‘:c_@_s/ Queen Mary

University of London

C50 Enumerative & Asymptotic Combinatorics
Solutions to Exercises 1 Spring 2003
1 Calculate

aon(z7).

Forn > 0, the coefficient ok" is 1— 1: we obtain 1 by choosing 1 from the first bracket and
x" from the second, and1 by choosing-x from the first bracket ang"~! from the second.
Clearly the coefficient 0% is 1. So the product of the two formal power series is 1.

2 Yes. This is because the operations on formal power series are valid for Taylor series of
analytic functions, and two analytic functions are equal if and only if their Taylor series are
equal.

3 We have log(1x))¢
og(1+x
exp(log(1+Xx)) = k;T.

Now the coefficient ok" in (log(1+ x))X is obtained by expressing= a; + - - - + a, where
ay,...,a are positive integers, and multiplying the coefficiéntl)d 1 /a; of x3 in log(1+ X)
fori=1,...,k The resultig—1)"*T (n,k). Now multiply this by ¥k! and sum ovek to get
the result.

The analogous statement is: lL&tn, k) be the result of expressingas the sum ok pos-
itive integers in all possible ways, multiplying the reciprocals of the factorials of the integers,

and summing. Then

(UMK

forn> 1.

4 We have

3%



This is an identity between “formal power series in two variables”. The term with total degree
on the left is(x+y)"/n!, while on the right it isyf_,(x¥/k!)(y"*/(n—k)!). Equating these,

and multiplying byn!, gives
" /n
(x+y)"= < )X"y”"‘-
2\

5 Letc= 1+h. By the Binomial Theorem(1+ b)" is the sum of positive terms including the
term (, ;) b*"%. The ratio of this term to* is aboutnb**/(k+ 1)!, which tends to infinity as
n— oo,

Putm=logn. Thennt = &™, and by the preceding part (a5 1), the ratio of this tan
tends to infinity.

6 (a) Clearly f(n) = 0 for oddn. Suppose that = 2m. Takem boxes with room for two
numbers in each box. A partition is obtained by putting the numfiers. , n} into the boxes.
There aren! orderings of the numbers. But the same partition is obtained if the order of the
numbers in any box is switched, or if the boxes are filled in a different ordef} s® Qifferent
orderings correspond to each partition. So the required humber is
2m)!
f(2m) = (Zmn)ﬂ =1-3-5---(2m—-1).
(b) The exponential generating function is

()

(c) Sorry — there is a mistake in the question: the asymptotic formula shouldninave
place ofn, wherem=n/2.
By Stirling’s formula, ifn = 2m, then

‘ _ (2m)!

M = o
2 )
)

7 Forn =2, the sequence 001,11 10 is a Gray code. (Here we represent each subsét
{1,...,n} by ann-tuplee; ...e,, whereg = 1 if i € A, = 0 otherwise.)

If s1,...,5n is a Gray code for subsets ff, ..., n}, then the following sequence is clearly
a Gray code for subsets ¢1,...,n+ 1}:

$10,...,510,5n1,...,51.



