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Exterior powersand Clifford
algebras

In this chaptervariousalgebraicconstructiongexterior productsandClifford al-
gebrasyareusedio embedsomegeometrieselatedto projective andpolarspaces
(subspacendspinorgeometries)nto projective spacesin the processye learn
moreaboutthe geometrieshemseles.

10.1 Tensor and exterior products

Throughouthis chapterF isacommutatvefield (exceptfor abrief discussion
of why this assumptions necessary).

The tensorproductV ® W of two F-vectorspaces/ andW is the free-est
bilinear productof V andW: thatis, if (ascustomary)we write the productof
vectorsv € V andw € W asv ® w, thenwe have

(Vi+V2) QW =Vi QW+ V2QW, (av)@w=0a(vew),
VR (W1+W2) =VRWi1+VRWs, VR (aw) = a(vew).

Formally, we let X bethe F-vectorspacewith basisconsistingof all the ordered
pairs(v,w) (v € V,w € W), andY thesubspacepannedy all expression®f the
form (vq 4 v2,w) — (v1,w) — (v2,w) andthreesimilar expressionsthenV @ W =
X/Y, with v®@w theimageof (v,w) underthe canonicalprojection. Sometimes,
to emphasizehefield, we write V @ W.

This constructionwill only work asintendedoveracommutatve field. For

aB(veaw)=a(Bveaw) =pvaaw=p(veaw) = Ba(vlw),

147



148 10. Exterior powess andClifford algebras

soif vew # 0 thena = Ba.
There are two representationsorvenientfor calculation. If V hasa basis
{V1,...,vn} andW abasis{wsi,...,wn}, thenV @ W hasabasis

{view;:1<i<n1<j<m}

If V andW areidentifiedwith F" and F™ respectiely, thenV @ W canbe
identifiedwith the spaceof n x m matricesover F, wherev® w is mappedo the
matrixv ' w.

In particulay rk(V @ W) =rk(V) - rk(W).

SupposehatV andW are F-algebragthatis, have an associatie multipli-
cationwhich is compatiblewith the vectorspacestructure). ThenV @ W is an
algebrawith therule

(Vi®@wi) - (V2®@Wa) = (V1-V2) ® (W1-W2).

Of course we canform thetensorproductof a spacewith itself; andwe can
form iteratedtensormproductsof morethantwo spacesLet ®"V denotethek-fold
tensorpower of V. Now thetensoralgebra of V is definedto be

00

T(V) = P®'V),

k=0

with multiplicationgivenby therule
(V1I®...®Vn) - (Vnt1®...®Vmin) =V1®...®@Vmyin

on homogeneouglements,and extendedlinearly. It is the free-estassociatre
algebrageneratedy V.

The exterior squake of avectorspaceV is thefree-esthilinearsquareof V in
which the squareof ary elementof V is zero. In otherwords, it is the quotientof
®?2V by thesubspacegeneratedy all vectorsy@v for v e V. Wewrite it asA?V,
orV AV, anddenoteheproductof v andw by v Aw. Notethatw Av = —vAw. If
{v1,...,vn} is abasisfor V, thenabasisfor V AV consistsof all vectorsvy Avj,
forl<i<j<n;so

rk(V AV) = (2) = in(n—1).

More generally we candefinethe k" exterior power AKXV asa k-fold multi-
linear product,in which any productof vectorsvanishesf two factorsareequal.
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Its basisconsistsof all expressionssj, A... Avj,, with 1 <i; < ... <ix <n; and
its dimensionis (})). Notethat AV = 0if k > n=rk(V).
Theexterior algebra of V is

n

AV) =P AY),

k=0

with multiplicationdefinedasfor thetensoralgebra.ts rankis 33 _ (i) = 2".

If 8 is alineartransformationonV, then8 inducesin a naturalway linear
transformationg§d*6 on ®*V, and AX6 on AXV, for all k. If rk(V) = n, thenwe
haverk(A"V) = 1,andsoA"6 is ascalar In fact, \" 0 = det(8). (Thisfactis the
basisof anabstractmatrix-free,definition of the determinant.)

Exercises

1. LetF beaskew field,V aright F-vectorspaceandW a left vectorspace.
Show thatit is possibleto defineV @ W asanabeliangroupsothat

(VI+V2) QW =VI®@W+V2QW, V& (W1+W2)=VRW1+VRW>2

and
(vo)@w=vQg (aw).

2. In theidentificationof F" ® F™ with the spaceof n x m matrices,shav
thatthe rank of a matrix is equalto the minimumr for which the corresponding
tensorcanbe expressedn the form {_,; vi @ wi. Shaw that,in sucha minimal
expressionys, ..., Vv, arelinearlyindependentasarews, ..., w;.

3. (a) If K is anextensionfield of F, andn a positive integer, prove that

Mn(F) ®F K = Mn(K),

whereM,(F) is thering of n x n matricesoverF.

(b) ProvethatCe®r C = Ca C.

4. Definethe symmetricsquae SV of a vectorspaceV, the free-estilinear
squareofV in whichv-w = w-v. Findabasisfor it, andcalculatets dimension.
More generally definethe k" symmetrigpowerSV, andcalculateits dimension;
anddefinethe symmetricalgebra S(V). If dim(V) = n, show thatthe symmetric
algebraonV is isomorphicto the polynomialring in n variablesover the base
field.

5. Provethat,if 6 is alinearmaponV, whererk(V) = n, then \" 6 = det(6).
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10.2 Thegeometry of exterior powers

LetV beanF-vectorspaceof rankn, andk apositiveintegerlessthann. There
area coupleof waysof defininga geometryon the setZy, = (V) of subspaces
of V of rankk (equivalently the (k— 1)-dimensionakubspacesf PG((;) — 1,F),
which | now describe.

The first approachproducesa point-line geometry For eachpair U1,U, of
subspacesf V with U C Uy, rk(U1) = k—1,rk(U2) =k+ 1, aline

L(Ul,Uz) = {W e2x:UiCcWCcC Uz}.

Now two pointslie in at mostoneline. For, if Wi,W, aredistinct subspacesf
rankk andWy, W, € L(U1,U>), thenU; C Wy N, and(Wj,Ws) C Uy; soequality
must hold in both places. Note that two subspacesare collinearif andonly if
their intersectionhascodimensionl in each. We call this geometrya subspace
geometry

In thecasek = 2, the pointsof thesubspacgeometryarethelinesof PG(n—
1,F), andits lines arethe planepencils. In particular for k = 2, n =4, it is the
Klein quadric.

The subspacgeometryhasthe following importantproperty:

Proposition 10.1 If three pointsare pairwise collinear, thenthey are contained
in a projectiveplane In particular, a pointnotona line L is collinear with none
oneor all pointsof L.

Proof Clearlythe secondassertiorfollows from thefirst. In orderto prove the
first assertionnotethattherearetwo kinds of projectve planesin the geometry
consistingof all pointsW (i.e., subspacesf rank k) satisfyingU; C W C Uy,
whereeitherrk(U;) = k— 1, rk(Uz) = k+ 2, or rk(U1) = k— 2, rk(Uz) = k+ 1.

So let Wi, W,, W5 be pairwisecollinearpoints. If rk(WinWoNWs) = k—1,
thenthe threepoints are containedin a planeof the first type; so supposenot.
Thenwe have rk(Wp "W NW5) = k— 2; and, by factoringout this intersection,
we may assumethat k = 2. In the projectve space Wi, W,, W5 are now three
pairwiseintersectindines,andsoarecoplanar Thusrk(W;,Wo,Ws) = k+ 1, and
ourthreepointslie in aplaneof thesecondype. =

A point-linegeometrysatisfyingthe secondconclusionof Proposition10.1is
calledagammaspace Gammaspacesreanaturalgeneralisatiof polarspaces
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(in theBuekenhout—Shulsense)andthis propertyhasbeenusedn severalrecent
characterisationssomeof which aresurveyedby Shult[29]).

The subspacgeometriehave naturalembeddingsn projective spacegjiven
by exterior powers, generalisinghe Klein quadric. Let X = /\"V; we consider
the projective spacePG(N — 1,F) basedon X, whereN = (}). This projective
spacecontainssomedistinguishedpoints, thosespannedoy the vectorsof the
formviA ... AV, forvy, ..., vk € V. We call thesepure products

Theorem 10.2 (a)viA...Avg=0if andonlyif vy,...,vk are linearly depen-
dent.

(b) Thesetof pointsof PG(N — 1, F ) spannedynon-zeo pure productstogether
with the lines meetingthis setin more thantwo points,is isomorphicto the
subspacgeometryzy (V).

Proof (a)If vy,...,vk arelinearly independentthenthey form part of a basis,
andtheir productis one of the basisvectorsof X, hencenon-zero. Corversely
if thesevectorsaredependentthenoneof themcanbe expressedn termsof the
others,andtheproductis zero(usinglinearity andthefactthata productwith two
equaltermsis zero).

(b) It follows from our remarksaboutdeterminantghat, if vq,...,vx arere-
placedby anotherk-tuplewith thesamespanthenvi A... Avk is multiplied by a
scalarfactor andthepointof PG(N — 1, F) it spandgs unalteredIf W; # W, then
we can(asusualin linearalgebra)choosea basisfor V containingbasedor both
W, andWs; the correspondingure productsaredistinct basisvectorsof X, and
sospandistinctpoints. The correspondencis one-to-one.

SupposehatW, andWs, arecollinearin thesubspacgeometrythenthey have
bases{vi,...,Vk_1,w1} and{vy,...,vk_1,w2}. Thenthe pointsspannedy the
vectors

VIA...AVK 1A (GW1+ BWz)

formalinein PG(N — 1, F) andrepresenall the pointsof theline in thesubspace
geometryjoining Wy andW\s.

Corversely supposehatvi A... Avg andwi A... Awy aretwo pureproducts.
By factoringout theintersectiorof the correspondingubspacesye mayassume
thatvy, ..., wy arelinearly independentlf k > 1, thenno othervectorin thespan
of thesetwo pure productsis a pureproduct. If k = 1, thenthe threepointsare
coplanar =
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The othernaturalgeometryon the setZy (V) is just the truncationof the pro-
jective geometryto ranksk — 1,k andk + 1; in otherwords, its varietiesarethe
subspacesfV of thesethreeranks,andincidences inclusion. Thisgeometryhas
no immediateconnectionwith exterior algebra;but it (or the more generalform
basednary generalisegrojectve geometryhasabeautifulcharacterisatiodue
to Spragug1981).

Theorem 10.3 (a) Thegeometryjustdescribechasdiagram
L* L

o—O—©
7

whee L* denoteghe classof dual linear spaces.

(b) Corversely anygeometrywith thisdiagram,in which chainsof subspaceare
finite, consistsof the varietiesof ranksk — 1,k andk + 1 of a genealised
projectivespaceof finite dimension two varietiesincidentif onecontains
theother

Proof Theresidueof avarietyof rankk — 1 is the quotientprojective spaceand
theresidueof a variety of rankk+ 1 is thedualof PGk, F). This establisheshe
diagram.

I will notgivetheproofof Spraguestheoremtheproofis by induction(hence
the needto assumdinite rank). Spragueshaows thatit is possibleto recognise

in the geometryobjectscorrespondingo varietiesof rank k — 2, theseobjects

togethemwith theleft andcentrenodes‘ormingthediagramoLo—Lo again,

but with thedimensionof theresidueof avarietybelongingto therightmostnode
reducedby 1. After finitely mary stepswe reachthe points,lines andplanesof
the projective spacewhichis recognisedy theVeblen—bungaxioms. m

Exercise

1. Show thatthe dual of the generalisechexagonG,(F) constructedn Sec-
tion 8.8 is embeddedn the subspacgeometryof lines of PG(6,F). [Hint: the
linesof the hexagonthrougha point x areall thosecontainingx in a planeW(x).]

10.3 Near polygons

In this sectionwe considercertainspecialpoint-line geometries.Thesege-
ometrieswill always be connectedandthe distancebetweentwo pointsis the
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smallestnumberof linesin a pathjoining them. A near polygonis a geometry
with thefollowing property:

(NP) Givenary point p andline L, thereis a uniquepoint of L nearesto p.

If anearpolygonhasdiametem, it is calleda near2n-gon
We begin with someelementarypropertiesof nearpolygons.

Proposition 10.4 In a nearpolygon,
(a) two pointslie onat mostoneline;

(b) theshortestircuit hasevenlength.

Proof (a)SupposehatlinesL;, L, containpointsps, p2. Letq € Ly. Thenqis at
distancel from thetwo pointsp1, p2 of Lo, andsois at distanced from a unique
point of Ly; thatis, q € L,. SoL1 C Ly; and,interchanginghesetwo lines, we
find thatL; = Lo.

If acircuit hasodd length2m+ 1, thena point lies at distancem from two
pointsof theoppositdine; soit liesatdistancen— 1 from somepoint of thisline,
andacircuit of length2mis formed. =

Any generalisegolygonis a nearpolygon; andary “non-degenerate’near
4-gonis ageneralisedjuadrangldseeExercisel).

Somedeeperstructuralpropertiesaregivenin the next two theoremswhich
werefound by ShultandYanushkd30].

Theorem 10.5 Supposehat x1xoX3X4 is a circuit of length4 in a near polygon,
at leastoneof whosesidescontainsmore thantwo points. Thenthere is a unique
subspaceontainingthesefour pointswhich is a genealisedquadrangle =

A subspacef thetype givenby this theoremis calleda quad

Corollary 10.6 Supposehata nearpolygonhastheproperties
(a) anyline containsmore thantwo points;

(b) anytwo pointsat distance2 are containedn a circuit of length4.
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Thenthe points,linesandquadsform a geometrybelongingto the diagram

L

o———o0o—0,

We now assumehatthe hypothese®f this Corollary apply. Let p be a point
andQ aquad.We saythatthe pair (p, Q) is classicalif

(a) thereis a uniguepointx of Q nearesp;
(b) fory € Q, d(y, p) = d(x, p) + 1 if andonly if y is collinearwith x.

(Thepointxis the“gatewvay” to Q from p.) An ovoidin ageneralisedjuadrangle
is a setO of (pairwise non-collinear)points with the propertythat ary further

pointof thequadrangles collinearwith auniquepointof O. The point-quadpair

(p, Q) is ovoidal if thesetof pointsof Q nearesto p is anovoid of Q.

Theorem 10.7 In a nearpolygonwith at leastthreepointson a line, any point-
quadpair is eitherclassicalor ovoidal. =

A proofin thefinite caseis outlinedin Exercise2.

We now give an example,the sextet geometryof Section9.3 (which, aswe
alreadyknow, hasthe correctdiagram). Recall that the POINTSs, LINEs, and
“QUADSs” (aswe will now re-namethem) of the geometryare the octads,trios
andsextetsof the Witt system.We checkthatthis is a nearpolygon,andexamine
the point-quadpairs.

Two octadsgntersecin 0, 2 or 4 points. If they aredisjoint, they arecontained
in atrio (i.e., collinear). If they intersectin four points,they definea sextet, and
sosomeoctadis disjointfrom both; sotheir distances 2. If they intersecin two
points,their distances 3. Supposehat{B;, B, B3} is atrio andB anoctadnotin
thistrio. EitherB is disjoint from (i.e., collinearwith) a uniqueoctadin thetrio,
or its intersectionsvith themhave cardinalities4, 2, 2. In thelattercaseijt lies at
distance2 from onePOINT of the LINE, anddistance3 from the othertwo.

Now let B beaPOINT (anoctad),andSaQUAD (asextet). Theintersections
of B with the tetradsof S have the propertythatary two of themsumto 0, 2, 4
or 8; sothey areall congruentmod 2. If theintersectiondhave even parity, they
are4,4,0,0,0,0 (thePOINT liesin the QUAD) or 2,2,2,2,0,0 (B is disjointfrom
auniqueoctadincidentwith S andthe pair is classical).If they have odd parity,



10.4. Dual polar spaces 155

they are3,1,1,1, 1, 1; thenB hasdistance2 from the five octadscontainingthe
first tetrad,and distance3 from the others. Note thatin the GQ of order(2,2),
representedsthe pairsfrom a 6-set,the five pairscontainingan elementof the
6-setform anovoid. So (B, S) is ovoidalin this case.

10.3.1 Exercises

1. (a) A nearpolygonwith linesof size2 is a bipartitegraph.

(b) A near4-gon,in which no pointis joinedto all others,is a generalised
quadrangle.

2. Let Q beafinite GQwith orders,t, wheres > 1.

(a) Supposehatthe point setof Q is partitionedinto threesubsetA, B,C
suchthatfor ary line L, thevaluesof |[LNA|, |[LNB| and|LNC| areeitherl,s,0,
or0,1,s. ProvethatA is asingleton,andB the setof pointscollinearwith A.

(b) Supposehatthe point setof Q is partitionedinto two subsetsA andB
suchthatary line containsa uniquepointof A. Prove thatA is anovoid.

(c) Henceprove (10.3.4)in thefinite case.

10.4 Dual polar spaces

We now look atpolarspacesthe otherway up”. Thatis, givenanabstracpo-
lar spaceof polarrankn, we considethegeometrywhosePOINTsandLINEs are
thesubspacesf dimensiom — 1 andn — 2 respectiely, incidencebeingreversed
inclusion.(This geometrywasintroducedn Section7.4.)

Proposition 10.8 A dual polar spaceof rankn is a near2n-gon.
Proof Thisisimplicit in whatwe provedin Proposition7.9. =

Any dual polar spacehasgirth 4, and ary circuit of length4 is contained
in a uniquequad. Moreover, the point-quadpairs are all classical. Both these
assertiongare easily checled in the polar spaceby factoringout the intersection
of the subspacem question.

The converseof thisresultwasprovedby Camerorn9]. It is statedchereusing
the notationandideas(and simplifications)of Shultand Yanushkadescribedn
thelastsection.

Theorem 10.9 Let G bea near2n-gon.Supposéehat
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(a) any4-circuit is containedn a quad;
(b) any point-quadpair is classical,
(c) chainsof subspacearefinite.

Theng is a dual polar spaceof rankn.

Proof Theideasbehindtheproofwill besketched.

Given a point p, the residueof p (thatis, the geometryof lines and quads
containingp) is alinearspacepy hypothesiga). Using(b), it is possibleto shav
that this linear spacesatisfiesthe Veblen—Young axioms,and so is a projectve
space?(p) (possiblyinfinite-dimensional).We may assumehat this geometry
hasdimensiongreaterthan2 (otherwisethe next few stepsarevacuous).

Now, givenpointsp andg, let X(p,q) bethesetof linesthroughp (i.e., points
of P(p)) which belongto geodesicdrom p to g (thatis, which containpointsr
with d(q,r) = d(p,q) — 1). Thissetis asubspacef P(p). Let X beary subspace
of P(p), andlet

Y(p,X)={q: X(p,q) C X}.

It canbeshavnthat)’(p, X) isasubspacefthegeometrycontainingall geodesics
betweerary two of its points,andthat,if p’ is any pointof 9"(p, X), thenthereis
asubspac&’ of P(p') suchthaty (p',X") = 9 (p, X).

For thefinal step,it is shavn thatthe subspaceg’(p, X), orderedby reverse
inclusion,satisfytheaxioms(P1)—(P4)of Tits. =

Remark In thecasewhenary line hasmorethantwo points,condition(a) is a
consequencef (10.3.2),and(10.3.4)shans that(b) is equivalentto theassertion
thatno point-quadpairsareovoidal.

10.5 Clifford algebrasand spinors

Spinorsprovide projectve embeddingof somegeometriegelatedto dual
polar spacesmuchasexterior powersdo for subspacgeometries But they are
somevhatelusive,andwe have to constructhemvia Clifford algebras.

LetV beavectorspaceoveracommutatvefield F, and f aquadratidorm on
V; let b bethebilinearform obtainedby polarising f. The Clifford algebra C(f)
of f (or of the pair (V, f)) is the free-estalgebrageneratedy V subjectto the
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conditionthatv? = f(v)- 1 for all v € V. In otherwords, it is the quotientof the
tensoralgebraT (V) by theidealgeneratedby all elements/? — f(v)-1forveV.
Notethatvw +wv = b(v,w) - 1 for v,w € V.
The Clifford algebrais a generalisatiorof the exterior algebra,to which it
reducesf f isidenticallyzero.And it hasthe samedimension:

Proposition 10.10 Let{vy,...,vn} beabasisfor V. ThenC(f) hasa basiscon-
sistingof all vectos vj, ---v;,, for 0 <i; < ... <ix < n; andsork(C(f)) = 2".

Proof Any productof basisvectorscanberearrangednto non-decreasingrder
moduloproductsof smallernumbersof basisvectors,using

wWv = vw — b(v,w) - 1.

A productwith two termsequalcanhave its lengthreduced.Now the resultfol-
lows by multilinearity. =

In animportantspecialcasewe candescribethe structureof C( f).
Theorem 10.11 Let f bea split quadmatic form of rankn over F (equivalento
X1X2 + X3X4 + . . . + Xon—1Xon.

ThenC(f) = Mx(F), thealgebra of 2" x 2" matricesover F.

Proof It sufficesto find alinearmap® : V — Man(F) satisfying
(@) 6(V) generated/n(F) (asalgebrawith 1);
(b) B(v)%2 = f(v)l forallve V.

For if so,thenMan(F) is ahomomorphidmageof C(f); comparingdimensions,
they areequal.

We useinductionon n. For n = 0, the resultis trivial. Supposehat it is
true for n, with amap®. LetV =V L (x,y), where f (Ax + py) = A, Define
0:V = My (F) by
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= (g o) =(7 o)

extendedinearly.
To shaw generationet (55) € Moni1(F) be given. We may assumenduc-

tively thatA, B,C, D arelinearcombinationsf productsof 8(v), with v e V. The

samecombinationf productsof 8(v) havetheformsA = (Sg), etc. Now

Cc D

To establishitherelations we notethat

B(V+AX+py) = (eﬁ\() _Sév)> )

andthe squareof theright-handsideis (f (v) +Ap) (i), asrequired. m

(A B) — RB()B(y) + BB(x) + B(y)C + Bly) BB(x).

More generallytheamgumentshowvs thefollowing.
Theorem 10.12 If thequadmatic form f hasrankn andgerm fp, then
C(f) & C(fo) XE Mzn(F).
|

In particular C(x(z) + X1X2 + ... + Xon—1Xon) is the directsumof two copiesof
Man(F); and,if o isanon-squaren F, then

C(GX(Z) + X1X2 4 . .. + Xon—1X2n) = Man(K),

whereK = F(y/a).

Looked at more abstractly Theorem10.12 saysthat the Clifford algebraof
thesplit form of rankn is isomorphicto thealgebraof endomorphismsf avector
spaceS of rank 2". This spaceis the spinor space andits elementsare called
spinors. Notethattheconnectiorbetweerthespinorspaceandtheoriginal vector
spaces somavhatabstractandtenuous!lt is the spinorspacewhich carriesthe
geometricabktructuresve now investigate.

Exercise

1. ProvethattheClifford algebraf therealquadratidorms —x? and—x? — y?

respectrely areisomorphicto the complex numbersandthe quaternionsWhatis
the Clifford algebraof —x? — y? — 22?
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10.6 Thegeometry of spinors

In orderto connectspinorsto thegeometryof thequadratidorm, wefirst need
to recognisdhe pointsof a vectorspacewithin its algebraof endomorphisms.

letV beavectorspaceA the algebraof lineartransformation®f V. ThenA
isasimplealgebralf U is ary subspacefV, then

I(U)={acA:vaeU forallveV}

is aleft idealin A. Everyleft idealis of thisform (seeExercisel). Sothe projec-
tive spacebasednV isisomorphicto thelattice of left idealsof A. In particular
theminimalleft idealscorrespondo the pointsof the projectve space Moreover,
if U hasrank 1, thenl(U) hasrankn, andA (acting by left multiplication) in-
ducesthe algebraof lineartransformation®f U. In this way, the vectorspaceis
“internalised”in thealgebra.

Now let V carry a split quadraticform of rank n. If U is a totally singular
subspacef rankn, thenthe elementsf U generatea subalgebrasomorphicto
theexterior algebraof U. Let U denotethe productof the vectorsin a basisof U.
NotethatU is unchangedapartfrom a scalarfactor if a differentbasisis used.
ThenvuU = 0 wheneverv € V, u € U, andu # 0; sotheleft ideal generatedy
U hasdimensiorn2 (with abasisof theform {v;; .. .viklj }, where{vy,...,vp}is
a basisof a complemenfor U, and1 <i; <...<ix<n. Thus,U generates
minimal left idealof C(f). By the precedingparagraphthis ideal correspondso
apointof the projectve spacePG(2" — 1, F) basedbn the spinorspaces.

Summarisingwe have a mapfrom the maximaltotally singularsubspacesef
the hyperbolicquadricto a subsetof the pointsof projective spinorspace.The
elementsn theimageof this maparecalledpure spinors.

We now statesomepropertiesof purespinorswithout proof.

Proposition 10.13 (a) Theee is a decompositiorof the spinor spaceS into two
subspacest, S, ead of rank2"1. Anypure spinoris containedin one
of thesesubspaces.

(b) Anyline of spinor spacewhich containsmore thantwo pure spinors hasthe
form

A

{{U) :U ist.s.withrankn, U hastypee, U D W},

wheeW isat.s.subspace®frankn—2,ande=+1. =
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In (a),thesubspaceS™ andS~ arecalledhalf-spinorspaces

In (b), thetypeof amaximalt.s.subspacés thatdescribedn Section7.4. The
maximalt.s. subspacesontainingW form a dual polarspaceof rank2, whichin
this caseis simply a completebipartite graph,the partsof the bipartition being
the two typesof maximal subspace Any two subspacesf the sametype have
intersectiorwith evencodimensioratmost2, andhencentersectpreciselyin W.

The dual polar spaceassociatedvith the split quadraticform hastwo points
perline, andsoin generalis a bipartite graph. The two partsof the bipartition
canbe identified with the pure spinorsin the two half-spinorspaces.The lines
describedn (b) within eachhalf-spinorspaceform a geometry a so-calledhalf-
spinorgeometry two purespinorsarecollinearin thisgeometnyif andonly if they
lie at distance2 in the dual polar space.In general,distancesn the half-spinor
geometryarethosein the dualpolarspacehalved!

Proposition 10.14 If p is a pointand L a line in a half-spinor geometry then
eitherthereis a uniquepointof L nealestp, or all pointsof L are equidistanfrom

P.

Proof Recallthattheline L of the half-spinorgeometryis “half” of acomplete
bipartitegraphQ, which is a quadin the dual polar space.If thegatavayto Q is
onlL, it is thepointof L nearesto p; if it is onthe otherside,thenall pointsof L
areequidistanfromp. m

Thecases = 3,4 give usyetanothemway of looking attheKlein quadricand
triality.

Example n= 3. The half-spinorspacehasrank4. The diameterof the half-
spinorgeometryis 1, andsoit is a linear space;necessarilyPG(3,F): thatis,
every spinorin the half-spinorspaceis pure. Pointsof this spacecorrespondo
onefamily of maximalsubspacesntheKlein quadric.

Example n=4. Now the half-spinorspacesave rank 8, the sameasV. The
half-spinorspacehasdiamete2, and(by PropositioriL0.14)satisfieshe Buekenhout—
Shultaxiom. But we do notneedto usethefull classificatiorof polarspacesere,
sincethegeometryis alreadyembeddeih PG(7,F)! We concludethateachhalf-
spinorspaces isomorphicto the original hyperbolicquadric.

We concludeby embeddinga couple more dual polar spacesn projectve
spaces.
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Proposition 10.15 Let f be a quadratic form of rankn— 1 on a vectorspaceof
rank 2n — 1. Thenthe dual polar spaceof F is embeddeds all the pointsand
someof the lines of the half-spinorspaceassociatedvith a split quadmtic form
of rankn.

Proof We canregardthegivenspaceasof theform v, wherev is anon-singular
vectorin aspacecarryingasplit quadratidorm of rankn. Now eacht.s.subspace
of rankn— 1 for thegivenform is containedn auniquet.s.spaceof rankn of each
typefor thesplit form; sowe have aninjectionfrom the givendual polar spaceo
a half-spinorspace.The mapis onto: for if U is t.s. of rankn, thenU Nct has
rankn— 1. A line of thedualpolarspaceconsist=f all the subspacesontaining
afixedt.s. subspacef rankn— 2, andsotranslatesnto aline of the half-spinor
spaceasrequired. m

Proposition 10.16 Let K be a quadmtic extensionof F, with Galois automor
phismo. LetV bea vectorspaceof rank 2n over K, carrying a non-dgeneate
o-Hermitian form b of rankn. Thenthe dual polar spaceassociatedwvith b is
embeddablé a half-spinorgeometryoverF.

Proof LetH(v)=b(v,v). ThenH(v) € F for all v € V; andH is a quadratic
form onthe spacéVg obtainedby restrictingscalargo F. (NotethatVg hasrank
4n over F.) Now arny maximalt.i. subspacdor b is a maximalt.s. subspacdor
H of rank 2n; soH is a split form, andwe have an injection from pointsof the
dualunitary spaceo purespinors.Moreover, theintersectiorof ary two of these
maximalt.s.subspacebasevenF-codimensionn each;sothey all havethesame
type,andour mapgoesto pointsof a half-spinorgeometry

A line of thedualpolarspaces definedby at.i. subspacef rankn— 1 (over
K), which is t.s. of rank 2n — 2 over F; soit mapsto a line of the half-spinor
geometryasrequired. m

In the casen = 3, we have the duality betweenthe unitary and non-splitor-
thogonalspacesliscussedn Section8.3.

Exercise

1. (a) Prove thatthe setof endomorphismef V with rangecontainedin a
subspace) is aleft ideal.
(b) Prove that,if T hasrangeU, thenarny endomorphisnwhoserangeis
containedn U is aleft multipleof T.
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(c) Deducethat every left ideal of the endomorphisnring of V is of the
form describedn (a).



