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1 Show that the number of ways of selectikg@bjects from a set af distinguished
objects, if we allow the same object to be chosen more than once and pay no attention

to the order in which the choices are made(llnsJr :z_ 1) )

2 Prove that, inis even, then

n
2 (" <2"
n+1~-\n/2) —

Use Stirling’s formula to prove that
(w2)~
n/2 m/2
How accurate is this estimate for smiaH

3 Use the method of the preceding exercise, together with the Central Limit Theorem,
to deduce the constant in Stirling’s formula.

4 Prove directly that, if 6< k < n, then

3 () () =3 () (6) -0

5 Formulate and prove an analogue of Proposition 9 in the notes for binomial coeffi-
cients.

6 LetB(n) be the number of partitions dfL,...,n}. Prove that

Vil <B(n) <nl.
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7 Prove that logn! is greater thamlogn— n+ 1 and differs from it by at mos} logn.
Deduce that
n" nnt+1/2

prms <n < a1

8 Let c(n) be the number of connected permutations{tn .., n}. (A permutationrt
is connectedf there does not exigk with 1 < k < n—1 such thattmaps{1,...,k} to

itself.) Prove that

and deduce that

9 Prove that

(_1)n_k (E) _ (—n +kk— 1)

for 0 < k < n. Use this and Proposition 3 to prove the Binomial Theorem for negative
integer exponents.

10 Prove that
s(n,k)x"  (log(1+4x))K

ngk N K

for k > 1. What happens when this equation is summed k¥er

11 What is the relation between the numbe&i, k) defined in Exercise 3 on Sheet 1
and Stirling numbers?

12 A total preorderon a setX is a binary relatiorp on x which is symmetric and
transitive and satisfies the condition that, fonaif € X, eitherxpy ory p x holds.

(a) Letp be atotal preorder od. Define a relatiomw on X by the rule thak o y if and
only if bothx p y andy p x hold. Prove that is an equivalence relation whose

equivalence classes are totally orderedpbyShow thatp is determined byo
and the ordering of its equivalence classes. Show further that any equivalence
relation and any total ordering of its equivalence classes aise in this way from a

total preorder.

(b) Show that the number of total preorders ofreset is

S KK!
k;S(n )



(c) Show that the exponential generating function for the sequence in (B)4s-1
exp(X)).

(d) What can you deduce about the asymptotic behaviour of the sequence?

13 For 1< k < n, theLah number In, k) is defined by the formula
n
Lk =3 [s(n.m)|S(mk).
m=k

(That is, the Lah numbers form a lower triangular matrix which is the product of
the matrices of unsigned Stirling numbers of the first and second kinds. They are
sometimes called Stirling numbers of the third kind.) Prove that

L(n,k) = E—: (E:D

R
n 2 0 if nis odd;
() -

n
—1)"/2 if nis even.
()
15 Prove that the generating function for the central binomial coefficients is

ngo (Znn) X' = (1—4x)"Y2,

(Cr)-e

[Note: Finding a counting proof of this identity is quite challenging!]

14 Prove that

and deduce that



