
Chapter 1 solutions

1.1.A
�

B meansthateveryelementof A is in B, andB
�

A thateveryelementof B is
in A. Thecombinationof thesetwo statementsis just whatis meantby A � B.

1.2. (a) In theexpression�A �����B � , we have countedevery elementof A � B, but ele-
mentsof A � B have beencountedtwoce;sowe mustsubtract�A � B � to get the right
answerfor �A � B � .

(b) Thereare �A � choicesfor thefirst elementof anorderedpairand(independently)
B choicesfor thesecond,giving �A �	�
�B � pairsaltogether.

1.3.� Noneof theaxioms: �� 1 � 2��� .� (E1) only: �� 1 � 1���� 2 � 2���	 3 � 3���� 1 � 2���� 2 � 3��� .� (E2) only: �� 1 � 2���� 2 � 1��� .� (E3) only: �� 1 � 2���� 2 � 3���	 1 � 3��� .� (E1) and(E2): �� 1 � 1���� 2 � 2���	 3 � 3���� 1 � 2���	 2 � 1���� 2 � 3���� 3 � 2��� .� (E1) and(E3): �� 1 � 1���� 2 � 2���	 3 � 3���� 1 � 2��� .� (E2) and(E3): Theemptyrelation.� All three: �� 1 � 1���	 2 � 2���� 3 � 3��� .
Many otheranswersarepossible. Thereare29 � 512 setsof orderedpairs,eachof
whichmustfit into oneof theseeightcategories!

No relationon � 1 � 2 � canbereflexiveandsymmetricbut nottransitive,for example.

1.4. (a) It is reflexive, symmetricandtransitive, sinceit containsall possibleordered
pairs. (Theconclusionof eachof thethreelaws is thata certainorderedpair is in R.)
Thecorrespondingpartitionhasjust asinglepart,namelythewholesetA.

(b) This relationR is trivially reflexive andsymmetric. If  a � b��� R and  b � c���
R, then a � b and b � c, so a � c and hence  a � c��� R. Thus it is also transitive.
Thecorrespondingpartitionhasthepropertythateachof its partsconsistsof a single
element.

1.5. Yes.Thereis oneequivalencerelationon theemptyset,namelytheemptysetof
orderedpairs;andonepartition,thepartitionwith theemptysetof parts.

1.6. From � 1 � 2 � 3 � to � 1 � 2 � 3 � 4 � : 43 � 64 functionsof which 4 � 3 � 2 � 24 areone-to-
oneandnoneareonto.

From � 1 � 2 � 3 � 4 � to � 1 � 2 � 3 � : 34 � 81 functions,of which noneareone-to-oneand
36 areonto.
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1.7. (a)Not a functionbecauseF  0� is notdefined.Wecanfix it in eitherof two ways:
eithersaythatF is a functionfrom R ��� 0 � to R, or elsedefinethevalueof F  0� to be
anythingat all, say0.

(b) Not a functionbecausethetwo rootsc andd of thequadraticcanbewritten in
eitherorder, andwe have not given a rule to specifywhich orderwe areusing. (For
example,the rootsof thequadraticx2 � 3x � 2 � 0 are1 and2, soF  � 3 � 2� is either 1 � 2� or  2 � 1� , but we haven’t saidwhich.) We couldfix this by specifyinganorder.
For example,wecouldtakec to betherootwith smallerrealpart;if they havethesame
real parts,take c to be the onewith smallerimaginarypart. (If both the real andthe
imaginarypartsareequal,thenc � d, andtheproblemdoesn’t arise.)Alternatively, we
coulddefineF  a � b� to betheset � c � d � , in which caseF mapsC2 to thesetof subsets
of C containingatmosttwo elements.

1.8It is easier(andequivalent)to show thatthereareexactlyfivepartitionsof � 1 � 2 � 3 � .
They arethepartitionwith a singlepart,thepartitionwith all partscontaininga single
element,andthreeothershaving apartof size1andoneof size2,namely��� 1 ����� 2 � 3 ��� ,��� 2 ����� 1 � 3 ��� , and � 3 � ��� 1 � 2 � � .

Onasetof four pointsthereare15partitions:onewith asinglepart,four with parts
of sizes1 and3, threewith partsof sizes2 and2, six with partsof sizes1, 1 and2, and
onewith all its partsof size1.

1.9. (a)Reflexiveandtransitive,not symmetric.
(b) Assumingthat every capital city in Europehasa railway station, this is an

equivalencerelation. The equivalenceclasseschangeover time, sinceboth the setof
capitalcitiesandtherail connectionsvary.

(c) Reflexiveandtransitive,not symmetric.
(d) An equivalencerelation. Thereare four equivalenceclasses,the congruence

classesmodulo4.

1.10. Recall thatx andy arein the sameequivalenceclassof KER  f � if andonly if
f  x�!� f  y� . So,defininga functionF from thesetof equivalenceclassesto Im  f � by
therule thatF  C �"� f  x� for somex � C, we seethatF is well-defined. It is clearly
onto Im  f � . If F  C1 �#� F  C2 � , then elementsof C1 andC2 are equivalent,and so
C1 � C2; soF is one-to-one.

1.11.(a)We checkthattheappropriatelawshold.� For any x, we havex $ x andx $ x (aswe’regiventhat $ is reflexive),sox % x.� Supposethatx % y. Thenx $ y andy $ x; soy % x.� Supposethatx % y andy % z. Thusx $ y, y $ x, y $ zandz $ y. Fromx $ y and
y $ zandthetransitivity of $ we infer thatx $ z. Similarly z $ x. Sox % z.

(b) We have x $ y, x $ x1, x1 $ x, y $ y1 andy1 $ y. Applying the transitive law
twice to thethird, first andfourthof theserelationsshows thatx1 $ y1.

1.12.Thetruth tableis asfollows:
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p q p & q q & p  p & q��'( q & p�
T T T T T
T F F T T
F T T F T
F F T T T

The fact that every entry in the last column is T shows that the formula is logically
valid.

1.13. x � A ) B if andonly if eitherp is trueandq is false,or p is falseandq is true.
Thesearejust thecaseswherethetruth tablefor *� p + q� hasentriesT.

TheentriesT in thetruth tablefor p & q occurin all rows exceptthatwherep is
trueandq false.Sothesetrepresentedis  A � B�-, , thecomplementof A � B.

1.14. Thecorrespondingexpressionsare *� p ' q� and .* p��/0.* q� . Constructa truth
tableto show thattheseexpressionsarelogically equivalent.

1.15. (a) Follow theargumentin thetext for 1 2, replacing2 by p. Weeneedto know
that,if p dividesx2, thenp dividesx. This follows from theFundamentalTheoremof
Arithmetic. For, if p doesn’t divide x, thenit doesn’t occurin theprimefactorisation
of x, andhencenot in theprimefactorisationof x2 either.

(b) Supposethat 31 2 � x2 y, wherex andy arepositive integers,andthefractionis
in its lowestterms. Thenwe have x3 � 2y3. Thus,x3 is even,andso alsox is even.
[Why?] Sayx � 2u. Then8u3 � 2y3, andso4u3 � y3. Soy3, andhencealsoy, is even,
contraryto theassumptionthatthefractionis in its lowestterms.

1.16. All thatrequiresclarificationis thenotionthata rationalnumberx hasa unique
fractional part. Supposethat x � a2 b, with b 3 0. The Division Algorithm gives
a � bq � r, with 0 4 r 5 b. Thus x � q �6 r 2 b� , with 0 47 r 2 b��5 1. Henceq is
the integerpart,and  r 2 b� the fractionalpart. If thereweretwo differentexpressions
for x, thentheintegerpartswoulddiffer by aninteger, while thefractionalpartswould
differ by lessthanone;this is impossible.

1.17.(a)This is truefor n � 1. Assumethatit holdsfor avaluen. Addingonn � 1, we
find thatthesumof thefirst n � 1 integersis n  n � 1�	2 2 �8 n � 1�9�: n � 1�
 n � 2��2 2;
sotheresultholdsalsofor n � 1.

(b) Usethe resultof (a): what we areasked to show is that the sumof the cubes
of the first n positive integersis n2  n � 1� 2 2 4. Now prove this by inductionasin the
earlierexamples.

1.18.For n � 1, we interpretA1 asbeingjust A, andsotheinductionstartscorrectly.
Supposethat �An �;�<�A � n. ThenAn= 1 � An > A, andso�An= 1 �
�<�An �	�
�A ���?�A � n �
�A �
�?�A � n= 1 @

Thisverifiestheresultfor n � 1, theinductivestep.Soit is truefor all n by induction.

1.19. Supposethat sucha sequenceexists. By the Well-orderingPrinciple, it hasa
leastelement,sayak. But thenthe factsthatak 4 ak= 1 (sinceak is the leastelement)
andak 3 ak= 1 (given)conflict.
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1.20.P  1� is indeedtrue,but P  2� is clearlyfalse(two horsesdon’t necessarilyhavethe
sameccolour).Sotheinductivestepmustfail for n � 1. Indeed,givena set � H1 � H2 �
of two horses,it is indeedtruethatall thehorsesin � H1 � ave thesamecolour, andall
thehorsesin � H2 � havethesamecolour;but thesesetsdon’t overlap,sonoconclusion
canbedrawn.

1.21.Let usjustconsiderthetermof degree2 in theproductof thepolynomialsf  x�A�
a0 � a1x � a2x2 � @�@�@ andg  x�B� b0 � b1x � b2x2 � @�@�@ . In theproductf g, thiscoefficient
is  a0b2 � a1b1 �9� a2b0, while in gf it is  b0a2 � b1a1 �B� b2a0. To show that these
two expressionsareequal,we needthat a0b2 � b2a0, a1b1 � b1a1, anda2b0 � b0a2

(commutativity of multiplication),andthat  u � v�C� w �< w � v�C� u (which requires
associativity andcommutativity of additionto do in threesteps): u � v�D� w � u �8 v � w�E�: v � w�D� u �: w � v�D� u @
1.22(a)True;(b) False(shouldbe  f g�� t �!� f  t � g  t � ).

Proofof (a): if f  x�!� ∑anxn andg  x�F� ∑bnxn, then f � g�
 t �A� ∑  an � bn � xn � ∑anxn � ∑bnxn �
usingthe commutative andassociative propertiesof the coefficientsto rearrangethe
equationds.Theproofof (b) is similar.

1.23If A � G
a b
c d H , B � G

e f
g h H , andC � G

i j
k l H , thencalculationshows that

 A � B� C � G  a � e� i �I b � f � k  a � e� j �8 b � f � l c � g� i �I d � h� k  c � g� j �8 d � h� l H �
AC � BC � G  ai � bk�D�8 ei � f k �J aj � bl �D�8 ej � f l � ci � dk�D�8 gi � hk�K cj � dl �D�8 gj � hl � H

Sotheequalityrequiresfour calculationsof which thefirst is typical: a � e� i �8 b � f � k �? ai � ei�D�8 bk � f k�9�: ai � bk���I ei � f k���
wherethe first equalityusesthe distriutive law, andthe secondthe commutative and
associative laws for addition.

1.24. No coincidence. The sum of the diagonalelementsof

G
a b
c d H G

e f
g h H is

ae � bg � cf � dh; for

G
e f
g h H G

a b
c d H , thesumis ea � f c � gb � hd, which is the

same.

1.25Let A �: ai j � andB �L bi j � , whereai j � bi j � 0 for i 3 j. ThenA � B � C �: ci j �
whereci j � ai j � bi j ; clearlyci j � 0 for i 3 j. Also AB � D �: di j � , where

di j � n

∑
kM 1

aikbkj
@

If i 3 j then, for any valueof k, necessarilyeither i 3 k or k 3 j. (Otherwisei 4 k
andk 4 j, whencei 4 j, contraryto assumption.)Soeachtermin thesumhaseither
aik � 0 or bkj � 0, andhencedi j � 0. ThusbothA � B andABareuppertriangular.
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1.26. If a � c andb � d, then ��� a � ��� a � b � ���N� � c ����� c � d ��� . The converseis more
difficult. Sosupposethat ��� a ����� a � b ���O�L��� c � ��� c � d ��� . Sincetwo setsareequalif and
only if they have thesamemembers,this impliesthateither� � a ���P� c � , � a � b ���P� c � d � , or� � a ���P� c � d � , � a � b ���L� c � .
In thefirst case,wehavea � c, andtheneithera � c andb � d, or a � d andb � c. The
first subcaseis exactly whatwe want. In thesecondsubcase,we have c � a � d � b,
so all four elementsareequal. In the seconditemizedcase,we have c � a � d amd
a � c � b, soagainall four areequal.
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