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Projective spaces

In this chapteywe describeprojective andaffine spacesynthetically in termsof
vectorspacesandderive someof their geometrigproperties.

1.1 Fieldsand vector spaces

Fieldswill not necessarilype commutatve; in otherwords, the term “field”
will mean®“divisionring” or “skew field”, while theword “commutatve” will be
usedwherenecessaryOften,though,l will say“skew field”, asa reminder (Of
course this refersto the multiplication only; additionwill alwaysbe commuta-
tive.)

Givenafield F, let

| ={neN:(VaeF)n-a=0}={neN:n-1 =0}.

Thenl is anidealin N, hencel = (c) for somenon-ngative integer c calledthe
characteristicof F. The characteristias eitherO or a prime number For each
valueof the characteristicthereis a uniqueprimefield which is a subfieldof any
field of that characteristic:the rational numbersin characteristizero, and the
integersmodulop in prime characteristiq.

Occasionallyl will assumeudimentaryresultsaboutfield extensionsdegree,
andsoon.

Much of the time, we will be concernedwith finite fields. The mainresults
abouttheseareasfollows.

Theorem 1.1 (Wedderburn’s Theorem) A finite fieldis commutative
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Theorem 1.2 (Galois’ Theorem) A finite field has prime powerorder. For any
prime powerq, there is a uniquefinite field of orderg.

The uniquefield of orderq is denotedby GF(q). If q= pd with p prime,
its additive structureis that of a d-dimensionalectorspaceover its prime field
GH(p) (theintegersmodulop). Its multiplicative groupis cyclic (of orderq— 1),
andits automorphisngroupis cyclic (of orderd). If d = 1 (thatis, if qis prime),
thenGF(q) is thering of integersmoda.

An anti-automorphisnof afield is a bijectionc with the properties

(C1+c2)? = cl+c3,
(c1-c)° = c3-cf.

The identity (or, indeed,ary automorphism)s an anti-automorphisnof a com-
mutatve field. Somenon-commutatie fields have anti-automorphismsA well-
known exampleis the field H of quaternionswith a basisover R consistingof
elementsdl, i, j, k satisfying

i2=j°=K=-1, ij=k jk=i, ki=];
theanti-automorphisnis givenby
a+ bi+cj+dk— a—bi—cj—dk.

Others however, do not.
The oppositeof thefield (F,+,-) is thefield (F, +,0), wherethe binary oper
ationo is definedby therule

CioCo=Co-C1.

Thus,ananti-automorphisnof F is justanisomorphisnmbetweerF andits oppo-
siteF°.

For non-commutatie fields, we have to distinguishbetweenleft and right
vectorspaceslin aleft vectorspacejf we write the productof thescalarc andthe
vectorv ascv, thency(cav) = (c1¢2)v holds. In aright vectorspacethis condition
readscs(cpv) = (Cpcy)v. It is morenaturalto write the scalarson theright (thus:
vc), sothatthe conditionis (vcp)cy = v(cpcy)). A right vectorspaceover F is a
left vectorspaceover F°.

Ourvectorspacewill almostalwaysbefinite dimensional.
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For the most part, we will useleft vectorspaces.In this case,it is natural
to representa vector by the row tuple of its coordinateswith respectto some
basis;scalamultiplicationis a specialcaseof matrix multiplication. If thevector
spacehasdimensiomn, thenvectorspaceendomorphismarerepresentetly n x n
matricesactingontheright, in theusualway:

(vA) = 3 VA,

if v=(v1,...,Vn).
Thedual spaceV* of a(left) vectorspaceV is the setof linearmapsfromV
to F, with pointwiseadditionandwith scalarmultiplicationdefinedby

(fc)v =f(cv).

Notethatthis definitionmakesV* aright vectorspace.

1.2 Projective spaces

A projectie spaceof dimensionn over a field F (not necessariljcommuta-
tive!) canbeconstructedn eitherof two ways: by addinga hyperplaneatinfinity
to anaffine spacepr by “projection” of an(n+ 1)-dimensionakpace Both meth-
odshave theirimportanceput the seconds the morenatural.

Thus,letV bean(n+ 1)-dimensionaleft vectorspaceover F. Theprojective
spacePG(n,F) is the geometrywhosepoints, lines, planes,... arethe vector
subspacesfV of dimensiondl, 2,3, ... .

Note thatthe word “geometry”is not definedhere;the propertieswhich are
regardedasgeometricalvill emegeduringthediscussion.

Note alsothe dimensionshift: a d-dimensionalprojectve subspac€or flat)
is a (d + 1)-dimensionalvector subspace.This is donein orderto ensurethat
familiar geometricalpropertieshold. For example,two pointslie on a unique
line; two intersectinglines lie in a uniqueplane;andso on. Moreover, ary d-
dimensionalprojectve subspaces a d-dimensionalprojective spacein its own
right (whenequippedwith the subspaces contains).

To avoid confusion(if possible)] will from now onresenethetermrank(in
symbols rk) for vectorspacedimension sothatunqualified“dimension”will be
geometriadimension.

A hyperplanes a subspac®f codimensioril (thatis, of dimensiononeless
thanthewholespace).If H is a hyperplaneandL aline notcontainedn H, then
HNL isapoint.
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A projectie plane(thatis, PG(2, F)) hasthe propertythatary two linesmeet
in a (unique)point. For, if rk(V) = 3 andU,W C V with rk(U) = rk(W) = 2,
thenU +W =V, andsork(U NW) = 1, thatis, U NW is a point. Fromthis, we
deduce:

Proposition 1.3 (Veblen’s Axiom) If aline intersectstwo sidesof a triangle but
doesnt containtheir intersection thenit intersectsthethird sidealso.

Figurel.1l: Veblens Axiom

For thetriangleis containedn a plane,andthe hypotheseguaranteghatthe
line in questionis spannedy pointsin the plane,andhencealsoliesin theplane.

Veblens axiomis sometimegalledthe Veblen-YoungAxiom or Paschs Ax-
iom. Thelatternameis not strictly accuratePaschwasconcernedvith real pro-
jective spaceandthefactthatif two intersectionsreinsidethetriangle,thethird
is outside;thisis apropertyinvolving ordet goingbeyondtheincidencegeometry
whichis our concernhere.In Section3.1we will seewhy 1.3is referredto asan
“axiom”.

Anothergeneralgeometricpropertyof projectve spacess thefollowing.

Proposition 1.4 (Desaigues’ Theorem) In Figure 1.2,thethreepointsp,q,r are
collinear.

In the casewherethe figure is not containedn a plane,the resultis obvious
geometrically For eachof thethreepointsp, g, r liesin boththeplanesa;b,c; and
axbocy; theseplanesaredistinct,andbothlie in the 3-dimensionaspacespanned
by thethreelinesthrougho, andsotheirintersections aline.
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Figurel.2: Desagues' Theorem

The casewherethe figure is containedin a planecan be deducedrom the
“general”’ caseasfollows. Givena point o anda hyperplaneH ,write aa ~ bb' if
oad,obl arecollineartriplesandthelinesab anda’’ intersecin H (but noneof
thepointsa, &, b, b’ liesin H). Now Desagues’'Theoremis the assertiorthatthe
relation~ is transitve. (For p,q,r arecollinearif andonly if every hyperplane
containingp andg alsocontaing; it is enoughto assumehis for thehyperplanes
not containingthe pointsa, &, etc.) Sosupposeéhatad ~ bb' ~ cc. Thegeomet-
ric agumentof the precedingparagraptshavs thatad ~ cc if the configuration
is notcoplanarsosupposet is. Let od bealine notin this plane with d ¢ H, and
choosead’ suchthatad ~ dd’. Thenbb' ~ dd’, cd ~ dd’, andad ~ cc follow in
turn from thenon-planaDesagues’'Theorem.

(If we areonly givena planeinitially, the crucialfactis thatthe planecanbe
embeddedn a 3-dimensionakpace.)

Remark Thecasewvhere|F|=2is notcoveredby thisagument— canyousee
why? — and,indeed theprojective planeover GF(2) containsno non-deyenerate
Desaguesconfiguration:it only containssesenpoints! NeverthelessDesagues’
Theoremholds,in the sensehatany meaningfuldegeneratiorof it is truein the
projective planeover GF(2). We will not make anexceptionof this case.

It is also possibleto prove Desagues’ Theoremalgebraically by choosing
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coordinategseeExercisel). However, it is importantfor later developmentdo
know thata purelygeometrigproofis possible.

LetV beavectorspaceof rankn+ 1 over F, andV* its dual space.As we
sawv, V* is aright vector spaceover F, and so can be regardedas a left vector
spaceover the oppositefield F°. It hasthe samerankasV if thisis finite. Thus
we have projective space$G(n,F) andPG(n, F°), standingin a dualrelationto
oneanother More precisely we have a bijection betweenthe flats of PG(n, F)
andthoseof PG(n,F°), givenby

U < Ann(U)={feV*:(YuelU) (fu=0)}.
This correspondencpgreseresincidenceandreversesnclusion:

UpCUz; = Ann(Uy) C Ann(Uy),
Ann(U;+Uz) = Ann(Up) NAnNn(Uy),
Ann(U;NUz) = Ann(U) +Ann(Uy).

Moreover, the (geometric)dimensionof Ann(U) isn—1—dim(U).

This givesriseto a duality principle, whereary configurationtheoremin pro-
jective spaceranslatesnto another(over the oppositefield) in which inclusions
arereversedanddimensionsuitablymodified. For example,in theplane thedual
of the statementhattwo pointslie onauniqueline is the statementhattwo lines
meetin auniquepoint.

We turn briefly to affine spaces.The descriptionclosestto that of projectve
spacesunsasfollows. LetV beavectorspaceof rankn overF. Thepoints,lines,
planes,... of theaffinespaceAG(n,F) arethe cosetsf the vectorsubspacesf
rank0, 1, 2,.... (No dimensionshift thistime!) In particular pointsarecosetsof
the zerosubspacen otherwords,singletonsandwe canidentify themwith the
vectorsof V. Sotheaffine spaces “a vectorspacewith no distinguishedrigin”.

The otherdescriptionis: AG(n,F) is obtainedfrom PG(n,F) by deletinga
hyperplandogethewith all the subspaceg contains.

Thetwo descriptionaarematchedup asfollows. Take the vectorspace

V =F™ = {(%0,X1, ., %n) 1 X0, -+, %0 € F}.

Let W be the hyperplanedefinedby the equationxy = 0. The pointsremaining
arerank 1 subspacespannedoy vectorswith xg # 0; eachpoint hasa unique
spanningvectorwith xg = 1. Thenthe correspondencleetweerpointsin thetwo
descriptionss givenby

((1,X1,---,%1)) > (X1,---,%n)-
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(SeeExercise2.)

In AG(n,F), we saythattwo subspaceareparallel if (in thefirst description)
they are cosetsof the samevectorsubspaceor (in the seconddescription)they
have the sameintersectionwith the deletedhyperplane.Parallelismis an equiv-
alencerelation. Now the projectve spacecanberecoveredfrom the affine space
asfollows. To eachparallelclassof d-dimensionalsubspacesf AG(n,F) cor
responds unique(d — 1)-dimensionakubspacef PGn—1,F). Adjoin to the
affine spacethe points (and subspaces)f PG(n— 1,F), andadjointo all mem-
bersof a parallelclassall the pointsin the correspondingubspaceTheresultis
PG(n,F).

The distinguishechyperplands calledthe hyperplaneat infinity or ideal hy-
perplane Thus,anaffine spacecanalsoberegardedas“a projectve spacewith a
distinguishechyperplane”.

The study of projectve geometryis in a sensethe outgronth of the Renais-
sanceheoryof perspectie. If apainter with his eye atthe origin of Euclidean3-
spacewishesto representvhathe seeson a pictureplane theneachline through
theorigin (i.e., eachrank 1 subspace$houldberepresentedy a point of the pic-
tureplane,viz., the pointatwhich it intersectghe pictureplane.Of courseJines
parallelto the pictureplanedo notintersecit, andmustberegardedasmeetingit
in ideal“points atinfinity”. Thus,thephysicalpictureplaneis anaffine plane,and
is extendedo a projectie plane;andthe pointsof the projectve planearein one-
to-onecorrespondenoeith therank 1 subspacesf Euclidear3-spacelt is easily
checledthatlines of the pictureplanecorrespondo rank 2 subspacesrovided
we make the corventionthatthe pointsatinfinity compriseasingleline. Not that
the pictureplanereallyis affine ratherthanEuclideantheordinarydistancesn it
do not correspondo distancesn therealworld.

Exercises

1. Prove Desagues’Theoremin coordinates.

2. Shaw thatthe correspondencéefinedin thetext betweerthe two descrip-
tionsof affine spacds abijectionwhich preseresincidencedimensionandpar
allelism.

3. ThelATEX typesettingsystemprovidesfacilities for drawving diagrams.In
a diagram,the slopeof aline is restrictedto beinginfinity or a rationalnumber
whosenumeratoanddenominatoareeachat most6 in absolutevalue.

(a) Whatis the relation betweenthe slopesof the six lines of a complete
guadranglgall linesjoining four points)? Investigatehow sucha figure canbe
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dravn with the above restrictionon the slopes.
(b) Investigatesimilarly how to drav a Desaguesconfiguration.

1.3 The “Fundamental Theorem of Projective Geometry”

An isomorphismbetweentwo projective spacesds a bijection betweenthe
pointsetsof thespacesvhich mapsary subspaceto asubspacéwhenappliedin
eitherdirection).A collineationof PG(n,F) is anisomorphisnfrom PG(n,F) to
itself. Thetheorenof thetitle of this sectionhastwo consequencedirst, thatiso-
morphicprojective spacedave the samedimensionandthe samecoordinatising
field; secondadeterminatiorof thegroupof all collineations.

We mustassumehatn > 1; for the only propersubspacesf a projectve line
areits points,andsoary bijectionis anisomorphismandthe collineationgroup
is thefull symmetricgroup.(Therearemethoddor assigningadditionalstructure
to a projectve line, for example,using cross-ratio;thesewill be discussedater
on,in Sectior4.5.)

Thegeneal linear groupGL(n+ 1,F) is thegroupof all non-singulatdinear
transformation®fV = F"L; it is isomorphicto the groupof invertible (n+ 1) x
(n+ 1) matricesover F. (In generalthe determinanis not well-defined,sowe
cannotidentify the invertible matriceswith thosehaving non-zerodeterminant.)
Any elementof GL(n+ 1,F) mapssubspacesf V into subspacesf the same
rank,andpreseresinclusion;soit inducesa collineationof PG(n,F). Thegroup
Aut(F) of automorphismsf F hasacoordinate-wis@ctiononV"t!; thesetrans-
formationsalsoinducecollineations. The groupgeneratedy GL(n+ 1,F) and
Aut(F) (whichis actuallytheir semi-directproduct)is denotedoy 'L (n+ 1,F);
its elementsarecalledsemilineartransformationsThe groupsof collineationsof
PG(n,F) inducedby GL(n+1,F) andl'L(n+ 1,F) aredenotedoy PGL(n+ 1,F)
andPrL(n+ 1,F), respectiely.

More generallyasemi-lineatransformatiorfrom onevectorspaceo another
is thecompositionof alineartransformatioranda coordinate-wisdield automor
phismof thetametspace.

Theorem 1.5 (Fundamental Theorem of Projective Geometry) Anyisomorphism
betweerprojectivespace®f dimensiorat least2 is inducedby a semilineartrans-
formationbetweerthe underlyingvectorspacesuniqueup to scalar multiplica-
tion.
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Before outlining the proof, we will seethe two importantcorollariesof this
result. Both follow immediatelyfrom the theorem(in the secondcase by taking
thetwo projective spacedo bethesame).

Corollary 1.6 Isomorphigprojectivespace®fdimensioratleast2 havethesame
dimensiorandare coordinatisedby isomorphicfields. =

Corollary 1.7 (a) For n > 1, the collineation group of PG(n,F) is the group
PrL(n+1,F).

(b) Thekernelof theactionof F'L(n+1,F) onPG(n,F) is thegroupof non-zeo
scalars (acting by left multiplication). =

Remark Thepointof thetheoremandthereasorfor its name,is thatthealge-
braicstructureof theunderlyingvectorspacecanberecoveredfrom theincidence
geometryof the projective space. The proof is a good warm-upfor the coor
dinatisationtheoremd will be discussingsoon. In fact, the proof concentrates
on Corollary 1.7, for easeof exposition. The dimensionof a projective spaceis
two lessthanthe numberof subspacem a maximalchain(underinclusion);and
our argumentshows that the geometrydetermineghe coordinatisingfield up to
iIsomorphism.

Proof We shaw first thattwo semi-lineartransformationsvhichinducethesame
collineationdiffer only by a scalarfactor By following one by the inverseof

the other we seethatit sufficesto shav thata semi-lineartransformatiorwhich

fixesevery pointof PG(n,F) is a scalarmultiplication. Solet v — VoA fix every
point of PG(n,F), whereo € Aut(F) andA € GL(n+ 1,F). Thenevery vector
is mappedo a scalammultiple of itself. Let ey, . .., &, bethe standardasisfor V.

Then(sinceo fixesthe standardasisvectors)we have g A= Ajg fori =0,...,n.

Also,

(e0+...+e)A = Ao&p+...+Anen
= MNep+...+6€), say
SOAg=...=Ap=A.

Now, for ary p€ F, thevector(1,4,0,...,0) ismappedo thevector(A, u°A, 0, ..., 0);
sowe have A\p= W°A. Thus

VCA=VoA =\v
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for any vectorv, asrequired.

Note that the field automorphisno is conjugationby the elementA (thatis,
K° = ApA—1); in otherwords,aninnerautomorphism.

Now we prove that any isomorphismis semilinear The stratgy is similar.
Call an (n+ 2) tuple of pointsspecialif non+ 1 of themarelinearly dependent.
We have:

Thereis alinear mapcarryingary specialtuple to ary other(in the
samespace,or anotherspaceof the samedimensionover the same
field).

(For, givena specialtuple in the first space spanningvectorsfor thefirstn+ 1
pointsform a basisey, .. .,e,, andthe lastpoint is spannedy a vectorwith all
coordinatesion-zerorelative to this basis. Adjusting the basisvectorsby scalar
factors,we may assumehatthe lastpointis spannedy e + ...+ e,. Similarly,
the pointsof a specialtuple in the secondspaceare spannedy the vectorsof a
basisfy,...,fn, andfg+ ...+ fh. The uniquelinear transformationcarryingthe
first basisto the secondalsocarriesthefirst specialtupleto the second.)

Let 6 be ary isomorphism. Thenthereis a linear map ¢ which mimics the
effect of 8 on a special(n+ 2)-tuple. Composing® with the inverseof ¢, we
obtainanautomorphisnof PG(n, F) which fixesthe (n-+ 2)-tuple pointwise.We
have to showv that suchan automorphisms the productof a scalarand a field
automorphism.(Note that, aswe saw above, left andright multiplicationsby A
differ by aninnerautomorphism.)

We assumehatn = 2; thissimplifiestheargumentwhile retainingits essential
features Solet g beacollineationfixing thespansf ey, e1, &, andey+e; +e. We
usehomogeneousoordinateswriting thesevectorsas(1,0,0), (0,1,0), (0,0,1),
and(1,1,1), anddenotethegenerapointby (XY, z).

Thepointsontheline {(xg,0,%2)}, apartfrom (1,0,0), have theform (x,0, 1)
for x € F, andso canbe identified with elementsof F. Now the bijection be-
tweenthis set and the setof points (0,y,1) on the line {(0,x1,%2)}, given by
(x,0,1) — (0,x,1), canbe geometricallydefinedin a way which is invariantun-
der collineationsfixing the four referencepoints (seeFig. 1.3). The figure also
showvsthatthe coordinate®f all pointsin the planearedetermined.

Furthermoretheoperation®f additionandmultiplicationin F canbedefined
geometricallyin the samesensgseeFiguresl.4 and1.6). (The definitionslook
morefamiliarif we take theline {(x1,%2,0)} to beatinfinity, anddraw thefigure
in the affine planewith linesthrough(1,0,0) and(0, 1,0) horizontalandvertical
respectrely. this hasbeendonefor additionin Figurel1.5;thereadershoulddrav
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(0.1,0)
(0,%,3
(1,1,0)
%,%,1)
(0,1, 111)
(00,1) (1,0,1) x0,1) (1,0,0)

Figurel.3: Bijection betweertheaxes

the correspondingliagramfor multiplication.) It follows that arny collineation
fixing ourfour basicpointsinducesanautomorphisnof thefield F, andits actions
onthecoordinatesagree.Thetheorems proved. =

A groupG actingon asetQ is saidto bet-transitiveif, givenary two t-tuples
(ag,...,0¢) and(B,...,Bt) of distinctelementf Q, someelementof G carries
the first tuple to the second. G is sharplyt-transitive if thereis a uniquesuch
element.(If theactionis notfaithful, it is betterto say:two elementf G which
agreeont distinctpointsof Q agreeeverywhere.)

Sinceary two distinctpointsof PG(n, F) arelinearlyindependentye seethat
PrL(n+1,F) (orevenPGL(n+1,F)) is 2-transitive on the pointsof PG(n, F). It
is never 3-transitve (for n > 1); for sometriplesof pointsarecollinearandothers
arenot,andno collineationcanmaponetypeto the other
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(0,1,0)
(1,1,0)
AN
X+Y,y,1)
(0) 0’ 1) (y’ 07 1) (X’ 0) ]'0X+y307 1) (15 0’ 0)

Figurel.4: Addition

| will digresshereto describethe analogoussituationfor PG(1,F), even
thoughthe FTPGdoesnot applyin this case.

Proposition1.8 (a) ThegroupPGL(2,F) is 3-transitiveonthepointsof PG(1, F),
andis sharply3-transitiveif andonly if F is commutative

(b) Thee exist skew fieldsF for which the group PGL(2,F) is 4-transitiveon
PG(L,F).

Proof The first part follows just asin the proof of the FTPG, sinceary three
pointsof PG(1,F) have the propertythat no two arelinearly dependentAgain,
asin thattheorem the stabiliserof the threepointswith coordinateg1,0), (0,1)

and(1,1) is thegroupof innerautomorphismsf F, andsois trivial if andonly if

F is commutatve.
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(V) (X+y,y)

(00) (0 (x0)  (x+y,0)

Figurel.5: Affine addition

Thereexist skew fields F with the propertythat any two elementddifferent
from 0 and1 are conjugatein the multiplicative groupof F. Clearly thesehave
the requiredproperty (This factis dueto P. M. Cohn[15]; it is establishedy
a constructionanalogougo that of Higman, Neumannand Neumann[20] for
groups. Higmanet al. usedtheir constructionto showv that there exist groups
in which all non-identityelementsare conjugate;Cohn’s work shows thatthere
aremultiplicative groupsof skew fieldswith this property Notethatsucha field
hascharacteristi@. For, if not, then1+ 1 # 0, andary automorphisnmustfix
1+1) =

Finally, we considercollineationsof affine spaces.

Parallelismin anaffine spacehasanintrinsic,geometriadefinition. For two d-
flatsareparallelif andonly if they aredisjointandsome(d + 1)-flat containsboth.
It followsthatary collineationof AG(n, F) preseresparallelism.Thehyperplane
atinfinity canbe constructedrom the parallelclassegaswe sav in Sectionl.2);
so ary collineationof AG(n,F) inducesa collineationof this hyperplane and
henceof theembeddind®G(n,F). Hence:

Theorem 1.9 Thecollineationgroupof AG(n, F) is thestabiliserof a hyperplane
in thecollineationgroupof PG(n,F). =

Usingthis, it is possibleto determinghe structureof this groupfor n > 1 (see
Exercise2).

Proposition 1.10 For n > 1, thecollineationgroupof AG(n, F) is the semi-diect
productof the additivegroupof F" andl"'L(n,F).

This groupis denotedby AT'L(n,F). Theadditive groupactsby translation,
andthe semilineargroupin the naturalway.
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(0,1,0)
(1,y,0)
(0
(1,1,0)
XY, X%L)
17 b
Y )y,y,l)
1,1,1
(0,0,1) 1,01 (v,0.0) X0.1) xy0,1) _ (L0,0)

Figurel.6: Multiplication

Exercises

1. Provethe FTPGfor n > 2.
2. Usethe correspondencbetweerthe two definitionsof AG(n,F) givenin
thelastsectionto deducePropositionl.10from Theoreml.9.

1.4 Finite projective spaces

Over the finite field GF(q), the n-dimensionalprojective and affine spaces
andtheir collineationgroupsarefinite, and canbe counted. In this section,we
display someof the relevantformulee. We abbreviate PG(n, GF(q)) to PG(n,q),
andsimilarly for affine spacescollineationgroups etc.

A vector spaceof rank n over GF(q) is isomorphicto GF(q)", and so the
numberof vectorsis g". In consequencéhenumberof vectorsoutsidea subspace
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of rankk is g" — ok.

Proposition 1.11 Thenumberof subspacesf rankk in a vectorspaceof rankn
over GF(q) is

(@"—1)(a"—q)--- (" — g )
(=1 (gk—q)---(gk— g« L)

Remark This numberis calleda Gaussiarcoeficient, andis denotedby [] "
Proof First we countthe numberof choicesof k linearly independentectors.
Theit" vectormaybechoserarbitrarily outsidethe subspacef ranki — 1 spanned
by its predecessor$iencein g — ¢ —1 ways. Thus,the numeratoiis the required
numberof choices.

Now ary k linearly independentectorsspana uniquesubspacef rankk; so
the numberof subspacess found by dividing the numberjust calculatedby the
numberof choicesof a basisfor a spaceof rankk. But the latteris given by the
sameformula,with k replacingn. =

Proposition 1.12 Theorderof GL(n,q) is

@ -1 (" =) (" =g ).

Theorder of F'L(n, q) is the above numbermultiplied by d, whee g = p9 with p
prime; andthe orders of PGL(n,q) andPI'L(n,q) are obtainedby dividing these
numbesby (q—1).

Proof An elementof GL(n,q) is uniquelydeterminecby theimageof the stan-
dardbasiswhichis anarbitrarybasisof GF(q)"; andtheproofof Propositionl.11
shavsthatthenumberof basess thenumberuoted.Theremaindeof thepropo-
sition follows from the remarksin Sectionl.3, since GF(q) hasg— 1 non-zero
scalarsandits automorphisngrouphasorderd. =

Theformulafor the Gaussiarcoeficientmakessensenotjustfor primepower
valuesof g, but for ary value of q differentfrom 1. Thereis a combinatorial
interpretationfor ary integerq > 1 (Exercise3). Moreover, by I'H Opital’s rule,
limg_1(0®—1)/(q° — 1) = a/b; it followsthat

im 1, (&)
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This illustratesjust one of the mary ways in which subspace®f finite vector
spacesesemblesubset®f sets.

It followsimmediatelyfrom Propopsitiori.11thatthenumbersof k-dimensional
flatsin PG(n,q) andAG(n,q) are [’l:[ﬂq andg™ <[] o respectiely.

Projectve and affine spacegprovide importantexamplesof designs,whose
parametersanbe expressedn termsof the Gaussiarcoeficients.

A t-designwith parametes (v,k,A), or t-(v,k,A) design consistsof a setX
of v pointg anda collectionB of k-elementsubsetf X calledblocks with the
propertythatarny t distinctpointsof X arecontainedn exactly A blocks.Designs
werefirst usedby statisticianssuchasR. A. Fisher for experimentaldesign(e.g.
to facilitateanalysisof variance).Theterms“design” and“block”, andtheletter
Vv (theinitial letterof “variety”), reflectthis origin.

Proposition1.13 (a) Thepointsand m-dimensionaflatsin PG(n,q) form a 2-
designwith parametes

(M )

(b) Thepointsandm-dimensionaflats of AG(n, q) form a 2-desigrwith param-

eters
n .m |n=1
(q ) q b |:m_ 1] q) .

If g = 2, thenit is a 3-designwith A = [ 2] "

Proof Thevaluesof vandk areclearin bothcases.

(a) Let V be the underlyingvector spaceof rank n+ 1. We wantto count
the subspacesf rankm-+ 1 containingtwo givenrank 1 subspace®; andP.. If
L = P + P, thenL hasrank2, anda subspaceontainsP; andP; if andonly if it
containsL. Now, by the Third IsomorphismTheoremtherankm+ 1 subspaces
containingL arein 1-1 correspondenceith therankm— 1 subspacesf therank
n—1space//L.

(b) In AG(n,q), to countsubspacesontainingtwo points, we may assume
(by translation)that one of the pointsis the origin. An affine flat containingthe
origin is avectorsubspaceanda subspaceontainsa non-zerovectorif andonly
if it containsthe rank 1 subspacet spans. The resultfollows asbefore. In the
casewhenqg = 2, arankl subspaceontainsonly onenon-zerovectot soary two
distinctnon-zerovectorsspanarank2 subspace. m



1.4. Finite projectivespaces 17

Remark The essenceof the proof is that the quotientof either PG(n,q) or
AG(n,q) by aflat F of dimensiond is PG(n—d — 1, q). (Theflatsof the quotient
spacearepreciselythe flats of the original spacecontainingF.) This assertionis
true over ary field at all, andlies at the basisof an approacho geometrywhich
we will considerin Chapters.

An automorphisnof a designis a permutationof the pointswhich mapsary
blockto ablock.

Proposition 1.14 For 0 < m< n, thedesignof pointsand m-dimensionaflatsin
PG(n,q) or AG(n,q) isPI'L(n+1,q) or ATL(n+1,q) respectivelyexceptin the
affinecasewithg=2andm= 1.

Proof By theresultsof Sectionl.3, it sufficesto shav thatthe entiregeometry
canberecoveredfrom the pointsandm-dimensionaflats. This follows immedi-
atelyfrom two obsenations:

(a)theuniqueline containingwo pointsis theintersectiorof all them-dimensional
flats containingthem;

(b) exceptfor affine spacesover GF(2), a setof pointsis aflat if andonly if it
containgheline throughany two of its points.

Affine space®ver GF(2) areexceptional:lineshave justtwo points,andary two
pointsform aline. However, analogousstatement$old for planes:threepoints
lie in auniqueplane,andwe have

(aa)the planethroughthreepointsis the intersectionof all the flats of dimen-
sionmwhich containthem(for m > 1);

(bb) asetof pointsis aflat if andonly if it containsthe planethroughary three
of its points.

Theproofsareleft asexercises. m

Exercises

1. Provetheassertionga), (b), (aa),(bb) in Propositionl.14.
2. Provethattheprobabilitythatarandomn x n matrix overagivenfinite field
GF(q) is non-singulatendsto alimit c(q) asn — o, where0 < ¢(q) < 1.
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3. Prove thatthe total numberF (n) of subspacesf a vectorspaceof rankn
overagivenfinite field GF(q) satisfiegherecurrence

F(n+1)=2F(n)+(q"—1)F(n—1).

4. Let Sbean“alphabet’of sizeq, with two distinguishecelement and1
(but not necessarilafinite field). A k x n matrix with entriesfrom Sis (asusual)
in reducedechelonformiif

e it hasnozerorows;

e thefirstnon-zeroentryin ary row isal,;

e the“leading1s”in laterrows occurfurtherto theright;
e theotherentriesin the columnof a“leading1” areall O.

Prove thatthenumberof k x n matricesin reducedechelorformis ] o Verify in
detailin thecasen=4,k = 2.
5. Usetheresultof Exercise4 to prove therecurrenceelation

MRSy R R



