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A recurrence relation expresses tiite term of a sequence as a function of the
preceding terms. The most general form of a recurrence relation takes the form

Xn - Fn(Xo, . e ,Xn_1> fOf n Z O

Clearly such a recurrence has a unique solution. (Note that this allows the possibility
of prescribing some initial values, by choosing the first few functions to be constant.)

In general there is no hope of “solving” such a relation. There is a small class of
relations whith can be solved systematically, and a larger class which can be solved
by trickery.

Example: Ordered number partitions In how manny ways is it possible to write
the positive integen as a sum of positive integers, where the order of the summands
is significant?

Let x, be this number. One possible expression has a single summandany
other expression, ii—i is the first summand, then it is followed by an expression for
i as an ordered sum, of which there a&r@ossibilities. Thus

Xn=1+X14+Xo+ " +Xn-1,

forn> 1. (Whenn= 1, this reduces tg&; = 1.)
Since
Xn—1=14+Xg+Xo+ - +Xn_2,

the recurrence reduces to the much simpler form
Xn = 2Xn_1 forn> 1,

with initial conditionx; = 1. This obviously has the solutioq = 2" forn> 1.



Linear recurrences with constant coefficients

Bounded recurrences
One type of linear recurrence which can be solved completely is of the form
Xn = &1Xn-1+8Xn-2+ -+ a&KXnk 1)

for n > k, where thek valuesxg, X1, ..., X_1 are prescribed.

If we consider the recurrence (1) without the initial values, we see that sums and
scalar multiples of solutions are solutions. So, taking sequences over a field such as
the rational numbers, we see that the set of solutions is a vector space over the field.
Its dimension i, since thek initial values can be prescribed abitrarily.

Thus, if we can write dowik linearly independent solutions, the general solution
is a linear combination of them.

Thecharacteristic equationf the recurrence (1) is the equation

k k-1

X" —a1X o—ag=0.

This polynomial hag roots, some of which may be repeated. Suppose that its distinct
roots area,...,a" with multiplicities my,...,m;, wheremy +---+m, = k. Then a
short calculation shows that thkeunctions

xp=0af,....nm 1ol al.. Mgl
are solutions of (1); they are clearly linearly independent. So the general solution is a
linear combination of them.
Example: Fibonacci numbers Consider the Fibonacci recurrence
Fn - Fn_]_+ Fn_2 fOI’ n Z 2

The characteristic equation is
X°—x—1=0

with rootsa, B = (1+£+/5)/2. So the general solution is
Fn = Aa"+Bp",

andA andB can be determined from the initial conditions.
For the usual Fibonacci numbers, we h&ge= F1 = 1, giving the two equations

A+B = 1,
Ac+BB = 1

Solving these equations gives the solution we found earlier.
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Example: Sequences with forbidden subwords Let a be a binary sequence of
lengthk. How many binary sequences of lengtlio not contaira as a consecutive
subword?

Suppose, for example, that= 11, so that we are counting sequences with no two
consecutive ones. Létn) denote the number of such sequences of lengtimdg(n)
the number of these commencing with 1. Then

f(n) = 2f(n—1)—g(n—1),
g(n = f(n-1)—g(n-1),

since a sequence commencing with O can be preceded with either O or 1, while a
sequence commencing with 1 can only be preceded with 0. A little manipulation
gives

f(ny=f(n—1)+f(n—2),

the Fibonacci recurrence relation. Sinel) =2 =F, and f(2) = 3 = F3, we con-
clude thatf (n) = Ry 1, the(n+ 1)st Fibonacci number.

Guibas and Odlyzko extended this approach to arbitrary forbidden substrings.
They defined theorrelation polynomiabf a binary stringa of lengthk to be

k—1

Cal) = 3 cali)¥,

—

wherec,(0) =1 and, for 1< j <k -—1,

A N | ap - a—j = aj+1aj42- -,
Ca(])_{o otherwise.

Thus, fora= 11, we haveC,(x) = 1+ x.

Theorem 1 Let f3(n) be the number of binary strings of length n excluding the sub-
string a of length k. Then the generating functigid = 3 .~ fa(n)x" is given by

Ca(X)

Fax) = XK+ (1—2X)Ca(x)’

where G(X) is the correlation polynomial of a.

Proof We definega(n) to be the number of binary sequences of lengivhich com-
mence witha but have no other occurrence afas a consecutive subsequence, and
Ga(X) = Sh>09a(N)X" the generating function of this sequence of numbers.



Letbbe a sequence counted fyfn). Then forxe {0,1}, the sequenceb contains
a at most once at the beginning. So

2fa(n) = fa(n+ 1)+ ga(n+1).
Multiplying by x" and summing oven > 0 gives
2Fa(X) = X H(Fa(X) — 1+ Ga(X)). 2)

Now letc be the concatenaticab. Thenc starts witha, and may contain other oc-
currences o4, but only at positions overlapping the initalthat is, wher@y_j1---aby---bj =
ai---ax. This can only occur wheey(k— j) = 1, and the sequeneg_j1---axbthen
has lengtm+ j and has a unique occurrenceacdt the beginning. So

fa(n) = 5 ga(n+]),
where the sum is over ajl with 1 < j < k for which ca(k— j) = 1. This can be

rewritten
k

fa(n) = jZlca(k— 1)Ga(n+ ),
or in terms of generating functions,
Fa(X) = X “Ca(X)Ga(X). (3)
Combining equations (2) and (3) gives the result.

In the case whera= 11, we obtain

B 1+x ~1+4x
X4+ (1-2)(1+%x) 1—x—x2’

F11<X)

so thatfi1(n) = By + Fh—1 = Fy11, as previously noted.

Unbounded recurrences

We will give here just one example. Recall from the last chapter that the generating
function for the numbep(n) of partitions of the integem is given by

-1
Y p(nx" = <|‘|(1—xk)> :

n>0 k>1



Thus, to get a recurrence relation fom), we have to understand the coefficients

of its inverse:
a(n)x" = [7(1—x9).

Now a term on the right arises from each expressiomfas a sum of distinct
positive integers; its value is-1)¥, wherek is the number of terms in the sum. Thus,
c(n) is equal to the number of expressions foas the sum of an even number of
distinct parts, minus the number of expressiongifas the sum of an odd number of
distinct parts.

This number is evaluated Buler’'s pentagonal numbers formula

Proposition 2

c(n) = { (-DK ifn= k(3k—1)/2 for some ke Z,
0 otherwise.

Putting all this together, the recurrence relationgan) is
p(n) = ; (=1 'p(n—k(3k—1)/2)
KZ0
= p(n—=1)+p(n—2)—p(n—5)—p(n-7)+p(n—12)+---

where the summation is over all valueskdbr whichn—k(3k—1)/2 is non-negative.
The number of terms in the recurrence grows withbut only asO(,/n). So
evaluatingp(n) for n < N requires onlyO(n®?) additions and subtractions.

Other recurrence relations

There is no recipe for solving more general recrrence relations. We do a few examples
for illustration.

Example: derangements Let d(n) be the number of derangements{df ..., n}
(permutations which have no fixed points). We obtain a recurrence relation as follows.
Each derangement mapsto somei with 1 <i < n—1, and by symmetry each
occurs equally often. So we need only count the derangements mappng— 1,
and multiply byn— 1.

We divide these derangements into two classes. The first typenmab back
to n. Such a permutation must be a derangementlof.. . n— 2} composed with the
transposition(n — 1,n); so there arel(n— 2) such. The second type mapo n for
somei # n— 1. Replacing the sequence» n— n—1 by the sequende— n— 1, we
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obtain a derangement af— 1; every such derangement arises. So there@re- 1)
deraggements of this type.

Thus,

din)=(n-1)(d(n—1)+d(n—2)).

There is a simpler recurrence satisfieddiy), which can be deduced from this

one, namely
d(n)=nd(n—1)+(-1)".

To prove this by induction, suppose that it is true fior 1. Then(n—1)d(n—2) =
d(n—1) - (-1)"1; sod(n) = (n—1)d(n—1)+d(n—1) + (—1)", and the inductive
step is proved. (Starting the induction is an exercise.)

Now this is a special case of a general recursion which can be solved, namely

Xo = C, Xn = Pn¥n—1+0n forn>1.

We can include the initial condition in the recursion by settigg= ¢ and adoopting
the convention that_1 = 0.
If g, = 0 forn > 1, then the solution is simpbg, = P, for all n, where

n
P, = cigpi.

So we compare, to pn. Puttingyn = X»/Pn, the recurrence becomes

yOZ:I_7 yn:yn,1+%f0rn21,
P

with solution
A
Yn= 2 EI
(Remember thagpy = Py = c.) Finally,
G
=R =
Xn ni: P

For derangements, we hapg = n, c = 1 (so that?, = n!), andq, = (—1)". Thus

n _1i
d(n) =n! <|—|)

It follows thatd(n) is the nearest integer td /e, since
1
nl/e—d(n)=n! Z (.—'1),
i>ma
and the modulus of the alternating sum of decreasing terms on the right is smaller than
that of the first term, which ia! /(n+1)! =1/(n+1).
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Example: Catalan numbers It is sometimes possible to use a recurrence relation to
derive an algebraic or differential equation for a generating function for the sequence.
If we are lucky, this equation can be solved, and the resulting function used to find the
terms in the sequence.

The nth Catalan number ¢ is the number of ways of bracketing a product of
n terms, where we are not allowed to assume that the operation is associatuve or
commutative. For example, for= 4, there are five bracketings

(a(b(cd))), (a((bc)d)), ((ab)(cd)), ((a(be))d), (((ab)c)d),
soC4 = 5.
Any bracketed product afterms is of the forn{AB), whereA andB are bracketed
products of andn— i terms respectively. So

n—1
Ch= ) GCyjforn> 2.
2,

PuttingF (x) = 3 >1CnX", the recurrence relation shows titatand F2 agree in all
coefficients exceph = 1. SinceC; = 1 we haveF = F2+x, or F2—F +x = 0.
Solving this equation gives

F(x)=2(1+v1-4x).
SinceCy = 0 by definition, we must take the negative sign here.

This expression gives us a rough estimateGgr the nearest singularity to the
origin is a branchpoint at/4, soC, grows “like” 4". However, we can get the solution
explicitly.

From the binomial theorem, we have

F(x) =3 <1—n; (1?) (-4)“) .

Hence
1/1/2
= —= —4)"
e = —5(M7) s
_ 1113 2n-327
2222 2 nl
1 (2n-2)! 22N

20+l 2-1(n—1)! n.(n—1)!

~1/2n-2
~ n\n-1)°
Sometimes we cannot get an explicit solution, but can obtain some information

about the growth rate of the sequence.
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Example: Wedderburn—Etherington numbers Another interpretation of the Cata-
lan numbelC, is the number of rooted binary trees witheaves, where “left” and
“right” are distinguished. If we do not distinguish left and right, we obtainAleelderburn—
Etherington numbers W

Such a tree is determined by the choice of trees wahdn —i leaves, but the
order of the choice is unimportant. Thus,ii= n/2, the number of trees is only
Wi (W + 1)/2, rather thaiW?. Fori # n/2, we simply halve the number. This gives
the recurrence

n—1
1 . .
5y WWh_; if nis odd,
Zi;
1

Wn = n—
3 (_Zlvv.wn_i +Wn/2> if nis even.
i=

Thus,F(x) = S Whx" satisfies
F(X) =X+ 2(F(x)2+F(x?)).

This cannot be solved explicitly. We will obtain a rough estimate for the rate of growth.
Later, we find more precise asymptotics.

We seek the nearest singularity to the origin. Since all coefficients are real and
positive, this will be on the positive real axis. (If a power series with positive real
coefficiets converges at=r, then it converges absolutely at anwith |z =r.) Lets
be the required point. Thesi< 1, sos® < s; sOF () is analytic atz=s. Now write
the equation as

F(2?-2F(2)+ (F(Z)+22 =0,
with “solution”
F(2=1-4/1-2z2—-F(Z)
(taking the negative sign as before). Thsis the real positive solution of
F($?)=1-2s.

Solving this equation numerically (using the fact tR&s?) is the sum of a convergent
Taylor series and can be estimated from knowledge of a finite number of terms), we
find thats~ 0.403.. ., so that\,, grows “like” (2.483...)".

We will find more precise asymptotics féi, later in the course.

Example: Bell numbers We already calculated the exponential generating function
for the Bell numbers. Here is how to do it using the recurrence relation

B(n) = ki (E: D B(n—k).

8



Multiply by x"/n! and sum oven: the e.g.fF(x) is given by

F(x) = n;ﬁ—?él (E:D B(n— k).

Differentiating with respect t& we obtain

d x1 D -1
370 = 3 a2, ()P
X < B(m)x™

Here we use new variablés- k— 1 andm = n—k; the constraints of the original sum
mean that andmindependently take all natural number values. Hence

d
ix F(x) = exp(x)F (X).

This first-order differential equation can be solved in the usual way with the initial
conditionF (0) = 1 to give

F(x) = exp(exp(x) — 1),

in agreement with our earlier result.



