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Exterior powers and Clifford
algebras

In this chapter, variousalgebraicconstructions(exterior productsandClif ford al-
gebras)areusedto embedsomegeometriesrelatedto projectiveandpolarspaces
(subspaceandspinorgeometries)into projectivespaces.In theprocess,we learn
moreaboutthegeometriesthemselves.

10.1 Tensor and exterior products

Throughoutthischapter, F is acommutativefield (exceptfor abrief discussion
of why this assumptionis necessary).

The tensorproductV
�

W of two F-vector spacesV andW is the free-est
bilinear productof V andW: that is, if (ascustomary),we write the productof
vectorsv � V andw � W asv

�
w, thenwehave�

v1 � v2 � � w � v1
�

w � v2
�

w � �
αv � � w � α

�
v
�

w � �
v
� �

w1 � w2 � � v
�

w1 � v
�

w2 � v
� �

αw � � α
�
v
�

w ���
Formally, we let X betheF-vectorspacewith basisconsistingof all theordered
pairs

�
v � w � (v � V � w � W), andY thesubspacespannedby all expressionsof the

form
�
v1 � v2 � w �
	 �

v1 � w �
	 �
v2 � w � andthreesimilarexpressions;thenV

�
W �

X � Y, with v
�

w theimageof
�
v � w � underthecanonicalprojection.Sometimes,

to emphasizethefield, wewriteV
�

F W.
This constructionwill only work asintendedovera commutativefield. For

αβ
�
v
�

w � � α
�
βv

�
w � � βv

� αw � β
�
v
� αw � � βα

�
v
�

w � �
147
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soif v
�

w �� 0 thenαβ � βα.
Thereare two representationsconvenient for calculation. If V hasa basis


v1 � ����� � vn � andW abasis


w1 � ����� � wm � , thenV

�
W hasabasis


vi
�

w j : 1 � i � n � 1 � j � m���
If V andW are identifiedwith Fn andFm respectively, thenV

�
W canbe

identifiedwith thespaceof n � m matricesoverF, wherev
�

w is mappedto the
matrix v � w.

In particular, rk
�
V

�
W � � rk

�
V ��� rk �

W � .
SupposethatV andW areF-algebras(that is, have an associative multipli-

cationwhich is compatiblewith the vectorspacestructure). ThenV
�

W is an
algebra,with therule�

v1
�

w1 ��� � v2
�

w2 � � �
v1 � v2 � � �

w1 � w2 ���
Of course,we canform thetensorproductof a spacewith itself; andwe can

form iteratedtensorproductsof morethantwo spaces.Let � kV denotethek-fold
tensorpowerof V. Now thetensoralgebra of V is definedto be

T
�
V � � ∞�

k � 0

� � kV � �
with multiplicationgivenby therule�

v1
� ����� � vn ��� � vn� 1

� ����� � vm� n � � v1
� ����� � vm� n

on homogeneouselements,and extendedlinearly. It is the free-estassociative
algebrageneratedby V.

Theexterior square of a vectorspaceV is thefree-estbilinearsquareof V in
which thesquareof any elementof V is zero.In otherwords,it is thequotientof� 2V by thesubspacegeneratedby all vectorsv

�
v for v � V. Wewrite it as � 2V,

orV � V, anddenotetheproductof v andw by v � w. Notethatw � v � 	 v � w. If

v1 � ����� � vn � is a basisfor V, thena basisfor V � V consistsof all vectorsv1 � v j ,

for 1 � i � j � n; so

rk
�
V � V � ��� n

2� � 1
2n

�
n 	 1���

More generally, we candefinethekth exterior power � kV asa k-fold multi-
linearproduct,in which any productof vectorsvanishesif two factorsareequal.
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Its basisconsistsof all expressionsvi1 � � ��� � vik, with 1 � i1 � ����� � ik � n; and
its dimensionis ! nk " . Notethat � kV � 0 if k # n � rk

�
V � .

Theexterior algebra of V is$ �
V � � n�

k� 0

� � kV � �
with multiplicationdefinedasfor thetensoralgebra.Its rankis ∑n

k� 0 ! nk " � 2n.
If θ is a linear transformationon V, thenθ inducesin a naturalway linear

transformations� k θ on � kV, and � k θ on � kV, for all k. If rk
�
V � � n, thenwe

haverk
� � nV � � 1, andso � n θ is ascalar. In fact, � n θ � det

�
θ � . (This factis the

basisof anabstract,matrix-free,definitionof thedeterminant.)

Exercises

1. Let F bea skew field, V a right F-vectorspace,andW a left vectorspace.
Show thatit is possibleto defineV

�
F W asanabeliangroupsothat�

v1 � v2 � � w � v1
�

w � v2
�

w � v
� �

w1 � w2 � � v
�

w1 � v
�

w2

and �
vα � � w � v

� �
αw ���

2. In the identificationof Fn �
Fm with the spaceof n � m matrices,show

that the rankof a matrix is equalto theminimum r for which thecorresponding
tensorcanbe expressedin the form ∑r

i � 1 vi
�

wi . Show that, in sucha minimal
expression,v1 � ����� � vr arelinearly independent,asarew1 � ��� � � wr .

3. (a) If K is anextensionfield of F, andn apositive integer, prove that

Mn
�
F � � F K %� Mn

�
K � �

whereMn
�
F � is thering of n � n matricesoverF.

(b) Prove that & �(' & %� &*)+& .
4. Definethesymmetricsquare S2V of a vectorspaceV, the free-estbilinear

squareof V in which v � w � w � v. Findabasisfor it, andcalculateits dimension.
More generally, definethekth symmetricpowerSkV, andcalculateits dimension;
anddefinethesymmetricalgebra S

�
V � . If dim

�
V � � n, show that thesymmetric

algebraon V is isomorphicto the polynomial ring in n variablesover the base
field.

5. Prove that,if θ is a linearmaponV, whererk
�
V � � n, then � n θ � det

�
θ � .
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10.2 The geometry of exterior powers

LetV beanF-vectorspaceof rankn, andk apositiveintegerlessthann. There
area coupleof waysof defininga geometryon thesetΣk � Σk

�
V � of subspaces

of V of rankk (equivalently, the
�
k 	 1� -dimensionalsubspacesof PG

� ! nk " 	 1 � F � ,
which I now describe.

The first approachproducesa point-line geometry. For eachpair U1 � U2 of
subspacesof V with U1 , U2, rk

�
U1 � � k 	 1, rk

�
U2 � � k � 1, a line

L
�
U1 � U2 � � 


W � Σk : U1 , W , U2 ���
Now two points lie in at mostoneline. For, if W1 � W2 aredistinct subspacesof
rankk andW1 � W2 � L

�
U1 � U2 � , thenU1 - W1 . W2 and / W1 � W2 01- U2; soequality

must hold in both places. Note that two subspacesarecollinear if andonly if
their intersectionhascodimension1 in each. We call this geometrya subspace
geometry.

In thecasek � 2, thepointsof thesubspacegeometryarethelinesof PG
�
n 	

1 � F � , andits linesaretheplanepencils. In particular, for k � 2, n � 4, it is the
Klein quadric.

Thesubspacegeometryhasthefollowing importantproperty:

Proposition 10.1 If threepointsare pairwisecollinear, thenthey are contained
in a projectiveplane. In particular, a point not on a line L is collinear with none,
oneor all pointsof L.

Proof Clearly thesecondassertionfollows from thefirst. In orderto prove the
first assertion,notethat therearetwo kindsof projective planesin thegeometry,
consistingof all pointsW (i.e., subspacesof rank k) satisfyingU1 , W , U2,
whereeitherrk

�
U1 � � k 	 1, rk

�
U2 � � k � 2, or rk

�
U1 � � k 	 2, rk

�
U2 � � k � 1.

So let W1 � W2 � W3 be pairwisecollinearpoints. If rk
�
W1 . W2 . W3 � � k 	 1,

then the threepointsarecontainedin a planeof the first type; so supposenot.
Thenwe have rk

�
W1 . W2 . W3 � � k 	 2; and,by factoringout this intersection,

we may assumethat k � 2. In the projective space,W1 � W2 � W3 are now three
pairwiseintersectinglines,andsoarecoplanar. Thusrk / W1 � W2 � W3 0 � k � 1, and
our threepointslie in aplaneof thesecondtype.

A point-linegeometrysatisfyingthesecondconclusionof Proposition10.1is
calledagammaspace. Gammaspacesareanaturalgeneralisationof polarspaces
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(in theBuekenhout–Shultsense),andthispropertyhasbeenusedin severalrecent
characterisations(someof whicharesurveyedby Shult[29]).

Thesubspacegeometrieshave naturalembeddingsin projective spacesgiven
by exterior powers,generalisingthe Klein quadric. Let X �2� kV; we consider
the projective spacePG

�
N 	 1 � F � basedon X, whereN � ! nk " . This projective

spacecontainssomedistinguishedpoints, thosespannedby the vectorsof the
form v1 � ����� � vk, for v1 � ��� � � vk � V. We call thesepureproducts.

Theorem 10.2 (a) v1 � � ��� � vk � 0 if andonly if v1 � ����� � vk are linearly depen-
dent.

(b)Thesetofpointsof PG
�
N 	 1 � F � spannedbynon-zeropureproducts,together

with thelinesmeetingthis setin more thantwo points,is isomorphicto the
subspacegeometryΣk

�
V � .

Proof (a) If v1 � ��� � � vk are linearly independent,thenthey form part of a basis,
andtheir productis oneof the basisvectorsof X, hencenon-zero.Conversely,
if thesevectorsaredependent,thenoneof themcanbeexpressedin termsof the
others,andtheproductis zero(usinglinearityandthefactthataproductwith two
equaltermsis zero).

(b) It follows from our remarksaboutdeterminantsthat, if v1 � ��� � � vk arere-
placedby anotherk-tuplewith thesamespan,thenv1 � ����� � vk is multiplied by a
scalarfactor, andthepointof PG

�
N 	 1 � F � it spansis unaltered.If W1 �� W2, then

we can(asusualin linearalgebra)choosea basisfor V containingbasesfor both
W1 andW2; thecorrespondingpureproductsaredistinct basisvectorsof X, and
sospandistinctpoints.Thecorrespondenceis one-to-one.

SupposethatW1 andW2 arecollinearin thesubspacegeometry. thenthey have
bases



v1 � � ��� � vk 3 1 � w1 � and



v1 � ��� � � vk 3 1 � w2 � . Thenthepointsspannedby the

vectors
v1 � ����� � vk 3 1 � �

αw1 � βw2 �
form a line in PG

�
N 	 1 � F � andrepresentall thepointsof theline in thesubspace

geometryjoining W1 andW2.
Conversely, supposethatv1 � ��� � � vk andw1 � ����� � wk aretwo pureproducts.

By factoringout theintersectionof thecorrespondingsubspaces,wemayassume
thatv1 � ����� � wk arelinearly independent.If k # 1, thenno othervectorin thespan
of thesetwo pureproductsis a pureproduct. If k � 1, thenthe threepointsare
coplanar.
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Theothernaturalgeometryon thesetΣk
�
V � is just thetruncationof thepro-

jective geometryto ranksk 	 1 � k andk � 1; in otherwords,its varietiesarethe
subspacesof V of thesethreeranks,andincidenceis inclusion.Thisgeometryhas
no immediateconnectionwith exterior algebra;but it (or themoregeneralform
basedonany generalisedprojectivegeometry)hasabeautifulcharacterisationdue
to Sprague(1981).

Theorem 10.3 (a) Thegeometryjust describedhasdiagram4 L 5 4 L 4 �
whereL 5 denotestheclassof dual linear spaces.

(b)Conversely, anygeometrywith thisdiagram,in whichchainsof subspacesare
finite, consistsof the varietiesof ranksk 	 1 � k and k � 1 of a generalised
projectivespaceof finite dimension,two varietiesincident if onecontains
theother.

Proof Theresidueof avarietyof rankk 	 1 is thequotientprojectivespace;and
theresidueof a varietyof rankk � 1 is thedualof PG

�
k � F � . This establishesthe

diagram.
I will notgivetheproofof Sprague’stheorem.theproof is by induction(hence

the needto assumefinite rank). Spragueshows that it is possibleto recognise
in the geometryobjectscorrespondingto varietiesof rank k 	 2, theseobjects

togetherwith theleft andcentrenodesformingthediagram4 L 564 L 4 again,

but with thedimensionof theresidueof avarietybelongingto therightmostnode
reducedby 1. After finitely many steps,we reachthepoints,linesandplanesof
theprojectivespace,which is recognisedby theVeblen–Youngaxioms.

Exercise

1. Show that thedualof thegeneralisedhexagonG2
�
F � constructedin Sec-

tion 8.8 is embeddedin the subspacegeometryof lines of PG
�
6 � F � . [Hint: the

linesof thehexagonthroughapoint x areall thosecontainingx in aplaneW
�
x� .]

10.3 Near polygons

In this sectionwe considercertainspecialpoint-line geometries.Thesege-
ometrieswill always be connected,and the distancebetweentwo points is the



10.3. Nearpolygons 153

smallestnumberof lines in a pathjoining them. A near polygonis a geometry
with thefollowing property:

(NP)Givenany point p andline L, thereis auniquepoint of L nearestto p.

If a nearpolygonhasdiametern, it is calledanear2n-gon.
We begin with someelementarypropertiesof nearpolygons.

Proposition 10.4 In a nearpolygon,

(a) two pointslie onat mostoneline;

(b) theshortestcircuit hasevenlength.

Proof (a)SupposethatlinesL1 � L2 containpointsp1 � p2. Let q � L1. Thenq is at
distance1 from thetwo pointsp1 � p2 of L2, andsois at distance0 from a unique
point of L2; that is, q � L2. So L1 - L2; and,interchangingthesetwo lines,we
find thatL1 � L2.

If a circuit hasodd length2m � 1, thena point lies at distancem from two
pointsof theoppositeline; soit liesatdistancem 	 1 from somepointof this line,
andacircuit of length2m is formed.

Any generalisedpolygonis a nearpolygon; andany “non-degenerate”near
4-gonis ageneralisedquadrangle(seeExercise1).

Somedeeperstructuralpropertiesaregiven in thenext two theorems,which
werefoundby ShultandYanushka[30].

Theorem 10.5 Supposethat x1x2x3x4 is a circuit of length4 in a nearpolygon,
at leastoneof whosesidescontainsmore thantwo points.Thenthere is a unique
subspacecontainingthesefour pointswhich is a generalisedquadrangle.

A subspaceof thetypegivenby this theoremis calledaquad.

Corollary 10.6 Supposethata nearpolygonhastheproperties

(a) anyline containsmore thantwopoints;

(b) anytwo pointsat distance2 arecontainedin a circuit of length4.
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Thenthepoints,linesandquadsforma geometrybelongingto thediagram4 4 L 4 �
We now assumethat thehypothesesof this Corollaryapply. Let p bea point

andQ aquad.Wesaythatthepair
�
p � Q� is classicalif

(a) thereis a uniquepointx of Q nearestp;

(b) for y � Q, d
�
y� p� � d

�
x � p�7� 1 if andonly if y is collinearwith x.

(Thepoint x is the“gateway” to Q from p.) An ovoid in ageneralisedquadrangle
is a set O of (pairwisenon-collinear)points with the propertythat any further
pointof thequadrangleis collinearwith auniquepointof O. Thepoint-quadpair�
p � Q� is ovoidal if thesetof pointsof Q nearestto p is anovoid of Q.

Theorem 10.7 In a nearpolygonwith at leastthreepointson a line, anypoint-
quadpair is eitherclassicalor ovoidal.

A proof in thefinite caseis outlinedin Exercise2.
We now give an example,the sextet geometryof Section9.3 (which, aswe

alreadyknow, hasthe correctdiagram). Recall that the POINTs, LINEs, and
“QUADs” (aswe will now re-namethem)of the geometryarethe octads,trios
andsextetsof theWitt system.Wecheckthatthis is anearpolygon,andexamine
thepoint-quadpairs.

Two octadsintersectin 0, 2 or 4 points.If they aredisjoint, they arecontained
in a trio (i.e., collinear). If they intersectin four points,they definea sextet, and
sosomeoctadis disjoint from both;sotheir distanceis 2. If they intersectin two
points,theirdistanceis 3. Supposethat



B1 � B2 � B3 � is a trio andB anoctadnot in

this trio. EitherB is disjoint from (i.e., collinearwith) a uniqueoctadin thetrio,
or its intersectionswith themhavecardinalities4, 2, 2. In thelattercase,it lies at
distance2 from onePOINTof theLINE, anddistance3 from theothertwo.

Now let B beaPOINT(anoctad),andSaQUAD (asextet). Theintersections
of B with the tetradsof S have the propertythatany two of themsumto 0, 2, 4
or 8; so they areall congruentmod2. If the intersectionshave evenparity, they
are4 � 4 � 0 � 0 � 0 � 0 (thePOINTlies in theQUAD) or 2 � 2 � 2 � 2 � 0 � 0 (B is disjoint from
a uniqueoctadincidentwith S, andthepair is classical).If they have oddparity,
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they are3 � 1 � 1 � 1 � 1 � 1; thenB hasdistance2 from the five octadscontainingthe
first tetrad,anddistance3 from the others. Note that in the GQ of order

�
2 � 2� ,

representedasthepairsfrom a 6-set,thefive pairscontainingan elementof the
6-setform anovoid. So

�
B � S� is ovoidal in this case.

10.3.1 Exercises

1. (a) A nearpolygonwith linesof size2 is abipartitegraph.
(b) A near4-gon,in which no point is joinedto all others,is a generalised

quadrangle.
2. Let Q beafinite GQ with orders� t, wheres # 1.

(a) Supposethat thepoint setof Q is partitionedinto threesubsetsA � B � C
suchthatfor any line L, thevaluesof 8L . A 8 , 8 L . B 8 and 8L . C 8 areeither1 � s� 0,
or 0 � 1 � s. Prove thatA is asingleton,andB thesetof pointscollinearwith A.

(b) Supposethat thepoint setof Q is partitionedinto two subsetsA andB
suchthatany line containsauniquepoint of A. Prove thatA is anovoid.

(c) Henceprove(10.3.4)in thefinite case.

10.4 Dual polar spaces

Wenow look atpolarspaces“the otherwayup”. Thatis, givenanabstractpo-
lar spaceof polarrankn, weconsiderthegeometrywhosePOINTsandLINEs are
thesubspacesof dimensionn 	 1 andn 	 2 respectively, incidencebeingreversed
inclusion.(Thisgeometrywasintroducedin Section7.4.)

Proposition 10.8 A dualpolar spaceof rankn is a near2n-gon.

Proof This is implicit in whatweprovedin Proposition7.9.

Any dual polar spacehasgirth 4, and any circuit of length 4 is contained
in a uniquequad. Moreover, the point-quadpairsare all classical. Both these
assertionsareeasilychecked in the polarspaceby factoringout the intersection
of thesubspacesin question.

Theconverseof this resultwasprovedby Cameron[9]. It is statedhereusing
the notationandideas(andsimplifications)of Shult andYanushkadescribedin
thelastsection.

Theorem 10.9 Let 9 bea near2n-gon.Supposethat
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(a) any4-circuit is containedin a quad;

(b) anypoint-quadpair is classical;

(c) chainsof subspacesarefinite.

Then 9 is a dualpolar spaceof rankn.

Proof Theideasbehindtheproofwill besketched.
Given a point p, the residueof p (that is, the geometryof lines andquads

containingp) is a linearspace,by hypothesis(a). Using(b), it is possibleto show
that this linear spacesatisfiesthe Veblen–Youngaxioms,andso is a projective
space: �

p� (possiblyinfinite-dimensional).We may assumethat this geometry
hasdimensiongreaterthan2 (otherwisethenext few stepsarevacuous).

Now, givenpointsp andq, let ; �
p � q� bethesetof linesthroughp (i.e.,points

of : �
p� ) which belongto geodesicsfrom p to q (that is, which containpointsr

with d
�
q � r � � d

�
p � q�<	 1). Thissetis asubspaceof : �

p� . Let X beany subspace
of : �

p� , andlet = �
p � X � � 


q : ; �
p � q�>- X ���

It canbeshownthat
= �

p � X � isasubspaceof thegeometry, containingall geodesics
betweenany two of its points,andthat,if p? is any point of

= �
p � X � , thenthereis

asubspaceX ? of : �
p? � suchthat

= �
p?@� X ? � � = �

p � X � .
For thefinal step,it is shown that thesubspaces

= �
p � X � , orderedby reverse

inclusion,satisfytheaxioms(P1)–(P4)of Tits.

Remark In thecasewhenany line hasmorethantwo points,condition(a) is a
consequenceof (10.3.2),and(10.3.4)shows that(b) is equivalentto theassertion
thatno point-quadpairsareovoidal.

10.5 Clifford algebras and spinors

Spinorsprovide projective embeddingsof somegeometriesrelatedto dual
polarspaces,muchasexterior powersdo for subspacegeometries.But they are
somewhatelusive,andwehave to constructthemvia Clif ford algebras.

LetV beavectorspaceoveracommutativefield F, and f aquadraticform on
V; let b bethebilinearform obtainedby polarising f . TheClifford algebra C

�
f �

of f (or of the pair
�
V � f � ) is the free-estalgebrageneratedby V subjectto the
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conditionthatv2 � f
�
v �A� 1 for all v � V. In otherwords,it is thequotientof the

tensoralgebraT
�
V � by theidealgeneratedby all elementsv2 	 f

�
v �
� 1 for v � V.

Notethatvw � wv � b
�
v � w �B� 1 for v � w � V.

The Clif ford algebrais a generalisationof the exterior algebra,to which it
reducesif f is identicallyzero.And it hasthesamedimension:

Proposition 10.10 Let


v1 � � ��� � vn � bea basisfor V. ThenC

�
f � hasa basiscon-

sistingof all vectors vi1 � ��� vik, for 0 � i1 � ��� � � ik � n; and so rk
�
C

�
f ��� � 2n.

Proof Any productof basisvectorscanberearrangedinto non-decreasingorder,
moduloproductsof smallernumbersof basisvectors,using

wv � vw 	 b
�
v � w �B� 1 �

A productwith two termsequalcanhave its lengthreduced.Now theresultfol-
lowsby multilinearity.

In animportantspecialcase,we candescribethestructureof C
�
f � .

Theorem 10.11 Let f bea split quadratic formof rankn overF (equivalentto

x1x2 � x3x4 �C�����D� x2n 3 1x2n �
ThenC

�
f � %� M2n

�
F � , thealgebra of 2n � 2n matricesoverF.

Proof It sufficesto find a linearmapθ : V E M2n
�
F � satisfying

(a) θ
�
V � generatesM2n

�
F � (asalgebrawith 1);

(b) θ
�
v � 2 � f

�
v � I for all v � V.

For if so,thenM2n
�
F � is a homomorphicimageof C

�
f � ; comparingdimensions,

they areequal.
We useinduction on n. For n � 0, the result is trivial. Supposethat it is

true for n, with a mapθ. Let Ṽ � V FG/ x � y 0 , where f
�
λx � µy � � λµ. Define

θ̃ : Ṽ E M2nH 1
�
F � by

θ̃
�
v � � � θ

�
v � O

O 	 θ
�
v � � � v � V �
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θ̃
�
x � ��� O I

O O � � θ̃
�
y � ��� O O

I O � �
extendedlinearly.

To show generation,let ! A B
C D " � M2nH 1

�
F � be given. We may assumeinduc-

tively thatA � B � C � D arelinearcombinationsof productsof θ
�
v � , with v � V. The

samecombinationsof productsof θ̃
�
v � have theformsÃ � ! A O

O AIJ" , etc.Now� A B
C D � � Ãθ̃

�
x � θ̃ �

y �7� B̃θ̃
�
x �7� θ̃

�
y � C̃ � θ̃

�
y � D̃θ̃

�
x �K�

To establishtherelations,wenotethat

θ̃
�
v � λx � µy � ��� θ

�
v � λI

µI 	 θ
�
v � � �

andthesquareof theright-handsideis
�
f
�
v �7� λµ� ! I O

O I " , asrequired.

More generally, theargumentshowsthefollowing.

Theorem 10.12 If thequadratic form f hasrankn andgerm f0, then

C
�
f � %� C

�
f0 � � F M2n

�
F �K�

In particular, C
�
x2

0 � x1x2 �L������� x2n 3 1x2n � is thedirectsumof two copiesof
M2n

�
F � ; and,if α is anon-squarein F, then

C
�
αx2

0 � x1x2 �C�����D� x2n 3 1x2n � %� M2n
�
K � �

whereK � F
�NM

α � .
Looked at moreabstractly, Theorem10.12saysthat the Clif ford algebraof

thesplit form of rankn is isomorphicto thealgebraof endomorphismsof avector
spaceS of rank 2n. This spaceis the spinor space, and its elementsarecalled
spinors. Notethattheconnectionbetweenthespinorspaceandtheoriginalvector
spaceis somewhatabstractandtenuous!It is thespinorspacewhich carriesthe
geometricalstructureswenow investigate.

Exercise

1. ProvethattheClif fordalgebrasof therealquadraticforms 	 x2 and 	 x2 	 y2

respectively areisomorphicto thecomplex numbersandthequaternions.Whatis
theClif ford algebraof 	 x2 	 y2 	 z2?
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10.6 The geometry of spinors

In orderto connectspinorsto thegeometryof thequadraticform, wefirst need
to recognisethepointsof avectorspacewithin its algebraof endomorphisms.

let V bea vectorspace,A thealgebraof linear transformationsof V. ThenA
is a simplealgebra.If U is any subspaceof V, then

I
�
U � � 


a � A : va � U for all v � V �
is a left idealin A. Every left idealis of this form (seeExercise1). Sotheprojec-
tivespacebasedonV is isomorphicto thelatticeof left idealsof A. In particular,
theminimal left idealscorrespondto thepointsof theprojectivespace.Moreover,
if U hasrank 1, then I

�
U � hasrank n, andA (actingby left multiplication) in-

ducesthealgebraof linear transformationsof U . In this way, thevectorspaceis
“internalised”in thealgebra.

Now let V carry a split quadraticform of rank n. If U is a totally singular
subspaceof rankn, thentheelementsof U generatea subalgebraisomorphicto
theexterioralgebraof U . Let Û denotetheproductof thevectorsin abasisof U .
Note thatÛ is unchanged,apartfrom a scalarfactor, if a differentbasisis used.
ThenvuÛ � 0 whenever v � V, u � U , andu �� 0; so theleft idealgeneratedby
Û hasdimension2n (with a basisof theform



vi1 ����� vikÛ � , where



v1 � ����� � vn � is

a basisof a complementfor U , and1 � i1 � ����� � ik � n. Thus,Û generatesa
minimal left idealof C

�
f � . By theprecedingparagraph,this idealcorrespondsto

apoint of theprojectivespacePG
�
2n 	 1 � F � basedon thespinorspaceS.

Summarising,we have a mapfrom themaximaltotally singularsubspacesof
the hyperbolicquadricto a subsetof the pointsof projective spinorspace.The
elementsin theimageof thismaparecalledpurespinors.

We now statesomepropertiesof purespinorswithout proof.

Proposition 10.13 (a) There is a decompositionof thespinorspaceS into two
subspacesS� , S3 , each of rank2n 3 1. Anypure spinor is containedin one
of thesesubspaces.

(b) Any line of spinorspacewhich containsmore thantwo pure spinors hasthe
form 
 / Û 0 : U is t.s. with rankn � U hastypeε � U O W � �
whereW is a t.s. subspaceof rankn 	 2, andε �QP 1.
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In (a), thesubspacesS� andS3 arecalledhalf-spinorspaces.
In (b), thetypeof amaximalt.s.subspaceis thatdescribedin Section7.4.The

maximalt.s.subspacescontainingW form a dualpolarspaceof rank2, which in
this caseis simply a completebipartitegraph,the partsof the bipartition being
the two typesof maximalsubspace.Any two subspacesof the sametype have
intersectionwith evencodimensionatmost2, andhenceintersectpreciselyin W.

The dualpolar spaceassociatedwith the split quadraticform hastwo points
per line, andso in generalis a bipartitegraph. The two partsof the bipartition
canbe identifiedwith the purespinorsin the two half-spinorspaces.The lines
describedin (b) within eachhalf-spinorspaceform a geometry, a so-calledhalf-
spinorgeometry: twopurespinorsarecollinearin thisgeometryif andonly if they
lie at distance2 in the dual polar space.In general,distancesin the half-spinor
geometryarethosein thedualpolarspace,halved!

Proposition 10.14 If p is a point and L a line in a half-spinor geometry, then
eitherthereis a uniquepointof L nearestp, or all pointsof L areequidistantfrom
p.

Proof Recallthat the line L of thehalf-spinorgeometryis “half ” of a complete
bipartitegraphQ, which is a quadin thedualpolarspace.If thegateway to Q is
on L, it is thepoint of L nearestto p; if it is on theotherside,thenall pointsof L
areequidistantfrom p.

Thecasesn � 3 � 4 giveusyetanotherwayof lookingat theKlein quadricand
triality.

Example n � 3. The half-spinorspacehasrank 4. The diameterof the half-
spinorgeometryis 1, andso it is a linear space;necessarilyPG

�
3 � F � : that is,

every spinor in the half-spinorspaceis pure. Pointsof this spacecorrespondto
onefamily of maximalsubspaceson theKlein quadric.

Example n � 4. Now thehalf-spinorspaceshave rank 8, the sameasV. The
half-spinorspacehasdiameter2,and(byProposition10.14)satisfiestheBuekenhout–
Shultaxiom.But wedonotneedto usethefull classificationof polarspaceshere,
sincethegeometryis alreadyembeddedin PG

�
7 � F � ! Weconcludethateachhalf-

spinorspaceis isomorphicto theoriginalhyperbolicquadric.
We concludeby embeddinga couplemore dual polar spacesin projective

spaces.
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Proposition 10.15 Let f bea quadratic form of rankn 	 1 on a vectorspaceof
rank 2n 	 1. Thenthe dual polar spaceof F is embeddedas all the pointsand
someof the linesof thehalf-spinorspaceassociatedwith a split quadratic form
of rankn.

Proof Wecanregardthegivenspaceasof theform v R , wherev is anon-singular
vectorin aspacecarryingasplit quadraticform of rankn. Now eacht.s.subspace
of rankn 	 1 for thegivenform is containedin auniquet.s.spaceof rankn of each
typefor thesplit form; sowehaveaninjectionfrom thegivendualpolarspaceto
a half-spinorspace.The mapis onto: for if U is t.s. of rank n, thenU . c R has
rankn 	 1. A line of thedualpolarspaceconsistsof all thesubspacescontaining
a fixedt.s.subspaceof rankn 	 2, andsotranslatesinto a line of thehalf-spinor
space,asrequired.

Proposition 10.16 Let K be a quadratic extensionof F, with Galois automor-
phismσ. LetV bea vectorspaceof rank2n over K, carrying a non-degenerate
σ-Hermitian form b of rank n. Thenthe dual polar spaceassociatedwith b is
embeddablein a half-spinorgeometryoverF.

Proof Let H
�
v � � b

�
v � v � . ThenH

�
v� � F for all v � V; andH is a quadratic

form on thespaceVF obtainedby restrictingscalarsto F. (NotethatVF hasrank
4n over F.) Now any maximalt.i. subspacefor b is a maximalt.s. subspacefor
H of rank 2n; so H is a split form, andwe have an injection from pointsof the
dualunitaryspaceto purespinors.Moreover, theintersectionof any two of these
maximalt.s.subspaceshasevenF-codimensionin each;sothey all havethesame
type,andour mapgoesto pointsof ahalf-spinorgeometry.

A line of thedualpolarspaceis definedby a t.i. subspaceof rankn 	 1 (over
K), which is t.s. of rank 2n 	 2 over F; so it mapsto a line of the half-spinor
geometry, asrequired.

In the casen � 3, we have the duality betweenthe unitary andnon-splitor-
thogonalspacesdiscussedin Section8.3.

Exercise

1. (a) Prove that the setof endomorphismsof V with rangecontainedin a
subspaceU is a left ideal.

(b) Prove that, if T hasrangeU , thenany endomorphismwhoserangeis
containedin U is a left multipleof T.
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(c) Deducethat every left ideal of the endomorphismring of V is of the
form describedin (a).


