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Various topics

This chaptercollectssometopics,any of which couldbeexpandedinto anentire
chapter(or even a book!): spreadsandtranslationplanes;subsetsof projective
spaces;projective lines;andthesimplicity of PSL

�
n � F � .

4.1 Spreads and translation planes

Let V be a vectorspaceover F, having even rank 2n. A spread � is a set of
subspacesof V of rankn, having thepropertythatany non-zerovectorof V lies
in a uniquememberof � . A trivial exampleoccurswhenn � 1 and � consistsof
all therank1 subspaces.

The importanceof spreadscomesfrom the following result,whoseproof is
straightforward.

Proposition 4.1 Let � bea spreadin V, and � thesetof all cosetsof membersof� . Then
�
V ����� is an affineplane. Theprojectiveplaneobtainedby addinga line

at infinity L∞ is
�
p � L∞ � -transitivefor all p � L∞.

For finite planes,theconverseof thelaststatementis alsotrue.An affineplane
with thepropertythattheprojectivecompletionis

�
p � L∞ � -transitivefor all p � L∞

is calleda translationplane.

Example. Let K beanextensionfield of F with degreen. TakeV to bea rank
2 vectorspaceover K, and � the set of rank 1 K-subspaces.Then,of course,
the resultingaffine planeis AG

�
2 � K � . Now forget theK-structure,andregardV

45



46 4. Varioustopics

asan F- vectorspace.Sucha spreadis calledDesarguesian, becauseit canbe
recognisedby thefactthattheaffineplaneis Desarguesian.

Projectively, a spreadis a setof
�
n 	 1� -dimensionalflats in PG

�
2n 	 1 � F � ,

which partitionsthepointsof F. We will examinefurther thecasen � 1, which
will beconsideredagainin section4.5. Assume that F is commutative.

Lemma 4.2 Giventhreepairwiseskew lines in PG
�
3 � F � , there is a uniquecom-

montransversal throughanypointon oneof thelines.

Proof Let L1 � L2 � L3 bethe lines,andp � L1. Thequotientspaceby p is a pro-
jectiveplanePG

�
2 � F � , andΠ1 ��
 p � L2 � andΠ2 ��
 p � L3 � aredistinctlinesin this

plane;they meetin a uniquepoint, which correspondsto a line M containingp
andlying in Π1 andΠ2, hencemeetingL2 andL3.

Now let 
�� bethesetof commontransversalsto thethreepairwiseskew lines.
Thelinesin 
 � arepairwiseskew, by 4.2.

Lemma 4.3 A commontransversal to threelinesof 
�� is a transversal to all of
them.

For theproof,seeExercise2, or Section8.4.
Let 
 be the set of all commontransversalsto 
 � . The set 
 is calleda

regulus, and 
 � (which is also a regulus) is the oppositeregulus. Thus, three
pairwiseskew lineslie in a uniqueregulus.

A spreadis regular if it containstheregulusthroughany threeof its lines.

Theorem 4.4 A spreadis Desarguesianif andonly if it is regular.

(Theproof of theforwardimplicationis givenin Exercise2.)
If we take a regular spread,andreplacethe lines in a regulus in this spread

by thosein theoppositeregulus,the result is still a spread;for a regulusandits
oppositecover thesamesetof points.This processis referredto asderivation. It
givesriseto non-Desarguesiantranslationplanes:

Proposition 4.5 If �F ��� 2, thena derivationof a regular spreadis not regular.

Proof Choosetwo reguli 
 1, 
 2 with auniqueline in common.If wereplace
 1

by its opposite,thenthe regulus 
 2 containsthreelines of the spreadbut is not
containedin thespread.



4.1. Spreadsandtranslationplanes 47

It is possibleto pushthis muchfurther. For example,any setof pairwisedis-
joint reguli canbereplacedby theiropposites.I will not discussthis any further.

The conceptof a spreadof lines in PG
�
3 � F � canbe dualised. (For the rest

of thesection,F is not assumedcommutative.) A set � of pairwiseskew lines is
calledacospreadif everyplanecontainsa(unique)line of � ; in otherwords,if �
correspondsto aspreadin thedualspacePG

�
2 � F ��� . Call � abispreadif it is both

aspreadandacospread.
If F is finite, theneveryspreadis abispread.(For thereareequallymany, viz.�

q � 1� � q2 � 1� , pointsandplanes;andasetof n pairwiseskew linesaccountsfor�
q � 1� n pointsandthesamenumberof planes.)Moreover, aDesarguesianspread

is abispread;andany derivationof abispreadis abispread(sincetheconceptof a
regulusis self-dual).Thereadermaybewonderingif thereareany spreadswhich
arenot bispreads!Thatthey exist in profusionis a consequenceof thenext result
(take ��� /0), andgivesuslots of strangetranslationplanes.

Theorem 4.6 Let F bean infinite field. Let � , � besetsof pointsandplanesin
PG
�
3 � F � , with thepropertythat ��������������� �F � . Thenthere is a set� of pairwise

skew lines,satisfying

(a) thepoint p liesona line of � if andonly if p !�"� ;

(b) theplaneΠ containsa line of � if andonly if Π !�#� .

Proof WeusethefactthatPG
�
2 � F � is not theunionof fewer than �F � pointsand

lines. For, if S is any setof fewer than �F � pointsandlines,andL is a line not in
S, thenL is not coveredby its intersectionswith membersof S.

Theproof is asimpletransfiniteinduction.(NotethatweareusingtheAxiom
of Choicehere;but, in any case,the proof is valid over any field which canbe
well-ordered,in particular, overany countablefield.) For readersunfamiliar with
set theory, assumethat F is countable,deletethe word “transfinite”, andignore
commentsaboutlimit ordinalsin thefollowing argument.

Let α betheinitial ordinalof cardinality �F � . Well-orderthepointsof PG
�
3 � F �

not in � andtheplanesnot in � in a singlesequenceof order-type α, say
�
Xβ :

β � α � . Constructasequence
� � β : β � α � by transfiniterecursion,asfollows.

Set � 0 � /0.
Supposethatβ is asuccessorordinal,sayβ � γ � 1. SupposethatXβ is apoint

(the othercaseis dual). If � γ containsa line incidentwith Xβ, thenset � β �$� γ.
Supposenot. Considertheprojective planePG

�
3 � F �&% Xβ. By our initial remark,



48 4. Varioustopics

thisplaneis notcoveredby fewer thanα linesof theform 
 L � Xβ � % Xβ (for L �'� γ)
or Π % Xβ (for Π �(� with Xβ � Π) andpoints 
 p � Xβ � % Xβ (for p �"� ). Sowe can
choosea point lying outsidetheunionof thesepointsandlines,that is, a line Lβ
containingXβ sothatLβ ) L � /0 (for L �*� γ), Lβ !� Π (for Π �+� ), andp !� Lβ (for
p �"� ). Set � β �(� γ ,.- Lβ / .

If β is a limit ordinal,set � β �10
γ 2 β
� γ 3

Then � α is therequiredsetof lines.

Exercises

1. Show that, if threepairwiseskew lines in PG
�
3 � F � are given, then it is

possibleto choosecoordinatessothatthelineshaveequations

x1 � x2 � 0;

x3 � x4 � 0;

x3 � x1 � x4 � x2.

Find thecommontransversalsto thesethreelines.
2. Now let F becommutative.Show thatthecommontransversalsto any three

of thelinesfoundin thelastquestionaretheoriginal threelinesandthelineswith
equations

x1 � x3α, x2 � x4α

for α � F , α !� 0 � 1.
DeducethattheDesarguesianspreaddefinedby a quadraticextensionof F is

regular.
3. Prove thatLemma4.3is valid in PG

�
3 � F � if andonly if F is commutative.

4. UseTheorem4.6to show that,if F is aninfinite field, thenthereis aspread
of linesin AG

�
3 � F � whichcontainsoneline from eachparallelclass.

4.2 Some subsets of projective spaces

For mostof thesecondhalf of theselecturenotes,wewill beconsideringsub-
setsof projective spaceswhich consistof the points(andgeneralsubspaces)on
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which certainformsvanishidentically. In this section,I will describesomemore
basicsubsetsof projective spaces,andhow to recognisethemby their intersec-
tionswith lines.Thefirst exampleis a factwehavealreadymet.

Proposition 4.7 (a) A setSof pointsin a projectivespaceis a subspaceif and
only if, for anyline L, Scontainsnopoint,onepoint,or all pointsof L.

(b) A setSof pointsin a projectivespaceis a hyperplaneif andonly if, for any
line L, Scontainsoneor all pointsof L.

The main theoremof this sectionis a generalisationof Proposition4.7(a).
What if we make theconditionsymmetric,that is, askthatScontainsnone,one,
all but one,or all pointsof any line L? The result is easiestto statein thefinite
case:

Theorem 4.8 Let Sbea setof pointsof X � PG
�
n � F � such that, for any line L,

Scontainsnone, one, all but one, or all pointsof S. Supposethat �F �4� 2. Then
there is a chain

/0 � X0 5 X1 563&3&375 Xm � X

of subspacesof X, such that either S �98 i : 0
�
X2i ; 1 < X2i � , or S �98 i : 0

�
X2i ; 2 <

X2i ; 1 � .
Thehypothesisthat �F �4� 2 is necessary:over thefield GF

�
2� , a line hasjust

threepoints,so the four possibilitieslisted in thehypothesiscover all subsetsof
a line. Thismeansthatany subsetof theprojectivespacesatisfiesthehypothesis!
(Nevertheless,seeTheorem4.10below.)

Note that the hypothesison S is “self-complementary”,and the conclusion
mustreflectthis. It is morenaturalto talk aboutacolouringof thepointswith two
colourssuchthateachcolourclasssatisfiesthehypothesisof thetheorem.In this
language,theresultcanbestatedasfollows.

Theorem 4.9 Let thepointsof a (possiblyinfinite) projectivespaceX over F be
colouredwith two colours c1 andc2, such that everycolour classcontainsnone,
one, all but one, or all pointsof any line. Supposethat �F �7� 2. Thenthere is a
chain = of subspacesof X, anda function f : =#> - c1 � c2 / , sothat

(a) 8 =?� X;

(b) for Y �@= , there exist pointsof Y lying in no smallersubspacein = , andall
such pointshavecolour f

�
Y � .

Theproof proceedsin a numberof stages.
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Step 1 Theresultis truefor aprojectiveplane(Exercise1).

Now wedefinefour relations� 1, � 2, � , A onX, asfollows:B p � 1 q if p is the only point of its colour on the line pq; (this relationor
its converseholdsbetweenp andq if andonly if p andq have different
colours);B p � 2 q if thereexistsq with p � 1 r andr � 1 q (this holdsonly if p andq
have thesamecolour);B p � q if p � 1 q or p � 2 q;B p A q if neitherp � q nor q � p (this holdsonly if p andq have the same
colour).

Step 2 Theredonotexist pointsp � q with p � 2 q andq � 2 p.
For, if so,then(with p1 � p, q1 � q) therearepointsp2 � q2 suchthat

p1 � 1 p2 � 1 q1 � 1 q2 � 2 p1 3
Let ci be the colourof pi andqi , i � 1 � 2. By Step1, the colouringof the plane
p1p2q1 is determined;andevery point of this planeoff the line p1p2. In partic-
ular, if x1 � p1q1, x1 !� p1 � q1, thenevery point of x1p2 except p2 hascolourc1.
Similarly, everypointof x1q2 exceptq2 hascolourc1; andtheneverypointof x1x2

exceptx2 hascolourc1, wherex2 � p2q2, x2 !� p2 � q2.
But, by thesameargument,everypointof x1x2 exceptx1 hascolourc2, giving

acontradiction.

Step 3 � is apartialorder.
Theantisymmetryfollowsby definitionfor � 1 andby Step2 for � 2; wemust

prove transitivity. Sosupposethat p � q � r, andconsidercases.If p � 1 q � 1 r,
then p � 2 r by definition. If p � 1 q � 2 r or p � 2 q � 1 r, then p and r have
differentcoloursandsoarecomparable;andr � 1 p contradictsStep2. Finally, if
p � 2 q � 2 r, thenp � 1 s � 1 q for somes; thens � 1 r, sothat p � 2 r.

Step 4 If p � q A r or p A q � r, thenp � r; andif p A q A r, thenp A r.
Supposethatp � q A r. If p � 1 q, thenp andr havedifferentcoloursandsoare

comparable;andr � 1 p would imply r � q by Step3, so p � 1 r. Thenext caseis
similar. Thelastassertionis asimpleconsequenceof theothertwo.
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Step 5 If p � q, thenp � r for all pointsr of pq exceptp; andthepointsof pq
otherthanp arepairwiseincomparable.

This holdsby assumptionif p � 1 q, andby theproof of Step2 if p � 2 q.

Now let S
�
p�C� - q : p !� q / , andT

�
p�D� - q : q � p / .

Step 6 S
�
p� andT

�
p� aresubspaces,with p � S

�
p� < T

�
p� . Moreover, T

�
p� is

theunionof thespacesS
�
q� for q � p, andis spannedby thepointsof S

�
p� with

colourdifferentfrom thatof p; andwe have

p A q impliesS
�
p�C� S

�
q� ;

q � p impliesS
�
q�FE T

�
p� .

All of this followsby straightforwardargumentfrom theprecedingsteps.
Now the proof of the Theoremfollows: we set =G� - S� p� : p � X / , andlet

f
�
S
�
p�&� be the colour of p. The conclusionsof the Theoremfollow from the

assertionsin Step6.

Remark. The only placein the above argumentwherethe hypothesis�F �H� 2
wasusedwasin Step1. Now PG

�
2 � 2� hassevenpoints;so,up to complementa-

tion, a subsetof PG
�
2 � 2� is empty, a point,a line with a point removed,a line, or

a triangle.Only thelastcasefails to satisfytheconclusionof theTheorem.Sowe
have thefollowing result:

Theorem 4.10 Theconclusionsof Theorems4.8and4.9 remaintrue in thecase
F � GF

�
2� providedthat weaddtheextra hypothesisthat no colour classinter-

sectsa planein a triangle (or, in 4.8, that no planemeetsS in a triangle or the
complementof one).

Exercise

1. ProvethatTheorem4.8holdsin any projectiveplaneof ordergreaterthan2
(not necessarilyDesarguesian).

4.3 Segre’s Theorem

For projective geometriesover finite fields, it is very naturalto askfor char-
acterisationsof interestingsetsof pointsby hypothesesontheir intersectionswith
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lines. Very muchfiner discriminationsarepossiblewith finite thanwith infinite
cardinalnumbers;for example,all infinite subsetsof acountablyinfinitesetwhose
complementsarealsoinfinite arealike.

It is not my intentionto survey evena smallpartof this vastliterature.But I
will describeoneof theearliestandmostcelebratedresultsof this kind. I begin
with somegeneralitiesaboutalgebraiccurves. Assumethat F is a commutative
field.

If apolynomial f in x1 � 3&3I3 � xn; 1 is homogeneous, thatis, asumof termsall of
thesamedegree,then f

�
v �C� 0 implies f

�
αv �C� 0 for all α � F. So,it f vanishes

atanon-zerovector, thenit vanishesattherank1 subspace(thepointof PG
�
n � F � )

it spans.Thealgebraic varietydefinedby f is thesetof pointsspannedby zeros
of f . We areconcernedhereonly with thecasen � 2, in which case(assuming
that f doesnotvanishidentically)this setis calledanalgebraic curve.

Now considerthecasewhere f hasdegree2, andF � GF
�
q� , whereq is an

oddprimepower. Thecurveit definesmaybeasinglepoint,or aline,or two lines;
but, if noneof theseoccurs,thenit is equivalent(underthegroupPGL

�
3 � q� ) to

the curve definedby the equationx2
1 � x2

2 � x2
3 � 0 (seeExercise1). Any curve

equivalentto this oneis calledaconic(or irr educibleconic).
It can be shown (seeExercise2) that a conic hasq � 1 points, no threeof

whicharecollinear. Theconverseassertionis thecontentof Segre’s Theorem:

Theorem 4.11 (Segre’s Theorem) For q odd, a setof q � 1 points in PG
�
2 � q� ,

with no threecollinear, is a conic.

Proof Let J beanoval. We begin with somecombinatorialanalysiswhich ap-
pliesin any planeof oddorder;thenwe introducecoordinates.

Step 1 Any point noton J lies on0 or 2 tangents.

Proof Let p bea point not on J . Since �KJL�M� q � 1 is even,andanevennumber
of pointslie on secantsthroughp, anevennumbermustlie on tangentsalso.Let
xi bethenumberof pointsoutside J which lie on i tangents.Now we have

∑xi � q2 �
∑ ixi � �

q � 1� q �
∑ i
�
i 	 1� xi � �

q � 1� q 3
(Theseareall obtainedby doublecounting. Thefirst holdsbecausethereareq2

pointsoutside J ; thesecondbecausethereareq � 1 tangents(oneat eachpoint
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of J ), eachcontainingq pointsnot on J ; andthethird becauseany two tangents
intersectata uniquepointoutside J .)

Fromtheseequations,we seethat∑ i
�
i 	 2� xi � 0. But the term i � 1 in the

sumvanishes(any point lies on anevennumberof tangents);thetermsi � 0 and
i � 2 clearlyvanish,andi

�
i 	 2�D� 0 for any othervalueof i. Soxi � 0 for all i !� 0

or 2, proving theassertion.

Remark Pointsnot on J arecalledexterior pointsor interior pointsaccording
asthey lie on2 or 0 tangents,by analogywith therealcase.But theanalogygoes
no further. In therealcase,every line throughaninterior point is a secant;this is
falsefor finite planes.

Step 2 Theproductof all thenon-zeroelementsof GF
�
q� is equalto 	 1.

Proof Thesolutionsof thequadraticx2 � 1 arex � 1 andx ��	 1; thesearethe
only elementsequalto their multiplicative inverses.So, in theproductof all the
non-zeroelements,everythingexcept1 and 	 1 pairsoff with its inverse,leaving
thesetwo elementsunpaired.

For thenext two steps,notethatwe canchoosethecoordinatesystemsothat
thesidesof agiventrianglehaveequationsx � 0,y � 0andz � 0 (andtheopposite
verticesare N 1 � 0 � 0O , N 0 � 1 � 0O , and N 0 � 0 � 1O respectively). We’ll call this the triangle
of reference.

Step 3 Supposethatconcurrentlinesthroughtheverticesof thetriangleof ref-
erencemeetthe oppositesidesin the points N 0 � 1 � aO , N b � 0 � 1O , and N 1 � c � 0O . Then
abc � 1.

Proof Theequationsof theconcurrentlinesarez � ay, x � bzandy � cx respec-
tively; thepointof concurrency mustsatisfyall threeequations,whenceabc � 1.)

Remark This resultis equivalentto theclassicalTheoremof Menelaus.

Step 4 Let theverticesof thetriangleof referencebechosento bethreepoints
of J , andlet thetangentsat thesepointshaveequationsz � ay, x � bzandy � cx
respectively. Thenabc ��	 1.
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Proof Thereareq 	 2 furtherpointsof J , say p1 � 3&3&3 � pq P 2. ConsiderthepointN 1 � 0 � 0O . It lieson thetangentz � ay, meetingtheoppositesidein N 0 � 1 � aO ; two se-
cantswhicharesidesof thetriangle;andq 	 2 furthersecants,throughp1 � 3&3&3 � pq P 2.

Let thesecantthroughpi meettheoppositesidein N 0 � 1 � ai O . Thena∏q P 2
i Q 1 ai �6	 1,

by Step2. If bi � ci aresimilarly defined,wehavealsob∏q P 2
i Q 1 bi � c∏q P 2

i Q 1 ci �R	 1.
Thus

abc
q P 2

∏
i Q 1

�
aibici �C��	 1 3

But, by Step3, aibici � 1 for i � 1 � 3&3I3 � q 	 2; soabc ��	 1.

Step 5 Given any threepoints p � q � r of J , thereis a conic = passingthrough
p � q � r andhaving thesametangentsat thesepointsasdoes J .

Proof Choosingcoordinatesasin Step4, theconicwith equation

yz 	 czx� caxy � 0

canbe checked to have the requiredproperty. (For example, N 1 � 0 � 0O lies on this
conic;and,puttingz � ay, weobtainay2 � 0, so N 1 � 0 � 0O is theuniquepointof the
conicon this line.)

Step 6 Now we arefinishedif we canshow that the conic = of Step5 passes
throughanarbitraryfurtherpoint s of J .

Proof Let = � and = ��� betheconicspassingthroughp � q � s andp � r � s respectively
andhaving thecorrecttangentsthere.Let theconics = , = � and = �S� haveequations
f � 0, f � � 0, f ��� � 0 respectively. (Theseequationsare determinedup to a
constantfactor.) Let Lp � Lq � Lr � Ls be the tangentsto J at p � q � r � s respectively.
Sinceall threeconicsaretangentto Lp at p, we canchoosethenormalisationso
that f � f � � f �S� agreeidenticallyonLp.

Now considertherestrictionsof f � and f ��� to Ls. Both arequadraticfunctions
having a doublezero at s, and the valuesat the point Ls ) Lp coincide; so the
two functionsagreeidentically on Ls. Similarly, f and f � agreeon Lq, and f
and f ��� agreeon Lr . But then f , f � and f ��� all agreeat thepoint Lq ) Lr . So the
quadraticfunctions f � and f ��� agreeon Lp, Ls, andLq ) Lr , which forcesthemto
beequal.Sothethreeconicscoincide,andourclaimis proved(andwith it Segre’s
Theorem).



4.3. Segre’s Theorem 55

Theargumentin thelastpartof theproofcanbegeneralisedto givethefollow-
ing result(of whichit formsthecasen � q � 1, m � 2, with L1 � 3&3&3 � Ln thetangents
to theoval, and - pi1 � pi2 / thepoint of tangency of Li takenwith multiplicity 2).

Proposition 4.12 Let L1 � 3&3&3 � Ln be lines in PG
�
2 � q� , no three concurrent. Let

pi1 � 3&3&3 � pim bepointsof Li , notnecessarilydistinct,but lying onnoneof theother
Li T . Supposethat, for anythreeof thelines,there is an algebraic curveof degree
m whoseintersectionswith thoselinesare preciselythespecifiedpoints(counted
with theappropriatemultiplicity). Thenthereis a curveof degreem,meetingeach
line in just thespecifiedpoints.

Proposition4.12hasbeengeneralised[32] to arbitrarysetsof lines (without
theassumptionthatno threeareconcurrent).

Proposition 4.13 Let L1 � 3&3I3 � Ln belinesin PG
�
2 � q� . Let pi1 � 3&3&3 � pim bepointsof

Li , notnecessarilydistinct,but lying onnoneof theotherLi T . Supposethat,for any
threeof thelineswhich forma triangle, andfor thesetof all linespassingthrough
any point of theplane(whenever there are at leastthreesuch lines), there is an
algebraic curveof degreem whoseintersectionswith thoselinesarepreciselythe
specifiedpoints(countedwith theappropriatemultiplicity). Thenthere is a curve
of degreem,meetingeach line in just thespecifiedpoints.

Theanalogueof Segre’sTheoremoverGF
�
q� with evenq is false.In thiscase,

thetangentsto anoval Sall passthrougha singlepoint n, thenucleusof theoval
(Exercise4); and,for any p � S, thesetS,U- n / <V- p / is alsoanoval. But, if q � 4,
thenat mostoneof theseovalscanbea conic (seeExercise5: theseovalshave
q commonpoints). For sufficiently large q (viz., q W 64), andalso for q � 16,
thereareotherovals,notarisingfrom thisconstruction.Wereferto [3] or [14] for
up-to-dateinformationonovalsin planesof evenorder.

We saw that thereareovalsin infinite projective planeswhich arenot conics.
However, thereis a remarkablecharacterisationof conicsdueto Buekenhout.A
hexagonis saidto bePascalianif thethreepointsof intersectionof oppositesides
arecollinear. In this terminology, Pappus’Theoremassertsthata hexagonwhose
verticeslie alternatelyon two lines is Pascalian. Sincea pair of lines forms a
“degenerateconic”, this theoremis generalisedby Pascal’sTheorem:

Theorem 4.14 (Pascal’s Theorem) In a Pappianprojectiveplane, a hexagonin-
scribedin a conicis Pascalian.
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We know from Theorem2.3 thata projective planesatisfyingPappus’Theo-
remis isomorphicto PG

�
2 � F � for acommutativefield F. Thetheoremof Bueken-

houtcompletesthis circleof ideas.Its proof is group-theoretic,usingacharacter-
isationof PGL

�
2 � F � assharply3-transitivegroupdueto Tits.

Theorem 4.15 (Buekenhout’s Theorem) Let Sbean oval in a projectiveplane
Π. Supposethateveryhexagonwith verticesin Sis Pascalian.ThenΠ is isomor-
phic to PG

�
2 � F � for somecommutativefieldF, andSis a conicin Π.

Exercises

1. (a) By completingthesquare,prove thatany homogeneouspolynomialof
degree2 in n variables,over a commutative field F with characteristicdifferent
from 2, is equivalent(by non-singularlineartransformation)to thepolynomial

α1x2
1 � 3&3&3 � αnx2

n 3
(b) Provethatmultiplicationof any αi in theaboveform by asquarein F gives

anequivalentform.
(c) Now let F � GF

�
q� andn � 3; let η bea fixednonsquarein F. Show that

the curvesdefinedby x2
1, x2

1 	 x2
2 andx2

1 	 ηx2
2 arerespectively a line, two lines,

andapoint. Show thatthereexistsα suchthatη � 1 � α2. Observingthat�
x � αy� 2 � � αx 	 y� 2 � η

�
x2 � y2 �M�

prove that the formsx2
1 � x2

2 � x2
3 andx2

1 � ηx2
2 � ηx2

3 areequivalent. Deducethe
classificationof curvesof degree2 overGF

�
q� givenin thetext.

2. Count the numberof secantsthroughan exterior point and throughan
interior point of an oval in a projective planeof odd order q. Also, count the
numberof pointsof eachtype.

3. Provethatacurveof degree2 overany commutativefield is empty, apoint,
a line, a pair of lines,or anoval. Prove alsothata curve of degree2 over a finite
field is non-empty.

4. Prove that, if q is even, thenthe tangentsto an oval in a projective plane
of orderq areconcurrent.Deducethatthereis a setof q � 2 pointswith no three
collinear, having notangents(i.e.,meetingeveryline in 0 or 2 points).(Removing
any oneof thesepointsthengivesanoval.)
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Remark. A setof n � 2 pointsin aplaneof ordern, no threecollinear, is called
ahyperoval.

5. Prove that,in any infinite projectiveplane,for any integerk � 1, thereis a
setof pointsmeetingevery line in exactlyk points.

6. Prove thatfive pointsof PG
�
2 � F � , with no threecollinear, arecontainedin

a uniqueconic. (Take four of thepointsto be thestandardset
�
1 � 0 � 0� , � 0 � 1 � 0� ,�

0 � 0 � 1� and
�
1 � 1 � 1� ; the fifth is

�
1 � α � β � , whereα andβ aredistinct from one

anotherandfrom 0 and1.)

4.4 Ovoids and inversive planes

Ovoids are3-dimensionalanaloguesof ovals. They have addedimportance
becauseof theirconnectionwith inversiveplanes,whichareone-pointextensions
of affine planes. (The traditionalexampleis the relationbetweenthe Riemann
sphereandthe“extendedcomplex plane”.)

Fieldsin this sectionarecommutative.
An ovoid in PG

�
3 � F � is a set J of pointswith theproperties

(O1)no threepointsof J arecollinear;

(O2) thetangentsto J throughapointof J form aplanepencil.

(If a setof pointssatisfies(O1), a line is calleda secant, tangentor passantif it
meetsthesetin 2, 1 or 0 pointsrespectively. Theplanecontainingthetangentsto
anovoid at apoint x is calledthetangentplaneat x.)

The classicalexamplesof ovoids arethe elliptic quadrics. Let αx2 � βx � γ
be an irreduciblequadraticover the field F . The elliptic quadricconsistsof the
pointsof PG

�
3 � F � whosecoordinates

�
x1 � x2 � x3 � x4 � satisfy

x1x2 � αx2
3 � βx3x4 � γx2

4 � 0 3
Theproof thatthesepointsdo form anovoid is left asanexercise.

Over finite fields,ovoidsarerare. Barlotti andPanellashowedthe following
analogueof Segre’s theoremonovals:

Theorem 4.16 Any ovoid in PG
�
3 � q� , for q an odd prime power, is an elliptic

quadric.
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For evenq, justonefurtherfamily is known, theSuzuki–Tits ovoids, whichwe
will constructin Section8.4.

An inversiveplaneis, assaidabove,a one-pointextensionof anaffine plane.
Thatis, it is apair

�
X �X=Y� , whereX is asetof points,and = acollectionof subsets

of X calledcircles, satisfying

(I1) any threepointslie in auniquecircle;

(I2) if x � y arepointsandC a circle with x � C andy %� C, thenthereis a unique
circleC� satisfyingy � C� andC ) C�7� - x / ;

(I3) thereexist four non-concircularpoints.

It is readily checked that, for x � X, the pointsdifferentfrom x andcirclescon-
tainingx form anaffine plane.Theorder of the inversive planeis the(common)
orderof its derivedaffine planes.

Proposition 4.17 Thepointsandnon-trivial planesectionsof an ovoid form an
inversiveplane.

Proof A planesectionof theovoid J is non-trivial if it containsmorethanone
point. Any threepoints of J are non-collinear, and so definea uniqueplane
section. Given x, the pointsof J different from x and the circlescontainingx
correspondto thelinesthroughx notin thetangentplaneTx andtheplanesthrough
x differentfrom Tx; thesearethepointsof thequotientspacenot incidentwith the
line Tx % x andthelinesdifferentfrom Tx % x, which form anaffineplane.

An inversive planearisingfrom anovoid in this way is calledegglike. Dem-
bowski proved:

Theorem 4.18 Anyinversiveplaneof evenorder is egglike (andsoits order is a
powerof 2).

This is not known to hold for oddorder, but no counterexamplesareknown.
Thereareconfigurationtheorems(the bundletheoremandMiquel’s theorem

respectively) whichcharacteriseegglikeinversiveplanesand“classical”inversive
planes(comingfrom theelliptic quadric)respectively.

Higher-dimensionalobjectscanalsobedefined.A set J of pointsof PG
�
n � F �

is anovoid if

(O1)no threepointsof J arecollinear;
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(O2’) the tangentsto J througha point x of J areall the lines throughx in a
hyperplaneof PG

�
n � F � .

Proposition 4.19 If F is finiteandn W 4, thenPG
�
n � F � containsno ovoid.

However, therecanexist suchovoidsover infinite fields(Exercise3).

Exercises

1. ProveProposition4.19.[Hint: it sufficesto prove it for n � 4.]
2. Prove that, for q odd,a setof pointsin PG

�
3 � q� which satisfies(O1) has

cardinalityat mostq2 � 1, with equalityif andonly if it is anovoid.
(This is truefor q even,q � 2 also,thoughtheproof is muchharder. For q � 2,

thecomplementof ahyperplaneis asetof 8 pointsin PG
�
3 � 2� satisfying(O1).)

3. Show thatthesetof pointsof PG
�
n �[Z\� whosecoordinatessatisfy

x1x2 � x2
3 � 3&3&3 � x2

n � 0

is anovoid.

4.5 Projective lines

A projective line over a field F hasno non-trivial structureasan incidence
geometry. FromtheKleinian point of view, though,it doeshavegeometricstruc-
ture, derived from the fact that the groupPGL

�
2 � F � operateson it. As we saw

earlier, the actionof this groupis 3-transitive (sharplyso if F is commutative),
andcanevenbe4-transitive for specialskew fieldsof characteristic2. However,
weassumein this sectionthatthefield is commutative.

It is conventionalto labelthepointsof theprojectiveline overF with elements
of F ,]- ∞ / , asfollows: thepoint 
 � 1 � α � � is labelledby α, andthepoint 
 � 0 � 1� �
by ∞. (If we regardpointsof PG

�
2 � F � aslinesin theaffine planeAG

�
2 � F � , then

thelabelof apoint is theslopeof thecorrespondingline.)
SincePGL

�
2 � F � is sharply3-transitive,distinguishingthreepointsmustgive

uniquedescriptionsto all theothers.This is convenientlydoneby meansof the
crossratio, thefunctionfrom 4-tuplesof distinctpointsto F <^- 0 � 1 / , definedby

f
�
x1 � x2 � x3 � x4 �C� � x1 	 x3 � � x4 	 x2 ��

x1 	 x4 � � x3 	 x2 � 3
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In calculatingcrossratio, we usethe sameconventionsfor dealingwith ∞ as
whenelementsof PGL

�
2 � F � arerepresentedby linearfractionaltransformations;

for example,∞ 	 α � ∞, andα∞ % β∞ � α % β. Slightly differingformsof thecross
ratioareoftenused;theonegivenherehasthepropertythat f

�
∞ � 0 � 1 � α �_� α.

Proposition 4.20 Thegroupof permutationsof PG
�
1 � F � preservingthecrossra-

tio is PGL
�
2 � F � .

Proof Calculationestablishesthat linear fractionaltransformationsdo preserve
crossratio. Also, thecrossratioasa functionof its fourthargument,with thefirst
threefixed, is one-to-one,soa permutationwhich preservescrossratio andfixes
threepointsis theidentity. Theresultfollows from thesetwo assertions.

The crossratio of four points is unalteredif the argumentsarepermutedin
two cyclesof length2: for example,f

�
x3 � x4 � x1 � x2 �C� f

�
x1 � x2 � x3 � x4 � . Theseper-

mutations,togetherwith the identity, form a normalsubgroupof index six in the
symmetricgroupS4. Thus,in general,six differentvaluesareobtainedby permut-
ing thearguments.If α is oneof thesevalues,theothersare1 	 α, 1% α,

�
α 	 1�&% α,

1% � 1 	 α � , andα % � α 	 1� . Therearetwo specialcaseswherethenumberof values
is smaller, thatis, wheretwo of thesix coincide.Therelevantsetsare - 	 1 � 2 � 12 / ,
and - 	 ω �&	 ω2 / , whereω is a primitivecuberoot of unity. A quadrupleof points
is calledharmonicif its crossratiosbelongto thefirst set,equianharmonicif they
belongto thesecond.Thefirst typeoccursover any field of characteristicdiffer-
ent from 2, while thesecondoccursonly if F containsprimitivecuberootsof 1.
(But notethat, if F hascharacteristic3, thenthe two typeseffectively coincide:	 1 � 2 � 1

2, and the crossratio of a harmonicquadrupleis invariantunderall
permutationsof its arguments!)

In theargumentsbelow, weregarda“quadruple”asbeinganequivalenceclass
of orderedquadruples(all having the samecross-ratio).So, for example,a har-
monicquadruple(in characteristicdifferentfrom 3) is a4-setwith adistinguished
partitioninto two 2-sets.

Proposition 4.21 Supposethat thecharacteristicof F is notequalto 2. Thenthe
groupof permutationswhichpreservethesetof harmonicquadruplesisPΓL

�
2 � F � .

Proof Again, any elementof PΓL
�
2 � F � preservesthe setof harmonicquadru-

ples.To seetheconverse,notethatPGL
�
2 � F � containsa uniqueconjugacy class



4.5. Projectivelines 61

of involutions having two fixed points, and that, if x1 � x2 are fixed points and�
x3 � x4 � a 2-cycle of suchan involution, then - x1 � x2 � x3 � x4 / is harmonic(andthe

disthinguishedpartitionis -H- x1 � x2 / � - x3 � x4 /H/ ). Thus,theseinvolutionscanbere-
constructedfrom thesetof harmonicquadruples.Soany permutationpreserving
theharmonicquadruplesnormalisesthegroupG generatedby theseinvolutions.
Weseebelow thatG is PSL

�
2 � F � if F containssquarerootsof 	 1, or containsthis

groupasasubgroupof index 2 otherwise.Thenormaliserof G is thusPΓL
�
2 � F � ,

asrequired.

(PSL
�
n � F � is thegroupinducedontheprojectivespaceby theinvertiblelinear

transformationswith determinant1.)
We look furtherat theclaim aboutG in theabove proof. A transvectionis a

linear transformationg with all eigenvaluesequalto 1, for which ker
�
g 	 1� has

codimension1. In ourpresentcase,any 2 ` 2 upperunitriangularmatrixdifferent
from the identity is a transvection. The collineationof projective spaceinduced
by a transvectionis calledanelation. An elationis characterisedby thefact that
its fixed pointsform a hyperplane,known asthe axis of the elation. Dually, an
elationfixesevery line througha point, calledthecentre of theelation,which is
incidentwith theaxis. In thepresentcasen � 2, thecentreandaxisof anelation
coincide.

Proposition 4.22 Theelationsin PGL
�
2 � F � generatePSL

�
2 � F � .

Proof The elationsfixing a specifiedpoint, togetherwith the identity, form a
groupwhich actssharplytransitively on the remainingpoints. Hencethe group
generatedby theelationsis 2-transitive. If α �R	 1 	 1% β andγ � α % β, thena

1 1
0 1 b a 1 0

α 1 b a 1 β
0 1 b a 1 0

γ 1 b � a 	 1% β 0
0 	 β b �

sothetwo-pointstabiliserin thegroupgeneratedby all theelationscontainsthat
in PSL

�
2 � F � . But elationshave determinant1, andsothegroupthey generateis

asubgroupof PSL
�
2 � F � . Sowe haveequality.

Now, if two distinct involutionshave a commonfixedpoint, thentheir prod-
uct is a elation. Sinceall elationsareconjugate,all canbe realisedin this way.
ThusthegroupG in theproofof Proposition4.21containsall elations,andhence
containsPSL

�
2 � F � .
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We concludewith a differentway of giving structureto the projective line.
SupposethatE is a subfieldof F . Then - ∞ / , E is a subsetof theprojective line- ∞ / , F having thestructure(in any of thesensespreviously defined)of projec-
tive line over E. We call any imageof this setunderanelementof PGL

�
2 � F � a

circle. Thenany threepointslie in auniquecircle. Thepointsandcirclesform an
incidencestructurewhichis anextensionof thepoint-linestructureof affinespace
AG
�
n � E � , wheren is thedegreeof F overE. (For considertheblockscontaining

∞. On removing thepoint ∞, we canregardF asanE-vectorspaceof rankn; E
itself is anaffine line, andtheelementsof PGL

�
2 � F � fixing ∞ areaffine transfor-

mations;so, for any circleC containing∞, C <\- ∞ / is anaffine line. Sincethree
pointslie in auniquecircle,everyaffine line arisesin this way.)

Sometimes,aswewill see,thisgeometrycanberepresentedasthepointsand
planesectionsof a quadricover E. the most familiar exampleis the Riemann
sphere,which is theprojective line over c , andcanbeidentifiedwith a spherein
real3-spacesothatthe“circles” areplanesections.

4.6 Generation and simplicity

In this section,we extend to arbitrary rank the statementthat PSL
�
n � F � is

generatedby elations,andshow that this groupis simple,except in two special
cases.

As before,F is a commutativefield.

Theorem 4.23 For anyn W 2, thegroupPSL
�
n � F � is generatedbyall elations.

Proof We useinduction on n, the casen � 2 having beensettledby Proposi-
tion 4.22.Theinductionis basedon thefactthat,if W is asubspaceof theaxisof
anelationg, theng inducesanelationonthequotientprojectivespacemoduloW.
Giveng � PSL

�
n � F � , with g !� 1, we have to expressg asa productof elations.

We may supposethat g fixesa point x. (For, if xg � y !� x, andh is any elation
mappingx to y, thenghP 1 fixesx, andghP 1 is a productof elationsif andonly if
g is.

By induction,wemaymultiply g by aproductof elations(whoseaxescontain
x) to obtain an elementfixing every line throughx; so we may assumethat g
itself doesso. Consideringa matrix representingg, andusingthe fact that g �
PSL
�
n � F � , weseethatg is anelation.

Theorem 4.24 Supposethat eithern W 3, or n � 2 and �F �7� 3. Thenanynon-
trivial normalsubgroupof PGL

�
n � F � containsPSL

�
n � F � .
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Proof We begin with an observation — if N is a normal subgroupof G, and
g � N, g1 � G, then N g � g1 Od� N, where N g � g1Oe� g P 1g P 1

1 gg 	 1 is thecommutator
of g andg1 — anda lemma:

Lemma 4.25 Underthehypothesesof Theorem4.24,if g � PGL
�
n � F � mapsthe

point p1 of PG
�
n 	 1 � F � to thepoint p2, thenthere existsg1 � PGL

�
n � F � which

fixesp1 and p2 anddoesn’t commutewith g.

Proof Case1: p2g � p3 !� p2. We canchooseg1 to fix p1 andp2 andmove p3.
(If p1 � p2 � p3 arenot collinear, this is clear. If they arecollinear, usethe fact that
PGL
�
2 � F � is 3-transitiveon theprojective line, whichhasmorethanthreepoints.

Case2: p2g � p1. Theng fixestheline p1p2, andwe canchoosecoordinates
onthis line sothatp1 � ∞, p2 � 0. Now g actsasx f> α % x for someα � F . Let g1

inducex f> βx on this line; then N g � g1O inducesx f> β2x. Sochooseβ !� 0 � 1 �&	 1,
aswemaysince �F ��� 3.

Solet N beanon-trivial subgroupof PGL
�
n � F � . Supposethatg � N mapsthe

hyperplaneH1 to H2 !� H1. By thedualform of theLemma,thereexistsg1 fixing
H1 andH2 andnot commutingwith g; then N g � g1O fixesH2. So we mayassume
thatg � N fixesahyperplaneH.

Next, supposethat g doesn’t fix H pointwise. The group of elationswith
axis H is isomorphicto the additive group of a vectorspacewhoseassociated
projectivespaceis H; sothereis atransvectiong1 with axisH notcommutingwith
g. Then N g � g1 O fixesH pointwise.Sowemayassumethatg fixesH pointwise.

If g is notanelation,thenit is ahomology (inducedby adiagonalisablelinear
mapwith two eigenvalues,onehaving multiplicity n 	 1; equivalently, its fixed
pointsform a hyperplaneandoneadditionalpoint). Now if g1 is anelationwith
axisH, then N g � g1 O is anon-identityelation.

WeconcludethatN containsanelation.But thenN containsall elations(since
they areconjugate),whenceN containsPSL

�
n � F � .

ForsmallnandsmallfinitefieldsF � GF
�
q� , thegroupPSL

�
n � q�g� PSL

�
n � F �

is familiar in otherguises.For n � 2, recallthatit is sharply3-transitiveof degree
q � 1. Hencewe have PSL

�
2 � 2�ih� S3, PSL

�
2 � 3�ih� A4, andPSL

�
2 � 4�Fh� A5 (the

alternatinggroupsof degrees4 and5 — theformeris not simple,thelatter is the
uniquesimplegroupof order60). Lessobviously, PSL

�
2 � 5� h� A5, sinceit is also

simpleof order60. Furthermore,PSL
�
2 � 7�jh� PSL

�
3 � 2� (theuniquesimplegroup

of order168),PSL
�
2 � 9�_h� A6, andPSL

�
4 � 2�_h� A8 (for reasonswewill seelater).
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Therehasbeena lot of work, muchof it with a very geometricflavour, con-
cerninggroupsgeneratedbysubsetsof thesetof elations.Forexample,McLaugh-
lin [22, 23] foundall irreduciblegroupsgeneratedby “full elationsubgroups”(all
elationswith given centreandaxis). This resultwasput in a wider context by
CameronandHall [11]. (In particular, they extendedtheresultto spacesof infi-
nite dimension.)Note thatan importantingredientin theargumentsof Cameron
andHall is Theorem4.9: underslight additionalhypotheses,thesetof all elation
centressatisfiesthe conditionson a colour classin that theorem. The resultof
Theorem4.9,togetherwith theirreducibility of thegroup,thenimpliesthatevery
point is anelationcentre.

Exercises

1. (a) Prove that thenon-negative integerm is thenumberof fixed pointsof
anelementof PGL

�
n � q� if andonly if, whenwritten in thebaseq, its digits are

non-decreasingandhavesumnotexceedingn.
(b) (Harder)Prove thatthenon-negative integerm is thenumberof fixed

pointsof an elementof PΓL
�
n � F � if andonly if thereexists r suchthat q is a

power of r and,whenm is written in thebaser, its digits arenon-decreasingand
havesumat mostn.

2. Prove that a simplegroupof order60 possessesfive Sylow 2-subgroups,
which it permutesby conjugation;deducethatsuchagroupis isomorphicto A5.

3. Modify theproofof Theorem4.6.2to show that,underthesamehypotheses,
PSL
�
n � F � is simple. [It is only necessaryto show that the variousg1s can be

chosento lie in PSL
�
n � F � . Theonly casewherethis fails is Case2 of theLemma

whenn � 2, F � GF
�
5� .]

4. (a) Let Π be a projective planeof order4 containinga hyperoval X (six
points,no threecollinear).Prove that therearenaturalbijectionsbetweentheset
of lines meetingX in two pointsandthesetof 2-subsetsof X; andbetweenthe
setof pointsoutsideX andthesetof partitionsof X into three2-subsets.Find a
similar descriptionof a setbijective with thesetof linesdisjoint from X. Hence
show thatΠ is unique(up to isomorphism).

(b) Let Π be a projective planeof order 4. Prove that any four points, no
threecollinear, arecontainedin a hyperoval. Henceshow that thereis a unique
projectiveplaneof order4 (up to isomorphism).

(SeeCameronand Van Lint [F] for more on the underlyingcombinatorial
principle.)


