectedjeometryis connected.

(b) Considerthe 3-dimensionahffine spaceAG(3,F) over thefield F. Take
threetypesof varieties: points (type 0), lines (type 1), and parallel classesof
planes(type 2). Incidencebetweenpoints and lines is asusual; a line L and
a parallel classC of planesareincidentif L lies in someplaneof C; andary
varietyof typeO is incidentwith ary varietyof type2. Show thatthis geometryis
chambeiconnectedut notresiduallyconnected.

(c) LetV beasix-dimensionaVectorspaceoverafield F, with abasis{e;, e, e3, f1, fo, f3}.
Let G betheadditive groupof V, andlet Hy, H2, H3 bethe additive groupsof the
threesubspacesey, es, f1), (€3,€1, f2), and (ey, &, f3). Form the cosetgeome-
try G(G, (H1,Hz2,H3)): its vaarietiesof typei arethe cosetsof H; in G, andtwo
varietiesareincidentif andonly if the correspondingosetshase non-emptyin-
tersectionShawv thatthis geometryis connectedut not chamberconnected.

5.2 Some special diagrams

In this section,we first considergeometrieswith linear diagramin which all
strokesarelinear spacesthenwe specialisesomeor all of theselinear spaceso
projectve or affine planes.We will seethatthe axiomatisation®f projectve and
affine spacesanbeexpressedery simply in this formalism.
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Theorem 5.5 Let G bea geometrywith diagram

o L1 L 2 n2Lna

Letvarietiesof type0 and 1 be pointsandlines.
(a) Thepointsandshadowf linesforma linear spaceL.

(b) Theshadowof anyvarietyis a subspacef L.
(c) Shy(x) C Shy(y) if andonlyif x is incidentwith y.

(d) If xis avarietyand p a pointnotincidentwith x, thenthereis a uniquevariety
y incidentwith x and p sud thatt(y) = 1(x) + 1.

Proof (a) We shaw thattwo pointslie on at leastoneline by inductionon the
rank. Thereis a path betweenary two points using only points and lines, by
Proposition5.2; soit sufficesto shav thatarny suchpathof lengthgreaterthan?2
canbeshortened SoassumeplLIqIMIr, wherep,q,r arepointsandL, M lines.
By the induction hypothesisthe POINTsL andM of R(q) lie in aLINE 1, a
planeof G incidentwith L andM. By Corollary5.4, p andq areincidentwith I1.
Sincell is alinearspacethereis aline throughp andq. (Thecornventionof using
capitalsfor varietiesin R(q) is usedhere.)

Now supposehattwo linesL andM containthetwo points p andqg. Consid-
eringR(p), wefind aplanell incidentwith L andM andhencewith p andg. But
MisalinearspacesolL = M.

(b) Let y be ary variety, and p,q € Shy(y). Sincepointsandlinesincident
with y form alinearspaceby (a), thereis aline incidentwith p,qandy. Thismust
be the uniqueline incidentwith p andq; and,by Corollary 5.4, all its pointsare
incidentwith y andsoarein Shy(y).

(c) Thereverseimplicationis Corollary5.4. SosupposehatShy(x) C Shy(y).
Take p € Shy(x). Then,in R(p), we have Shy(x) C Shi(y) (sincetheseshadavs
arelinear subspaces)andso xly by induction. (The basecaseof the induction,
wherex is aline, is coveredby (b).)

(d) This is clearif x is a point. Otherwise,chooseq € Shy(x), and apply
inductionin R(q) (replacingp by theline pg). =

Theorem 5.6 A geometrywith diagram

is a genemlisedprojectivespace(of finite dimension).
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Proof By Theoremb.5(d),apotentialVeblenconfigurationliesin aplane;since
planesareprojective, Veblens axiom holds. It remainsto show thatevery linear
subspacés theshadev of somevariety;this follows easilyby induction. =

Theorem 5.7 A geometrywith diagram

consistf the points,linesand planesof a (possiblyinfinite-dimensionalener
alisedprojectivespace

Proof Veblensaxiomis verifiedasin Theoremb.6. It is clearthatevery point,
line or planecorrespondso avariety =

Remark. Considegeometriesvith thediagram

By the agumentfor Theorem5.7, we have all the points,lines andplanes,and
somehigherdimensionalarieties,of a generalisegrojectve space.Examples
ariseby takingall the flats of dimensionmat mostr — 1, wherer is the rank. How-
ever, thereareotherexamples.A simplecasewith r = 4, canbe constructedas
follows.

Let P be a projectve spaceof countabledimensionover a finite field F.
Enumeratdhe 3-dimensionabnd4-dimensionakubspaces lists Tp, T1,... and
Fo,F1,.... Now constructa set ¥ of 4-dimensionakubspaces stagesasfol-
lows. At the n stageif T, is alreadycontainedn a memberof ¥, do nothing.
Otherwise,of the infinitely mary subspace$; which containT,, only finitely
mary areexcludedbecausehey containary T, with m < n; let F; betheonewith
smallestindex which is not excluded,andadjoinit to F. At the conclusionary
3-dimensionakubspacés containedn a uniqguememberof F. Thenthe points,
lines, planesandsubspacem ¥ form ageometrywith thediagram

L L

o o,

wherethe first L denoteghe pointsandlinesin 3-dimensionabrojectie space
overF.
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Now we turn to affine spaceswheresimilar resultshold. The label Af ona
stroke will denotethe classof affine planes.

Theorem 5.8 A geometrywith diagram
Af

is an affine spaceof finite dimension.

Proof It is alinear spacewhoseplanesare affine (thatis, satisfyingcondition
(AS1) of Section11l). We mustshawv that parallelismis transitve. So suppose
thatL;||Lo||Ls, but L1 f|Ls. Thenall threelineslie in a subspacef dimension

3; soit is enoughto deducea contradictionin the caseof geometrief rank 3.

Notethat, for a geometrywith diagramoio—o, two planeswhich have a

commonpointmustmeetin aline.

Let M1 bethe planethroughL; andL,, andll, the planethroughp andLs,
wherep is apointof L;. Thenll; andll, bothcontainp, sothey meetin aline
M # L1. ThenM is notparallelto L,, someetst in apointq, Butthenll, contains
L3 andq, hencel,, andsois equalto 14, acontradiction.

Thefactthatall linearsubspaceareshadavs of varietiesis provedasin The-
orem5.6. =

Theorem 5.9 A geometrywith diagram
Af L

oO—oO0—O

in which someline has more than three points, consistsof the points, lines and
planesof a (possiblyinfinite-dimensionalaffine space

Theproofis asfor Theorenb.7,usingBuekenhouts Theorem3.10. m

Exercises
1. Considerageometryof rankn with diagram
L

o——o—o0 - 0—0,

in which all lines have the saméefinite cardinalityk, andall the projective planes
have the saméfinite orderq.
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(a) If n > 4, prove thatthe geometryis eitherprojectve (Q = k— 1) or affine
(@=Kk).

(b) If n= 3, provethatq=k— 1,k k? or k(k?+ 1).
(Thisresultis dueto DoyenandHubaut[16]).

2. Constructaninfinite “free-like” geometrywith diagram

Cc
oO——oO—O,

(Ensurethat three points lie in a unigue plane, while two planesmeetin two
points.)
3. (a) Show that an inversive planebelongsto the diagramo—coio.

Whatarethevarieties?
(b) Shav how to constructa geometrywith diagram

(o Af

<« 0—o0—90

(n nodes)rom anovoid in PG(n,F) (seeSectior4.4).



