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The second prize question was the following:

Let w be a primitivedth root of unity. Expres{k} in terms of binomial
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coefficients (whenever you can).

Here is the solution by Pablo Spiga.

Let d be a natural number, and let be a primitivedth root of unity inC, i.e.
w? = 1. Then, if0< a,b<d—1, we have
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Note that we are assuming thigt = 0 whenevem < b.

Solution By induction ona. We have
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Thus, we get
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We have proved tha{f‘jd}w =0 if d does not dividg. Assumej = dk. By (1) and

(2), as
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(For (3), note that ifl is odd then—1‘3'2+1 1, while if d is even than we can write 1
asw?/2, and we fincdk(dktd)/2 — dk(k+1) 2 .) This proves the result fa= 0.

Assumea > 1. If b # 0 then, by induction hypothesis and by the usual recurrence
relation, we get
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Finally, if b= 0, then,aa—1<d—1,
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Remark Compare Lucas’ formula
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if pis prime and X a,b < p.

we get



