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Projective planes

Projective and affine planesare more than just spacesof smallest(non-trivial)
dimension:aswewill see,they aretruly exceptional,andalsothey play a crucial
rôle in thecoordinatisationof arbitraryspaces.

2.1 Projective planes

We have seenin Sections1.2 and 1.3 that, for any field F, the geometry
PG

�
2 � F � hasthefollowing properties:

(PP1)Any two pointslie on exactlyoneline.

(PP2)Any two linesmeetin exactlyonepoint.

(PP3)Thereexist four points,no threeof which arecollinear.

I will now usethe termprojectiveplane in a moregeneralsense,to refer to any
structureof pointsandlineswhichsatisfiesconditions(PP1)-(PP3)above.

In a projective plane,let p andL be a point andline which arenot incident.
TheincidencedefinesabijectionbetweenthepointsonL andthelinesthroughp.
By (PP3),givenany two lines, thereis a point incidentwith neither;so the two
linescontainequallymany points.Similarly, eachpoint lies on thesamenumber
of lines; andthesetwo constantsareequal. Theorder of theplaneis definedto
beonelessthanthis number. Theorderof PG

�
2 � F � is equalto thecardinalityof

F. (We saw in the lastsectionthata projective line over GF
�
q� has � 21� q � q � 1

points;soPG
�
2 � q� is a projectiveplaneof orderq. In theinfinite case,theclaim

followsby simplecardinalarithmetic.)
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20 2. Projectiveplanes

Givenafinite projectiveplaneof ordern, eachof then � 1 linesthroughapoint
p containsn furtherpoints,with no duplications,andall pointsareaccountedfor
in this way. So therearen2 � n � 1 points,andthe samenumberof lines. The
pointsandlines form a 2-

�
n2 � n � 1 � n � 1 � 1� design.The converseis alsotrue

(seeExercise2).
Do thereexist projective planesnot of the form PG

�
2 � F � ? The easiestsuch

examplesareinfinite; I givetwo completelydifferentonesbelow. Finiteexamples
will appearlater.

Example 1: Freeplanes.Startwith any configurationof pointsandlineshaving
the propertythat two points lie on at mostoneline (anddually), andsatisfying
(PP3). Performthe following construction.At odd-numberedstages,introduce
a new line incidentwith eachpair of pointsnot alreadyincidentwith a line. At
even-numberedstages,act dually: add a new point incident with eachpair of
lines for which sucha point doesn’t yet exist. After countablymany stages,a
projective planeis obtained. For given any two points, therewill be an earlier
stageatwhichbothareintroduced;by thenext stage,auniqueline is incidentwith
both;andnofurtherline incidentwith bothis addedsubsequently;so(PP1)holds.
Dually, (PP2)holds. Finally, (PP3)is true initially andremainsso. If we start
with a configurationviolating Desargues’Theorem(for example,theDesargues
configurationwith the line pqr “broken” into separatelines pq, qr, r p), thenthe
resultingplanedoesn’t satisfyDesargues’Theorem,andsois notaPG

�
2 � F � .

Example 2: Moultonplanes.Take theordinaryrealaffine plane. Imaginethat
the lower half-planeis a refractingmediumwhich bendslines of positive slope
so that thepart below theaxis hastwice the slopeof thepart above, while lines
with negative(or zeroor infinite) slopeareunaffected.This is anaffineplane,and
hasa uniquecompletionto a projectiveplane(seelater).Theresultingprojective
planefailsDesargues’theorem.To seethis,draw aDesarguesconfigurationin the
ordinaryplanein suchaway thatjustoneof its tenpointsliesbelow theaxis,and
just oneline throughthispoint haspositiveslope.

The first examplesof finite planesin which Desargues’Theoremfails were
constructedby VeblenandWedderburn [38]. Many othershavebeenfoundsince,
but all known exampleshave primepower order. TheBruck–RyserTheorem[4]
assertsthat,if aprojectiveplaneof ordern exists,wheren � 1 or 2 (mod4), then
n mustbethesumof two squares.Thus,for example,thereis noprojectiveplane
of order6 or 14. This theoremgivesno informationabout10, 12, 15, 18, . . . .
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Recently, Lam,SwierczandThiel [21] showedby anextensivecomputationthat
thereis noprojectiveplaneof order10. Theothervaluesmentionedareundecided.

An affine plane is an incidencestructureof points and lines satisfyingthe
following conditions(in which two lines arecalledparallel if they areequalor
disjoint):

(AP1)Two pointslie ona uniqueline.

(AP2) Givena point p andline L, thereis a uniqueline which containsp andis
parallelto L.

(AP3)Thereexist threenon-collinearpoints.

Remark. Axiom (AP2) for therealplaneis anequivalentform of Euclid’s“par-
allel postulate”.It is called“Playfair’s Axiom”, althoughit wasstatedexplicitly
by Proclus.

Againit holdsthatAG
�
2 � F � is anaffineplane.Moregenerally, if a line andall

its pointsareremovedfrom a projective plane,theresultis anaffine plane.(The
removedpointsandline aresaidto be“at infinity”. Two linesareparallelif and
only if they containthesamepoint at infinity.

Conversely, let an affine planebe given,with point set � andline set 	 . It
follows from (AP2) thatparallelismis anequivalencerelationon 	 . Let 
 bethe
setof equivalenceclasses.For eachline L ��	 , let L 
 � L ��� Q � , whereQ is the
parallelclasscontainingL. Thenthestructurewith point set ����
 , andline set
� L 
 : L ��	�������
�� , is a projectiveplane.Choosing
 astheline at infinity, we
recover theoriginal affineplane.

We will havemoreto sayaboutaffineplanesin Section3.5.

Exercises

1. Show thatastructurewhichsatisfies(PP1)and(PP2)but not (PP3)mustbe
of oneof thefollowing types:

(a) Thereis a line incidentwith all points. Any further line is a singleton,
repeatedanarbitrarynumberof times.

(b) Thereis a line incidentwith all pointsexceptone.Theremaininglinesall
containtwo points,theomittedpoint andoneof theothers.

2. Show thata2-
�
n2 � n � 1 � n � 1 � 1� design(with n � 1) is aprojectiveplane

of ordern.
3. Show that,in afinite affineplane,thereis anintegern � 1 suchthat
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� every line hasn points;

� everypoint liesonn � 1 lines;

� therearen2 points;

� therearen � 1 parallelclasseswith n linesin each.

(Thenumbern is theorderof theaffineplane.)
4. (The FriendshipTheorem.) In a finite society, any two individualshave a

uniquecommonfriend. Prove that thereexists someonewho is everyoneelse’s
friend.

[Let X be the setof individuals, 	 � � F � x� : x � X � , whereF
�
x� is the set

of friendsof X. Prove that, in any counterexampleto the theorem,
�
X ��	�� is a

projectiveplane,of ordern, say.
Now let A betherealmatrix of ordern2 � n � 1, with

�
x � y� entry1 if x andy

arefriends,0 otherwise.Prove that

A2 � nI � J �
whereI is the identity matrix andJ the all-1 matrix. Henceshow that the real
symmetricmatrix A haseigenvaluesn � 1 (with multiplicity 1) and ��� n. Using
the fact that A hastrace0, calculatethe multiplicity of the eigenvalue � n, and
henceshow thatn � 1.]

5. Show thatany Desarguesconfigurationin a freeprojective planemustlie
within thestartingconfiguration.[Hint: Supposenot, andconsiderthe lastpoint
or line to beadded.]

2.2 Desarguesian and Pappian planes

It is no coincidencethat we distinguishedthe free andMoulton planesfrom
PG

�
2 � F � s in thelastsectionby thefailureof Desargues’Theorem.

Theorem 2.1 A projectiveplaneis isomorphicto PG
�
2 � F � for someF if andonly

if it satisfiesDesargues’Theorem.

I do not proposeto give a detailedproof of this importantresult; but some
commentson theproof arein order.

Wesaw in Section1.3that,in PG
�
2 � F � , thefield operations(additionandmul-

tiplication) canbe definedgeometrically, oncea setof four pointswith no three
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collinearhasbeenchosen.By (PP3),sucha setof pointsexists in any projective
plane. So it is possibleto definetwo binary operationson a setconsistingof a
line with a point removed,andto coordinatisethe planewith this algebraicob-
ject. Now it is obviousthatany field axiomtranslatesinto acertain“configuration
theorem”,so that the planeis a PG

�
2 � F � if andonly if all these“configuration

theorems”hold. Whatis notobvious,andquiteremarkable,is thatall these“con-
figurationtheorems”follow from Desargues’Theorem.

Anothermethod,moredifficult in principlebut mucheasierin detail,exploits
therelationbetweenDesargues’Theoremandcollineations.

Let p be a point andL a line. A central collineationwith centrep andaxis
L is a collineationfixing every point on L andevery line throughp. It is called
an elation if p is on L, a homology otherwise. The centralcollineationswith
centrep andaxisL form a group. Theplaneis saidto be

�
p � L � -transitiveif this

grouppermutestransitively the setM ��� p � L � M � for any line M  � L on p (or,
equivalently, thesetof lineson q differentfrom L andpq, whereq  � p is a point
of L).
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Figure2.1: TheDesarguesconfiguration

Theorem 2.2 A projectiveplanesatisfiesDesargues’Theoremif andonly if it is�
p � L � -transitivefor all pointsp andlinesL.
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Proof Let us take anotherlook at the Desarguesconfiguration(Fig. 2.1). It is
clearthatany centralconfigurationwith centreo andaxisL whichcarriesa1 to a2

is completelydeterminedat everypoint b1 not on M. (Theline a1a2 meetsL at a
fixedpoint r andis mappedto b1b2; sob2 is theintersectionof ra2 andob1.) Now,
if we replaceM with anotherline M * througho, we getanotherdeterminationof
the actionof the collineation. It is easyto seethat the conditionthat thesetwo
specificationsagreeis preciselyDesargues’Theorem.

Theproof shows a little more. Oncetheactionof thecentralcollineationon
onepoint of M �+� o � L � M � is known, thecollineationis completelydetermined.
So, if Desargues’Theoremholds, then thesegroupsof centralcollineationsact
sharplytransitively on therelevantset.

Now the additive andmultiplicative structuresof the field turn up asgroups
of elationsandhomologiesrespectively with fixed centreandaxis. We seeim-
mediatelythat thesestructuresareboth groups. More of the axiomsareeasily
deducedtoo. For example,let L be a line, andconsiderall elationswith axis L
(andarbitrarycentreon L). This set is a groupG. For eachpoint p on L, the
elationswith centrep form anormalsubgroup.Thesenormalsubgroupspartition
thenon-identityelementsof G, sincea non-identityelationhasat mostonecen-
tre. But agrouphaving suchapartitionis abelian(seeExercise2). Soadditionis
commutative.

In view of this theorem,projective planesover skew fieldsarecalledDesar-
guesianplanes.

Thereis muchmore to be saidaboutthe relationshipsamongconfiguration
theorems,coordinatisation,andcentralcollineations.I referto Dembowski’sbook
for someof these.Onesuchrelationis of particularimportance.

Pappus’Theorem is the assertionthat, if alternateverticesof a hexagonare
collinear(that is, thefirst, third andfifth, andalsothesecond,fourth andsixth),
then also the threepoints of intersectionof oppositeedgesare collinear. See
Fig. 2.2.

Theorem 2.3 A projectiveplane satisfiesPappus’ Theorem if and only if it is
isomorphicto PG

�
2 � F � for somecommutativefield F.

Proof Theproof involvestwo steps.First, a purelygeometricargumentshows
that Pappus’Theoremimplies Desargues’. This is shown in Fig. 2.3. This fig-
ureshows a potentialDesarguesconfiguration,in which therequiredcollinearity
is shown by threeapplicationsof Pappus’Theorem.Theproof requiresfour new
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Figure2.2: Pappus’Theorem

points,s � a1b1 � a2c2, t � b1c1 � os, u � b1c2 � oa1, andv � b2c2 � os. Now Pap-
pus’ Theorem,appliedto thehexagonosc2b1c1a1, shows thatq � u � t arecollinear;
appliedto osb1c2b2a2, showsthatr � u � v arecollinear;andappliedto b1tuvc2s (us-
ing the two collinearitiesjust established),shows that p � q � r arecollinear. The
derivedcollinearitiesareshown asdottedlinesin thefigure. (Notethatthefigure
shows only thegenericcaseof Desargues’Theorem;it is necessaryto take care
of thepossibledegeneraciesaswell.)

Thesecondstepinvolvestheuseof coordinatesto show that,in aDesarguesian
plane,Pappus’Theoremis equivalentto thecommutativity of multiplication.(See
Exercise3.)

In view of this, projective planesover commutative fieldsarecalledPappian
planes.

Remark. It follows from Theorems2.1and2.3andWedderburn’sTheorem1.1
that, in a finite projective plane,Desargues’Theoremimplies Pappus’. No geo-
metricproofof this implicationis known.

A similar treatmentof affineplanesis possible.

Exercises

1. (a) Show thatacollineationwhichhasacentrehasanaxis,andviceversa.
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Figure2.3: PappusimpliesDesargues

(b) Show thatacollineationcannothavemorethanonecentre.

2. ThegroupG hasa family of propernormalsubgroupswhich partition the
non-identityelementsof G. Prove thatG is abelian.

3. In PG
�
2 � F � , let the verticesof a hexagonbe

�
1 � 0 � 0� , � 0 � 0 � 1� , � 0 � 1 � 0� ,�

1 � α � 1 � 1� , � 1 � 1 � 0� and
�
β � β � α � 1�<� 1� . Show thatalternateverticeslie on the

lines definedby the column vectors
�
0 � 0 � 1�>= and

�
α � 1 �>? 1 � 0�@= . Show that

oppositesidesmeetin thepoints
�
α � 0 �>? 1� , � 0 � βα � 1� and

�
1 � β � α � 1�A� 1� . Show

thatthesecondandthird of theselie on theline
�
β �B? 1 � βα � = , whichalsocontains

thefirst if andonly if αβ � βα.
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2.3 Projectivities

Let Π � �
X ��	C� beaprojectiveplane.Temporarily, let

�
L � bethesetof points

incidentwith L; andlet
�
x� bethesetof linesincidentwith x. If x is not incident

with L, there is a naturalbijection between
�
L � and

�
x� : eachpoint on L lies

on a uniqueline throughx. This bijection is calleda perspectivity. By iterating
perspectivitiesandtheir inverses,wegetabijection(calledaprojectivity) between
any two sets

�
x� or

�
L � . In particular, for any line L, we obtain a set P

�
L � of

projectivities from
�
L � to itself (or self-projectivities), andanalogouslya setP

�
x�

for any point x.
The setsP

�
L � and P

�
x� are actually groupsof permutationsof

�
L � or

�
x� .

(Any self-projectivity is thecompositionof achainof perspectivities; theproduct
of two self-projectivitiescorrespondsto theconcatenationof thechains,while the
inversecorrespondsto the chainin reverseorder.) Moreover, thesepermutation
groupsarenaturally isomorphic: if g is any projectivity from

�
L1 � to

�
L2 � , say,

theng D 1P
�
L1 � g � P

�
L2 � . So thegroupP

�
L � of self-projectivities on a line is an

invariantof theprojectiveplane.It turnsout thatthestructureof thisgroupcarries
informationabouttheplanewhich is closelyrelatedto conceptswe have already
seen.
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Figure2.4: 3-transitivity

Proposition 2.4 ThepermutationgroupP
�
L � is 3-transitive.

Proof It sufficesto show thatthereis aprojectivity fixing any two pointsx1 � x2 �
L andmappingany furtherpoint y1 to any otherpoint y2. In general,we will use



28 2. Projectiveplanes

thenotation“(L1 to L2 via p)” for thecompositeof theperspectivities
�
L1 �IH �

p�
and

�
p�JH �

L2 � . Let Mi beany otherlinesthroughxi (i � 1 � 2), u a point on M1,
andzi � M2 (i � 1 � 2) suchthatyiuzi arecollinear(i � 1 � 2). Thentheproductof
(L to M1 via z1) and(M1 to L via z2) is therequiredprojectivity (Fig. 2.4.)

A permutationgroup G is sharply t-transitive if, given any two t-tuplesof
distinctpoints,thereis a uniqueelementof G carryingthefirst to thesecond(in
order).Themainresultaboutgroupsof projectivities is thefollowing theorem:
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Figure2.5: Compositionof projectivities

Theorem 2.5 ThegroupP
�
L � of projectivitieson a projectiveplaneΠ is sharply

3-transitiveif andonly if Π is pappian.

Proof Wesketchtheproof. Thecrucialstepis theequivalenceof Pappus’Theo-
remto thefollowing assertion:

Let L1 � L2 � L3 be non-concurrentlines, andx andy two pointssuch
thattheprojectivity

g � (L1 to L2 via x) K (L2 to L3 via y)

fixesL1 � L3. Thenthereis a point z suchthat the projectivity g is
equalto (L1 to L3 via z).
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Thehypothesisis equivalentto theassertionthatx � y andL1 � L3 arecollinear.
Now thepointz is determined,andPappus’Theoremis equivalentto theassertion
thatit mapsa randompoint p of L1 correctly. (Fig. 2.5 is just Pappus’Theorem.)

Now thisassertionallows longchainsof projectivities to beshortened,sothat
their actioncanbecontrolled.

The conversecan be seenanotherway. By Theorem2.3, we know that a
Pappianplaneis isomorphicto PG

�
2 � F � for somecommutativefield F. Now it is

easilycheckedthatany self-projectivity on a line is inducedby a linearfractional
transformation(anelementof PGL

�
2 � F � ; andthisgroupis sharply3-transitive.

In the finite case,therearevery few 3-transitive groupsapartfrom the sym-
metricandalternatinggroups;and,for all knownnon-Pappianplanes,thegroupof
projectivities is indeedsymmetricor alternating(thoughit is not known whether
this is necessarilyso).Bothpossibilitiesoccur;so,atpresent,all thatthisprovides
usfor non-Pappianfinite planesis asingleBooleaninvariant.

In the infinite case,however, moreinterestingpossibilitiesarise. If theplane
hasorderα, thenthegroupof projectivitieshasα generators,andsohasorderα;
soit canneverbethesymmetricgroup(which hasorder2α). Barlotti [1] gavean
examplein which thestabiliserof any six pointsis theidentity, andthestabiliser
of any fivepointsis a freegroup.On theotherhand,Schleiermacher[25] showed
that, if the stabiliserof any five points is trivial, thenthe stabiliserof any three
pointsis trivial (andtheplaneis Pappian).

Furtherdevelopmentsinvolvedeeperrelationshipsbetweenprojectivities,con-
figurationtheorems,andcentralcollineations;thedefinitionandstudyof projec-
tivities in otherincidencestructures;andsoon.


