A4

Varioustopics

This chaptercollectssometopics,ary of which could be expandednto anentire
chapter(or even a book!): spreadsandtranslationplanes;subsetf projectve
spacesprojectie lines; andthe simplicity of PSL(n, F).

4.1 Spreadsand trandation planes

Let V be a vectorspaceover F, having evenrank 2n. A spread § is a setof
subspacesf V of rankn, having the propertythatany non-zerovectorof V lies
in auniquememberof S. A trivial exampleoccurswhenn = 1 and.S consistsof
all therank 1 subspaces.

The importanceof spreadscomesfrom the following result, whoseproof is
straightforvard.

Proposition 4.1 Let$ beaspreadinV, and L thesetof all cosetsof membes of
S. Then(V, L) is an affine plane Theprojectiveplaneobtainedby addinga line
atinfinity Le is (p,Le)-transitivefor all p € Lo. =

For finite planestheconverseof thelaststatemenis alsotrue. An affine plane
with thepropertythatthe projective completionis ( p, L. )-transitvefor all p € Lo
is calledatranslationplane

Example. LetK beanextensionfield of F with degreen. TakeV to bearank
2 vectorspaceover K, and S the setof rank 1 K-subspaces.Then, of course,
the resultingaffine planeis AG(2,K). Now forgetthe K-structure andregardV
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46 4. Varioustopics

asan F- vectorspace.Sucha spreads called Desaguesian becauset canbe
recognisedy thefactthatthe affine planeis Desaguesian.

Projectively, a spreadis a setof (n— 1)-dimensionafflatsin PG(2n— 1,F),
which partitionsthe pointsof F. We will examinefurtherthe casen = 1, which
will beconsideredigainin section4.5. Assume that F iscommutative.

Lemma4.2 Giventhreepairwiseskew linesin PG(3,F), there is a uniquecom-
montransvesal throughanypointon oneof thelines.

Proof LetLj, Ly, L3 bethelines,andp € L;. The quotientspaceby p is a pro-
jectiveplanePG(2,F), andlny = (p,L2) andl, = (p, L3) aredistinctlinesin this
plane;they meetin a uniquepoint, which correspondso a line M containingp
andlying in My andl», hencemeetingL, andL3. =

Now let R bethesetof commontrans\ersalgo thethreepairwiseskew lines.
Thelinesin R arepairwiseskew, by 4.2.

Lemma 4.3 A commortransvesal to threelinesof R is a transvesal to all of
them. m

For the proof, seeExercise2, or Section8.4.

Let ® be the setof all commontrans\ersalsto ®’. The set® is calleda
regulus and R’ (which is also a regulus)is the oppositeregulus Thus, three
pairwiseskew lineslie in auniqueregulus.

A spreads regular if it containgheregulusthroughary threeof its lines.

Theorem 4.4 A spreadis Desaguesianf andonlyif it isregular. =

(Theproof of theforwardimplicationis givenin Exercise2.)

If we take a regular spread,andreplacethe linesin aregulusin this spread
by thosein the oppositeregulus,the resultis still a spreadjfor aregulusandits
oppositecover the samesetof points. This processs referredto asderivation It
givesriseto non-Desaguesiartranslationplanes:

Proposition 4.5 If |F| > 2, thena derivationof a regular spreadis notregular.
Proof Choosdwo reguli Ry, R with auniqueline in common.If wereplace®;

by its opposite thenthe regulus R, containsthreelines of the spreadbut is not
containedn thespread. =
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It is possibleto pushthis muchfurther. For example,ary setof pairwisedis-
joint reguli canbereplacedoy their opposites! will notdiscusghis ary further.

The conceptof a spreadof linesin PG(3,F) canbe dualised. (For the rest
of the section,F is notassumeadommutatve.) A setS of pairwiseskew linesis
calledacospeadif every planecontainsa (unique)line of S; in otherwords,if §
correspondso aspreadn thedualspacePG(2,F°). Call S abispreadif it is both
aspreadanda cospread.

If F is finite, thenevery spreads abispread(For thereareequallymary, viz.
(q+1)(g?+ 1), pointsandplanes;andasetof n pairwiseskew linesaccountgor
(g+ 1)n pointsandthesamenumberof planes.)Moreover, aDesaguesiarspread
is abispreadandary derivationof abispreads abispreadsincetheconcepbf a
regulusis self-dual). Thereademaybewonderingif thereareary spreadsvhich
arenot bispreadsThatthey exist in profusionis a consequencef the next result
(take P = 0), andgivesuslots of strangetranslationplanes.

Theorem 4.6 LetF beaninfinite field. Let P, Q be setsof pointsand planesin
PG(3,F), with thepropertythat |?| + |Q) < |[F|. Thenthereis a sets of pairwise
skew lines, satisfying

(a) thepoint p liesonaline of § if andonlyif p & P;

(b) the planell containsa line of § if andonlyif I ¢ Q.

Proof We usethefactthatPG(2, F) is nottheunionof fewerthan|F| pointsand
lines. For, if Sis ary setof fewer than|F| pointsandlines,andL is aline notin
S thenL is notcoveredby its intersectiongvith membersof S,

Theproofis asimpletransfiniteinduction. (Notethatwe areusingthe Axiom
of Choicehere;but, in ary case,the proofis valid over ary field which canbe
well-orderedjn particular over ary countabléfield.) For readersunfamiliar with
settheory assumehatF is countable deletethe word “transfinite”, andignore
commentsaboutlimit ordinalsin thefollowing agument.

Leta betheinitial ordinalof cardinality|F |. Well-orderthepointsof PG(3, F)
notin  andthe planesnotin Q in asinglesequencef ordertypea, say (Xg :
B < a). Construciasequencésg : B < a) by transfiniterecursion asfollows.

SetSp = 0.

Supposeéhatf is asuccessoordinal,sayp = y+ 1. SupposéhatXg is a point
(the othercaseis dual). If S, containsa line incidentwith X, thensetSg = .
Supposenot. Considerthe projective planePG(3,F)/Xg. By ourinitial remark,
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this planeis notcoveredby fewer thana linesof theform (L, Xg) /X (for L € §)
or M /Xg (for M € Q with Xg € M) andpoints(p, Xg)/Xg (for p € P). Sowe can
choosea point lying outsidethe unionof thesepointsandlines, thatis, aline Lg
containingXg sothatLgNL =0 (for L € S), Lg ¢ N (for M € Q), andp ¢ L (for
p € P). Setsg = SyU{Lg}-

If Bisalimit ordinal,set

y<B
Thensy is therequiredsetof lines. =

Exercises

1. Shaw that, if threepairwiseskew linesin PG(3,F) aregiven, thenit is
possibleto choosecoordinatesothatthelineshave equations

Xy =X =0;
X3=X4=0;
X3 = X1, X4 = X2.

Find thecommontrans\ersalso thesethreelines.

2. Now let F becommutatve. Shav thatthecommontrans\ersaldo ary three
of thelinesfoundin thelastquestioraretheoriginal threelinesandthelineswith
equations

X1 = X300, X2 = Xqd

fora e F,a#0,1.

Deducethatthe Desaguesiarspreaddefinedby a quadraticextensionof F is
regular.

3. ProvethatLemma4.3is valid in PG(3,F) if andonly if F is commutatve.

4. UseTheoremd.6to shaw that,if F is aninfinite field, thenthereis aspread
of linesin AG(3, F) which containsoneline from eachparallelclass.

4.2 Some subsets of projective spaces

For mostof theseconcdhalf of thesdecturenotes we will beconsideringsub-
setsof projectve spacesvhich consistof the points (andgeneralsubspacesyn
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which certainformsvanishidentically. In this section, will describesomemore
basicsubsetof projective spacesandhow to recognisehemby their intersec-
tionswith lines. Thefirst exampleis afactwe have alreadymet.

Proposition 4.7 (a) A setSof pointsin a projectivespaceis a subspacef and
onlyif, for anyline L, S containsno point, onepoint, or all pointsof L.

(b) A setSof pointsin a projectivespaceis a hyperplangf andonly if, for any
line L, Scontainsoneor all pointsofL. =

The main theoremof this sectionis a generalisatiorof Proposition4.7(a).
Whatif we malke the conditionsymmetric thatis, askthatS containsnone,one,
all but one,or all pointsof ary line L? Theresultis easiesto statein the finite
case:

Theorem 4.8 Let Sbea setof pointsof X = PG(n,F) sud that, for anyline L,
Scontainsnone oneg all but one or all pointsof S Supposehat |F| > 2. Then
thereis a chain

D=XpCX1C...CXn=X
of subspace®sf X, sud that either S= Uizo(x2i+1\x2i)’ or S= UiZO(XZH_z\
Xoit1).

Thehypothesighat |F| > 2 is necessaryover thefield GF2), aline hasjust
threepoints, sothe four possibilitieslisted in the hypothesisover all subsetof
aline. Thismeanghatarny subsebf the projectve spacesatisfieghe hypothesis!
(NeverthelessseeTheorem4.10below.)

Note that the hypothesison S is “self-complementary”,and the conclusion
mustreflectthis. It is morenaturalto talk abouta colouringof the pointswith two
colourssuchthateachcolourclasssatisfieghe hypothesiof thetheorem.In this
languagetheresultcanbe statedasfollows.

Theorem 4.9 Letthe pointsof a (possiblyinfinite) projectivespaceX over F be
coloured with two colours ¢; and ¢z, sud that every colour classcontainsnone
one all but one or all pointsof anyline. Supposehat |F| > 2. Thentheris a
chain C of subspacesf X, anda functionf : C — {cy,C,}, sothat

@uc=X;

(b) for Y € C, there exist pointsof Y lying in no smallersubspacen ¢, andall
sud pointshavecolour f(Y).

The proof proceedsn a numberof stages.
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Step 1 Theresultis truefor aprojectve plane(Exercisel).

Now we definefour relations<, <2, <, || on X, asfollows:

e p <3 qif pistheonly point of its colouron the line pg; (this relationor
its cornverseholds betweenp andq if andonly if p andq have different
colours);

e p <2 qif thereexistsg with p <1 r andr <1 g (this holdsonly if p andq
have the samecolour);

e p<qif p<iqorp<zq;

e p||gif neitherp < g nor q < p (this holdsonly if p andqg have the same
colour).

Step 2 Theredo notexist pointsp, q with p <2 gandq <2 p.
For, if so,then(with p; = p, g1 = q) therearepointsp,, g suchthat

P1<1P2<101<102 <2 Pp1.

Let ¢; bethe colourof p; andq;, i = 1,2. By Stepl, the colouringof the plane
p1p2q: is determinedandevery point of this planeoff theline pyp2. In partic-
ular, if X3 € p101, X1 # P1, 1, thenevery point of x; p, exceptp, hascolourc;.
Similarly, every pointof x1q, exceptdg, hascolourc;; andthenevery pointof x1xo
exceptxe hascolourcy, wherexs € p2Q2, X2 # P2, 2.

But, by thesameargument,every point of x;X» exceptx; hascolourcy, giving
acontradiction.

Step 3 < isapartialorder

Theantisymmetryfollows by definitionfor <; andby Step2 for <2; we must
prove transitiity. Sosupposdhatp < q < r, andconsidercasesif p<i1q<1r,
then p <2 r by definition. If p<i1g<ar orp<z2q<sr, thenp andr have
differentcoloursandsoarecomparableandr <1 p contradictsStep2. Finally, if
p<20<2r,thenp<is<iqforsomes; thens<ir, sothatp<ar.

Step4 If p<q|rorp|llg<r,thenp<r;andif p||qg||r, thenp]|r.

Supposehatp < q||r. If p<1 g, thenp andr have differentcoloursandsoare
comparableandr <1 pwouldimply r < g by Step3, sop <1 r. Thenext cases
similar. Thelastassertionis a simpleconsequencef the othertwo.
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Step 5 If p<q,thenp < r for all pointsr of pgexceptp; andthe pointsof pq
otherthanp arepairwiseincomparable.
This holdsby assumptionf p <; g, andby theproofof Step2if p <2 Q.

Now let S(p) = {q: p£ g}, andT(p) = {q: q < p}.

Step 6 S(p) andT (p) aresubspacesyith p € S(p) \ T(p). Moreover, T(p) is
the unionof the spacesS(q) for g < p, andis spannedy the pointsof S(p) with
colourdifferentfrom thatof p; andwe have

pllqimpliesS(p) = S(q);
q< pimpliesS(q) C T(p).

All of thisfollows by straightforvard agumentfrom the precedingsteps.

Now the proof of the Theoremfollows: we setC = {S(p) : p € X}, andlet
f(S(p)) be the colour of p. The conclusionsof the Theoremfollow from the
assertiongn Step6. =

Remark. Theonly placein the abore amumentwherethe hypothesisF| > 2
wasusedwasin Stepl. Now PG(2, 2) hassevenpoints;so, up to complementa-
tion, asubsebf PG(2,2) is empty a point, aline with apointremoved,aline, or
atriangle.Only thelastcasefails to satisfythe conclusionof the Theorem.Sowe
have thefollowing result:

Theorem 4.10 Theconclusionf Theoems4.8and4.9 remaintrue in the case
F = GF(2) providedthat we add the extra hypothesighat no colour classinter-
sectsa planein a triangle (or, in 4.8, that no planemeetsSin a triangle or the
complemendfone). m

Exercise

1. ProvethatTheorend.8holdsin ary projectie planeof ordergreatetthan2
(notnecessarilypesaguesian).

4.3 Segre’s Theorem

For projectve geometriever finite fields, it is very naturalto askfor char
acterisation®f interestingsetsof pointsby hypothesesntheirintersectionsvith
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lines. Very muchfiner discriminationsare possiblewith finite thanwith infinite
cardinalnumbersfor example all infinite subset®f acountablyinfinite setwhose
complementarealsoinfinite arealike.

It is not my intentionto surey evena small partof this vastliterature. But |
will describeoneof the earliestandmostcelebratedesultsof this kind. | begin
with somegeneralitiesaboutalgebraiccurves. Assumethat F is a commutative
field.

If apolynomialf in x1,...,X,+1 IS homa@eneousthatis, a sumof termsall of
thesamedegree thenf(v) = 0implies f(av) = Ofor all a € F. So,it f vanishes
atanon-zerovector thenit vanishesttherank1 subspacéthepointof PG(n,F))
it spans.Thealgebraic variety definedby f is the setof pointsspannedy zeros
of f. We areconcernedhereonly with the casen = 2, in which case(assuming
that f doesnotvanishidentically)this setis calledanalgebraic curve

Now considerthe casewhere f hasdegree2, andF = GF(q), whereq is an
oddprimepower. Thecurweit definesmaybeasinglepoint,oraline, ortwolines;
but, if noneof theseoccurs thenit is equivalent(underthe groupPGL(3,q)) to
the curve definedby the equationx? + x2 + x5 = 0 (seeExercisel). Any curve
equialentto this oneis calleda conic (or irr educibleconic).

It canbe showvn (seeExercise2) that a conic hasq+ 1 points, no three of
which arecollinear The corverseassertions the contentof Segre’s Theorem:

Theorem 4.11 (Segre’'s Theorem) For q odd, a setof q+ 1 pointsin PG(2,q),
with no threecollinear, is a conic.

Proof Let O beanoval. We begin with somecombinatorialanalysiswhich ap-
pliesin ary planeof oddorder;thenwe introducecoordinates.

Step 1 Any pointnoton O lieson 0 or 2 tangents.

Proof Let pbeapointnoton O. Since|O| = q+ 1is even,andanevennumber
of pointslie on secantshroughp, anevennumbermustlie ontangentsalso. Let
X; bethenumberof pointsoutsideO whichlie oni tangentsNow we have

zxi = q27
Yixi = (q+1)q,
Sii-1x = (a+1)q.

(Theseareall obtainedby doublecounting. Thefirst holdsbecausehereareg?
pointsoutsideO; the secondbecauseghereareq+ 1 tangentgoneat eachpoint
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of 0), eachcontainingg pointsnot on O; andthethird becausery two tangents
intersectata uniquepointoutsideO.)

Fromtheseequationswe seethat ¥ i(i — 2)x; = 0. Butthetermi = 1in the
sumvanishegary pointlies on anevennumberof tangents)thetermsi = 0 and
i = 2 clearlyvanish,andi(i — 2) > 0for ary othervalueofi. Sox; = 0for all i # 0
or 2, proving theassertion.

Remark Pointsnoton O arecalledexterior pointsor interior pointsaccording
asthey lie on 2 or 0 tangentsby analogywith therealcase.But theanalogygoes
no further. In thereal caseevery line throughaninterior pointis a secantthisis
falsefor finite planes.

Step 2 Theproductof all the non-zercelementof GF(q) is equalto —1.

Proof Thesolutionsof the quadratio = 1 arex = 1 andx = —1; thesearethe
only elementsequalto their multiplicative inverses.So, in the productof all the
non-zeroelementseverythingexceptl and—1 pairsoff with its inverse leaving
thesetwo elementsinpaired.

For the next two stepsnotethatwe canchoosehe coordinatesystemsothat
thesidesof agiventrianglehave equationx= 0,y = 0 andz= 0 (andtheopposite
verticesare[1,0,0], [0,1,0], and[0, 0, 1] respectiely). We'll call thisthetriangle
of refelence

Step 3 Supposehatconcurrentinesthroughthe verticesof thetriangleof ref-
erencemeetthe oppositesidesin the points[0,1,a], [b,0,1], and[1,c,0]. Then
abc=1.

Proof Theequation®f theconcurrentinesarez= ay, x = bzandy = cxrespec-
tively; thepointof concurreng mustsatisfyall threeequationswhenceabc= 1.)

Remark Thisresultis equivalentto the classicalTheoremof Menelaus.

Step 4 Let theverticesof thetriangle of referencebe chosernto bethreepoints
of O, andlet thetangentsatthesepointshave equationz = ay, X = bzandy = cx
respectrely. Thenabc= —1.
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Proof Thereareq— 2 furtherpointsof O, sayp;,..., pg—2. Considerthe point
[1,0,0]. It liesonthetangentz = ay, meetingthe oppositesidein [0, 1, a]; two se-
cantswhicharesidesof thetriangle;andqg— 2 furthersecantsthroughps, . . ., pg—2.
Let thesecanthroughp; meettheoppositesidein [0, 1, &]. Thenaﬂ?:_fai =-1,
by Step2. If b;, ¢ aresimilarly defined we have alsob |‘|?:_12 b = c|‘|i0':_12 c=—1.

Thus
q-2

abcrl(ai bici) = —1.

But, by Step3, ajbici=1fori=1,...,9— 2; soabc= —1.

Step 5 Givenary threepoints p,q,r of O, thereis a conic C passingthrough
p,q,r andhaving the sametangentst thesepointsasdoesO.

Proof Choosingcoordinatessin Step4, theconicwith equation
yz— czx+ caxy= 0

canbe checled to have the requiredproperty (For example,[1,0,0] lies on this
conic;and,puttingz = ay, we obtainay? = 0, so[1, 0, 0] is theuniquepoint of the
coniconthisline.)

Step 6 Now we arefinishedif we canshow thatthe conic C of Step5 passes
throughanarbitraryfurtherpoint s of O.

Proof Let ¢’ and(C” betheconicspassinghroughp,q,sandp,r,srespectiely
andhaving the correcttangentghere.Let theconicsC, ¢’ andC” have equations
f =0, f'"=0, f’ = 0 respectiely. (Theseequationsare determinedup to a
constantfactor) Let Lp,Lq,Ls,Ls bethetangentsto O at p,q,r,s respectrely.
Sinceall threeconicsaretangentto L, at p, we canchoosethe normalisationso
thatf, f’, f" agreddenticallyon L.

Now considertherestrictionsof f’ and f” to Ls. Both arequadratidunctions
having a doublezeroat s, and the valuesat the point LsN Lp coincide; so the
two functionsagreeidentically on Ls. Similarly, f and f’ agreeon Lq, and f
and f” agreeonL,. Butthenf, f’ and f” all agreeat the pointLqNL,. Sothe
quadraticfunctionsf’ and f” agreeon L, Ls, andLq N L, which forcesthemto
beequal.Sothethreeconicscoincide, andour claimis proved(andwith it Segre’s
Theorem). =
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Theargumentn thelastpartof theproofcanbegeneralisedo give thefollow-
ing result(of whichit formsthecasen=q+ 1, m= 2, with L4,..., Ly thetangents
to theoval, and{ pi1, pi2} thepoint of tangeng of L; takenwith multiplicity 2).

Proposition 4.12 LetLy,...,L, belinesin PG(2,q), no three concurent. Let

pi1, - .., Pim bepointsof L;, not necessarilydistinct, but lying on noneof the other
Li». Supposehat, for anythreeof thelines,there is an algebraic curveof degree
m whoseintersectionswith thoselinesare preciselythe specifiegooints(counted
with theappropriatemultiplicity). Thenthereis a curveof degreem, meetingeac

line in justthespecifiecpoints. =

Propositiond.12 hasbeengeneralised32] to arbitrarysetsof lines (without
theassumptiorthatno threeareconcurrent).

Proposition 4.13 LetL;,...,L, belinesin PG(2,q). Let pj1, ..., pim be pointsof
L;, notnecessarilyistinct,but lying onnoneof theotherL;;. Supposé¢hat,for any
threeof thelineswhich formatriangle, andfor thesetof all linespassinghrough
any point of the plane (wheneer there are at leastthreesud lines), there is an
algebraic curveof degreem whosentersectionswith thoselinesare preciselythe
specifiedpoints(countedwith the appropriate multiplicity). Thenthereis a curve
of degreem, meetingead line in justthe specifiegoints. =

Theanaloguef Seggre’s Theorermover GF(q) with evengqis false.In thiscase,
thetangentdo anoval Sall passthrougha singlepointn, the nucleusof the oval
(Exercise4); and,for ary p € S, thesetSu{n} \ { p} isalsoanoval. But, if q> 4,
thenat mostone of theseovals canbe a conic (seeExercise5: theseovals have
g commonpoints). For sufficiently large q (viz., q > 64), andalsofor q = 16,
thereareotherovals,notarisingfrom this construction We referto [3] or [14] for
up-to-datanformationon ovalsin planesof evenorder

We saw thatthereareovalsin infinite projectve planeswhich arenot conics.
However, thereis a remarkablecharacterisationf conicsdueto Buekenhout. A
hexagonis saidto be Pascalianif thethreepointsof intersectiorof oppositesides
arecollinear In thisterminology Pappus'Theoremassertshata hexagonwhose
verticeslie alternatelyon two lines is Pascalian. Sincea pair of lines forms a
“degenerateonic”, thistheoremis generalisedby Pascals Theorem:

Theorem 4.14 (Pascal’s Theorem) In a Pappianprojectiveplang a hexagonin-
scribedin a conicis Pascalian. =
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We know from Theorem?2.3 thata projective planesatisfyingPappus’Theo-
remis isomorphico PG(2, F) for acommutatvefield F. Thetheorenmof Bueken-
houtcompleteghis circle of ideas.Its proofis group-theoreticusinga character
isationof PGL(2, F) assharply3-transitve groupdueto Tits.

Theorem 4.15 (Buekenhout’s Theorem) Let Sbean oval in a projectiveplane
. Supposehat everyhexagonwith verticesin Sis Pascalian.Thenl1 is isomor
phicto PG(2,F) for somecommutativdield F, andSisaconicin . =

Exercises

1. (a) By completingthe square prove thatary homogeneoupolynomialof
degree?2 in n variables,over a commutatve field F with characteristidifferent
from 2, is equialent(by non-singulatineartransformation}o the polynomial

ApE + ... 40X,

(b) Prove thatmultiplicationof ary a; in theabove form by asquaren F gives
anequvalentform.

(c) Now let F = GF(q) andn = 3; let n beafixednonsquarén F. Shav that
the curvesdefinedby x2, x2 — x2 andx? — nx3 arerespectiely a line, two lines,
andapoint. Shav thatthereexistsa suchthatn = 1+ a2. Observingthat

(x+ay)?+ (ax—y)? =n(C +y?),

prove thatthe formsx + x3 + X3 andx? + nx3 + nx3 areequialent. Deducethe
classificatiorof curvesof degree2 over GF(q) givenin thetext.

2. Countthe numberof secantghroughan exterior point and throughan
interior point of an oval in a projectve planeof odd orderq. Also, countthe
numberof pointsof eachtype.

3. Prove thata curve of degree2 overarny commutatvefield is empty a point,
aline, apair of lines,or anoval. Prove alsothata curve of degree2 over a finite
field is non-empty

4. Prove that,if gis even,thenthetangentdo anoval in a projective plane
of orderq areconcurrent.Deducethatthereis a setof q+ 2 pointswith no three
collinear having notangentgi.e., meetingeveryline in 0 or 2 points).(Remaring
ary oneof thesepointsthengivesanoval.)
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Remark. A setof n+ 2 pointsin aplaneof ordern, nothreecollineat is called
ahypeoval.

5. Prove that,in ary infinite projective plane,for ary integerk > 1, thereis a
setof pointsmeetingevery line in exactly k points.

6. Prove thatfive pointsof PG(2, F), with no threecollinear arecontainedn
aunigueconic. (Take four of the pointsto be the standardset(1,0,0), (0,1,0),
(0,0,1) and(1,1,1); thefifth is (1,a,B), wherea and aredistinct from one
anotherandfrom 0 and1.)

4.4 Ovoidsand inversive planes

Ovoids are 3-dimensionaknaloguef ovals. They have addedimportance
becaus®f their connectionwith inversive planeswhich areone-pointextensions
of affine planes. (The traditional exampleis the relation betweenthe Riemann
sphereandthe“extendedcomplex plane”.)

Fieldsin this sectionarecommutatve.

An ovoidin PG(3,F) is asetO of pointswith the properties

(O1) nothreepointsof O arecollinear;
(02) thetangentgo O througha pointof O form aplanepencil.

(If asetof pointssatisfiegO1), aline is calleda secant tangentor passantf it
meetsthesetin 2, 1 or O pointsrespectrely. The planecontainingthe tangentgo
anovoid atapointx is calledthetangentplaneatx.)

The classicalexamplesof ovoids arethe elliptic quadrics Let ax? + Bx+y
be anirreduciblequadraticover the field F. The elliptic quadricconsistsof the
pointsof PG(3,F) whosecoordinategx, Xo, X3, X4) satisfy

X1X2 + 0X3 + BxaXg + %2 = O.

The proofthatthesepointsdo form anovoid is left asanexercise.
Over finite fields, ovoids arerare. Barlotti and Panellashaved the following
analoguenf Segre’stheoremon ovals:

Theorem 4.16 Any ovoid in PG(3,q), for g an odd prime power is an elliptic
quadric. m
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For evenq, justonefurtherfamily is known, the Suzuki—ifts ovoids whichwe
will constructn Section8.4.

An inversiveplaneis, assaidabove, a one-pointextensionof an affine plane.
Thatis, it isapair (X, C), whereX is asetof points,and acollectionof subsets
of X calledcircles satisfying

(11) any threepointslie in auniquecircle;

(12) if x,y arepointsandC acircle with x € C andy ¢ C, thenthereis a unique
circleC’ satisfyingy € C' andCNC’ = {x};

(13) thereexist four non-concirculapoints.

It is readily checledthat, for x € X, the pointsdifferentfrom x andcirclescon-
taining x form an affine plane. The order of the inversive planeis the (common)
orderof its derivedalffine planes.

Proposition 4.17 Thepointsand non-trivial plane sectionsof an ovoid form an
inversiveplane

Proof A planesectionof theovoid O is non-trivial if it containsmorethanone
point. Any threepoints of O are non-collineay and so define a unique plane
section. Given x, the pointsof O differentfrom x andthe circles containingx
correspondo thelinesthroughx notin thetangenplaneT, andthe planegshrough
x differentfrom Ty; thesearethe pointsof the quotientspacenotincidentwith the
line Tyx/x andthelinesdifferentfrom Ty /X, whichform anaffine plane. =

An inversie planearisingfrom anovoid in this way is calledegglike. Dem-
bowski proved:

Theorem 4.18 Anyinversiveplaneof evenorderis egglike (andsoits orderis a
powerof2). m

Thisis notknown to hold for oddorder but no counter@amplesareknown.

Thereare configurationtheoremgthe bundletheoemandMiquel’'s theoem
respectrely) which characterisegglike inversive planesand“classical”inversive
planes(comingfrom theelliptic quadric)respectrely.

Higherdimensionabbjectscanalsobedefined.A setO of pointsof PG(n, F)
is anovoid if

(O1) nothreepointsof O arecollinear;
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(02’) thetangentgo O througha point x of O areall the lines throughx in a
hyperplanef PG(n,F).

Proposition 4.19 If F is finiteandn > 4, thenPG(n, F) containsno ovoid. =

However, therecanexist suchovoidsoverinfinite fields (Exercise3).

Exercises

1. Prove Propositiord.19.[Hint: it sufficesto proveit for n=4.]

2. Prove that, for g odd, a setof pointsin PG(3,q) which satisfies(O1) has
cardinalityat mostg? + 1, with equalityif andonly if it is anovoid.

(Thisis truefor g even,q > 2 also,thoughtheproofis muchharder Forq= 2,
the complemenbf a hyperplanes a setof 8 pointsin PG(3, 2) satisfying(01).)

3. Shaw thatthe setof pointsof PG(n, R) whosecoordinatesatisfy

XX +X54...+X2=0

is anovoid.

4.5 Projectivelines

A projective line over a field F hasno non-trivial structureasan incidence
geometry FromtheKleinian point of view, though,it doeshave geometricstruc-
ture, derived from the fact that the groupPGL(2,F) operateonit. As we sav
earlier the actionof this groupis 3-transitve (sharplysoif F is commutatve),
andcanevenbe 4-transitve for specialskew fields of characteristi@. However,
we assumen this sectionthatthefield is commutatve.

It is corventionatlto labelthepointsof theprojectieline over F with elements
of F U{}, asfollows: the point {(1,a)) is labelledby a, andthe point {(0,1))
by . (If weregardpointsof PG(2,F) aslinesin the affine planeAG(2,F), then
thelabelof a pointis the slopeof the correspondindine.)

SincePGL(2,F) is sharply3-transitive, distinguishingthreepointsmustgive
uniquedescriptiongo all the others. This is corvenientlydoneby meansof the
crossratio, thefunctionfrom 4-tuplesof distinctpointsto F \ {0,1}, definedby

(X1 —X3) (X4 — X2)
(X1—Xa) (X3 —X2)

f(X1,%2,X3,X4) =
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In calculatingcrossratio, we usethe samecorventionsfor dealingwith « as

whenelementof PGL(2,F) arerepresentedy linearfractionaltransformations;
for example,co — o = o, andaeo /Beo = o /B. Slightly differing formsof thecross

ratio areoftenused;the onegivenherehasthe propertythat f («,0,1,a) = a.

Proposition 4.20 Thegroupof permutation®f PG(1,F) preservinghecrossra-
tio is PGL(2,F).

Proof Calculationestablisheshatlinear fractionaltransformationsio presere
crossratio. Also, the crossratio asa functionof its fourth argumentwith thefirst
threefixed,is one-to-oneso a permutationvhich preserescrossratio andfixes
threepointsis theidentity. Theresultfollows from thesetwo assertions. m

The crossratio of four pointsis unalteredif the agumentsare permutedin
two cyclesof length2: for example, f (X3, X4, X1, X2) = f (X1, X2,X3,X4). Theseper
mutationstogetherwith theidentity, form a normalsubgroupof index six in the
symmetricgroupSs. Thus,in generalsix differentvaluesareobtainedoy permut-
ingtheargumentslf a is oneof thesevaluestheothersarel—a, 1/a, (a—1)/a,
1/(1—a),anda/(a —1). Therearetwo specialkcasesvherethenumberof values
is smaller thatis, wheretwo of thesix coincide. Therelevantsetsare{—1, 2, %},
and{—w, —w’}, wherew is a primitive cuberoot of unity. A quadrupleof points
is calledharmonicif its crossratiosbelongto thefirst set,equianharmonidf they
belongto the second.Thefirst type occursover ary field of characteristidiffer-
entfrom 2, while the secondoccursonly if F containsprimitive cuberootsof 1.
(But notethat, if F hascharacteristi@, thenthe two typeseffectively coincide:
-1=2= % andthe crossratio of a harmonicquadrupleis invariantunderall
permutation®f its arguments!)

In theargumentsdelow, weregarda“quadruple”asbeinganequialenceclass
of orderedquadrupleqall having the samecross-ratio).So, for example,a har
monicquadruplgin characteristidifferentfrom 3) is a4-setwith adistinguished
partitioninto two 2-sets.

Proposition 4.21 Supposehatthe characteristicof F is notequalto 2. Thenthe

groupof permutationsvhich preservehesetof harmonicquadrupless PI'L (2, F).

Proof Again, ary elementof PI'L(2,F) preseresthe setof harmonicquadru-
ples. To seethe corverse notethat PGL(2,F) containsa uniqueconjugag class



4.5. Projectivelines 61

of involutions having two fixed points, and that, if x1,X, are fixed points and
(x3,X4) a 2-gycle of suchaninvolution, then{xy, X2, X3, X4} is harmonic(andthe
disthinguishedartitionis {{x1,x2}, {x3, x4} }). Thus,theseinvolutionscanbere-
constructedrom the setof harmonicquadruplesSoary permutatiorpreserving
the harmonicquadruplesiormaliseghe group G generatedy theseinvolutions.
We seebelaw thatG is PSL(2, F) if F containssquareootsof —1, or containghis

groupasa subgroupf index 2 otherwise. The normalisernf G is thusPI'L(2,F),

asrequired. =m

(PSL(n,F) is thegroupinducedontheprojective spaceby theinvertiblelinear
transformationsvith determinant.)

We look further at the claim aboutG in the above proof. A transvections a
linear transformatiorg with all eigervaluesequalto 1, for which ker(g— 1) has
codimensiori. In our presentaseary 2 x 2 upperunitriangulamatrix different
from the identity is a trans\ection. The collineationof projectve spaceinduced
by atrans\ectionis calledanelation An elationis characterisethy the factthat
its fixed pointsform a hyperplaneknown asthe axis of the elation. Dually, an
elationfixesevery line througha point, calledthe cente of the elation,which is
incidentwith the axis. In the presentasen = 2, the centreandaxis of anelation
coincide.

Proposition 4.22 Theelationsin PGL(2,F) geneate PSL(2,F).

Proof The elationsfixing a specifiedpoint, togetherwith the identity, form a
groupwhich actssharplytransitively on the remainingpoints. Hencethe group
generatedy theelationsis 2-transitive. If a = —1—1/p andy = a/B, then

(0 2)(a 1) )G -3 %)

sothetwo-pointstabiliserin the groupgeneratedy all the elationscontainsthat
in PSL(2,F). But elationshave determinantl, andsothe groupthey generatés
asubgroupf PSL(2,F). Sowe haveequality =

Now, if two distinctinvolutionshave a commonfixed point, thentheir prod-
uctis a elation. Sinceall elationsare conjugate all canbe realisedin this way.
ThusthegroupG in the proof of Propositiord4.21 containsall elations,andhence
containsPSL(2,F).



62 4. Varioustopics

We concludewith a differentway of giving structureto the projectie line.
SupposehatE is a subfieldof F. Then{e«} UE is a subsebf the projectieline
{0} UF having the structure(in ary of the sensepreviously defined)of projec-
tive line over E. We call ary imageof this setunderan elementof PGL(2,F) a
circle. Thenary threepointslie in auniquecircle. The pointsandcirclesform an
incidencestructurewhichis anextensionof the point-linestructureof affine space
AG(n,E), wheren is the degreeof F over E. (For considerthe blockscontaining
o, Onremoing the point o, we canregardF asan E-vectorspaceof rankn; E
itself is anaffine line, andthe elementof PGL(2, F) fixing « areaffine transfor
mations;so, for ary circle C containingeo, C\ {0} is anaffine line. Sincethree
pointslie in auniquecircle, every affine line arisesin thisway.)

Sometimesaswe will see thisgeometrycanberepresentedsthe pointsand
planesectionsof a quadricover E. the mostfamiliar exampleis the Riemann
spherewhichis the projectie line over C, andcanbeidentifiedwith a spheren
real 3-spacesothatthe“circles” areplanesections.

4.6 Generation and simplicity

In this section,we extendto arbitrary rank the statementhat PSL(n,F) is
generatedy elations,andshaow that this groupis simple, exceptin two special
cases.

As before F is acommutatvefield.

Theorem 4.23 For anyn > 2, thegroupPSL(n,F) is geneatedby all elations.

Proof We useinductionon n, the casen = 2 having beensettledby Proposi-
tion 4.22. Theinductionis basednthefactthat,if W is a subspacef the axisof
anelationg, theng inducesanelationonthe quotientprojective spacemoduloW.
Giveng € PSL(n,F), with g # 1, we have to expressg asa productof elations.
We may supposehat g fixesa point x. (For, if xg=y # x, andh is ary elation
mappingx to y, thengh~1 fixesx, andgh~! is a productof elationsif andonly if
gis.

By induction,we maymultiply g by a productof elations(whoseaxescontain
X) to obtain an elementfixing every line throughx; so we may assumethat g
itself doesso. Consideringa matrix representingy, andusingthe factthatg e
PSL(n,F), we seethatg is anelation. =

Theorem 4.24 Supposehat eithern > 3, or n=2 and|F| > 3. Thenanynon-
trivial normalsubgoupof PGL(n,F) containsPSL(n,F).
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Proof We begin with an obseration — if N is a normal subgroupof G, and
g€ N, g1 € G, then[g,01] € N, where[g,01] = g*lgflgg— 1 is the commutator
of g andg; — andalemma:

Lemma 4.25 Underthe hypothesesf Theoem4.24,if g € PGL(n,F) mapsthe
point p; of PG(n— 1,F) to the point py, thenthere existsg; € PGL(n,F) which
fixesp1 and p2 anddoesnt commutewith g.

Proof Casel: pog = p3 # p2. We canchoosey; to fix p; and p, andmove ps.
(If p1, p2, p3 arenotcollineas thisis clear If they arecollinear usethe factthat
PGL(2,F) is 3-transitve onthe projectie line, which hasmorethanthreepoints.

Case2: pog = p1. Theng fixestheline p1p2, andwe canchoosecoordinates
onthisline sothatp; = o, p, = 0. Now g actsasx+— a/x for somea € F. Letg;
inducex — Bx onthis line; then[g, g1] inducesx — B?x. Sochoose3 # 0,1, —1,
aswemaysincelF| > 3. =

SoletN beanon-trivial subgroupf PGL(n, F). Supposehatg € N mapsthe
hyperplaneH; to H, # Hi. By thedualform of the Lemma,thereexistsg; fixing
H; andH; andnot commutingwith g; then[g, g1 fixesH,. Sowe may assume
thatg € N fixesa hyperplaneH.

Next, supposethat g doesnt fix H pointwise. The group of elationswith
axis H is isomorphicto the additive group of a vector spacewhoseassociated
projectvespacas H; sothereis atrans\ectiong; with axisH notcommutingwith
g. Then[g, g:1] fixesH pointwise.Sowe mayassumehatg fixesH pointwise.

If gis notanelation,thenit is ahomolay (inducedby a diagonalisabldinear
map with two eigervalues,one having multiplicity n— 1; equivalently; its fixed
pointsform a hyperplaneandoneadditionalpoint). Now if g; is anelationwith
axisH, then|g,gi1] is anon-identityelation.

We concludethatN containsanelation.But thenN containsall elations(since
they areconjugate)whenceN containsPSL(n,F). =

For smalln andsmallfinite fieldsF = GF(q), thegroupPSL(n,q) = PSL(n,F)
is familiarin otherguises.For n = 2, recallthatit is sharply3-transitve of degree
g+ 1. Hencewe have PSL(2,2) = S5, PSL(2,3) = A4, andPSL(2,4) = A (the
alternatinggroupsof degrees4 and5 — theformeris not simple,the latteris the
uniquesimplegroupof order60). Lessobviously, PSL(2,5) = As, sinceit is also
simpleof order60. FurthermorePSL(2, 7) = PSL(3, 2) (theuniquesimplegroup
of order168),PSL(2,9) = Ag, andPSL(4,2) = Ag (for reasonsve will seelater).
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Therehasbeena lot of work, muchof it with a very geometricflavour, con-
cerninggroupsgeneratedby subsetsf thesetof elations.For example McLaugh-
lin [22, 23] foundall irreduciblegroupsgeneratedby “full elationsubgroupsTall
elationswith given centreand axis). This resultwas put in a wider contet by
CameromandHall [11]. (In particular they extendedthe resultto spacesf infi-
nite dimension.)Note thatan importantingredientin the agumentsof Cameron
andHall is Theorem4.9: underslight additionalhypotheseghe setof all elation
centressatisfiesthe conditionson a colour classin that theorem. The result of
Theorenmd.9,togethemwith theirreducibility of thegroup,thenimpliesthatevery
pointis anelationcentre.

Exercises

1. (a) Prove thatthe non-n@ative integer m is the numberof fixed pointsof
anelementof PGL(n,q) if andonly if, whenwritten in the baseq, its digits are
non-decreasingndhave sumnot exceedingn.

(b) (Harder)Prove thatthe non-ngative integerm is the numberof fixed
points of an elementof PI'L(n,F) if andonly if thereexistsr suchthatq is a
power of r and,whenmis writtenin the baser, its digits arenon-decreasingnd
have sumat mostn.

2. Prove thata simple group of order60 possesseBve Sylow 2-subgroups,
whichit permutedy conjugationdeducehatsucha groupis isomorphicto As.

3. Modify theproofof Theoreny.6.2to shav that,underthesamenhypotheses,
PSL(n,F) is simple. [It is only necessaryo shav that the variousg;s canbe
choserto lie in PSL(n,F). Theonly casewherethisfailsis Case2 of theLemma
whenn=2,F = GF(5).]

4. (a) Let I be a projective planeof order4 containinga hypero/al X (six
points,no threecollinear). Prove thattherearenaturalbijectionsbetweenhe set
of lines meetingX in two pointsandthe setof 2-subset®f X; andbetweenthe
setof pointsoutsideX andthe setof partitionsof X into three2-subsetsFind a
similar descriptionof a setbijective with the setof lines disjoint from X. Hence
show that[T is unique(up to isomorphism).

(b) Let N be a projectie planeof order4. Prove that any four points, no
threecollinear arecontainedn a hyperosal. Henceshow thatthereis a unique
projective planeof order4 (up to isomorphism).

(SeeCameronand Van Lint [F] for more on the underlying combinatorial
principle.)



