Abelian groups

1 Definition

An Abelian groupis a setA with a binary operatiorn satisfying the following
conditions:

(Al) For alla,b,c € A, we haveao (boc) = (aob) o c (theassociative lay
(A2) There is an elememe Asuch thaboe=aforallac A.

(A3) For anya € A, there existd € Asuch thabob=-e.

(A4) For alla,b € A, we haveao b = bo a (thecommutative layv

The first three axioms are almost identical to the axioms for a group, except
that in the case of a group we normally say, for examgdd, = 1loa=ain Axiom
(A2) (this is obviously not necessary if (A4) holds). Thas, Abelian group is a
group satisfying the commutative law

Since many important Abelian groups arise as additive structures in various
number systems (the integers, real numbers, integersmett.), it is very com-
mon to write the group operation as instead ofo; with this convention it is
natural to write O instead af in (A2), and—a instead ofb in (A3). We usually
adopt this convention, which we describe as “additive notation”. However, mul-
tiplicative structures (the positive rationals, the non-zero complex numbers) also
give Abelian groups, and for these we might wrefor aob, 1 for e, anda—!
for bin (A3); we say that such a group is written with “multiplicative notation”.

A homomorphisms a mapy : A — B between Abelian groups satisfying
X(a1oa2) = x(a1) ox(a2). (Sometimes, as common in algebra, we wagein-
stead ofx(a).) An example we will see below is eharacterof A, which is a
homomorphism fronA to the multiplicative group of non-zero complex numbers.

If Ais written additively, a charactgrthus satisfiex (a1 +a) = x(a1)x(az).

A homomorphism which is one-to-one and onto is calledissmmorphism
Two Abelian groups arésomorphicif there is an isomorphism between them.
Isomorphic groups are regarded as “the same” from a structural or group-theoretic
point of view, even though their elements may be quite different kinds of object.
We write A= B to denote A is isomorphic taB”.

The order of a finite group is the number of elements it contains. order
of the elemena of A is the smallest positive integarsuch thaha= 0 (assuming
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thatA is written in additive notation). A connection between these concepts will
be seen in the next section. In general, the order of any element of a group divides
the order of the group.

2 The Fundamental Theorem of Finite Abelian Groups

The structure of finite Abelian groups can be described completely.

2.1 Cyclic groups

A cyclic groupis one whose elements are all of the fonafor n € Z, for some
fixed element. (Here, ifnis positive, themameansa+- - - +awith n summands;
Oa is the group element O; ar{d-m)a is —ma, the inverse ofna, for positivem.
The elemena is called ageneratorof the group. Any cyclic group is Abelian.

In a finite cyclic group of orden, the generatoa satisfiesna= 0, andn is
the smallest positive integer with this property. In other words, the order of the
generator is equal to the order of the group (though the sense of the word “order”
is different).

Any two finite cyclic groups of the same order are isomorphic. We denote the
cyclic group of orden by C,,. Two important realisations @, are:

¢ the additive group of integers moduto

¢ the multiplicative group of complerth roots of unity.

2.2 Direct sum

Thedirect sum Ap B of two Abelian group#A andB is the set of all ordered pairs
(a,b), with a € A andb € B; the operation is given by the rule

(a1,b1) + (az,b2) = (a1 +ag, by + by).

It is an Abelian group, whose zero(i8, 0) (the first O being the zero & and the
second that oB), and in which the inverse @&, b) is (—a, —b).

The definition of direct sum is easily extended to more than two Abelian
groups.

If the groups are written in multiplicative notation, we usually speadtict
productrather than direct sum, and write it As< B.
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2.3 The Fundamental Theorem
The Fundamental Theorem on Finite Abelian Groups states, in part:
Theorem 1 Any finite Abelian group is isomorphic to a direct sum of cyclic groups.

We need more than this, because two different direct sums may be isomorphic.
For exampleC, & C3 = Cg. (If a andb are generators of the summands, then
2a = 3b = 0, and successive multiples @d,b) are(a,b), (0,2b), (a,0), (0,b),

(a,2b) and(0,0).) There are two standard resolutions of this problem.

(a) An Abelian group is irmith canonical fornif it is written as
Ch @ - DCh,

whereng, ..., n; are integers greater than 1 amddividesn; 1 for 1 <i <
r—1.

(b) An Abelian group is irprime-power canonical forni it is written as

Cop @ OCqr

whereqy, . ..,q, are prime powers greater than 1.

Theorem 2 (a) Any finite Abelian group can be written in Smith canonical form.
If two groups in Smith canonical form are isomorphic, then the multisets of
orders of the cyclic factors are equal.

(b) The same holds with “prime-power” in place of “Smith”.

To convert Smith into prime power andce versa use the fact that ih =
d1---Qm, Wherequ, ..., qm are distinct prime powers, then

Cn=Cqy @+ ®Copy

Thus, from Smith to prime-power, simply factorise the orders of the cyclic fac-
tors. From prime-power to Smith, gather up the largest power of each prime and
multiply them; then repeat until nothing remains.

For example, the groups ® C12® Cgg is in Smith canonical form; the group
CsdCydCydC3®Cy is in prime-power canonical form; and these two groups
are isomorphic.
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2.4 A consequence

It follows from the Fundamental Theorem thatmfis the least common multiple
of the orders of the elements of the Abelian gréyghen there is an element of
ordermin A. (For the numbemwith this property is the order of the largest cyclic
factor in the Smith canonical form @f.)

This is not true in arbitrary (non-Abelian) groups.

3 Characters

As defined earlier, aharacterof A is a homomorphism frorA to the multiplica-
tive group of non-zero complex numbers. The characte thiemselves form
a multiplicative Abelian group, whergw)(a) = (x(a))(w(a)). The group of
characters oA is thedual groupof A, denoted byA*.

Theorem 3 The dual group of a finite Abelian group A is isomorphic to A.

This is easily seen for cyclic groups. A= C,, generated by, then the
characters oA all have the form

Xj(ka) = @

where| belongs to the integers marl thusy; generateé\*. Now the theorem is
extended to all finite Abelian groups by using the Fundamental Theorem.

4 Groups of units

LetZ/n denote the integers moduto The additive group oZ /nis a cyclic group
of ordern, as we have seen. The multiplicative structure is more intricate.

First, we must select which elements to use. An eleraenitZ/n is a unit
if there existsb such thatab= 1 in Z/n (that is,ab=1 (modn)). Using Eu-
clid’s Algorithm, we see thaa is a unit if and only ifa is coprime ton (that is,
gcda,n) = 1). Moreover, the set of units is a multiplicative group, called the
group of unitsmodulon and denoted by (n). The order of this group iEuler’s
function@(n). The next theorem gives its structure.

Theorem4 (a)lfn=aq:---q, whereq,...,q, are distinct prime powers, then

U(n) =U () x---xU(ar).
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(b) If p is an odd prime and m 0, then U(p™) is cyclic of order " (p—1).

(b) _
1 ifm=1;
u@EMm =< G ifm=2;
CoxComz ifm>3.

Note that the decomposition given by this theorem is not usually in canonical
form. For example,

U(35) 22U (5) x U(7) =2 C4 x Ce.

The Smith canonical form of this group@s x Ci2, while the prime-power canon-
ical form isCy x C4 x Ca.

It follows from the above theorem thik(n) is cyclic if and only ifn = p?,
n=2p?, orn= 4, wherep? is an odd prime power. In these cases, a generator of
U (n) is called aprimitive rootmodn. For exampleU (9) is cyclic of order 6, and
2 is a primitive root of 9.

Peter J. Cameron
August 30, 2002
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