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Projective spaces

In this chapter, we describeprojectiveandaffine spacessynthetically, in termsof
vectorspaces,andderivesomeof their geometricproperties.

1.1 Fields and vector spaces

Fieldswill not necessarilybe commutative; in otherwords,the term “field”
will mean“division ring” or “skew field”, while theword “commutative” will be
usedwherenecessary. Often,though,I will say“skew field”, asa reminder. (Of
course,this refersto the multiplication only; additionwill alwaysbe commuta-
tive.)

Givenafield F, let

I � �
n ��� : ��� α � F � n 	 α � 0 
 � �

n ��� : n 	 1F
� 0 

�

ThenI is an ideal in � , henceI � � c� for somenon-negative integerc calledthe
characteristicof F. The characteristicis either0 or a prime number. For each
valueof thecharacteristic,thereis a uniqueprimefield which is a subfieldof any
field of that characteristic:the rational numbersin characteristiczero, and the
integersmodulop in primecharacteristicp.

OccasionallyI will assumerudimentaryresultsaboutfield extensions,degree,
andsoon.

Much of the time, we will be concernedwith finite fields. The main results
abouttheseareasfollows.

Theorem 1.1(Wedderburn’s Theorem) A finitefield is commutative.
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2 1. Projectivespaces

Theorem 1.2(Galois’ Theorem) A finite field hasprime powerorder. For any
primepowerq, there is a uniquefinitefieldof orderq.

The uniquefield of order q is denotedby GF� q� . If q � pd with p prime,
its additive structureis that of a d-dimensionalvectorspaceover its prime field
GF� p� (theintegersmodulop). Its multiplicativegroupis cyclic (of orderq � 1),
andits automorphismgroupis cyclic (of orderd). If d � 1 (thatis, if q is prime),
thenGF� q� is thering of integersmodq.

An anti-automorphismof afield is abijectionσ with theproperties� c1 � c2 � σ � cσ
1 � cσ

2 �� c1 	 c2 � σ � cσ
2 	 cσ

1 �
The identity (or, indeed,any automorphism)is an anti-automorphismof a com-
mutative field. Somenon-commutative fieldshave anti-automorphisms.A well-
known exampleis the field � of quaternions,with a basisover � consistingof
elements1 � i � j � k satisfying

i2 � j2 � k2 � � 1 � i j � k � jk � i � ki � j;

theanti-automorphismis givenby

a � bi � cj � dk �� a � bi � cj � dk �
Others,however, donot.

Theoppositeof thefield � F � � � 	�� is thefield � F � � ��� � , wherethebinaryoper-
ation � is definedby therule

c1 � c2
� c2 	 c1 �

Thus,ananti-automorphismof F is justanisomorphismbetweenF andits oppo-
siteF � .

For non-commutative fields, we have to distinguishbetweenleft and right
vectorspaces.In a left vectorspace,if wewrite theproductof thescalarc andthe
vectorv ascv, thenc1 � c2v � � � c1c2 � v holds.In aright vectorspace,thiscondition
readsc1 � c2v � � � c2c1 � v. It is morenaturalto write thescalarson theright (thus:
vc), so that theconditionis � vc2 � c1

� v � c2c1 � ). A right vectorspaceover F is a
left vectorspaceoverF � .

Our vectorspaceswill almostalwaysbefinite dimensional.
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For the most part, we will useleft vectorspaces.In this case,it is natural
to representa vector by the row tuple of its coordinateswith respectto some
basis;scalarmultiplicationis aspecialcaseof matrixmultiplication. If thevector
spacehasdimensionn, thenvectorspaceendomorphismsarerepresentedby n � n
matrices,actingon theright, in theusualway:� vA� � ∑

i
viAi j

if v � � v1 � ����� � vn � .
Thedual spaceV � of a (left) vectorspaceV is thesetof linearmapsfrom V

to F, with pointwiseadditionandwith scalarmultiplicationdefinedby� fc� v � f � cv ���
Notethatthis definitionmakesV � a right vectorspace.

1.2 Projectivespaces

A projective spaceof dimensionn over a field F (not necessarilycommuta-
tive!) canbeconstructedin eitherof two ways:by addingahyperplaneat infinity
to anaffinespace,or by “projection” of an � n � 1� -dimensionalspace.Bothmeth-
odshave their importance,but thesecondis themorenatural.

Thus,letV bean � n � 1� -dimensionalleft vectorspaceoverF. Theprojective
spacePG� n � F � is the geometrywhosepoints, lines, planes,. . . are the vector
subspacesof V of dimensions1, 2, 3, . . . .

Note that the word “geometry” is not definedhere;the propertieswhich are
regardedasgeometricalwill emergeduringthediscussion.

Note alsothe dimensionshift: a d-dimensionalprojective subspace(or flat)
is a � d � 1� -dimensionalvector subspace.This is donein order to ensurethat
familiar geometricalpropertieshold. For example,two points lie on a unique
line; two intersectinglines lie in a uniqueplane;andso on. Moreover, any d-
dimensionalprojective subspaceis a d-dimensionalprojective spacein its own
right (whenequippedwith thesubspacesit contains).

To avoid confusion(if possible),I will from now on reserve thetermrank(in
symbols,rk) for vectorspacedimension,sothatunqualified“dimension”will be
geometricdimension.

A hyperplaneis a subspaceof codimension1 (that is, of dimensiononeless
thanthewholespace).If H is a hyperplaneandL a line not containedin H, then
H � L is apoint.
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A projectiveplane(thatis, PG� 2 � F � ) hasthepropertythatany two linesmeet
in a (unique)point. For, if rk � V � � 3 andU � W � V with rk � U � � rk � W � � 2,
thenU � W � V, andsork � U � W � � 1; that is, U � W is a point. Fromthis, we
deduce:

Proposition1.3(Veblen’s Axiom) If a line intersectstwo sidesof a triangle but
doesn’t containtheir intersection,thenit intersectsthethird sidealso.

� � � � �
� � � � �

�
              

!!!!!
!!!!!

!

Figure1.1: Veblen’sAxiom

For thetriangleis containedin a plane,andthehypothesesguaranteethatthe
line in questionis spannedby pointsin theplane,andhencealsolies in theplane.

Veblen’s axiomis sometimescalledtheVeblen-YoungAxiom or Pasch’s Ax-
iom. Thelatternameis not strictly accurate:Paschwasconcernedwith realpro-
jectivespace,andthefactthatif two intersectionsareinsidethetriangle,thethird
is outside;this is apropertyinvolving order, goingbeyondtheincidencegeometry
which is our concernhere.In Section3.1we will seewhy 1.3 is referredto asan
“axiom”.

Anothergeneralgeometricpropertyof projectivespacesis thefollowing.

Proposition1.4(Desargues’Theorem) In Figure1.2,thethreepointsp � q � r are
collinear.

In thecasewherethefigure is not containedin a plane,the resultis obvious
geometrically. For eachof thethreepointsp � q � r liesin boththeplanesa1b1c1 and
a2b2c2; theseplanesaredistinct,andbothlie in the3-dimensionalspacespanned
by thethreelinesthrougho, andsotheir intersectionis a line.
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Figure1.2: Desargues’Theorem

The casewherethe figure is containedin a planecanbe deducedfrom the
“general”caseasfollows. Givena point o anda hyperplaneH,write aa*
+ bb* if
oaa* � obb* arecollineartriplesandthelinesabanda* b* intersectin H (but noneof
thepointsa � a* � b � b* lies in H). Now Desargues’Theoremis theassertionthatthe
relation + is transitive. (For p � q � r arecollinearif andonly if every hyperplane
containingp andq alsocontainsr; it is enoughto assumethis for thehyperplanes
notcontainingthepointsa � a* , etc.)Sosupposethataa* + bb* + cc* . Thegeomet-
ric argumentof theprecedingparagraphshows thataa* + cc* if theconfiguration
is notcoplanar;sosupposeit is. Let od bealine not in thisplane,with d ,� H, and
choosed * suchthataa*-+ dd * . Thenbb*.+ dd * , cc*
+ dd * , andaa*.+ cc* follow in
turn from thenon-planarDesargues’Theorem.

(If we areonly givena planeinitially, thecrucial fact is that theplanecanbe
embeddedin a3-dimensionalspace.)

Remark Thecasewhere /F / � 2 is notcoveredby thisargument— canyousee
why?— and,indeed,theprojectiveplaneoverGF� 2� containsnonon-degenerate
Desarguesconfiguration:it only containssevenpoints! Nevertheless,Desargues’
Theoremholds,in thesensethatany meaningfuldegenerationof it is true in the
projectiveplaneoverGF� 2� . We will not makeanexceptionof this case.

It is also possibleto prove Desargues’ Theoremalgebraically, by choosing
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coordinates(seeExercise1). However, it is importantfor later developmentsto
know thatapurelygeometricproof is possible.

Let V be a vectorspaceof rank n � 1 over F, andV � its dual space.As we
saw, V � is a right vectorspaceover F , andso canbe regardedasa left vector
spaceover theoppositefield F � . It hasthesamerankasV if this is finite. Thus
we have projective spacesPG� n � F � andPG� n � F �0� , standingin a dual relationto
oneanother. More precisely, we have a bijection betweenthe flats of PG� n � F �
andthoseof PG� n � F � � , givenby

U 1 Ann � U � � �
f � V � : ��� u � U �2� fu � 0��

�

Thiscorrespondencepreservesincidenceandreversesinclusion:

U1 � U2 3 Ann � U2 �4� Ann � U1 � �
Ann � U1 � U2 � � Ann � U1 �5� Ann � U2 � �
Ann � U1 � U2 � � Ann � U1 � � Ann � U2 �0�

Moreover, the(geometric)dimensionof Ann � U � is n � 1 � dim � U � .
Thisgivesriseto adualityprinciple, whereany configurationtheoremin pro-

jective spacetranslatesinto another(over theoppositefield) in which inclusions
arereversedanddimensionssuitablymodified.For example,in theplane,thedual
of thestatementthattwo pointslie onauniqueline is thestatementthattwo lines
meetin auniquepoint.

We turn briefly to affine spaces.The descriptionclosestto thatof projective
spacesrunsasfollows. LetV beavectorspaceof rankn overF. Thepoints,lines,
planes,. . . of theaffinespaceAG � n � F � arethecosetsof thevectorsubspacesof
rank0, 1, 2, . . . . (No dimensionshift this time!) In particular, pointsarecosetsof
thezerosubspace,in otherwords,singletons,andwe canidentify themwith the
vectorsof V. Sotheaffinespaceis “a vectorspacewith nodistinguishedorigin”.

The otherdescriptionis: AG � n � F � is obtainedfrom PG� n � F � by deletinga
hyperplanetogetherwith all thesubspacesit contains.

Thetwo descriptionsarematchedupasfollows. Take thevectorspace

V � Fn6 1 � � � x0 � x1 � ����� � xn � : x0 � ����� � xn � F 

�
Let W be the hyperplanedefinedby the equationx0

� 0. The pointsremaining
are rank 1 subspacesspannedby vectorswith x0 ,� 0; eachpoint hasa unique
spanningvectorwith x0

� 1. Thenthecorrespondencebetweenpointsin thetwo
descriptionsis givenby 7 � 1 � x1 � ����� � xn ��8�1 � x1 � ����� � xn �0�
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(SeeExercise2.)
In AG � n � F � , wesaythattwo subspacesareparallel if (in thefirst description)

they arecosetsof the samevectorsubspace,or (in the seconddescription)they
have thesameintersectionwith thedeletedhyperplane.Parallelismis anequiv-
alencerelation.Now theprojective spacecanberecoveredfrom theaffine space
asfollows. To eachparallelclassof d-dimensionalsubspacesof AG � n � F � cor-
respondsa unique � d � 1� -dimensionalsubspaceof PG� n � 1 � F � . Adjoin to the
affine spacethe points(andsubspaces)of PG� n � 1 � F � , andadjoin to all mem-
bersof a parallelclassall thepointsin thecorrespondingsubspace.Theresultis
PG� n � F � .

Thedistinguishedhyperplaneis calledthehyperplaneat infinity or ideal hy-
perplane. Thus,anaffinespacecanalsoberegardedas“a projectivespacewith a
distinguishedhyperplane”.

The studyof projective geometryis in a sensethe outgrowth of the Renais-
sancetheoryof perspective. If apainter, with hiseyeat theorigin of Euclidean3-
space,wishesto representwhatheseesonapictureplane,theneachline through
theorigin (i.e.,eachrank1 subspace)shouldberepresentedby apointof thepic-
tureplane,viz., thepoint at which it intersectsthepictureplane.Of course,lines
parallelto thepictureplanedonot intersectit, andmustberegardedasmeetingit
in ideal“pointsat infinity”. Thus,thephysicalpictureplaneis anaffineplane,and
is extendedto aprojectiveplane;andthepointsof theprojectiveplanearein one-
to-onecorrespondencewith therank1 subspacesof Euclidean3-space.It is easily
checked that linesof thepictureplanecorrespondto rank2 subspaces,provided
wemake theconventionthatthepointsat infinity compriseasingleline. Not that
thepictureplanereally is affine ratherthanEuclidean;theordinarydistancesin it
do notcorrespondto distancesin therealworld.

Exercises

1. ProveDesargues’Theoremin coordinates.
2. Show that thecorrespondencedefinedin thetext betweenthetwo descrip-

tionsof affinespaceis abijectionwhichpreservesincidence,dimension,andpar-
allelism.

3. TheLATEX typesettingsystemprovidesfacilities for drawing diagrams.In
a diagram,the slopeof a line is restrictedto beinginfinity or a rationalnumber
whosenumeratoranddenominatorareeachat most6 in absolutevalue.

(a) What is the relationbetweenthe slopesof the six lines of a complete
quadrangle(all lines joining four points)? Investigatehow sucha figure canbe
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drawn with theaboverestrictionon theslopes.
(b) Investigatesimilarly how to draw aDesarguesconfiguration.

1.3 The “Fundamental Theoremof ProjectiveGeometry”

An isomorphismbetweentwo projective spacesis a bijection betweenthe
pointsetsof thespaceswhichmapsany subspaceinto asubspace(whenappliedin
eitherdirection).A collineationof PG� n � F � is anisomorphismfrom PG� n � F � to
itself. Thetheoremof thetitle of thissectionhastwo consequences:first, thatiso-
morphicprojective spaceshave thesamedimensionandthesamecoordinatising
field; second,adeterminationof thegroupof all collineations.

We mustassumethatn 9 1; for theonly propersubspacesof aprojective line
areits points,andsoany bijectionis anisomorphism,andthecollineationgroup
is thefull symmetricgroup.(Therearemethodsfor assigningadditionalstructure
to a projective line, for example,usingcross-ratio;thesewill be discussedlater
on, in Section4.5.)

Thegeneral linear groupGL � n � 1 � F � is thegroupof all non-singularlinear
transformationsof V � Fn6 1; it is isomorphicto thegroupof invertible � n � 1�:�� n � 1� matricesover F. (In general,the determinantis not well-defined,sowe
cannotidentify the invertiblematriceswith thosehaving non-zerodeterminant.)
Any elementof GL � n � 1 � F � mapssubspacesof V into subspacesof the same
rank,andpreservesinclusion;soit inducesacollineationof PG� n � F � . Thegroup
Aut � F � of automorphismsof F hasacoordinate-wiseactiononVn6 1; thesetrans-
formationsalsoinducecollineations.The groupgeneratedby GL � n � 1 � F � and
Aut � F � (which is actuallytheir semi-directproduct)is denotedby ΓL � n � 1 � F � ;
its elementsarecalledsemilineartransformations. Thegroupsof collineationsof
PG� n � F � inducedby GL � n � 1 � F � andΓL � n � 1 � F � aredenotedby PGL� n � 1 � F �
andPΓL � n � 1 � F � , respectively.

Moregenerally, asemi-lineartransformationfrom onevectorspaceto another
is thecompositionof a lineartransformationandacoordinate-wisefield automor-
phismof thetargetspace.

Theorem 1.5(FundamentalTheorem of Projective Geometry) Anyisomorphism
betweenprojectivespacesof dimensionat least2 is inducedbya semilineartrans-
formationbetweentheunderlyingvectorspaces,uniqueup to scalarmultiplica-
tion.
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Beforeoutlining the proof, we will seethe two importantcorollariesof this
result. Both follow immediatelyfrom thetheorem(in thesecondcase,by taking
thetwo projectivespacesto bethesame).

Corollary 1.6 Isomorphicprojectivespacesof dimensionat least2havethesame
dimensionandarecoordinatisedby isomorphicfields.

Corollary 1.7 (a) For n 9 1, the collineationgroup of PG� n � F � is the group
PΓL � n � 1 � F � .

(b) Thekernelof theactionof ΓL � n � 1 � F � onPG� n � F � is thegroupof non-zero
scalars (actingby left multiplication).

Remark Thepoint of thetheorem,andthereasonfor its name,is thatthealge-
braicstructureof theunderlyingvectorspacecanberecoveredfrom theincidence
geometryof the projective space. The proof is a good warm-upfor the coor-
dinatisationtheoremsI will be discussingsoon. In fact, the proof concentrates
on Corollary 1.7, for easeof exposition. The dimensionof a projective spaceis
two lessthanthenumberof subspacesin a maximalchain(underinclusion);and
our argumentshows that the geometrydeterminesthe coordinatisingfield up to
isomorphism.

Proof Weshow first thattwo semi-lineartransformationswhich inducethesame
collineationdiffer only by a scalarfactor. By following one by the inverseof
theother, we seethat it sufficesto show thata semi-lineartransformationwhich
fixesevery point of PG� n � F � is a scalarmultiplication. Solet v �� vσA fix every
point of PG� n � F � , whereσ � Aut � F � andA � GL � n � 1 � F � . Thenevery vector
is mappedto a scalarmultiple of itself. Let e0 � ���;� � en bethestandardbasisfor V.
Then(sinceσ fixesthestandardbasisvectors)wehaveeiA � λiei for i � 0 � ����� � n.
Also, � e0 � ����� � en � A � λ0e0 � ����� � λnen� λ � e0 � ���;� � en � � say,

soλ0
� �;��� � λn

� λ.
Now, for any µ � F, thevector � 1 � µ� 0 � ����� � 0� is mappedto thevector � λ � µσλ � 0 � �;��� � 0� ;

sowehaveλµ � µσλ. Thus

vσA � vσλ � λv
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for any vectorv, asrequired.
Note that the field automorphismσ is conjugationby the elementλ (that is,

µσ � λµλ < 1); in otherwords,aninnerautomorphism.
Now we prove that any isomorphismis semilinear. The strategy is similar.

Call an � n � 2� tupleof pointsspecialif no n � 1 of themarelinearly dependent.
Wehave:

Thereis a linear mapcarryingany specialtuple to any other(in the
samespace,or anotherspaceof the samedimensionover the same
field).

(For, given a specialtuple in the first space,spanningvectorsfor the first n � 1
pointsform a basise0 � ����� � en, andthe last point is spannedby a vectorwith all
coordinatesnon-zerorelative to this basis.Adjusting thebasisvectorsby scalar
factors,we mayassumethat the lastpoint is spannedby e0 � ����� � en. Similarly,
thepointsof a specialtuple in thesecondspacearespannedby thevectorsof a
basisf0 � ����� � fn, and f0 � ����� � fn. The uniquelinear transformationcarrying the
first basisto thesecondalsocarriesthefirst specialtupleto thesecond.)

Let θ be any isomorphism.Thenthereis a linear mapφ which mimics the
effect of θ on a special � n � 2� -tuple. Composingθ with the inverseof φ, we
obtainanautomorphismof PG� n � F � which fixesthe � n � 2� -tuplepointwise.We
have to show that suchan automorphismis the productof a scalarand a field
automorphism.(Note that, aswe saw above, left andright multiplicationsby λ
differ by aninnerautomorphism.)

Weassumethatn � 2; thissimplifiestheargument,while retainingitsessential
features.Soletg beacollineationfixing thespansof e0 � e1 � e2 ande0 � e1 � e2. We
usehomogeneouscoordinates,writing thesevectorsas � 1 � 0 � 0� , � 0 � 1 � 0� , � 0 � 0 � 1� ,
and � 1 � 1 � 1� , anddenotethegeneralpoint by � x � y� z� .

Thepointson theline
� � x0 � 0 � x2 �=
 , apartfrom � 1 � 0 � 0� , have theform � x � 0 � 1�

for x � F, andso canbe identifiedwith elementsof F. Now the bijection be-
tweenthis set and the set of points � 0 � y� 1� on the line

� � 0 � x1 � x2 ��
 , given by� x � 0 � 1�>�� � 0 � x � 1� , canbegeometricallydefinedin a way which is invariantun-
der collineationsfixing the four referencepoints(seeFig. 1.3). The figure also
showsthatthecoordinatesof all pointsin theplanearedetermined.

Furthermore,theoperationsof additionandmultiplicationin F canbedefined
geometricallyin thesamesense(seeFigures1.4 and1.6). (Thedefinitionslook
morefamiliar if we take theline

� � x1 � x2 � 0��
 to beat infinity, anddraw thefigure
in theaffine planewith linesthrough � 1 � 0 � 0� and � 0 � 1 � 0� horizontalandvertical
respectively. thishasbeendonefor additionin Figure1.5; thereadershoulddraw
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Figure1.3: Bijection betweentheaxes

the correspondingdiagramfor multiplication.) It follows that any collineation
fixing ourfour basicpointsinducesanautomorphismof thefield F, andits actions
on thecoordinatesagree.Thetheoremis proved.

A groupG actingonasetΩ is saidto bet-transitiveif, givenany two t-tuples� α1 � �;��� � αt � and � β1 � �;��� � βt � of distinctelementsof Ω, someelementof G carries
the first tuple to the second. G is sharply t-transitive if thereis a uniquesuch
element.(If theactionis not faithful, it is betterto say: two elementsof G which
agreeon t distinctpointsof Ω agreeeverywhere.)

Sinceany two distinctpointsof PG� n � F � arelinearly independent,weseethat
PΓL � n � 1 � F � (or evenPGL� n � 1 � F � ) is 2-transitiveon thepointsof PG� n � F � . It
is never3-transitive(for n 9 1); for sometriplesof pointsarecollinearandothers
arenot,andnocollineationcanmaponetypeto theother.
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Figure1.4: Addition

I will digresshere to describethe analogoussituation for PG� 1 � F � , even
thoughtheFTPGdoesnotapplyin this case.

Proposition1.8 (a)ThegroupPGL� 2 � F � is3-transitiveonthepointsofPG� 1 � F � ,
andis sharply3-transitiveif andonly if F is commutative.

(b) There exist skew fieldsF for which the group PGL� 2 � F � is 4-transitiveon
PG� 1 � F � .

Proof The first part follows just as in the proof of the FTPG,sinceany three
pointsof PG� 1 � F � have thepropertythatno two arelinearly dependent.Again,
asin thattheorem,thestabiliserof thethreepointswith coordinates� 1 � 0� , � 0 � 1�
and � 1 � 1� is thegroupof innerautomorphismsof F , andsois trivial if andonly if
F is commutative.
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@ @ @ @ @ @ @ @C
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C
yD yE C

x6 yD yE
Figure1.5: Affineaddition

Thereexist skew fields F with the propertythat any two elementsdifferent
from 0 and1 areconjugatein the multiplicative groupof F . Clearly thesehave
the requiredproperty. (This fact is dueto P. M. Cohn[15]; it is establishedby
a constructionanalogousto that of Higman, Neumannand Neumann[20] for
groups. Higman et al. usedtheir constructionto show that thereexist groups
in which all non-identityelementsareconjugate;Cohn’s work shows that there
aremultiplicativegroupsof skew fieldswith this property. Note thatsucha field
hascharacteristic2. For, if not, then1 � 1 ,� 0, andany automorphismmustfix
1 � 1.)

Finally, weconsidercollineationsof affinespaces.
Parallelismin anaffinespacehasanintrinsic,geometricdefinition.For two d-

flatsareparallelif andonly if they aredisjointandsome� d � 1� -flat containsboth.
It followsthatany collineationof AG � n � F � preservesparallelism.Thehyperplane
at infinity canbeconstructedfrom theparallelclasses(aswesaw in Section1.2);
so any collineationof AG � n � F � inducesa collineationof this hyperplane,and
henceof theembeddingPG� n � F � . Hence:

Theorem 1.9 Thecollineationgroupof AG � n � F � is thestabiliserof a hyperplane
in thecollineationgroupof PG� n � F � .

Usingthis, it is possibleto determinethestructureof thisgroupfor n 9 1 (see
Exercise2).

Proposition 1.10 For n 9 1, thecollineationgroupof AG � n � F � is thesemi-direct
productof theadditivegroupof Fn andΓL � n � F � .

This groupis denotedby AΓL � n � F � . Theadditive groupactsby translation,
andthesemilineargroupin thenaturalway.
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Figure1.6: Multiplication

Exercises

1. Prove theFTPGfor n 9 2.
2. Usethecorrespondencebetweenthe two definitionsof AG � n � F � givenin

thelastsectionto deduceProposition1.10from Theorem1.9.

1.4 Finite projectivespaces

Over the finite field GF� q� , the n-dimensionalprojective and affine spaces
andtheir collineationgroupsarefinite, andcanbe counted. In this section,we
displaysomeof the relevant formulæ. We abbreviatePG� n � GF� q��� to PG� n � q� ,
andsimilarly for affinespaces,collineationgroups,etc.

A vector spaceof rank n over GF� q� is isomorphicto GF� q� n, and so the
numberof vectorsis qn. In consequence,thenumberof vectorsoutsideasubspace
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of rankk is qn � qk.

Proposition 1.11 Thenumberof subspacesof rankk in a vectorspaceof rankn
overGF� q� is � qn � 1�N� qn � q�5	�	;	O� qn � qk < 1 �� qk � 1�N� qk � q�5	�	�	O� qk � qk < 1 � �
Remark Thisnumberis calledaGaussiancoefficient, andis denotedby P nkQ q.

Proof First we count the numberof choicesof k linearly independentvectors.
Theith vectormaybechosenarbitrarilyoutsidethesubspaceof ranki � 1 spanned
by its predecessors,hencein qn � qi < 1 ways.Thus,thenumeratoris therequired
numberof choices.

Now any k linearly independentvectorsspana uniquesubspaceof rankk; so
the numberof subspacesis foundby dividing the numberjust calculatedby the
numberof choicesof a basisfor a spaceof rankk. But the latter is givenby the
sameformula,with k replacingn.

Proposition 1.12 Theorder of GL � n � q� is� qn � 1�N� qn � q�5	�	�	O� qn � qn < 1 �0�
Theorder of ΓL � n � q� is theabovenumbermultipliedby d, where q � pd with p
prime; andtheorders of PGL� n � q� andPΓL � n � q� are obtainedby dividing these
numbersby � q � 1� .
Proof An elementof GL � n � q� is uniquelydeterminedby the imageof thestan-
dardbasis,whichis anarbitrarybasisof GF� q� n; andtheproofof Proposition1.11
showsthatthenumberof basesis thenumberquoted.Theremainderof thepropo-
sition follows from the remarksin Section1.3, sinceGF� q� hasq � 1 non-zero
scalars,andits automorphismgrouphasorderd.

Theformulafor theGaussiancoefficientmakessense,notjustfor primepower
valuesof q, but for any value of q different from 1. Thereis a combinatorial
interpretationfor any integer q 9 1 (Exercise3). Moreover, by l’H ôpital’s rule,
limqR 1 � qa � 1��ST� qb � 1� � aS b; it follows that

lim
qR 1

U
n
kV q

�XW n
k Y �



16 1. Projectivespaces

This illustratesjust one of the many ways in which subspacesof finite vector
spacesresemblesubsetsof sets.

It followsimmediatelyfromPropopsition1.11thatthenumbersof k-dimensional
flatsin PG� n � q� andAG � n � q� are P n6 1

k 6 1Q q
andqn < k P nk Q q respectively.

Projective and affine spacesprovide importantexamplesof designs,whose
parameterscanbeexpressedin termsof theGaussiancoefficients.

A t-designwith parameters � v� k � λ � , or t- � v� k � λ � design, consistsof a setX
of v points, anda collection Z of k-elementsubsetsof X calledblocks, with the
propertythatany t distinctpointsof X arecontainedin exactly λ blocks.Designs
werefirst usedby statisticians,suchasR. A. Fisher, for experimentaldesign(e.g.
to facilitateanalysisof variance).Theterms“design” and“block”, andtheletter
v (theinitial letterof “variety”), reflectthis origin.

Proposition1.13 (a) Thepointsandm-dimensionalflats in PG� n � q� form a 2-
designwith parameters[ U

n � 1
1 V q

� U m � 1
1 V q

� U n � 1
m � 1V q \ �

(b) Thepointsandm-dimensionalflatsof AG � n � q� forma 2-designwith param-
eters [

qn � qm � U n � 1
m � 1V q \ �

If q � 2, thenit is a 3-design,with λ � P n < 2
m< 2Q 2

.

Proof Thevaluesof v andk areclearin bothcases.
(a) Let V be the underlyingvectorspaceof rank n � 1. We want to count

thesubspacesof rankm � 1 containingtwo givenrank1 subspacesP1 andP2. If
L � P1 � P2, thenL hasrank2, andasubspacecontainsP1 andP2 if andonly if it
containsL. Now, by theThird IsomorphismTheorem,therankm � 1 subspaces
containingL arein 1-1 correspondencewith therankm � 1 subspacesof therank
n � 1 spaceV S L.

(b) In AG � n � q� , to countsubspacescontainingtwo points,we may assume
(by translation)thatoneof thepointsis theorigin. An affine flat containingthe
origin is avectorsubspace,andasubspacecontainsanon-zerovectorif andonly
if it containsthe rank 1 subspaceit spans.The result follows asbefore. In the
casewhenq � 2, arank1 subspacecontainsonly onenon-zerovector, soany two
distinctnon-zerovectorsspana rank2 subspace.
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Remark The essenceof the proof is that the quotient of either PG� n � q� or
AG � n � q� by aflat F of dimensiond is PG� n � d � 1 � q� . (Theflatsof thequotient
spacearepreciselytheflatsof theoriginal spacecontainingF.) This assertionis
trueover any field at all, andlies at thebasisof anapproachto geometrywhich
wewill considerin Chapter5.

An automorphismof a designis a permutationof thepointswhich mapsany
block to ablock.

Proposition 1.14 For 0 ] m ] n, thedesignof pointsandm-dimensionalflatsin
PG� n � q� or AG � n � q� is PΓL � n � 1 � q� or AΓL � n � 1 � q� respectively, exceptin the
affinecasewith q � 2 andm � 1.

Proof By theresultsof Section1.3, it sufficesto show that theentiregeometry
canberecoveredfrom thepointsandm-dimensionalflats. This follows immedi-
atelyfrom two observations:

(a)theuniqueline containingtwopointsis theintersectionof all them-dimensional
flatscontainingthem;

(b) exceptfor affine spacesover GF� 2� , a setof pointsis a flat if andonly if it
containstheline throughany two of its points.

AffinespacesoverGF� 2� areexceptional:lineshave just two points,andany two
pointsform a line. However, analogousstatementshold for planes:threepoints
lie in auniqueplane,andwehave

(aa)the planethroughthreepoints is the intersectionof all the flats of dimen-
sionm whichcontainthem(for m 9 1);

(bb) a setof pointsis a flat if andonly if it containstheplanethroughany three
of its points.

Theproofsareleft asexercises.

Exercises

1. Prove theassertions(a), (b), (aa),(bb) in Proposition1.14.
2. Provethattheprobabilitythatarandomn � n matrixoveragivenfinite field

GF� q� is non-singulartendsto a limit c � q� asn � ∞, where0 ] c � q�4] 1.
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3. Prove that the total numberF � n� of subspacesof a vectorspaceof rankn
overagivenfinite field GF� q� satisfiestherecurrence

F � n � 1� � 2F � n� � � qn � 1� F � n � 1�0�
4. Let Sbean“alphabet”of sizeq, with two distinguishedelements0 and1

(but notnecessarilyafinite field). A k � n matrixwith entriesfrom S is (asusual)
in reducedechelonform if^ it hasnozerorows;^ thefirst non-zeroentryin any row is a1;^ the“leading1s” in laterrowsoccurfurtherto theright;^ theotherentriesin thecolumnof a “leading1” areall 0.

Provethatthenumberof k � n matricesin reducedechelonform is P nk Q q. Verify in
detail in thecasen � 4, k � 2.

5. Usetheresultof Exercise4 to prove therecurrencerelationU
n
kV q

� qn

U
n � 1

k V q
� U

n � 1
k � 1V q

�


