3

Coordinatisation of projective
spaces

In this chapterwe describeaxiomsystemdor projective (andaffine) spacesThe
principalresultsaredueto VeblenandYoung.

3.1 The GK(2) case

In the last section,we sav an axiomatic characterisatiorf the geometries
PG(2,F) (asprojective planessatisfyingDesagues’ Theorem).We turn now to
thecharacterisationf projectve space®f arbitrarydimensiondueto Veblenand
Young. Sincethe pointsandthe subspacesf ary fixed dimensiondeterminethe
geometry we expectan axiomatisationin termsof these.Obviously the caseof
pointsandlineswill bethesimplest.

For thefirst of severaltimesin thesenotes,we will give a detailedandself-
containedargumentfor the caseof GF(2), andtreatthe generakasen ratherless
detail.

Theorem 3.1 LetX beasetof points, L asetof subset®f X calledlines. Assume:

(a) anytwo pointslie ona uniqueline;
(b) aline meetingtwo sidesof a triangle, notat a vertex, meetghethird side;

(c) aline containsexactlythreepoints.

ThenX and L are the setsof pointsandlinesin a (not necessarilyfinite dimen-
sional) projectivespaceover GF(2).

31
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X+y

X y+z X+(y+2)=(x+y)+z

Figure3.1: Veblens Axiom

Remark We will seelater that, more or less, conditions(a) and (b) charac-
terisearbitrary projective spaces.Condition(c) obviously specifieshatthe field
is GF(2). The phrase‘not necessarilyfinite dimensional”’shouldbe interpreted
asmeaningthat X and L canbe identified with the subspacesf rank 1 and 2
respectrely of avectorspaceover GF(2), not necessarilyf finite rank.

Proof Sincelistheonly non-zeracscalariin GF(2), the pointsof projectve space
canbeidentifiedwith thenon-zerovectors;linesarethentriples of non-zerovec-
torswith sumO. Ourjob is to reconstructhis space.

Let 0 beanelementotin X, andsetV = XU {0}. Now defineanadditionin
V asfollows:

eforallveV,0+v=v+0=vandv+v=0;

e for all x,y € X with x #y, x+y = z, wherez is the third point of the line
containingx andy.

We claim that (V,+) is an abeliangroup. Commutatvity is clear; O is the
identity, and eachelementis its own inverse. Only the associatie law is non-
trivial; andthe only non-trivial casewhenx, y, z aredistinctnon-collinearpoints,
followsimmediatelyfrom Veblens axiom(b) (seeFig. 3.1.1).

Next, we definescalarmultiplication over GF(2), in the only possibleway:
0-v=0,1-v=vforall veV. Theonly non-trivial vectorspaceaxiomis (1+
1)-v=1-v+1-v, andthisfollowsfromv+v=0.

Finally, {0, x,y, z} is arank2 subspacé& andonly if x+y =z

Thereis a differentbut evensimplercharacterisatiom termsof hyperplanes,
whichforeshadws somelaterdevelopments.



3.1. TheGK(2) case 33

Let £ bearny family of subsetof X. The subsety of X is calleda subspace
if any memberof £ which containgwo pointsof Y is wholly containedwithin Y.
(Thus,the emptyset,thewhole of X, andary singletonaretrivially subspaces.)
The subspace is calleda hyperplandf it intersectevery memberof L (neces-
sarilyin oneor all of its points).

Theorem 3.2 Let L bea collectionof subset®f X. Supposehat
(a) everysetin £ hascardinality 3;
(b) anytwo pointsof X lie in atleastonemembeiof L;
(c) everypointof X lies outsidesomehyperplane

ThenX and L arethe pointandline setsof a projectivegeometryover GF(2), not
necessarilffinite dimensional.

Proof Let# bethesetof hyperplaneskor eachpointx € X, wedefineafunction
px . H — GF(2) by therule

0 ifxeH;
pX(H):{l i x ¢ H.

By condition(c), px is non-zerdor all x € X.

LetP = {px:x € X}. WeclaimthatPU {0} is asubspacef thevectorspace
GF(2)”! of functionsfrom # to GF(2). Takex,y € X, andlet {x,y,z} beary set
in L containingx andy. Thena hyperplanecontainsz if andonly if it contains
bothor neitherof x andy; so p, = px+ py. Theclaimfollows.

Now the mapx — py is 1-1,sinceif px = py thenpyx+ py = 0, contradicting
the precedingparagraph. Clearly this map takes membersof £ to lines. The
theoremis proved.

Remark The factthattwo pointslie in a uniqueline turnsout to be a conse-
guenceof the otherassumptions.

Exercises

1. Supposehatconditions(a) and(c) of Theorem3.1.2hold. Prove thattwo
pointsof X lie in atmostonememberof L.
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2. Let (X, L) satisfyconditions(a) and(c) of Theorem3.1.1. LetY bethe
setof pointsx of X with thefollowing property:for ary two lines{x,ys,y2} and
{X,z1,22} containingx, thelinesy;z; andy»z, intersect.ProvethatY is asubspace
of X.

3. Let X beasetof points,B acollectionof subset®f X calledlines. Assume
thatarny two pointslie in atleastoneline, andthatevery point lies outsidesome
hyperplane.Show that, if the line sizeis not restrictedto be 3, thenwe cannot
concludethat X and ‘B arethe point andline setsof a projective spaceeven if
ary two pointslie on exactly oneline. [Hint: In a projective plane,ary line is
a hyperplane. Selectthreelines L1,L,,L3 forming a triangle. Show thatit is
possibleto deletesomepoints,andto add somelines, sothatL,,L,,L3 remain
hyperplanes.]

4. Let (X, B) satisfythe hypothese®f the previous question. Assumeaddi-
tionally thatary two pointslie onauniqueline, andthatsomehyperplaneas aline
andis finite. Prove thatthereis anumbem suchthatany hyperplaneontaingn+ 1
points,ary pointlies on n+ 1 lines,andthetotal numberof linesis n? + n+ 1.

3.2 An application

I now give abrief applicationto codingtheory. This applicationis a bit spuri-
ous,sinceamoregenerakesultcanbeprovedby adifferentbut equallysimplear
gument;but it demonstrateanimportantlink betweerthesefields. Additionally,
the procedurecan be reversed,to give characterisationsf other combinatorial
designausingtheoremsaboutcodes.

The problemtackledby the theoryof errorcorrectingcodess to senda mes-
sageover a noisy channelin which somedistortionmay occut sothatthe errors
canbe correctedout the pricepaidin lossof speeds nottoo great.Thisis notthe
placeto discusscodingtheoryin detail. We simplify by assuminghata message
transmittedover the channeis a sequencef blocks,eachblock beingann-tuple
of bits (zerosor ones).We alsoassumehatwe canbe confidentthat, duringthe
transmissiorof a singleblock, no morethane bits aretransmittedncorrectly (a
zerochangedo aoneor viceversa). The Hammingdistancebetweertwo blocks
is the numberof coordinatesn which they differ; thatis, the numberof errorsre-
quiredto changeoneinto theother A codeis justasetof “codevords” or blocks
(n-tuplesof bits), containingmorethanonecodevord. It is e-error correctingif
the Hammingdistancebetweentwo codevordsis atleast2e+ 1. (Thereasorfor
thenameis that, by thetriangleinequality anarbitraryword cannotlie atdistance
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e or lessfrom morethanone codevord. By our assumptionthe receved word
lies at distancee or lessfrom the transmittedcodevord; sothis codevord canbe
recovered.)

To maximisethe transmissiomrate, we needasmary codevordsaspossible.
The optimumis obtainedwhen every word lies within distancee of a (unique)
codevord. In otherwords,the closedballs of radiuse centredat the codevords
fill the spaceof all wordswithoutany overlap! A codewith this propertyis called
perfecte-ermor-correcting

Encodinganddecodingaremademucheasieiif thecodeis linear, thatis, it is
aGF(2)-subspacef thevectorspaceGF(2)" of all words.

Theorem 3.3 Alinear perfectl-error-correctingcodehaslength24 — 1 for some
d > 1; thereis a uniquesud codeof anylengthhavingthis form.

Remark TheseuniquecodesarecalledHammingcodes Their relationto pro-
jective spacewill bemadeclearby the proof below.

Proof LetC besuchacode,of lengthn. Obviouslyit contains). We definethe
weightwt(v) of ary word v to be its Hammingdistancefrom 0. The weight of
arny non-zerocodevord is at least3. Now let X be the setof coordinateplaces,
and L thesetof triples of pointsof X which supportcodevords(i.e.,for whicha
codevord haslsin justthosepositions).

We verify the hypothesesf Theorem3.1. Condition(c) is clear

Let x andy be coordinatepositions,and let w be the word with entries1
in positionsx andy and 0 elsavhere. w is not a codavord, so theremustbe a
uniquecodevord c at distancel from w; thenc musthave weight3 andsupport
containingx andy. So(a) holds.

Let {x,y,r},{x,z9},{y,z p} bethe supportof codevordsu,v,w. By linear
ity, u+ v+ w is acodevord, andits supportis {p,q,r}. So(b) holds.

ThusX and £ arethe pointsandlines of a projectve spacePG(d — 1, 2) for
somed > 1; thenumberof pointsis n = 29 — 1. Moreover, it's easyto seethatC
is spannedy its wordsof weight 3 (seeExercisel), soit is uniquelydetermined
by d.

Note, incidentally thatthe automorphisngroupof the Hammingcodeis the
sameasthatof the projectve spaceyiz. PGL(d, 2).
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Exercise

1. Provethataperfectlinearcodeis spannedy its wordsof minimumweight.
(Useinductionontheweight. If w is any non-zerocodavord, thereis acodevord
u whosesupportcontainse+ 1 pointsof the supportof w; thenu +w hassmaller
weightthanw.)

2. Prove thatif aperfecte-errorcorrectingcodeof lengthn exists,then

Y

isapowerof 2. Deducehat,if e= 3,thenn= 7 or 23. (Hint: thecubicpolynomial
in n factorises.)

Remark. Thecasen = 7 is trivial. For n = 23, thereis a uniquecode (up to
isometry),the so-calledbinary Golaycode

3. Verify thefollowing decodingscheméor the HammingcodeHy of length
24 1. Let Mg bethe 29 — 1 x d matrix over GF(2) whoserows are the base
2 representationef theintegers1,2,...,29 — 1. Shaw thatthe null spaceof the
matrix My is preciselyHy. Now letw berecevedwhenacodeavordis transmitted,
andassumehatat mostoneerrorhasoccurred.Prove that

e if WHy = 0, thenw is correct;

e if WHy is thei® row of Hg, thenthei" positionis incorrect.

3.3 Thegeneralcase

The generalcoordinatisatiortheoremis the sameas Theorema3.1, with the
hypothesis‘three points per line” wealenedto “at leastthree points per line”.
Accordingly we considergeometriewith pointsetX andline set £ (whereL is
asetof subset®of X) satisfying:

(LS1)Any line containsat leasttwo points.
(LS2) Two pointslie in auniqueline.

Suchageometryis calledalinear space Recallthata subspacés a setof points
which containsthe (unique)line throughary two of its points. In alinear space,
in additionto thetrivial subspacefthe emptyset,singletonsandX), ary line is
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asubspaceAny subspacegquippedwith thelinesit containsjs alinearspacdn
its own right.
A linearspacds calledthick if it satisfies:

(LS1+)Any line containsat leastthreepoints.
Finally, we will imposeVeblens Axiom:

(V) A line meetingtwo sidesof a triangle,not at a vertex, meetsthe third side
also.

Theorem 3.4 (Veblen—Young Theorem) Let (X, £) be a linear space which is
thick and satisfiesveblens Axiom(V). Thenoneof thefollowing holds:

(@ X=L=0;

(b) X|=1,L=0

© L={X}, X[ =3,

(d) (X, L) isaprojectiveplane;

(e) (X, L) is a projectivespaceover a skew field, not necessarilyof finite dimen-
sion.

Remark It iscommorto restrictto finite-dimensionaprojectvespacedy adding
the additionalhypothesighatany chainof subspacebasfinite length.

Proof (outline) Thekey obsenationprovidesuswith lots of subspaces.

Lemma 3.5 Let (X, L) be a linear spacesatisfyingVeblens axiom. LetY bea
subspacgand p a pointnotin Y; let Z betheunionof thelinesjoining p to points
of Y. ThenZ is a subspacgeandY is a hyperplandan Z.

Proof Letq andr bepointsof Z. Therearesereral casespf which the generic
caseis thatwhereq,r ¢ Y andthelines pgand pr meetY in distinctpointss, t.
By (V), thelinesgr andst meetatapointu of Y. If vis anotherpointof gr, then
by (V) again,theline pvmeetsst atapointof Y; sov € Z.
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We write this subspacas(Y, p).

Now, if L is aline andp apointnotin L, then(L, p) is a projectie plane. (It
is a subspaceén which L is a hyperplaneall that hasto be shavn is that every
line is a hyperplanewhich follows oncewe show that (L, p) containsno proper
subspaceroperlycontainingaline.)

The theoremis clearlytrueif theredo not exist four non-coplanapoints; so
we may supposehatsuchpointsdo exist.

We claim that Desagues’ Theoremholds. To seethis examinethe geometric
proofof Desagues’'Theoremin Sectionl.2;it is obviousfor any non-planarcon-
figuration,andthe planarcasefollows by several applicationsof the non-planar
case Now the sameargumentapplieshere.

It followsfrom Theoren®.1thateveryplanein ourspacecanbecoordinatised
by askew field.

To completethe proof, we have to shav thatthe coordinatisatiorcanbe ex-
tendedconsistentlyto the whole space. For this, first one shavs that the skew
fieldscoordinatisingall planesarethe same:this canbe provedfor planeswithin
a3-dimensionasubspacky meansf centralcollineationsandtheresultextends
by connectedned® all pairsof planes.Theremainderf the agumentinvolves
carefulbook-keeping.

From this, we canfind a classificationof not necessarilythick linear spaces
satisfying Veblens axiom. The sumof a family of linear spacess definedas
follows. The point setis the disjoint union of the point setsof the constituent
spacesLinesareof two types:

(a) all linesof theconstituenspaces;
(b) all pairsof pointsfrom differentconstituents.

It is clearlyalinearspace.

Theorem 3.6 Alinear spacesatisfyingveblens axiomis the sumof linear spaces
of types(b)—(e)in theconclusionof Theoem3.4.

Proof Let (X, L) besuchaspaceDefinearelation~ onX by therulethatx ~y
if eitherx =y, or theline containingx andy is thick (hasat leastthreepoints).
We claim first that ~ is an equivalencerelation. Refleivity and symmetryare
clear;soassumeéhatx ~ y andy ~ z, wherewe mayassumehatx,y andz areall
distinct. If thesepointsarecollinear thenx ~ z, sosupposeot; let x; andz; be
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furtherpointson thelinesxy andyzrespectrely. By (V), theline x;z; containsa
point of xzdifferentfrom x andz, asrequired.

So X is the disjoint union of equivalenceclasses. We shov next that ary
equialenceclassis a subspaceSolet x ~ y. Thenx ~ z for every point z of the
line xy; sothisline is containedn the equialenceclassof x.

Soeachequvalenceclassis anon-emptythick linearspaceandhenceapoint,
line, projectie plane,or projective spaceover a skew field, by Theorem3.4. It is
clearthatthe whole spaces the sumof its components.

A geometrysatisfyingthe conclusionof Theorem3.6is calleda generlised
projectivespace lIts flats areits (linear) subspacegheseare preciselythe sums
of flatsof thecomponentsTheterm“projective space’is sometime®xtendedo
mean‘thick generalisegrojectve space’(i.e.,to includesinglepoints,lineswith
atleastthreepoints,andnot necessarilyDesaguesiarprojectie planes).

3.4 Lattices

Anotherpoint of view is to regardthe flats of a projectve spaceasforming a
lattice. We discusghisin thepresensection.

A lattice is a setL with two binaryoperations/ andA (calledjoin andmee},
andtwo constant® and1, satisfyingthe following axioms:

(L1) v andA areidempotentcommutatve,andassociatie;
(L2) xV (XAy) =xandxA (xVy) = x;
(L3) XxA0=x,XxV1=x.

It follows from theseaxiomsthatx Ay = x holdsif andonly if xVy =y holds.
We write x <y if theseequivalentconditionshold. Then (L, <) is a partially
orderedsetwith greateselementl andleastelementO; xVVy andx Ay arethe
leastupperboundandgreatestower boundof x andy respectrely. Corversely
ary partially orderedsetin which leastupperboundsandgreatestower bounds
of all pairsof elementsxist, andthereis a leastelementanda greatestelement,
givesriseto alattice.

In alattice,anatomis a non-zeroelementa suchthata A x= 0 or a for ary
X; in otherwords,an elementgreaterthanzerobut minimal subjectto this. The
latticeis calledatomicif every elements ajoin of atoms.

A latticeis modularif it satisfies:
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(M) If x <z thenxVv (yAz) = (xVvy)Azforally.

(Notethat,if x < z thenxV (YA z) < (XVYy)Azin ary lattice.)

Theorem 3.7 A latticeis a generlisedprojectivespaceof finite dimensionf and
onlyif it is atomicand modular

Proof Theforwardimplicationis anexercise.Supposé¢hatthelatticel isatomic
andmodular Let X bethesetof atoms.ldentify every elementz of thelatticewith
theset{x € X : x < z}. (Thismapis 1-1; it translatesneetsto intersectionsand
thelattice orderto theinclusionorder)

Let x,y,z be atoms,andsupposehatz < xVvy. Thentrivially xvVz<xVy.
Supposéhatthesetwo elementsareunequal.Theny £ xV z. Sincey is anatom,
YA (XVZz) =0,andsoxV (YA (XVZz)) =x. But(xVy)A(xVz) =xVz contradicting
modularity SoxVv z=xVy. Hence|f wedefinelinesto bejoins of pairsof atoms,
it follows thattwo pointslie in auniqueline.

Now we demonstrat&eblens axiom.Let u,v bepointsonxVy, xV zrespec-
tively, wherexyzis atriangle. Supposehat(yVvz) A (uvv) =0. Thenyvuvv> z,
soyVuVvv>yVz inotherwords,yV (uvv))A(yVz) =yVz Ontheotherhand,
yV ((uvv)A(yVvz) =yvVvO0=y, contradictingmodularity Sothelinesyv zand
uvVvmeet.

By Theorem3.6, the linear subspaceas a generalisedprojectve geometry
Clearly the geometryhasfinite dimension. We leave it as an exerciseto shav
thatevery flat of the geometryis anelementof thelattice.

Exercises

1. Completethe proof of Theorem3.7.
2. Shav thatanatomiclattice satisfyingthe distributive laws is modular and
deducehatit is isomorphicto thelattice of subset®f afinite set.

3.5 Affine spaces

Veblens axiomin alinear spaces equvalentto the assertiorthatthreenon-
collinearpointslie in asubspac&hichis aprojectve plane.Ilt mightbehopedhat
replacing“projective plane” by “affine plane” herewould give an axiomatisation
of affine spacesWe will seethatthisis almosttrue.
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Recallfrom Section2.1the definition of anaffine plane,andthefactthatpar
allelismis anequialencerelationin anaffine plane,wheretwo linesareparallel
if they areequalor disjoint.

Now supposéehat (X, L) is alinearspacesatisfyingthe following condition:

(AS1) Thereis acollection4 of subspacewith thepropertieshateachmember
of 4 is anaffine plane,andthatary threenon-collineampointsarecontained
in auniguememberof 4.

First, afew remarksaboutsuchspaces.

1. All lineshavethesamecardinality For two intersectindineslie in anaffine
plane,andsoareequicardinaland,giventwo disjointlines,thereis aline meeting
both.

2. It would besimplerto say“any threepointsgenerat@anaffine plane”,where
the subspacgenertedby a setis the intersectionof all subspacesontainingit.
This formulationis equivalentif the cardinalityof aline is not 2. (Affine spaces
of ordergreaterthan2 have no non-trivial propersubspaces.But, if lineshave
cardinality2, thenary pair of pointsis aline, andsoary threepointsform a sub-
spacenhichis ageneralisegrojective plane.However, we do wanta formulation
whichincludesthis case.

3. In alinearspacesatisfying(AS1), two linesaresaidto be parallel if either
they areequal,or they aredisjoint and containedn a memberof 4 (andhence
parallelthere).Now Playfair's Axiom holds: givenaline L andpoint p, thereis a
uniqueline parallelto L andcontainingp. Moreover, parallelismis reflexive and
symmetric,but not necessarilyransitve. We will imposethefurthercondition:

(AS2) Parallelismis transitve.

Theorem 3.8 A linear spacesatisfying(AS1)and (AS2)is empty a singlepoint,
a singleline, an affine plane or the configuation of pointsand linesin a (not
necessarilffinite-dimensionalaffine space

Proof Let (X, £) be the linear space. We may assumethatit is not empty a
point, aline, or anaffine plane(i.e., thatthereexist four non-coplanapoints).

Stepl. Defineasolidto betheunionof all thelinesin a parallelclassC which
meeta planell € 4, wherell containsno line of C. Thenary four non-coplanar
pointslie in auniquesolid,andary solidis asubspace.
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Thatasolid is asubspacés shavn by consideringcasespf which thegeneric
onerunsasfollows. Let p, g be pointssuchthatthelinesof C containingp andq
meetl in distinctpointsx andy. Thenx,y, p,q lie in anaffine plane;sotheline
of C througha pointr of pgmeetd1 in apointx of xy.

Now the fact that the solid is determinedby arny four non-coplanarmpoints
follows by shawing thatit hasno non-trivial propersubspacesxceptplanes(if
thecardinalityof aline is not 2) or by counting(otherwise).

In a solid, if a planell containsno parallelto aline L, thenlm meetsL in a
singlepoint. Henceary two planesin a solid aredisjointor meetin aline.

Step2. If two planed1 andl’ containlinesfrom two differentparallelclasses,
theneveryline of N is parallelto aline of M’.

Supposenot, andlet L,M, N belinesof M, concurrentat p, and p’ a point of
M’ suchthatthelinesL’,M’ throughp’ parallelto L andM lie in ', but the line
N’ parallelto N doesnot. The whole configurationlies in a solid; sothe planes
NN’ andn’, with acommonpoint p/, meetin aline K. Now K is coplanamwith N
but not parallelto it, soK NN is apointg. Thenl andMn’ meetin g, andhencein
aline J. ButthenJ is parallelto bothL andM, a contradiction.

We call two suchplanesparallel.

Step3. We build theembeddingprojective spaceHerel will useatypographic
conventionto distinguishthe two relatedspaces:elementsof the spacewe are
building will bewrittenin CAPITALS. The POINTSarethe pointsof X andthe
parallelclasse®f linesof 4. TheLINES arethelinesof £ andtheparallelclasses
of planesin 4. Incidenceis hopefully obvious: asin the old spacetogethemwith
incidencebetweenary line andits parallel class,aswell asbetweena parallel
classC of linesandaparallelclassC of planesf aplanein ¢ containsaline in C.
By Step2, thisis alinearspaceandclearlyevery LINE containsatleastthree
POINTS.We call thenew POINTSandLINES (i.e.,theparallelclasses)ideal”.

Step4. Weverify Veblens Axiom. Any threepointswhicharenotall “ideal” lie
in anaffine planewith its pointsatinfinity adjoined,.e.,aprojectve plane.Solet
pgr beatriangleof “ideal” POINTS,s andt POINTSon pgand pr respectiely,
ando apointof X. Let P,Q,R,S T bethelinesthrougho in the parallelclasses
p,q,r,s,t respectrely. Thenthesefive lineslie in a solid, sothe planesQR and
ST (having the pointo in common)meetin aline u. The parallelclassU of uis
therequiredPOINT onqr and<t.
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By Theorem3.4, the extendedgeometryis a projective space.The pointsat
infinity obviously form a hyperplaneandsotheoriginal pointsandlinesform an
affine space.

We spelltheresultoutin the casewherelineshave cardinality2, but referring
only to parallelism notto theplanes.

Corollary 3.9 Supposé¢hat the 2-elemensubset®of a setX are partitionedinto
“par allel classes”so that ead classpartitions X. Supposdhat, for any four
pointsp,q,r,s€ X, if pq|| rs,thenpr || gs. Thenthe pointsand parallelismare
thoseof an affine spaceover GF(2).

Here,we have usedthe notation|| to mean“belongto the sameparallelclass
as”. Theresultfollowsimmediatelyfrom thetheorempn defining.4 to betheset
of 4-elemensubsetsvhich arethe unionof two parallel2-subsets.

Exercises

1. Give adirectproofof the Corollary, in the spirit of Section3.1.

3.6 Transitivity of parallelism

A remarkabletheoremof Buekenhout[6] shaws that it is not necessaryo
assumeaxiom (AS2) (the transitvity of parallelism)in Theorem3.8, provided
thatthe cardinalityof aline is atleast4. Examplesdueto Hall [19] shav thatthe
conditionreally is neededf lineshave cardinality 3.

Theorem 3.10 Let (X, £) bea linear spacesatisfying(AS1),in which someline
containsat leastfour points. Thenparallelismis transitive(thatis, (AS2)holds),
andso(X, L) is anaffinespace

To discusghe countergampleswith 2 or 3 pointsonaline, someterminology
is helpful. A Steinertriple systemis a collection of 3-subset®f a set,any two
pointslying in a unique subsetof the collection. In otherwords, it is a linear
spacewith all lines of cardinality 3, or (in the terminologyof Sectionl.4) a 2-
(v, 3,1) designfor some(possiblyinfinite) v. A Steinerquadruplesystenis a set
of 4-subset®f a set,arny threepointsin a uniquesubsein the collection(thatis,
a3-(v,4,1) design.)
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A linear spacesatisfying (AS1), with two pointsper line, is equivalentto a
Steinerquadruplesystem: the distinguished4-setsare the affine planes. There
areSteinerquadruplesystemsaplenty;mostarenot affine spaceover GF(2) (for
example,because¢he numberof pointsis not a power of 2). Hereis anexample.
LetA={1,2,3,4,5,6}. Let X bethesetof all partitionsof A into two setsof size
3 (sothat|X| = 10). Definetwo typesof 4-subset®f X:

(a) for all a,b € A, thesetof partitionsfor which a, b lie in thesamepatrt;

(b) for all partitionsof A into three2-setsA;, Ag, Az, thesetof all partitionsinto
two 3-setseachof whichis atrans\ersalto thethreesetsA.

Thisis a Steinerquadruplesystenwith 10 points.
In the caseof threepointsperline, we have thefollowing result,for whichwe
referto Bruck[D] andHall [18, 19]:

Theorem3.11 (a) In afinite Steinertriple systensatisfying(AS1) thenumber
of pointsis a powerof 3.

(b) For everyd > 4, theris a Steinertriple systemwith 3¢ pointswhich is not
isomorphicto AG(d, 3).

Exercises

1. Prove that the numberof pointsin a Steinertriple systemis eitherQ or
congruento 1 or 3 (mod 6), while the numberof pointsin a Steinerquadruple
systemis 0, 1, or congruento 2 or 4 (mod®6).

(It is known that theseconditionsare sufficient for the existenceof Steiner
triple andquadruplesystems.)

2. Let (X, L) beaSteinertriple systensatisfying(AS1). For eachpointx € X,
let Tx be the permutationof X which fixesx andinterchangey andz wheneer
{X,y,z} is atriple. Prove that

(a) tx isanautomorphism,;
(b) 2=1;

(c) for x £y, (Tx1y)3 = 1.



