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Projective planes

Projectve and affine planesare more than just spacesof smallest(non-trivial)
dimension:aswe will seethey aretruly exceptional,andalsothey play a crucial
role in the coordinatisatiorof arbitraryspaces.

2.1 Projective planes

We have seenin Sectionsl.2 and 1.3 that, for ary field F, the geometry
PG(2,F) hasthefollowing properties:

(PP1)Any two pointslie on exactly oneline.
(PP2)Any two linesmeetin exactly onepoint.
(PP3)Thereexist four points,no threeof which arecollineat

I will now usethe term projectiveplanein a moregeneralsensefo referto ary
structureof pointsandlineswhich satisfiesconditions(PP1)-(PP3above.

In a projective plane,let p andL be a point andline which arenot incident.
Theincidencedefinesa bijectionbetweerthe pointson L andthelinesthroughp.
By (PP3),givenary two lines, thereis a point incidentwith neither;so the two
lines containequallymary points. Similarly, eachpointlies on the samenumber
of lines; andthesetwo constantsareequal. The order of the planeis definedto
be onelessthanthis number Theorderof PG(2, F) is equalto the cardinalityof
F. (We saw in the last sectionthata projectve line over GF(q) has [ﬂ q=a+ 1

points;soPG(2,q) is a projective planeof orderq. In theinfinite casethe claim
follows by simplecardinalarithmetic.)

19
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Givenafinite projectve planeof ordern, eachof then+ 1 linesthroughapoint
p containsn furtherpoints,with no duplications andall pointsareaccountedor
in thisway. Sotherearen?+ n+ 1 points,andthe samenumberof lines. The
pointsandlinesform a 2-(n? 4+ n+ 1,n+ 1,1) design. The corverseis alsotrue
(seeExercise2).

Do thereexist projective planesnot of the form PG(2,F)? The easiessuch
examplesareinfinite; | givetwo completelydifferentonesbelow. Finite examples
will appeatater.

Example1l: Freeplanes.Startwith any configurationof pointsandlineshaving

the propertythattwo pointslie on at mostoneline (anddually), and satisfying
(PP3). Performthe following construction. At odd-numberedtagesjntroduce
anew line incidentwith eachpair of pointsnot alreadyincidentwith aline. At

even-numberedstages,act dually: add a new point incidentwith eachpair of

lines for which sucha point doesnt yet exist. After countablymary stagesa
projective planeis obtained. For given ary two points, therewill be an earlier
stageatwhichbothareintroducedpy thenext stageauniqueline is incidentwith

both;andno furtherline incidentwith bothis addedsubsequentlyso(PP1)holds.
Dually, (PP2)holds. Finally, (PP3)is true initially andremainsso. If we start
with a configurationviolating Desagues’ Theorem(for example,the Desagues
configurationwith theline pqgr “broken” into separatédines pq, gr, rp), thenthe
resultingplanedoesnt satisfyDesagues'Theoremandsois notaPG(2,F).

Example 2: Moulton planes. Take the ordinaryreal affine plane. Imaginethat
the lower half-planeis a refractingmediumwhich bendslines of positive slope
sothatthe partbelow the axis hastwice the slopeof the partabove, while lines
with negative (or zeroor infinite) slopeareunafected.Thisis anaffine plane,and
hasa uniguecompletionto a projectie plane(seelater). Theresultingprojectve
planefails Desagues’theorem.To seethis, drav a Desaguesconfigurationin the
ordinaryplanein suchaway thatjustoneof its tenpointslies below the axis,and
justoneline throughthis point haspositive slope.

The first examplesof finite planesin which Desagues’ Theoremfails were
constructedy VeblenandWedderlirn [38]. Many othershave beenfoundsince,
but all known exampleshave prime power ordet The Bruck—Ryserfmrheoem|[4]
assertshat,if aprojective planeof ordern exists,wheren =1 or 2 (mod4), then
n mustbethe sumof two squaresThus,for example,thereis no projectie plane
of order6 or 14. This theoremgivesno informationabout10, 12, 15, 18, ... .
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Recently Lam, SwierczandThiel [21] shoved by anextensive computationthat
thereis noprojective planeof orderl0. Theothervaluesmentionedareundecided.

An affine planeis an incidencestructureof points and lines satisfyingthe
following conditions(in which two lines are called parallel if they areequalor
disjoint):

(AP1) Two pointslie onauniqueline.

(AP2) Givenapoint p andline L, thereis a uniqueline which containsp andis
parallelto L.

(AP3) Thereexist threenon-collinearmpoints.

Remark. Axiom (AP2)for therealplaneis anequialentform of Euclid’s“par-
allel postulate™.It is called“Playfair's Axiom”, althoughit wasstatedexplicitly
by Proclus.

Againit holdsthatAG(2, F) is anaffine plane.More generallyif aline andall
its pointsareremoved from a projective plane,theresultis an affine plane.(The
removed pointsandline aresaidto be “at infinity”. Two lines areparallelif and
only if they containthe samepoint atinfinity.

Corversely let an affine planebe given, with point set? andline set L. It
follows from (AP2) thatparallelismis anequvalencerelationon L. Let Q bethe
setof equivalenceclassesFor eachlineL € £, letL™ = LU{Q}, whereQ is the
parallelclasscontainingL. Thenthe structurewith pointset? U Q, andline set
{L*:L e L}uU{Q}, isaprojective plane.ChoosingQ astheline atinfinity, we
recover theoriginal affine plane.

We will have moreto sayaboutaffine planesin Section3.5.

Exercises

1. Shaw thata structurewhich satisfiePP1)and(PP2)but not (PP3)mustbe
of oneof thefollowing types:

(a) Thereis aline incidentwith all points. Any further line is a singleton,
repeatednarbitrarynumberof times.

(b) Thereis aline incidentwith all pointsexceptone. Theremaininglinesall
containtwo points,the omittedpointandoneof the others.

2. Shaw thata 2-(n +n+1,n+1,1) design(with n > 1) is aprojective plane
of ordern.

3. Show that,in afinite affine plane,thereis anintegern > 1 suchthat



22 2. Projectiveplanes

every line hasn points;

every pointliesonn+ 1 lines;

therearen? points;

therearen+ 1 parallelclassesvith n linesin each.

(Thenumbem is the order of the affine plane.)

4. (The FriendshipTheoem) In afinite society ary two individualshave a
uniquecommonfriend. Prove thatthereexists someoneavho is everyoneelses
friend.

[Let X be the setof individuals, £ = {F(X) : x € X}, whereF(x) is the set
of friendsof X. Prove that, in ary counter@ampleto the theorem,(X, L) is a
projectve plane,of ordern, say

Now let A bethereal matrix of ordern® +n+ 1, with (x,y) entry 1 if x andy
arefriends,0 otherwise.Prove that

A?=nl+1J,

wherel is the identity matrix andJ the all-1 matrix. Henceshaow thatthe real
symmetricmatrix A haseigervaluesn+ 1 (with multiplicity 1) and+,/n. Using
the factthat A hastrace0, calculatethe multiplicity of the eigervalue y/n, and
henceshav thatn = 1.]

5. Shaw thatany Desaguesconfigurationin a free projectve planemustlie
within the startingconfiguration.[Hint: Supposeanot, andconsiderthe last point
or line to beadded.]

2.2 Desarguesian and Pappian planes

It is no coincidencethat we distinguishedhe free and Moulton planesfrom
PG(2,F)sin thelastsectionby thefailure of Desagues’Theorem.

Theorem 2.1 A projectiveplaneisisomorphicdo PG(2, F) for somerF if andonly
if it satisfiedDesagues'Theoem.

| do not proposeto give a detailedproof of this importantresult; but some
commentontheproofarein order

Wesaw in Sectionl.3that,in PG(2, F), thefield operationgadditionandmul-
tiplication) canbe definedgeometrically oncea setof four pointswith no three
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collinearhasbeenchosen.By (PP3),sucha setof pointsexistsin ary projectve
plane. Soit is possibleto definetwo binary operationson a setconsistingof a
line with a point removed, andto coordinatisethe planewith this algebraicob-
ject. Now it is obviousthatary field axiomtranslatesnto a certain“configuration
theorem”,so thatthe planeis a PG(2,F) if andonly if all these“configuration
theorems’hold. Whatis notobvious,andquiteremarkableis thatall these*con-
figurationtheorems’follow from Desagues’'Theorem.

Anothermethod moredifficult in principle but mucheasielin detail, exploits
therelationbetweerDesagues’ Theoremandcollineations.

Let p beapointandL aline. A central collineationwith centrep andaxis
L is a collineationfixing every point on L andevery line throughp. It is called
an elationif p is on L, a homolay otherwise. The central collineationswith
centrep andaxisL form a group. The planeis saidto be (p,L)-transitiveif this
group permutedransitvely the setM \ {p,LN M} for ary line M # L on p (or,
equialently, the setof lineson q differentfrom L and pg, whereq # p is a point
of L).

ag

Figure2.1: The Desaguesconfiguration

Theorem 2.2 A projectiveplanesatisfiedDesagues’Theoemif andonly if it is
(p, L)-transitivefor all pointsp andlinesL.
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Proof Let ustake anotherlook at the Desaguesconfiguration(Fig. 2.1). It is
clearthatany centralconfiguratiorwith centreo andaxisL which carriesa; to ap
is completelydeterminecdht every point by noton M. (Theline aja; meetsl ata
fixedpointr andis mappedo b1by; sob, is theintersectiorof ra, andob;.) Now,
if we replaceM with anotherdine M’ througho, we getanotherdeterminatiorof
the action of the collineation. It is easyto seethatthe conditionthat thesetwo
specificationsagrees preciselyDesagues’'Theorem.

The proof shavs a little more. Oncethe actionof the centralcollineationon
onepointof M\ {o,LNM} is known, the collineationis completelydetermined.
So, if Desagues’ Theoremholds,thenthesegroupsof centralcollineationsact
sharplytransitively on therelevantset.

Now the additive and multiplicative structuresof the field turn up asgroups
of elationsandhomologiesrespectrely with fixed centreand axis. We seeim-
mediatelythat thesestructuresare both groups. More of the axiomsare easily
deducedoo. For example,let L be aline, andconsiderall elationswith axis L
(and arbitrary centreon L). This setis a group G. For eachpoint p on L, the
elationswith centrep form a normalsubgroup.Thesenormalsubgroupgartition
the non-identityelementf G, sincea non-identityelationhasat mostonecen-
tre. But agrouphaving sucha partitionis abelian(seeExercise2). Soadditionis
commutatve.

In view of this theorem projective planesover skew fields are called Desar
guesiarnplanes

Thereis muchmoreto be said aboutthe relationshipsamongconfiguration
theoremsgoordinatisationandcentralcollineations.l referto Dembavski’sbook
for someof these.Onesuchrelationis of particularimportance.

Pappus’ Theoemis the assertiorthat, if alternateverticesof a hexagonare
collinear(thatis, thefirst, third andfifth, andalsothe secondfourth andsixth),
then also the three points of intersectionof oppositeedgesare collinear See
Fig.2.2.

Theorem 2.3 A projective plane satisfiesPappus’ Theoem if and only if it is
isomorphicto PG(2, F) for somecommutativdield F.

Proof The proofinvolvestwo steps.First, a purely geometricagumentshavs
that Pappus’Theoremimplies Desagues’. This is shovn in Fig. 2.3. This fig-
ure shows a potentialDesaguesconfiguration,jn which the requiredcollinearity
is shawn by threeapplicationsof Pappus' Theorem.The proof requiresfour new
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Figure2.2: Pappus'Theorem

points,s= ajb;Naxcy,t = biciN0OS u=bicoN0oa, andv = bocoNos Now Pap-
pus’ Theoremappliedto the hexagonosgbicia;, shovsthatq, u,t arecollinear;
appliedto osh cobrap, shavsthatr, u, v arecollinear;andappliedto bituves (us-
ing the two collinearitiesjust established)shaws that p,q,r arecollinear The
derivedcollinearitiesareshavn asdottedlinesin thefigure. (Notethatthefigure
shows only the genericcaseof Desagues’ Theorem:;it is necessaryo take care
of the possibledegeneracieaswell.)

Thesecondstepinvolvestheuseof coordinateso show that,in aDesaguesian
plane,PappusTheorems equivalentto thecommutatvity of multiplication. (See
Exercise3.)

In view of this, projectie planesover commutatve fields are called Pappian
planes

Remark. It followsfrom Theorem2.1and2.3andWedderlrn’s Theoreml.1
that, in afinite projective plane,Desagues’ Theoremimplies Pappus’. No geo-
metric proof of thisimplicationis known.

A similar treatmenbf affine planess possible.

Exercises

1. (a) Shav thata collineationwhich hasa centrehasanaxis,andviceversa
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Figure2.3: PappusmpliesDesagues

(b) Shaw thata collineationcannothave morethanonecentre.

2. ThegroupG hasafamily of propernormalsubgroupsvhich partitionthe
non-identityelementf G. Prove thatG is abelian.

3. In PG(2,F), let the verticesof a hexagonbe (1,0,0), (0,0,1), (0,1,0),
(,a+1,1), (1,1,0) and (B, B(a + 1),1). Shav thatalternateverticeslie on the
lines definedby the columnvectors(0,0,1) " and (a4 1,—-1,0)". Show that
oppositesidesmeetin the points(a,0,—1), (0,Ba, 1) and(1,B(a+1),1). Shav
thatthe seconcandthird of thesdie ontheline (B,—1,Ba) ", whichalsocontains
thefirstif andonly if a3 = Ba.
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2.3 Projectivities

Let M = (X, L) beaprojective plane. Temporarily let (L) bethe setof points
incidentwith L; andlet (x) bethe setof linesincidentwith x. If x is notincident
with L, thereis a naturalbijection between(L) and (x): eachpoint on L lies
on a uniqueline throughx. This bijectionis calleda perspectivity By iterating
perspectiitiesandtheirinversesye getabijection(calledaprojectivity) between
ary two sets(x) or (L). In particular for ary line L, we obtaina setP(L) of
projectiities from (L) to itself (or self-piojectivitiey, andanalogousha setP(x)
for any pointx.

The setsP(L) and P(x) are actually groupsof permutationsof (L) or (x).
(Any self-projectvity is thecompositionof a chainof perspectiities; the product
of two self-projectvities correspond$o the concatenationf the chainswhile the
inversecorrespondso the chainin reverseorder) Moreover, thesepermutation
groupsare naturallyisomorphic:if g is ary projectvity from (L1) to (Lz), say
theng1P(L1)g = P(L2). SothegroupP(L) of self-projectities on aline is an
invariantof the projective plane.lt turnsoutthatthe structureof this groupcarries
informationaboutthe planewhichis closelyrelatedto conceptave have already
seen.

X1 X2 Y2 Y1
Figure2.4: 3-transitvity

Proposition 2.4 ThepermutationgroupP(L) is 3-transitive

Proof It suficesto shav thatthereis a projectvity fixing any two pointsxy, Xz €
L andmappingary furtherpointy; to ary otherpointy,. In generalwe will use
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thenotation®(L; to L, via p)” for thecompositeof the perspectiities (L1) — (p)
and(p) — (L2). Let M; beary otherlinesthroughx; (i = 1,2), u a pointon My,
andz € M (i = 1,2) suchthaty;uz arecollinear(i = 1,2). Thenthe productof
(L to My via z1) and(M1 to L via 2,) is therequiredprojectiity (Fig. 2.4.)

A permutationgroup G is sharplyt-transitiveif, givenary two t-tuplesof
distinctpoints,thereis a uniqueelementof G carryingthefirst to the second(in
order). The mainresultaboutgroupsof projectvitiesis thefollowing theorem:

Figure2.5: Compositionof projectvities

Theorem 2.5 ThegroupP(L) of projectivitieson a projectiveplanell is sharply
3-transitiveif andonlyif I is pappian.

Proof We sketchtheproof. Thecrucialstepis the equivalenceof Pappus'Theo-
remto thefollowing assertion:

Let L1,L»,L3 be non-concurrentines, andx andy two pointssuch
thatthe projectvity

g= (L1 toLyviax)-(L2toLgviay)

fixesL; NL3. Thenthereis a point z suchthat the projectvity g is
equalto (L1 to L3 via 2).
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Thehypothesiss equivalentto theassertiorthatx, y andL; N L3 arecollineat
Now thepointzis determinedandPappus'Theorems equivalentto theassertion
thatit mapsarandompoint p of Ly correctly (Fig. 2.5is just Pappus' Theorem.)

Now this assertiorallows long chainsof projectvitiesto be shortenedsothat
their actioncanbe controlled.

The corversecan be seenanotherway. By Theorem2.3, we know that a
Pappianplaneis isomorphicto PG(2,F) for somecommutatvefield F. Now it is
easilychecledthatary self-projectvity onaline is inducedby alinearfractional
transformation(anelementof PGL(2, F); andthis groupis sharply3-transitie.

In thefinite case therearevery few 3-transitve groupsapartfrom the sym-
metricandalternatinggroups;and,for all known non-Rappianplanesthegroupof
projectvities is indeedsymmetricor alternating(thoughit is not known whether
thisis necessarilygo). Both possibilitiesoccur;so,at presentall thatthis provides
usfor non-Rappianfinite planess a singleBooleaninvariant.

In theinfinite case however, moreinterestingpossibilitiesarise. If the plane
hasordera, thenthe groupof projectvities hasa generatorsandsohasordera;
soit cannever bethe symmetricgroup(which hasorder2®). Barlotti [1] gave an
examplein which the stabiliserof ary six pointsis theidentity, andthe stabiliser
of ary five pointsis afreegroup.Ontheotherhand,Schleiermachd5] shoved
that, if the stabiliserof ary five pointsis trivial, thenthe stabiliserof ary three
pointsis trivial (andthe planeis Pappian).

Furtherdevelopmentsnvolvedeeperelationshipdetweerprojectvities, con-
figurationtheoremsandcentralcollineations;the definition andstudyof projec-
tivitiesin otherincidencestructuresandsoon.



