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1 For S(n,k), we can use the formula

S(n,k) = k—l!;)k— 1(—1)' ('I‘) (k—i)"

(count the number of surjective functions frdi ..., n} to {1,...,k} by inclusion-exclusion,
and divide byk!). Clearly the termk" is exponentially larger than any other term in the sum
(the number of terms and the coefficients depen#,avhich is fixed, andk —i)" = o(k") for

i > 0). SoS(n,k) ~ nk/K!.

A partition of {1,...,n} into n—k parts, withk fixed (sayk < n/2) has the property that
all but at mostk of the parts consist of singletons. First, count partitions in which all parts
have size 1 or 2: there akeparts of size 2, whose union hak Roints. These points can
be chosen ir(,,) ~ n?/(2k)! ways, and the set ofk2points can be partitioned into pairs in
1.3.---(2k—1) = (2k)! /2%k! ways. Thus the number of partitions of this kind is asymptotically
n?/2kkl. The remaining partitions have fewer thak [@oints in parts of size bigger than 1;
the number of them is at moé4,” ;) (2k — 1)! which is of smaller order than what we already
found.

The argument gives the same estimate|$am, n — k) |: partitions with parts of size 1 or 2
correspond bijectively with permutations with cycle lengths 1 or 2, and we overestimated the
others in a way that applies to permutations as well.

The asymptotic estimate fafn, k) is a bit harder. Try the cade= 2: we have

/2|
sn2)l= 3 <:n> (M-Din-m-1)! =n'y m

Can you evaluate this sum?

2 The recurrence relation for the Bernoulli numbers shows (that1)B,, is an integer linear
combination of Bernoulli numbers with smaller index. By the induction hypothaktimes
the right-hand side is an integer. §o+ 1)! By is an integer.



3 Equation (b) for the Bernoulli polynomials shows that

Fll(Bk(t—i-l) _By(t) =t~

Summing these equations fior= 1,dotsn and usingBk(1) = Bk(0), gives the result.
4 With f(x) = 1/x we havef® (x) = (—1)*x! x-k+1)_ Moreover, ] f (t) dt = logn. Substitu-

tion gives the required series, apart from an unknown constant which you are not expected to
evaluate.

5 Lett, be the number of fixed-point-free involutions nipoints. We found earlier that

Lo 0 if nis odd,
"7 11-3:5---(n—1) if niseven,

so that the exponential generating functior(taj is exp(x?/2). Now

" /n
S = < >tn2k,
2 \k

so the e.g.f. of(s,) is the product of those fofl) and (t,), that is, exgx) - exp(x?/2) =
exp(x+x2/2).

The application of Hayman’'s Theorem is a bit delicate: there is a full discussion in
Odlyzko’s paper.



