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1 LetAy,...,A, be subsets oK. ForJ C N = {1,...,n}, let A; consist of the points
of X lying in A; for all i € J, andB; the points lying inA; if i € Jand not ifi ¢ J. Show

that
IB| = ;<4WW&L
JCKCN

2 Let real numbersy andb; be given for each subsétof N = {1,...,n}. Prove that
the following conditions are equivalent:

@a;= b forallJCN;

(b) by = ZJ(—l)J\'|a| forall J C N.
Ic

3 By taking the numbergy andb; of the preceding exercise to depend only on the

cardinalityj of J, show that the following statements are equivalent for two sequences
(x) and(y;):

(@)xj = _io)ﬁ;
j
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4 Prove that



5 Letx andy be elements of a pos#t, with x <y. A chainfrom xtoy is a sequence
X=Xo,X1,...,X =ywithx_1 < x fori=1,...,I; itslengthis|. Show that

H(x,y) = ;(—1)'(‘:),

whereC is the set of all chains fromtoy, andl(c) is the length ot.

6 Letd(n) be the number of divisors of the positive integeProve that

Zd u(n/m) =

mjn

forn> 1.

7 LetP(X) denote the poset whose elements are the partitions of the gath P < Q

if PrefinesQ (that is, every part dP is contained in a part d). LetE be the partition
into sets of size 1. Suppose thAt = n.

(a) Show that, if the parts & have sizesy,...,a, then
WE,P)=(-1)" (@ -1t (a — 1.

(b) Show that any intervdP, Q] is isomorphic to a product of posets of the form
P(Xj), and hence calculaigP, Q).

8 Let G be the cyclic group consisting of all powers of the permutation
g:1-2—.---—n—1

Show that the cycle index @ is

2(6) = =y @n/mn,

min

where@is Euler’s function.

9 A necklace is made aif beads ofg different colours. Necklaces which differ only
by a rotation are regarded as the same. Show that the number of different necklaces is

5 3 detn/m)



while the number which have no rotational symmetry is
1 m
5 2 dTun/m).
m|n

(Notice that, ifq is a prime power, the second expression is equal to the number of
monic irreducible polynomials of degreeover GKq). Finding a bijective proof of
this fact is much harder!)

10 A function F on the natural numbers is said to teiltiplicativeif
gcdm,n) =1=-F(mn) =F(m)F(n).
(a) Suppose thd andG are multiplicative. Show that the functidth defined by
H(n) = Z F(k)G(n/k)

kin
is multiplicative.
(b) Show that the Ndbius and Euler functions are multiplicative.

(c) Letd(n) be the number of divisors af, anda(n) the sum of the divisors af.
Show thatd ando are multiplicative.

11 Prove the following “approximate version” of PIE:

LetAq,...,An A, ..., A, be subsets of a st Forl CN={1,...,n}, let

/
aq = ) a|:

NA
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NA
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If &y = & for all propersubsets of N, then|ay —aj| < |X|/2"1,



