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Coordinatisation of projective
spaces

In thischapter, wedescribeaxiomsystemsfor projective(andaffine)spaces.The
principalresultsaredueto VeblenandYoung.

3.1 The GF
�
2� case

In the last section,we saw an axiomaticcharacterisationof the geometries
PG� 2 � F � (asprojective planessatisfyingDesargues’Theorem).We turn now to
thecharacterisationof projectivespacesof arbitrarydimension,dueto Veblenand
Young.Sincethepointsandthesubspacesof any fixeddimensiondeterminethe
geometry, we expectan axiomatisationin termsof these.Obviously thecaseof
pointsandlineswill bethesimplest.

For the first of several timesin thesenotes,we will give a detailedandself-
containedargumentfor thecaseof GF� 2� , andtreatthegeneralcasein ratherless
detail.

Theorem 3.1 LetX beasetofpoints,� asetofsubsetsof X calledlines.Assume:

(a) anytwo pointslie ona uniqueline;

(b) a line meetingtwo sidesof a triangle, notat a vertex, meetsthethird side;

(c) a line containsexactlythreepoints.

ThenX and � are thesetsof pointsand lines in a (not necessarilyfinite dimen-
sional)projectivespaceoverGF� 2� .

31
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Figure3.1: Veblen’sAxiom

Remark We will seelater that, more or less,conditions(a) and (b) charac-
terisearbitraryprojective spaces.Condition(c) obviously specifiesthat thefield
is GF� 2� . The phrase“not necessarilyfinite dimensional”shouldbe interpreted
asmeaningthat X and � canbe identifiedwith the subspacesof rank 1 and2
respectively of avectorspaceoverGF� 2� , notnecessarilyof finite rank.

Proof Since1 is theonly non-zeroscalarin GF� 2� , thepointsof projectivespace
canbeidentifiedwith thenon-zerovectors;linesarethentriplesof non-zerovec-
torswith sum0. Our job is to reconstructthis space.

Let 0 beanelementnot in X, andsetV � X ��� 0 � . Now defineanadditionin
V asfollows:� for all v � V, 0 � v � v � 0 � v andv � v � 0;� for all x � y � X with x �� y, x � y � z, wherez is the third point of the line
containingx andy.

We claim that � V ����� is an abeliangroup. Commutativity is clear; 0 is the
identity, andeachelementis its own inverse. Only the associative law is non-
trivial; andtheonly non-trivial case,whenx � y� z aredistinctnon-collinearpoints,
follows immediatelyfrom Veblen’saxiom(b) (seeFig. 3.1.1).

Next, we definescalarmultiplication over GF� 2� , in the only possibleway:
0 � v � 0, 1 � v � v for all v � V. Theonly non-trivial vectorspaceaxiom is � 1 �
1��� v � 1 � v � 1 � v, andthis follows from v � v � 0.

Finally, � 0 � x � y� z� is a rank2 subspaceif andonly if x � y � z.

Thereis a differentbut evensimplercharacterisationin termsof hyperplanes,
which foreshadowssomelaterdevelopments.
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Let � beany family of subsetsof X. ThesubsetY of X is calleda subspace
if any memberof � whichcontainstwo pointsof Y is wholly containedwithin Y.
(Thus,theemptyset,thewholeof X, andany singletonaretrivially subspaces.)
ThesubspaceY is calleda hyperplaneif it intersectsevery memberof � (neces-
sarily in oneor all of its points).

Theorem 3.2 Let � bea collectionof subsetsof X. Supposethat

(a) everysetin � hascardinality 3;

(b) anytwo pointsof X lie in at leastonememberof � ;

(c) everypoint of X lies outsidesomehyperplane.

ThenX and � arethepointandline setsof a projectivegeometryoverGF� 2� , not
necessarilyfinitedimensional.

Proof Let � bethesetof hyperplanes.For eachpointx � X, wedefineafunction
px : � � GF� 2� by therule

px � H ��� � 0 if x � H;
1 if x �� H.

By condition(c), px is non-zerofor all x � X.
Let P �!� px : x � X � . Weclaim thatP ��� 0 � is asubspaceof thevectorspace

GF� 2�#" of functionsfrom � to GF� 2� . Take x � y � X, andlet � x � y� z� beany set
in � containingx andy. Thena hyperplanecontainsz if andonly if it contains
bothor neitherof x andy; so pz � px � py. Theclaim follows.

Now themapx $� px is 1–1,sinceif px � py thenpx � py � 0, contradicting
the precedingparagraph.Clearly this map takes membersof � to lines. The
theoremis proved.

Remark The fact that two points lie in a uniqueline turnsout to be a conse-
quenceof theotherassumptions.

Exercises

1. Supposethatconditions(a) and(c) of Theorem3.1.2hold. Prove that two
pointsof X lie in atmostonememberof � .
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2. Let � X �%�&� satisfyconditions(a) and(c) of Theorem3.1.1. Let Y be the
setof pointsx of X with thefollowing property:for any two lines � x � y1 � y2 � and� x � z1 � z2 � containingx, thelinesy1z1 andy2z2 intersect.ProvethatY is asubspace
of X.

3. Let X beasetof points, ' acollectionof subsetsof X calledlines.Assume
thatany two pointslie in at leastoneline, andthatevery point lies outsidesome
hyperplane.Show that, if the line size is not restrictedto be 3, thenwe cannot
concludethat X and ' arethe point andline setsof a projective space,even if
any two points lie on exactly one line. [Hint: In a projective plane,any line is
a hyperplane. Selectthreelines L1 � L2 � L3 forming a triangle. Show that it is
possibleto deletesomepoints,andto addsomelines, so that L1 � L2 � L3 remain
hyperplanes.]

4. Let � X �#'(� satisfythehypothesesof thepreviousquestion.Assumeaddi-
tionally thatany two pointslie onauniqueline, andthatsomehyperplaneis aline
andis finite. Provethatthereis anumbern suchthatany hyperplanecontainsn � 1
points,any point lieson n � 1 lines,andthetotal numberof linesis n2 � n � 1.

3.2 An application

I now giveabrief applicationto codingtheory.Thisapplicationis abit spuri-
ous,sinceamoregeneralresultcanbeprovedby adifferentbut equallysimplear-
gument;but it demonstratesanimportantlink betweenthesefields. Additionally,
the procedurecan be reversed,to give characterisationsof other combinatorial
designsusingtheoremsaboutcodes.

Theproblemtackledby thetheoryof error-correctingcodesis to senda mes-
sageover a noisychannelin which somedistortionmayoccur, so that theerrors
canbecorrectedbut thepricepaidin lossof speedis not toogreat.This is not the
placeto discusscodingtheoryin detail. We simplify by assumingthata message
transmittedover thechannelis a sequenceof blocks,eachblock beingann-tuple
of bits (zerosor ones).We alsoassumethatwe canbeconfidentthat,duringthe
transmissionof a singleblock, no morethane bits aretransmittedincorrectly(a
zerochangedto aoneor viceversa). TheHammingdistancebetweentwo blocks
is thenumberof coordinatesin which they differ; thatis, thenumberof errorsre-
quiredto changeoneinto theother. A codeis just asetof “codewords” or blocks
(n-tuplesof bits), containingmorethanonecodeword. It is e-error correctingif
theHammingdistancebetweentwo codewordsis at least2e � 1. (Thereasonfor
thenameis that,by thetriangleinequality, anarbitrarywordcannotlie atdistance
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e or lessfrom morethanonecodeword. By our assumption,the received word
lies at distancee or lessfrom thetransmittedcodeword; sothis codeword canbe
recovered.)

To maximisethe transmissionrate,we needasmany codewordsaspossible.
The optimumis obtainedwhenevery word lies within distancee of a (unique)
codeword. In otherwords,the closedballs of radiuse centredat the codewords
fill thespaceof all wordswithoutany overlap!A codewith thispropertyis called
perfecte-error-correcting.

Encodinganddecodingaremademucheasierif thecodeis linear, thatis, it is
aGF� 2� -subspaceof thevectorspaceGF� 2� n of all words.

Theorem 3.3 A linear perfect1-error-correctingcodehaslength2d ) 1 for some
d * 1; there is a uniquesuch codeof anylengthhavingthis form.

Remark TheseuniquecodesarecalledHammingcodes. Their relationto pro-
jectivespaceswill bemadeclearby theproof below.

Proof Let C besucha code,of lengthn. Obviously it contains0. We definethe
weightwt � v � of any word v to be its Hammingdistancefrom 0. The weight of
any non-zerocodeword is at least3. Now let X be the setof coordinateplaces,
and � thesetof triplesof pointsof X which supportcodewords(i.e., for which a
codewordhas1sin just thosepositions).

We verify thehypothesesof Theorem3.1. Condition(c) is clear.
Let x and y be coordinatepositions,and let w be the word with entries1

in positionsx andy and0 elsewhere. w is not a codeword, so theremustbe a
uniquecodeword c at distance1 from w; thenc musthave weight3 andsupport
containingx andy. So(a)holds.

Let � x � y� r �+�,� x � z� q �+�,� y� z� p � bethesupportsof codewordsu � v � w. By linear-
ity, u � v � w is acodeword,andits supportis � p � q � r � . So(b) holds.

ThusX and � arethepointsandlinesof a projective spacePG� d ) 1 � 2� for
somed * 1; thenumberof pointsis n � 2d ) 1. Moreover, it’ s easyto seethatC
is spannedby its wordsof weight3 (seeExercise1), soit is uniquelydetermined
by d.

Note, incidentally, that theautomorphismgroupof theHammingcodeis the
sameasthatof theprojectivespace,viz. PGL� d � 2� .
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Exercise

1. Provethataperfectlinearcodeis spannedby its wordsof minimumweight.
(Useinductionon theweight. If w is any non-zerocodeword, thereis acodeword
u whosesupportcontainse � 1 pointsof thesupportof w; thenu � w hassmaller
weightthanw.)

2. Prove thatif aperfecte-error-correctingcodeof lengthn exists,then

e

∑
i 
 0 - ni .

isapowerof 2. Deducethat,if e � 3, thenn � 7or23. (Hint: thecubicpolynomial
in n factorises.)

Remark. The casen � 7 is trivial. For n � 23, thereis a uniquecode(up to
isometry),theso-calledbinaryGolaycode.

3. Verify thefollowing decodingschemefor theHammingcodeHd of length
2d ) 1. Let Md be the 2d ) 1 / d matrix over GF� 2� whoserows are the base
2 representationsof the integers1 � 2 �101010#� 2d ) 1. Show that thenull spaceof the
matrixMd is preciselyHd. Now let w bereceivedwhenacodewordis transmitted,
andassumethatat mostoneerrorhasoccurred.Prove that� if wHd � 0, thenw is correct;� if wHd is the ith row of Hd, thenthe ith positionis incorrect.

3.3 The generalcase

The generalcoordinatisationtheoremis the sameasTheorem3.1, with the
hypothesis“three points per line” weakenedto “at leastthreepoints per line”.
Accordinglywe considergeometrieswith point setX andline set � (where� is
asetof subsetsof X) satisfying:

(LS1)Any line containsat leasttwo points.

(LS2)Two pointslie in auniqueline.

Sucha geometryis calleda linear space. Recallthata subspaceis a setof points
which containsthe(unique)line throughany two of its points. In a linearspace,
in additionto thetrivial subspaces(theemptyset,singletons,andX), any line is
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asubspace.Any subspace,equippedwith thelinesit contains,is a linearspacein
its own right.

A linearspaceis calledthick if it satisfies:

(LS1+)Any line containsat leastthreepoints.

Finally, wewill imposeVeblen’sAxiom:

(V) A line meetingtwo sidesof a triangle,not at a vertex, meetsthe third side
also.

Theorem 3.4(Veblen–Young Theorem) Let � X �%�&� be a linear space, which is
thick andsatisfiesVeblen’s Axiom(V). Thenoneof thefollowing holds:

(a) X �2�!� /0;

(b) 3X 34� 1, �!� /0;

(c) �!�5� X � , 3X 376 3;

(d) � X �%�&� is a projectiveplane;

(e) � X �%�&� is a projectivespaceover a skew field,not necessarilyof finite dimen-
sion.

Remark It is commonto restrictto finite-dimensionalprojectivespacesbyadding
theadditionalhypothesisthatany chainof subspaceshasfinite length.

Proof (outline) Thekey observationprovidesuswith lots of subspaces.

Lemma 3.5 Let � X �%�&� be a linear spacesatisfyingVeblen’s axiom. Let Y be a
subspace, andp a pointnot in Y; let Z betheunionof thelinesjoining p to points
of Y. ThenZ is a subspace, andY is a hyperplanein Z.

Proof Let q andr bepointsof Z. Thereareseveralcases,of which thegeneric
caseis thatwhereq � r �� Y andthe lines pq and pr meetY in distinctpointss, t.
By (V), thelinesqr andst meetat a point u of Y. If v is anotherpoint of qr, then
by (V) again,theline pvmeetsst at apoint of Y; sov � Z.
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Wewrite this subspaceas 8 Y� p9 .
Now, if L is a line andp a point not in L, then 8 L � p9 is a projective plane.(It

is a subspacein which L is a hyperplane;all that hasto be shown is that every
line is a hyperplane,which follows oncewe show that 8 L � p9 containsno proper
subspaceproperlycontaininga line.)

The theoremis clearly true if theredo not exist four non-coplanarpoints;so
wemaysupposethatsuchpointsdoexist.

We claim thatDesargues’Theoremholds.To seethis examinethegeometric
proofof Desargues’Theoremin Section1.2; it is obviousfor any non-planarcon-
figuration,andthe planarcasefollows by severalapplicationsof the non-planar
case.Now thesameargumentapplieshere.

It followsfrom Theorem2.1thateveryplanein ourspacecanbecoordinatised
by askew field.

To completethe proof, we have to show that the coordinatisationcanbe ex-
tendedconsistentlyto the whole space.For this, first oneshows that the skew
fieldscoordinatisingall planesarethesame:this canbeprovedfor planeswithin
a3-dimensionalsubspaceby meansof centralcollineations,andtheresultextends
by connectednessto all pairsof planes.Theremainderof theargumentinvolves
carefulbook-keeping.

From this, we canfind a classificationof not necessarilythick linear spaces
satisfyingVeblen’s axiom. The sumof a family of linear spacesis definedas
follows. The point set is the disjoint union of the point setsof the constituent
spaces.Linesareof two types:

(a) all linesof theconstituentspaces;

(b) all pairsof pointsfrom differentconstituents.

It is clearlya linearspace.

Theorem 3.6 A linear spacesatisfyingVeblen’saxiomis thesumof linear spaces
of types(b)–(e)in theconclusionof Theorem3.4.

Proof Let � X �%�&� besuchaspace.Definearelation : onX by therule thatx : y
if eitherx � y, or the line containingx andy is thick (hasat leastthreepoints).
We claim first that : is an equivalencerelation. Reflexivity andsymmetryare
clear;soassumethatx : y andy : z, wherewemayassumethatx � y andz areall
distinct. If thesepointsarecollinear, thenx : z; sosupposenot; let x1 andz1 be
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furtherpointson thelinesxy andyzrespectively. By (V), theline x1z1 containsa
point of xzdifferentfrom x andz, asrequired.

So X is the disjoint union of equivalenceclasses. We show next that any
equivalenceclassis a subspace.Solet x : y. Thenx : z for every point z of the
line xy; sothis line is containedin theequivalenceclassof x.

Soeachequivalenceclassis anon-emptythick linearspace,andhenceapoint,
line, projectiveplane,or projectivespaceovera skew field, by Theorem3.4. It is
clearthatthewholespaceis thesumof its components.

A geometrysatisfyingtheconclusionof Theorem3.6 is calleda generalised
projectivespace. Its flatsareits (linear)subspaces;thesearepreciselythesums
of flatsof thecomponents.Theterm“projectivespace”is sometimesextendedto
mean“thick generalisedprojectivespace”(i.e.,to includesinglepoints,lineswith
at leastthreepoints,andnotnecessarilyDesarguesianprojectiveplanes).

3.4 Lattices

Anotherpoint of view is to regardtheflatsof a projectivespaceasforming a
lattice.We discussthis in thepresentsection.

A lattice is a setL with two binaryoperations; and < (calledjoin andmeet),
andtwo constants0 and1, satisfyingthefollowing axioms:

(L1) ; and < areidempotent,commutative,andassociative;

(L2) x ;=� x < y�>� x andx <=� x ; y��� x;

(L3) x < 0 � x, x ; 1 � x.

It followsfrom theseaxiomsthatx < y � x holdsif andonly if x ; y � y holds.
We write x ? y if theseequivalent conditionshold. Then � L �1?(� is a partially
orderedsetwith greatestelement1 and leastelement0; x ; y andx < y are the
leastupperboundandgreatestlower boundof x andy respectively. Conversely,
any partially orderedsetin which leastupperboundsandgreatestlower bounds
of all pairsof elementsexist, andthereis a leastelementanda greatestelement,
givesriseto a lattice.

In a lattice,anatom is a non-zeroelementa suchthata < x � 0 or a for any
x; in otherwords,anelementgreaterthanzerobut minimal subjectto this. The
latticeis calledatomicif everyelementis a join of atoms.

A latticeis modularif it satisfies:
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(M) If x ? z, thenx ;=� y < z���@� x ; y�A< z for all y.

(Notethat,if x ? z, thenx ;=� y < z�B?C� x ; y�D< z in any lattice.)

Theorem 3.7 A lattice is a generalisedprojectivespaceof finitedimensionif and
only if it is atomicandmodular.

Proof Theforwardimplicationis anexercise.SupposethatthelatticeL is atomic
andmodular. Let X bethesetof atoms.Identify everyelementzof thelatticewith
theset � x � X : x ? z� . (This mapis 1–1; it translatesmeetsto intersections,and
thelatticeorderto theinclusionorder.)

Let x � y� z be atoms,andsupposethat z ? x ; y. Thentrivially x ; z ? x ; y.
Supposethatthesetwo elementsareunequal.Theny �? x ; z. Sincey is anatom,
y <&� x ; z��� 0,andsox ;&� y <&� x ; z�1��� x. But � x ; y�E<&� x ; z�F� x ; z, contradicting
modularity. Sox ; z � x ; y. Hence,if wedefinelinesto bejoinsof pairsof atoms,
it follows thattwo pointslie in a uniqueline.

Now wedemonstrateVeblen’saxiom.Let u � v bepointsonx ; y, x ; z respec-
tively, wherexyzis atriangle.Supposethat � y ; z�G<H� u ; v�F� 0. Theny ; u ; v 6 z,
soy ; u ; v 6 y ; z; in otherwords,y ;I� u ; v�J�K<�� y ; z�L� y ; z. Ontheotherhand,
y ;=�J� u ; v�D<=� y ; z�J��� y ; 0 � y, contradictingmodularity. Sothelinesy ; z and
u ; v meet.

By Theorem3.6, the linear subspaceis a generalisedprojective geometry.
Clearly the geometryhasfinite dimension. We leave it asan exerciseto show
thateveryflat of thegeometryis anelementof thelattice.

Exercises

1. Completetheproofof Theorem3.7.
2. Show thatanatomiclatticesatisfyingthedistributive laws is modular, and

deducethatit is isomorphicto thelatticeof subsetsof afinite set.

3.5 Affine spaces

Veblen’s axiomin a linearspaceis equivalentto theassertionthat threenon-
collinearpointslie in asubspacewhichis aprojectiveplane.It mightbehopedthat
replacing“projective plane”by “affine plane”herewould give anaxiomatisation
of affinespaces.Wewill seethatthis is almosttrue.



3.5. Affinespaces 41

Recallfrom Section2.1 thedefinitionof anaffine plane,andthefactthatpar-
allelismis anequivalencerelationin anaffine plane,wheretwo linesareparallel
if they areequalor disjoint.

Now supposethat � X �%�M� is a linearspacesatisfyingthefollowing condition:

(AS1)Thereis acollectionN of subspaceswith thepropertiesthateachmember
of N is anaffineplane,andthatany threenon-collinearpointsarecontained
in a uniquememberof N .

First,a few remarksaboutsuchspaces.
1. All lineshavethesamecardinality. For two intersectinglineslie in anaffine

plane,andsoareequicardinal;and,giventwo disjoint lines,thereis aline meeting
both.

2. It wouldbesimplerto say“any threepointsgenerateanaffineplane”,where
thesubspacegeneratedby a setis the intersectionof all subspacescontainingit.
This formulationis equivalentif thecardinalityof a line is not 2. (Affine spaces
of ordergreaterthan2 have no non-trivial propersubspaces.)But, if lines have
cardinality2, thenany pair of pointsis a line, andsoany threepointsform asub-
spacewhich is ageneralisedprojectiveplane.However, wedowanta formulation
which includesthis case.

3. In a linearspacesatisfying(AS1), two linesaresaidto beparallel if either
they areequal,or they aredisjoint andcontainedin a memberof N (andhence
parallelthere).Now Playfair’s Axiom holds:givena line L andpoint p, thereis a
uniqueline parallelto L andcontainingp. Moreover, parallelismis reflexive and
symmetric,but notnecessarilytransitive. Wewill imposethefurthercondition:

(AS2)Parallelismis transitive.

Theorem 3.8 A linear spacesatisfying(AS1)and(AS2)is empty, a singlepoint,
a single line, an affine plane, or the configuration of pointsand lines in a (not
necessarilyfinite-dimensional)affinespace.

Proof Let � X �%�&� be the linear space. We may assumethat it is not empty, a
point,a line, or anaffineplane(i.e., thatthereexist four non-coplanarpoints).

Step1. Definea solid to betheunionof all thelinesin a parallelclassC which
meeta planeΠ �&N , whereΠ containsno line of C. Thenany four non-coplanar
pointslie in auniquesolid,andany solid is a subspace.
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Thatasolid is asubspaceis shown by consideringcases,of which thegeneric
onerunsasfollows. Let p � q bepointssuchthatthelinesof C containingp andq
meetΠ in distinctpointsx andy. Thenx � y� p � q lie in anaffine plane;so theline
of C throughapoint r of pq meetsΠ in apoint x of xy.

Now the fact that the solid is determinedby any four non-coplanarpoints
follows by showing that it hasno non-trivial propersubspacesexceptplanes(if
thecardinalityof a line is not2) or by counting(otherwise).

In a solid, if a planeΠ containsno parallel to a line L, thenΠ meetsL in a
singlepoint. Henceany two planesin asolid aredisjoint or meetin a line.

Step2. If two planesΠ andΠ O containlinesfrom two differentparallelclasses,
thenevery line of Π is parallelto a line of Π O .

Supposenot, andlet L � M � N be linesof Π, concurrentat p, andpO a point of
Π O suchthat the linesL O � M O throughpO parallelto L andM lie in Π O , but the line
N O parallelto N doesnot. The wholeconfigurationlies in a solid; so theplanes
NN O andΠ O , with acommonpoint pO , meetin a line K. Now K is coplanarwith N
but notparallelto it, soK P N is apointq. ThenΠ andΠ O meetin q, andhencein
a line J. But thenJ is parallelto bothL andM, acontradiction.

Wecall two suchplanesparallel.

Step3. Webuild theembeddingprojectivespace.HereI will usea typographic
conventionto distinguishthe two relatedspaces:elementsof the spacewe are
building will bewritten in CAPITALS. ThePOINTSarethepointsof X andthe
parallelclassesof linesof N . TheLINES arethelinesof � andtheparallelclasses
of planesin N . Incidenceis hopefullyobvious: asin theold space,togetherwith
incidencebetweenany line and its parallel class,aswell asbetweena parallel
classC of linesandaparallelclassQ of planesif aplanein Q containsa line in C.

By Step2, this is a linearspace;andclearlyeveryLINE containsat leastthree
POINTS.Wecall thenew POINTSandLINES (i.e., theparallelclasses)“ideal”.

Step4. Weverify Veblen’sAxiom. Any threepointswhicharenotall “ideal” lie
in anaffineplanewith its pointsat infinity adjoined,i.e.,aprojectiveplane.Solet
pqr bea triangleof “ideal” POINTS,s andt POINTSon pq andpr respectively,
ando a point of X. Let P� Q � R� S� T be the lines througho in theparallelclasses
p � q � r � s� t respectively. Thenthesefive lines lie in a solid, so the planesQR and
ST (having thepoint o in common)meetin a line u. TheparallelclassU of u is
therequiredPOINTon qr andst.
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By Theorem3.4, theextendedgeometryis a projective space.The pointsat
infinity obviously form a hyperplane,andsotheoriginal pointsandlinesform an
affinespace.

Wespelltheresultout in thecasewherelineshavecardinality2, but referring
only to parallelism,not to theplanes.

Corollary 3.9 Supposethat the2-elementsubsetsof a setX are partitionedinto
“par allel classes”so that each classpartitions X. Supposethat, for any four
points p � q � r � s � X, if pq R rs, then pr R qs. Thenthepointsandparallelismare
thoseof anaffinespaceoverGF� 2� .

Here,we have usedthenotation R to mean“belongto thesameparallelclass
as”. Theresultfollowsimmediatelyfrom thetheorem,ondefiningN to betheset
of 4-elementsubsetswhicharetheunionof two parallel2-subsets.

Exercises

1. Giveadirectproofof theCorollary, in thespirit of Section3.1.

3.6 Transitivity of parallelism

A remarkabletheoremof Buekenhout[6] shows that it is not necessaryto
assumeaxiom (AS2) (the transitivity of parallelism)in Theorem3.8, provided
thatthecardinalityof a line is at least4. Examplesdueto Hall [19] show thatthe
conditionreally is neededif lineshavecardinality3.

Theorem 3.10 Let � X �%�&� bea linear spacesatisfying(AS1),in which someline
containsat leastfour points.Thenparallelismis transitive(that is, (AS2)holds),
andso � X �%�M� is anaffinespace.

To discussthecounterexampleswith 2 or 3 pointsona line, someterminology
is helpful. A Steinertriple systemis a collectionof 3-subsetsof a set,any two
points lying in a uniquesubsetof the collection. In other words, it is a linear
spacewith all lines of cardinality3, or (in the terminologyof Section1.4) a 2-� v� 3 � 1� designfor some(possiblyinfinite) v. A Steinerquadruplesystemis a set
of 4-subsetsof a set,any threepointsin a uniquesubsetin thecollection(that is,
a3- � v� 4 � 1� design.)
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A linear spacesatisfying(AS1), with two pointsper line, is equivalentto a
Steinerquadruplesystem:the distinguished4-setsare the affine planes. There
areSteinerquadruplesystemsaplenty;mostarenotaffinespacesoverGF� 2� (for
example,becausethenumberof pointsis not a power of 2). Hereis anexample.
Let A �C� 1 � 2 � 3 � 4 � 5 � 6 � . Let X bethesetof all partitionsof A into two setsof size
3 (sothat 3X 3S� 10). Definetwo typesof 4-subsetsof X:

(a) for all a � b � A, thesetof partitionsfor which a � b lie in thesamepart;

(b) for all partitionsof A into three2-setsA1 � A2 � A3, thesetof all partitionsinto
two 3-setseachof which is a transversalto thethreesetsAi .

This is aSteinerquadruplesystemwith 10 points.
In thecaseof threepointsperline, wehavethefollowing result,for whichwe

referto Bruck [D] andHall [18, 19]:

Theorem 3.11 (a) In a finiteSteinertriple systemsatisfying(AS1),thenumber
of pointsis a powerof 3.

(b) For everyd 6 4, there is a Steinertriple systemwith 3d pointswhich is not
isomorphicto AG � d � 3� .

Exercises

1. Prove that the numberof points in a Steinertriple systemis either0 or
congruentto 1 or 3 (mod 6), while the numberof points in a Steinerquadruple
systemis 0, 1, or congruentto 2 or 4 (mod6).

(It is known that theseconditionsaresufficient for the existenceof Steiner
triple andquadruplesystems.)

2. Let � X �%�&� beaSteinertriple systemsatisfying(AS1). For eachpointx � X,
let τx be the permutationof X which fixesx andinterchangesy andz whenever� x � y� z� is a triple. Prove that

(a) τx is anautomorphism;

(b) τ2
x � 1;

(c) for x �� y, � τxτy � 3 � 1.


