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This course is about counting. Of course this doesn’t mean just counting a single

finite set. Usually, we have a family of finite sets indexed by a natural numtzerd
we want to findF (n), the cardinality of theath set in the family.

What is counting?

There are several kinds of answer to this question:

e An explicit formula (which may be more or less complicated, and in particular

may involve a number of summations).
e A recurrence relation expressifgn) in terms of values oF (m) for m < n.

e A closed form for agenerating functiorfor F. (The two types of generating
function most often used are tbedinary generating functioiy F (n)x", and the

exponential generating functiopF (n)x"/nl.) These are elements of the ring
Q[[X]] of formal power series They may or may not converge if a given non-
zero complex number is substituted for (Formal power series are discussed
further in the next section.)

If a generating function converges, it is possible to find the coefficients by ana-
lytic methods (differentiation or contour integration).

e An asymptotic estimate fd¥ (n) is a functionG(n), typically expressed in terms
of the standard functions of analysis, such th@h) — G(n) is of smaller or-
der of magnitude tha®(n). (If G(n) does not vanish, we can write this as
F(n)/G(n) — 1 asn — .) We writeF (n) ~ G(n) if this holds. This might be
accompanied by an asymptotic estimatefdn) — G(n), and so on; we obtain
an asymptotic serieor F. (The basics of asymptotic analysis are described
further in the third section of this chapter.)



¢ Related to counting combinatorial objects is the question of generating them.
The first thing we might ask for is a system of sequential generation, where we
can produce an ordered list of the objects. Again there are two possibilities.

If the number of objects i (n), we might ask for a construction which, given
with 0 <i < F(n) — 1, produces thé&h object on the list directly.

Alternatively, we may simply require a method of moving from each object to
the next.

e We could also ask for a method for random generation of an object. If we have
a technique for generating thth object directly, we simply choose a random
number in the rang€0, ..., F(n) — 1} and generate the corresponding object. If
not, we have to rely on other methods such as Markov chains.

Here are a few examples. These will be considered in more detail later in the
course.

Example: subsets The number of subsets dfl,...,n} is 2". Not only is this a
simple formula to write down; it is easy to compute as well. At most 2iogteger
multiplications are required.

To see this, writein base 2n=2% 2% ...+ 2% 'wherea; > --- > a;. Now we

_ i N\ 2
can compute2 for 1 < i < a; by a; successive squarings (noting that 2= (22 > );

then 2 = (22*)...(22") requiresr — 1 further multiplications.
There is a simple recurrence relation fon) = 2", namely

F(0) =1, F(n)=2F(n—1)forn> 1.

Using this,F (n) can be found with jush — 1 integer doublings.
The ordinary generating function of the sequel2® is 1/(1— 2x), while the
exponential generating function is €2g). (I will use exgx) instead of & in these
notes, except in some places involving calculus.)
No asymptotic estimate is needed, since we have a simple exact formula.
Choosing a random subset, or generating all subsets in order, are easily achieved
by the following method. For eadhe {0,...,2" — 1}, write i in base 2, producing a
string of lengthn of zeros and ones. Noyvbelongs to theth subset if and only if the
jth symbol in the string is 1.

Example: permutations The number of permutations 4fL,...,n} is n!, defined
as usual as the product of the natural numbers from A tdhis formula is not so



satisfactory, involving am-fold product. It can be expressed in other ways, as a sum:

nl = i (—1)"k <E) (n—k)",

K=0
or as an integral:
[o0]
nl = / x"e * dx.
0

Neither of these is easier to evaluate than the original definition.
The recurrence relation fét(n) = nl is

F(0) =1, F(n)=nF(n—1)forn> 1.

This leads to the same method of evaluation as we saw earlier.

The ordinary generating function fér(n) = n! fails to converge anywhere. The
exponential generating function ig L — x), convergent fofx| < 1.

As an example to show that convergence is not necessary for a power series to be
useful, let

-1
<1+ > n!x”) =1-3% c(n)x".
n>1 n>1
Thenc(n) is the number of connected permutations{dn...,n}. (A permutationrt
is connectedf there does not exig with 1 < k < n—1 such thattmaps{1,...,k} to
itself.)
An asymptotic estimate far! is given byStirling’s formula

n! N\/ﬁ(g>n.

It is possible to generate permutations sequentially, or choose a random permuta-
tion, by a method similar to that for subsets.

Example: derangements A derangement is a permutation with no fixed points. Let
d(n) be the number oflerangementsf n.

There is a simple formula fad(n): it is the nearest integer ta /e. This is also
satisfactory as an asymptotic expressiondr); we can supplement it with the fact
that|d(n) —n!/el < 1/(n+1) for n> 0.

This formula is not very good for calculation, since it requires accurate knowledge
of e and operations of real (rather than integer) arithmetic. There are, however, two
recurrence relations fat(n); the second, especially, leads to efficient calculation:

d(0)=1,d(1)=0, d(n)=(n—-1)(d(n—1)+d(n—2))forn>2;
d0)=1, d(n)=ndin—1)+(-1)"forn>1.
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The ordinary generating function fal(n) fails to converge, but the exponential
generating function is equal to expx) /(1 — x).

Since the probability that a random permutation is a derangement is almuwré
can choose a random derangement as follows: repeatedly choose a random permuta-
tion until a derangement is obtained. The expected number of choices necessary is
about e.

Example: partitions The partition number @n) is the number of ways of non-
increasing sequences of positive integers with surhere is no simple formula for
p(n). However, quite a bit is known about it:

e The ordinary generating function is

n 1— k -1
n;)p(n)x I(|:|( x7)

1

e There is a recurrence relation:

p(n) = 3 (~1) p(n— k(3k—1)/2),

where the sum is over all non-zero valuekppositive and negative, for which
n—Kk(3k—1)/2> 0. Thus,

p(n)=p(n—1)+p(n—-2)—p(n—5)—p(n-7)+p(n—12) +---,
where there are aboyt'8n/3 terms in the sum.

e The asymptotics op(n) are rather complicated, and were worked out by Hardy,
Littlewood, and Rademacher.

Example: set partitions The Bell number Bn) is the number of partitions of the
set{1,...,n}. Again, no simple formula is known, and the asymptotics are very com-
plicated. There is a recurrence relation,

1 /n-1
B(n) = k; (k— 1) B(n—k),
and the exponential generating function is

z B(E!) X = exp(exp(x) — 1).

Based on the recurrence one can derive a sequential generation algorithm.
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Formal power series

Let R be a commutative ring with identity. #ormal power serie®ver R is just a
function from the natural numbers R) that is, an infinite sequence

ro,f1,f2,...,n,... (1)

of elements oR. We define addition and multiplication of such infinite series to make
the set of formal power series into a ring. The definitions look more natural if we write
the sequence (1) as

o4+ 1X4IoX 4o+ rpX" - - 2)

The symbok in this expression is just a dummy with no meaning; the “power” of
x allows us to keep track of our place in the series. No infinite summation is actually
involved! We denote the set of all formal power seriesRijx|]. If we had used a
different symbol, say, in the expression (2), we would wrii[y]] instead. We often

abbreviate (2) to
X", (3

A polynomialis simply a formal power series in which all but finitely many of the
terms are zero. Theegreeof a polynomial is the index of the last non-zero term. The
set of polynomials is denoted IR}x].

We define addition and multiplication of formal power series by

(%rnxn> + (Z snX“> = > (ht+s)X,
n> n>0 n>0

<“;rnxn> | <nZoS“X”> - S

n

th= %fk&]—k-
k=

Note that these operations involve only finite additions and multiplications of ring
elements.

With these operation®][x]] is a ring, andR[X] a subring. We don't stop to prove
this, as the verifications are routine.

Various other apparently “infinitary” operations can be defined which only involve
finite sums and products. For example,

where



e Suppose thafy, f1,... € R[[X]] have the property that the index of the smallest
non-zero term inf, tends to infinity withn. Then

2"

is defined. In particular, if, = r,x", the condition is satisfied, and this definition
of the infinite sum agrees with our notation for the formal power s&fiex".

nl:L(l-i— fn)

is defined: itis the sum of terms, each of which is the product of finitely many
(taking 1 from the remaining factors in the infinite product); and by assumption
only finitely many such products contribute to the coefficientofor anyn.

e With the same conditions,

e Let f andg be formal power series in which the constant terrg ifzero. Then
the result of substituting into f is defined: iff (x) = 3 rox", thenf(g(x)) =

Y rg".

A result which is important for enumeration is the following, though we are more
concerned with the method of proof than the statement.

Proposition 1 A formal power series is invertible if and only if its constant term is
invertible.

Proof Suppose thaf = S rpx" andg =y sx" satisfy fg = 1. Considering the term
of degree zero, we see thaty = 1, so tharg is invertible.
Conversely, suppose thajsy = 1, wheref = 5 rpx". The inversey = 3 s,x" must

satisfy
n

%rksn—k =0
K=

n
SH=-% ) lkS—k-
=]

forn> 0; so

Thus the coefficients g satisfy a linear recurrence relation, and can be determined
recursively.

In general, knowledge of the inverse of a formal power series is equivalent to
knowledge of a linear recurrence relation for its coefficients.



Example: Fibonacci numbers Let f(x) = 1—x— x2. Then the coefficients of the
inverse(1—x—x%)~1 = 3 s,x" satisfy the recurrence

s=s1=1, S =S-1tS-2forn>2;

in other words, they are the Fibonacci numbers.

For the purposes of enumeration, the coefficients of formal power series are usually
integers or rational numbers. Often it is convenient to consider them as real numbers,
and apply to them the processes of analysis.

For example, considering the Fibonacci numbers above &td3 be the roots
of the quadratic equatiarf —z— 1 = 0: thus,a = (v/5+1)/2 andB = (—v/5+1)/2.

Then
1 B 1 a B
1-x—x2  a—-B\1-oax 1-pBx

1 n+1,n n+1,,n
= — a X =y X )
\/5 (n; ngo

so thenth Fibonacci number is

L
V5

Since|B| < 1, we see thak, is the nearest integer td*+1/+/5.

F = (an+l _ Bn+1)-

Particular formal power series of great importance include

Xn
expx) = —,
SN
-1 n—1yn
log(1+x) = ()7X
=1 n

Asymptotics

We introduce the notation for describing the asymptotic behaviour of functions here,
though we will not do any serious asymptotic estimation for a while.

Let F andG be functions of the natural number For convenience we assume
thatG does not vanish. We write

e F =0(G) if F(n)/G(n) is bounded above as— o;
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Figure 1: Stirling’s formula

e F=Q(G)if F(n)/G(n) is bounded below as — o;
e F=0(G)if F(n)/G(n) — 0 asn — oo;
e F~Gif F/G—1asn— .

Typically, F is a combinatorial enumeration function, a@da combination of
standard functions of analysis. For example, Stirling’s formula gives the asymptotics
of the number of permutations ¢1,...,n}. We give the proof as an illustration.

Theorem 2

n! N\/ﬁG)n

Proof We outline a proof, apart from identifying the constariert. Consider the
graph of the functiory = logx betweernx = 1 andx = n, together with the piecewise
linear functions shown in Figure 1.

Let f(x) = logx, letg(x) be the function whose value is logfor m< x < m+1,
and leth(x) be the function defined by the polygon with vertides logm), for 1 <
m < n. Clearly

n
/ g(x) dx=1log2+---+logn=logn!.
1

The difference between the integralsgdindh is the sum of the areas of triangles
with base 1 and total height logthat is, 1 logn.
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Some calculus shows that the difference between the integréladg tends to
a finite limit c asn — co. (Show that f (x) — g(x)| = O(1/m?) form< x < m+1.)
Finally, a simple integration shows that

/ln f(x) dx=nlogn—n+1.
We conclude that
logn! = nlogn—n+ 3logn+ (1—c) +0(1),
from which the result follows.

The seriesso(n) + G1(n) + Gy(n) + - - - is anasymptotic seriefor F(n) if
i—1
F(n)— > Gj(n) ~Gi(n)
2

fori > 0. (Soin particulaF (n) ~ Go(n), F(n) — Go(n) ~ G1(n), and so on. Note that
Gi(n) = 0o(Gj_1(n)) for alli.)
Warnings:

e an asymptotic series is not necessarily convergent;

e it is not necessarily the case that taking more terms in the series gives a better
approximation td- (n) for a fixedn.

For example, Stirling’s formula can be extended to an asymptotic serigs famely

ny\n 1 1
\/%<é> (1-1-@4‘@4-"') .

Regarding a generating function for a sequence as a function of a real or complex
variable is a powerful method for studying the asymptotic behaviour of the sequence.
We will see examples of this later; here is a simple observation.

Suppose tha#\(z) =  ayz" defines a function which is analytic in some neigh-
bourhood of the origin in the complex plane. Suppose that the smallest modulus of a
singularity ofA(z) isR. Then lim sumﬁ/n = 1/R, soay is bounded by c+ €)" but not
by (c—¢€)" for largen, wherec = 1/R.

For example, we saw that the generating function of the Fibonacci numbers is
1/(1—z—27%). So these numbers grow roughly liké, wherea is the reciprocal of
the smaller root of - z— 22 = 0, namelya = (14 +/5)/2.



On the other hand, i&\(z) is analytic everywhere, thea, < €" for n > ng(¢), for
any positivee. Indeeda, = o(e") for any positives.
For example, iB(n) is thenth Bell number, then

B(NZ'" & 4

:ei,
ngo n!

which is analytic everywhere. I(n) = o(e"n!), for any positivee.

Complexity

A formula like 2" (the number of subsets of anset) can be evaluated quickly for

a given value oh. A more complicated formula with multiple sums and products

will take longer to calculate. We could regard a formula which takes more time to
evaluate than it would take to generate all the objects and count them as being useless
in practice, even if it has theoretical value.

Traditional computational complexity theory refers to decision problems, where
the answer is just “yes” or “no” (for example, “Does this graph have a Hamiltonian
circuit?”). The size of an instance of a problem is measured by the number of bits of
data required to specify the problem (for exampi@ — 1) /2 bits to specify a graph
onn vertices). Then the time complexity of a problem is the functipwheref (n) is
the maximum number of steps required by a Turing machine to compute the answer
for an instance of siza. To allow for variations in the format of the input data and
in the exact specification of a Turing machine, complexity classes are defined with a
broad brush: for exampl& (or “polynomial-time”) consists of all problems whose
time complexity is at most® for some constart. (For more details, see Garey and
JohnsonComputers and Intractability

For counting problems, the answer is a number rather than a single Boolean value
(for example, “How many Hamiltonian circuits does this graph have?”). Complexity
theorists have defined the complexity cl&#ss(“numberP”) for this purpose.

Even this class is not really appropriate for counting problems of the type we
mostly consider. Consider, for example, the question “How many partitions does an
n-set have?” The input data is the integewhich (if written in base 2) requires only
m= [1+log,n] bits to specify. The question asks us to calculate the Bell number
B(n), which is greater than™?! for n > 2, and so it takes time exponential in
simply to write down the answer! To get round this difficulty, it is usual to pretend
that the size of the input data is actuatlyather than log. (We can imagine that is
given by writingn consecutive 1s on the input tape of the Turing machine, that is, by
writing n as a tally rather than in base 2.)
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We have seen that computing @he number of subsets of @rset) requires only
O(logn) integer multiplications. But the integers may have as mamydigits, so each
multiplication take$D(n) Turing machine steps. Similarly, the solution to a recurrence
relation can be computed in time polynomialnnprovided that each individual com-
putation can be.

On the other hand, a method which involves generating and testing every subset
or permutation will take exponentially long, even if the generation and testing can be
done efficiently.

A notion of complexity relevant to this situation is the polynomial delay model,
which asks that the time required to generate each object should be at‘rfaystome
fixed c, even if the number of objects to be generated is greater than polynomial.

Of course, it is easy to produce combinatorial problems whose solution grows
faster than, say, the exponential of a polynomial. For example, how many intersecting
families of subsets of an-set are there? The total number, foodd, lies between
22" and 2", so that even writing down the answer takes time exponential in

We will not consider complexity questions further in this course.
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