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1 Introduction and definitions

1.1 Alphabets and codes

In this course, we shall work with an alphabet, which is simply a finite set A of symbols. If A
has size g, then we call A a g-ary alphabet (although we say binary and ternary rather than 2-ary
and 3-ary). For most purposes, it is sufficient to take A to be the set {0, 1,...,q — 1}. Later we shall
specialise to the case where g is a prime power, and take A to be I, the field of order g.

A word of length n is simply a string consisting of n (not necessarily distinct) elements of A, i.e.
an element of A", and a block code of length n is simply a set of words of length n, i.e. a subset of A".
If A is a g-ary alphabet, we say that any code over A is a g-ary code. There are codes in which the
words have different lengths, but in this course we shall be concerned entirely with block codes, and
so we refer to these simply as codes. We refer to the words in a code as the codewords.

1.2 Error detection and correction

Informally, a code is t-error-detecting if, whenever we take a codeword and change at most ¢ of the
symbols in it, we don’t reach a different codeword. So if we send the new word to someone without
telling him which symbols we changed, he will be able to tell us whether we changed any symbols.

A code is t-error-correcting if whenever we take a codeword and change at most ¢ of the symbols
in it, we don’t reach a different codeword, and we don’t even reach a word which can be obtained
from a different starting codeword by changing at most ¢ of the symbols. So if we send the new word
to someone without telling him which symbols we changed, he will be able to tell us which codeword
we started with.

Formally, we define a metric (or distance function) on A" as follows: given two words x and y, we
define d(x, y) to be the number of positions in which x and y differ,i.e.if x = x;...x,andy = y; ... y,,
then d(x, y) is the number of values i for which x; # y;. This distance function is called the Hamming
distance.

Lemma 1.1. d is a metric on A", i.e.:
1. d(x,x) =0forall x e A";
2. d(x,y)>O0forall x +ye A";
3. d(x,y) =d(y, x) forall x,y € A";
4. (the triangle inequality) d(x,7) < d(x,y) + d(y, z) for all x,y,z € A".

Proof. (1), (2) and (3) are very easy, so let’s do (4). Now d(x, z) is the number of values i for which
x; # z;. Note that if x; # z;, then either x; # y; or y; # z;. Hence

{ilxi # 2} SHi | xi # yid Ui yi # zi).
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So

{lilx#zz <Wilxi £y Ulily: #zll

<|
SWilxi £yl + il yi # zidl,
i.e.

d(x,z) < d(x,y) +d(y,2).

O

Now we can talk about error detection and correction. We say that a code C is t-error detecting
if d(x,y) > t for any two distinct words in C. We say that C is t-error-correcting if there do not exist
words x,y € C and z € A" such that d(x,z) < fand d(y,z) < t.

Example. The simplest kinds of error-detecting codes are repetition codes. The repetition code of
length n over A simply consists of all words aa...a, for a € A. For this code, any two distinct
codewords differ in every position, and so d(x,y) = n for all x # y in C. So the code is r-error-
detecting for every ¢ < n — 1, and is f-error-correcting for every ¢ < %

Given a code C, we define its minimum distance d(C) to be the smallest distance between distinct
codewords:

d(C) = min{d(x,y) | x # y € C}.

Lemma 1.2. A code C is t-error-detecting if and only if d(C) > t + 1, and is t-error-correcting if and
only if d(C) = 2t + 1,

Proof. The first part is immediate from the definition of “z-error-detecting”. For the second part,
assume that C is not t-error-correcting. Then there exist distinct codewords x,y € C and and a word
z € A" such that d(x, z) < t and d((y, z) < t. By the triangle inequality, d(x,y) < d(x,z) + d((y,z) < 2t,
and hence d(C) < 2¢. Conversely, if d(C) < 2t then choose x, y € C such that d(x, y) < 2¢t. There exists
z € A" such that d(x,z) < t and d((y,z) < t. (Check this! It is a property of the Hamming metric, but
not of metrics in general.) Thus, C is not t-error-correcting. O

Corollary 1.3. A code C is t-error-correcting if and only if it is (2t)-error-detecting.

Proof. By the previous lemma, the properties “z-error-correcting” and ‘2z-error-detecting” for the
code C are both equivalent to d(C) > 2¢ + 1. O

From now on, we shall think about the minimum distance of a code rather than how many errors
it can detect or correct.

We say that a code of length n with M codewords and minimum distance at least d is an (n, M, d)-
code. For example, the repetition code described above is an (n, ¢, n)-code. Another example is the
following ‘parity-check’ code, which is a binary (4, 8, 2)-code:

{0000,0011,0101,0110,1601,10160, 1100, 1111}.

The point of using error-detecting and error-correcting codes is that we might like to transmit a
message over a ‘noisy’ channel, where each symbol we transmit gets mis-transmitted with a certain
probability; an example (for which several of the codes we shall see have been used) is a satellite
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transmitting images from the outer reaches of the solar system. Using an error-detecting code, we
reduce the probability that the receiver misinterprets distorted information — provided not too many
errors have been made in transmission, the receiver will know that errors have been made, and can
request re-transmission; in a situation where re-transmission is impractical, an error-correcting code
can be used. Of course, the disadvantage of this extra ‘certainty’ of faithful transmission is that we are
adding redundant information to the code, and so our message takes longer to transmit. In addition,
for intricate codes, decoding may be difficult and time-consuming.

The main tasks of coding theory, therefore, are to find codes which enable error-detection and
-correction while adding as little redundant information as possible, and to find efficient decoding
procedures for these codes. Clearly, as d gets large, codes with minimum distance d have fewer and
fewer codewords. So we try to find codes of a given length and a given minimum distance which have
as many codewords as possible. We shall see various bounds on the possible sizes of codes with given
length and minimum distance, and also construct several examples of ‘good’ codes.

1.3 Equivalent codes

To simplify our study of codes, we introduce a notion of equivalence of codes. If C and D are
codes of the same length over the same alphabet, we say that C is equivalent to D if we can get from
C to D by a combination of the following operations.

Operation 1 — permutation of the positions in the codewords Choose a permutation o of {1, ..., n}
and for a codeword v = v; ... v, in C define

Vo = Vo) - VYom)-

Now define
Cr={v,|vecC}
Operation 2 — applying a permutation of A in a fixed position in the codewords Choose a permu-
tation f of A and an integer i € {1,...,n}, and for v = v, ...v, define
Vii = Voo Viet f(0Vig1 - Vi
Now define

Cf,i = {Vf,,‘ | Vv E C}
For example, consider the following ternary codes of length 2:
C=1{10,21,02}, D ={01,12,20}, &E={00,11,22}.

We can from C to D by Operation 1 — we replace each codeword ab with ba. We can get from D to &
by Operation 2 — we permute the symbols appearing in the second position via® — 2 - 1 — 0. So
C, D and & are equivalent codes.

The point of equivalence is that equivalent codes have the same size and the same minimum
distance; we can often simplify both decoding procedures and some of our proofs by replacing codes
with equivalent codes.

Lemma 1.4. Suppose C is a code and o a permutation of {1, ...,n}, and define C, as above. Then
ICl = ICol.
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Proof. The map
Vi Vs

defines a function from C to C,, and we claim that this is a bijection. Surjectivity is immediate: C,
is defined to be the image of the function. For injectivity, suppose thatv =v;...v,andw =w;...w,
are codewords in C with v # w. This means that v; # w; for some j. Since o is a permutation, we
have j = o (i) for some i, and so v, and w, differ in position i, so are distinct. O

Lemma 1.5. Suppose C is a code containing words v and w, and suppose o is a permutation of
{1,...,n}. Define the words v, and wy as above. Then
d(v0'7 WO‘) = d(v’ W)

Proof. Write v
Xi = V(i) and y;

ViV, W = Wi .., Voo = X[ ...Xn, W = Y1...Yn. Then by definition we have
W) for each i. Now d(v, w) is the number of positions in which v and w differ, i.e.

dv,w) = [{i | vi # will;

similarly,
Ao, we) = I{i | x; # yill.

Since x; = v and y; = ws(;), o defines a bijection from

{i ] xi # yi}
to
{i]vi #wi}.
O
Corollary 1.6. Define C, as above. Then d(C,) = d(C).
Now we prove the same properties for Operation 2.
Lemma 1.7. Suppose C is a code, f a permutation of A and i € {1,...,n}, and define Cy; as above.

Then ICy,l = |C|.

Proof. The map
VeV fii

defines a function from C to Cy,;, and we claim that this is a bijection. Surjectivity follows by definition

of Cy,. For injectivity, suppose that v, w are codewords in C with v # w. There is some j € {1,...,n}
with v; # w;. If j = i, then f(v;) # f(w;) (since f is a permutation), and so v¢; and wy; differ in
position i. If j # i, then vy; and wy; differ in position j. m]

Lemma 1.8. Suppose C is a code containing codewords v and w, and define vy; and wy,; as above.
Then
dvyi,wri) = d(v,w).
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Proof. Write v =v;...vyand w = wy...w,. If v; = w;, then f(v;) = f(w;), so
dv,w)y=Wj#ilvi#£will=dri,wr).
If v; # w;, then (since f is a permutation) f(v;) # f(w;), and so

dv,w)=[{j#ilvizwill+ 1 =dVysiwy).

Corollary 1.9. Define Cy; as above. Then d(Cy,;) = d(C).

One of the reasons for using equivalent codes is that they enable us to assume that certain words
lie in our codes.

Lemma 1.10. Suppose C is a non-empty code over A, and a € A. Then C is equivalent to a code
containing the codeword aa. . . a.

Proof. We prove a stronger statement by induction. For i € {0, ..., n} let P(i) denote the statement ‘A
non-empty code C is equivalent to a code containing a word v =v;...v, withv; =---=vy; = a’.
P(0) is true: any code is equivalent to itself, and we may take any v. Now suppose i > 0 and that
P(i—1)istrue. So Cis equivalent to a code D containing a wordv = vy ...v, withv); =--- =v;_| = a.
Choose any permutation f of A for which f(v;) = a. Then D is equivalent to the code Dy;, which
contains the word v;, whose first i entries equal a, and C is equivalent to Dy; as well.
By induction, P(n) is true, which is what we want. O

2 Good codes

2.1 The main coding theory problem

The most basic question we might ask about codes is: given n, M and d, does an (n, M, d)-code
exist? Clearly, better codes are those which make M and d large relative to n, so we define A,(n, d)
to be the maximum M such that a g-ary (n, M, d)-code exists. The numbers A,(n, d) are unknown in
general, and calculating them is often referred to as the ‘main coding theory problem’. Here are two
very special cases.

Theorem 2.1.
1. A;(n,1) =q".
2. Ay(n,n) =q.
Proof.

1. We can take C = A", the set of all words of length n. Any two distinct words must differ in
at least one position, so the code has minimum distance at least 1. Obviously a g-ary code of
length n can’t be bigger than this.

2. Suppose we have a code of length n with at least ¢ + 1 codewords. Then by the pigeonhole
principle there must be two words with the same first symbol. These two words can therefore
differ in at most n—1 positions, and so the code has minimum distance less than n. So A (n,n) <
q- On the other hand, the repetition code described above is an (n, g, n)-code.



Good codes 7

Here is a less trivial example.
Theorem 2.2.
Ay(5,3) = 4.
Proof. It is easily checked that the following binary code is (5, 4, 3):
{00000,01101,10116,11011}.

So Ay(5,3) > 4. Now suppose C is a binary code of length 5 with minimum distance at least 3 and at
least five codewords. By replacing C with an equivalent code and appealing to Lemma 1.10, we may
assume that C contains the codeword 00000. Since C has minimum distance at least 3, every remain-
ing codeword must contain at least three 1s. If there are two codewords x, y each with at least four 1s,
then d(x,y) < 2, which gives a contradiction, so there must be at least three codewords with exactly
three 1s. Trial and error shows that two of these must be distance at most 2 apart; contradiction. O

Now we come to our first non-trivial result. It is a ‘reduction theorem’, which in effect says that
for binary codes we need only consider codes with odd values of d.

Theorem 2.3. Suppose d is even. Then a binary (n, M, d)-code exists if and only if a binary (n —
1,M,d — 1)-code exists.
Hence if d is even, then Ay(n,d) = Ay(n—1,d — 1).

Proof. The ‘only if” part follows from the Singleton bound, which we state and prove in Section 2.3.
So we concentrate on the ‘if” part.

Suppose we have a binary (n — 1, M, d — 1)-code. Given a codeword x, we form a word % of length
n by adding an extra symbol, which we choose to be 0 or 1 in such a way that X contains an even
number of 1s.

Claim. If x,y are codewords in C, then d(X, V) is even.
Proof. The number of positions in which X and y differ is
(number of places where X has a 1 and y has a 0)
+(number of places where X has a ® and  has a 1)

which equals

(number of places where X has a 1 and § has a )
+(number of places where X has a 1 and y has a 1)
+(number of places where X has a ® and y has a 1)
+(number of places where X has a 1 and y has a 1)

—2(number of places where X has a 1 and y has a 1)
which equals

(number of places where X has a 1)
+(number of places where y has a 1)

—2(number of places where X has a 1 and y has a 1)

which is the sum of three even numbers, so is even.
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Now for any x,y € C, we have d(x,y) > d — 1, and clearly this gives d(X,9) > d — 1. Butd — 1 is
odd, and d(&, ) is even, so in fact we have d(X, §) > d. So the code

A

C=({x|xeC}

is an (n, M, d)-code.
For the final part of the theorem, we have

As(n,d) = max{M | a binary (n, M, d)-code exists}

= max{M | a binary (n — 1, M, d — 1)-code exists}
=Ay(n—1,d-1).

Now we’ll look at some upper bounds for sizes of (n, M, d)-codes.

2.2 Spheres and the Hamming bound

Since the Hamming distance d makes A" into a metric space, we can define the sphere around any
word. If x € A" is a word, then the sphere of radius r and centre x is

S(x,r)={yeA"|d(x,y) <r}

(n.b. in metric-space language this is a ball, but the word ‘sphere’ is always used by coding-theorists.)
The importance of spheres lies in the following lemma.

Lemma 2.4. A code C is t-error-correcting if and only if for any distinct words x,y € C, the spheres
S(x,1) and S (y,t) are disjoint.

This lemma gives us a useful bound on the size of a r-error-correcting code. We begin by counting

the words in a sphere; recall the binomial coefficient (’:) = (n_”—r'),r,

Lemma 2.5. If A is a g-ary alphabet, x is a word over A of length n and r < n, then the sphere S (x, 1)

contains exactly
(g) +(q- 1)(’11) +(q- 1>2(§) Fet (g - 1>r(’:)

Proof. We claim that for any i, the number of words y such that d(x,y) equals i is (g — 1)’(';); the
lemma then follows by summing fori =0, 1,...,r.

d(x,y) = i means that x and y differ in exactly i positions. Given x, in how many ways can we
choose such a y? We begin by choosing the i positions in which x and y differ; this can be done in
(’l’) ways. Then we choose what symbols will appear in these i positions in y. For each position, we
can choose any symbol other than the symbol which appears in that position in x — this gives us g — 1
choices. So we have (g — 1) choices for these i symbols altogether. O

words.

Theorem 2.6 (Hamming bound). If C is a t-error-correcting code of length n over a g-ary alphabet
A, then

n

q
(0)+@=D()+@-12(3) ++@- 1)

IC] <
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Proof. Each codeword has a sphere of radius ¢ around it, and by Lemma 2.4 these spheres are disjoint.
So the total number of words in all these spheres together is

o R R Tt}

and this can’t be bigger than the total number of possible words, which is ¢". O

The Hamming bound is also known as the sphere-packing bound.

Corollary 2.7. For n,q,t > 0,

n

q

A, 2t+ 1) < .
S B - D) + @ 120G + -+ @ ()

Proof. Suppose C is a g-ary (n, M, 2t + 1)-code. Then C is t-error-correcting (from Section 1), so

n

q

M| < )
(6)+ @= D))+ @@= 12(3) +-- + @@= 1)(})

by the Hamming bound. O

Definition. A g-ary (n, M, d)-code is called perfect if d = 2r + 1 and

n

q
(6)+@=D()+@=12()+-+@-1()

for some r, that is, if equality holds in the Hamming bound. For example, if n is odd and ¢ = 2, then
the repetition code described in §1.2 is perfect (check this!). Later, we shall see some more interesting
examples of perfect codes.

2.3 The Singleton bound

Theorem 2.8 (Singleton bound).

1. Suppose n,d > 1. If a g-ary (n, M, d)-code exists, then a g-ary (n — 1, M,d — 1)-code exists.
Hence Ay(n,d) < Ay(n—1,d - 1).

2. Suppose n,d > 1. Then Ay(n,d) < g,

Proof.
1. Let C be a g-ary (n, M, d)-code, and for x € C, let X be the word obtained by deleting the last
symbol. Let C = {x | x € C}.

Claim. If x,y € C with x # y, then d(%,5) = d — 1 or d.

Proof. We have d(x,y) > d, so x and y differ in at least d positions; if the last position is
one of these, then x and y differ in only d — 1 positions. If the last position is not one of
the positions where x and y differ, then X and y differ in d positions.
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The first consequence of the claim is that, since d > 1, X and y are distinct when x and y are. So
|C| = M. The second consequence is that d(C) > d — 1. SoCis an (n — 1, M,d — 1)-code.

To show that A,(n,d) < A,(n—1,d — 1), take an (n, M, d)-code C with M = A,(n,d). Then we
getan (n — 1, M,d — 1)-code C, which means that An—1,d-1)> M = Ay(n,d).

2. We prove this part by induction on d, with the case d = 1 following from Theorem 2.1. Now
suppose d > 1 and that the inequality holds for d — 1 (and n — 1). This means

Aq(l’l _ l,d _ 1) < q(n—l)—(d—l)+1 — qn—d+1‘

Now apply the first part of the present theorem.

Note that the Singleton bound finishes off the proof of Theorem 2.3.

2.4 Another bound

This bound seems not to have a name.
Theorem 2.9. Suppose n > 1. Then
Ay(n,d) < qgAy(n - 1,d).

Proof. It suffices to prove that if a g-ary (n, M, d)-code exists, then so does a g-ary (n — 1, P,d)-code,
for some P > M/q. Indeed, we can take M = A,(n,d), which will give gP > A,(n,d), so that
gAy(n—1,d) > Ay(n,d). So let C be a g-ary (n, M, d)-code. Look at the last symbol of each codeword,
and for each a € A, let n(a) be the number of codewords ending in a.

Claim. For some a € A we have n(a) > M/q.

Proof. Suppose not, i.e. n(a) < M/q forall a € A. Then we get >, n(a) < M. But > ., n(a)
18 the number of codewords, which is M. Contradiction.

So take some a such that n(a) > M/q, and let C’ denote the set of codewords ending in a. For
each x € C’, define X to be the word obtained by deleting the last symbol from x, and then define
C={x|xeC}.

Claim. For x,y € C’ with x # y, we have d(x,y) > d.
Proof. We have d(x,y) > d, so x and y differ in at least d positions. Furthermore, none of these
positions is the last position, since x and y both have an a here. So x and y differ in at least d

positions among the first n — 1 positions, which means that x and y differ in at least d places. O

The first consequence of this claim is that if x,y € C’ with x # y, then X # Y. So IC| = |C’| = n(a). The
second consequence is that d(C) > d. So Cis an (n — 1, n(a), d)-code. O
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2.5 The Plotkin bound

The Plotkin bound is more complicated, but more useful. There is a version for arbitrary ¢, but
we’ll address only binary codes. First, we prove some elementary inequalities that we shall need later.

Lemma 2.10. Suppose N, M are integers with 0 < N < M. Then

MZ
R (if M is even)
N(M - N) < M2 .

(if M is odd)

Proof. The graph of N(M — N) is an unhappy quadratic with its turning point at N = M/2, so to
maximise it we want to make N as near as possible to this (remembering that N must be an integer).
If M is even, then we can take N = M/2, while if M is odd we take N = (M — 1)/2. O

Now we need to recall some notation: remember that if x € R, then | x] is the largest integer which
is less than or equal to x.
Lemma 2.11. If x € R, then |2x] < 2|x] + 1.
Proof. Let y = [x];then x <y + 1. S0 2x <2y + 2,s0 |2x] < 2y + 1. O
Now we can state the Plotkin bound — there are two cases, depending on whether d is even or odd.
But in fact either one of these can be recovered from the other, using Theorem 2.3.
Theorem 2.12 (Plotkin bound).
1. Ifd is even and n < 2d, then

d
2.
Asr(n,d) 2{2d—nJ

2. Ifdisodd andn < 2d + 1, then

< —_—
A d) < 21 52—

d+1 J

The proof is a double-counting argument. Suppose C is a binary (n, M, d)-code. We suppose that
our alphabet is {0, 1}, and if v = (v; ... v,) and w = (wy ...w,,) are codewords, then we define v + w to
be the word (v{ + wi)(v2 + wp)... (v, + w,), where we do addition modulo 2 (so 1 + 1 = 0).

A really useful feature of this addition operation is the following.

Lemma 2.13. Suppose v, are binary words of length n. Then d(v,w) is the number of 1s in v + w.
Proof. By looking at the possibilities for v; and w;, we see that
0 (lf Vi = W,‘)
v+w) = . .
1 (@Gfvi #wy)
So

dw,w) = [{i | vi # wi]
=i (v+w); =1}
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O
Now we write down an (A; ) by n array A whose rows are all the words v + w for pairs of distinct
codewords v, w. We’re going to count the number of 1s in this array in two different ways.

Lemma 2.14. The number of 1s in A is at most

2

M
nT (if M is even)
M? -1 :
n 7 (if M is odd)

Proof. We count the number of 1s in each column. The word v + w has a 1 in the jth position if and
only if one of v and w has a 1 in the jth position, and the other has a 0. If we let N be the number of
codewords which have a 1 in the jth position, then the number ways of choosing a pair v, w such that
v+ w has a 1 in the jth position is N(M — N). So the number of 1s in the jth column of our array is

M2
— (if M is even)
NM-N)<{ 5
(if M is odd)
by Lemma 2.10. This is true for every j, so by adding up we obtain the desired inequality. O

Now we count the 1s in A in a different way.
Lemma 2.15. The number of 1s in A is at least d(ﬂz/[)

Proof. We look at the number of 1s in each row. The key observation is that if v, w are codewords,
then the number of 1s in v + w is d(v, w), and this is at least d. So there are at least d 1s in each row,
and hence at least d(lzw ) altogether. O

Proof of the Plotkin bound. We assume first that d is even. Suppose we have a binary (n, M, d)-code
C, and construct the array as above. Now we simply combine the inequalities of Lemma 2.14 and
Lemma 2.15. There are two cases, according to whether M is even or odd.

Case 1: M even By combining the two inequalities, we get

M M?
d | <n—
dM?* dM  nM?
= —— ——<
2 2 4

= (2d — n)M? < 2dM.

By assumption, 2d — n and M are both positive, so we divide both sides by (2d — n)M to get

2d

M < .
2d —n

But M is an integer, so in fact

V< 2d < d
S12d-n| T|2d-n

+1;
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since M is even and 2 {%J + 1 is odd, we can improve this to

d
M<2 .
{2d—nJ

Case 2: M odd We combine the two inequalities to get

M M? -1
d( )<n

2 4 7

or, dividing through by M — 1 > 0,

M M+1
d 7 n 4
It follows that (2d — n)M < n and hence
n 2d
< = - 1.
M 2d—n 2d-n !
Now M is an integer, so we get
2d
2d-n
2d
2d —
d
<2 +1-1
{Zd nJ
d
=2
{Zd nJ

and we have the Plotkin bound for d even.

Now we consider the case where d is odd; but this follows by Theorem 2.3. If d is odd and
n<2d+1,thend + 1iseven and (n+ 1) < 2(d + 1). So by the even case of the Plotkin bound we
have

Az(n+1,d+1)<{ @+1) J

2d+1)—-(n+1)|’
and by Theorem 2.3 this equals A (n, d). O

3 Error probabilities and nearest-neighbour decoding

3.1 Noisy channels and decoding processes

In this section, we consider the situations in which our codes might be used, and show why we try
to get a large distance between codewords. The idea is that we have the following process.
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codeword

Noisy channell

distorted word

Decoding processl

codeword

We’d like the codeword at the bottom to be the same as the codeword at the top as often as possible.
This relies on a good choice of code, and a good choice of decoding process. Most of this course is
devoted to looking at good codes, but here we look at decoding processes. Given a code C of length
n over the alphabet A, a decoding process is simply a function from A" to C — given a received word,
we try to ‘guess’ which word was sent.

We make certain assumptions about our noisy channel, namely that all errors are independent and
equally likely. This means that there is some error probability p such that any transmitted symbol a
will be transmitted correctly with probability 1 — p, or incorrectly with probability p, and that if there
is an error then all the incorrect symbols are equally likely. Moreover, errors on different symbols are
independent — whether an error occurs in one symbol has no effect on whether errors occur in later
symbols. We also assume that p < %

Suppose we have a decoding process f : A" — C. We say that f is a nearest-neighbour decoding
process if for all w € A" and all v € C we have

dw, f(w)) <d(w,v).

This means that for any received word, we decode it using the nearest codeword. Note that some code-
words may be equally near, so there may be several different nearest-neighbour decoding processes
for a given code.

Example. Let C be the binary repetition code of length 5:
{00000, 11111}

Let f be the decoding process

00000 (if w contains at least three 0s)
(g .
11111 (f w contains at least three 1s)

Then f is the unique nearest-neighbour decoding process for C.

Given a code and a decoding process, we consider the word error probability: given a codeword w,
what is the probability that after distortion and decoding, we end up with a different codeword? Let’s
calculate this for the above example, with w = 00000. It’s clear that this will be decoded wrongly if
at least three of the symbols are changed into 1s. If the error probability of the channel is p, then the
probability that this happens is

3 25 4 5 55
p (1-p) (3)+p (l—p)(4)+p(

5) =6p° — 15p* + 10p°.

For example, if p = }f, then the word error probability is only about 0.104.
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In general, word error probability depends on the particular word, and we seek a decoding process
which minimises the maximum word error probability. It can be shown that the best decoding process
in this respect is always a nearest-neighbour decoding process (remembering our assumption that

p < %).
3.2 Rates of transmission and Shannon’s Theorem
Given a g-ary (n, M, d)-code C, we define the rate of C to be
log, M

bl

n

this can be interpreted as the ratio of ‘useful information’ to ‘total information’ transmitted. For
example, the g-ary repetition code of length 3 is a (3, g, 3)-code, so has rate % The useful information
in a codeword can be thought of as the first digit — the rest of the digits are just redundant information
included to reduce error probabilities.

Clearly, its good to have a code with a high rate. On the other hand, it’s good to have codes
with low word error probabilities. Shannon’s Theorem says that these two aims can be achieved
simultaneously, as long as we use a long enough code. We’ll restrict attention to binary codes. We
need to define the capacity of our noisy channel — if the channel has error probability p, then the
capacity is

C(p) =1+ plog, p+ (1 - p)log,(1 - p).

Theorem 3.1 (Shannon’s Theorem). Suppose we have a noisy channel with capacity C. Suppose €
and p are positive real numbers with p < C. Then for any sufficiently large n, there exists a binary
code of length n and rate at least p and a decoding process such that the word error probability is at
most €.

What does the theorem say? It says that as long as the rate of our code is less than the capacity of
the channel, we can make the word error probability as small as we like. The proof of this theorem is
well beyond the scope of this course.

Note that if p = %, then C(p) = 0. This reflects the fact that it is hopeless transmitting through
such a channel — given a received word, the codeword sent is equally likely to be any codeword.

4 Linear codes

For the rest of the course, we shall be restricting our attention to linear codes; these are codes in
which the alphabet A is a finite field, and the code itself forms a vector space over A. These codes are
of great interest because:

e they are easy to describe — we need only specify a basis for our code;

e it is easy to calculate the minimum distance of a linear code — we need only calculate the
distance of each word from the word 00...0;

e it is easy to decode an error-correcting linear code, via syndrome decoding;

¢ many of the best codes known are linear; in particular, every known non-trivial perfect code has
the same parameters (i.e. length, number of codewords and minimum distance) as some linear
code.
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4.1 Revision of linear algebra

Recall from Linear Algebra the definition of a field: a set F with distinguished elements 0 and 1
and binary operations + and X such that:

e I forms an abelian group under +, with identity element O (that is, we have

ca+b=b+a,
o (@a+b)+c=a+b+o),
o a+0=a,

o there exists an element —a of F such that —a + a = 0
for all a, b, c € F);
e I\ {0} forms an abelian group under X, with identity element 1 (that is, we have

o axXb=>bxa,
o (@axb)yxc=ax(bxc),
oaxl1=a,

o there exists an element a~! of F such thata™' xa =1
forall a,b,c € F\ {0});
e axX(b+c)=(axb)+(axc)foralla,b,ceF.

We make all the familiar notational conventions: we may write a X b as a.b or ab; we write ax b™!
as a/b; we write a + (—b) as a — b.
We shall need the following familiar property of fields.

Lemma 4.1. Let F be a field, and a,b € F. Then ab = 0 if and only ifa = 0 or b = 0.

We also need to recall the definition of a vector space. If F is a field, then a vector space over F is
a set V with a distinguished element 0, a binary operation + and a function X : (F X V) — V (that is,
a function which, given an element A of F and an element v of V, produces a new element A X v of V)
such that:

e Vs an abelian group under + with identity O;
e forall ,u € Fand u,v € V, we have

O (AXUWXV=AX(UuXV),
O A+ ) Xv=(UAXV)+ (uXV),
O AX WU+ Vv)=UAXu)+(AXV),
o 1xv=w.
There shouldn’t be any confusion between the element O of F and the element O of V, or between

the different versions of + and X. We use similar notational conventions for + and X those that we use

for fields.
If V is a vector space over F, then a subspace is a subset of V which is also a vector space under
the same operations. In fact, a subset W of V is a subspace if and only if
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e e W,

e v+we W, and

e lveW
whenever v,w € Wand A € F.

Suppose V is a vector space over F and vy,...,v, € V. Then we say that vy, ..., v, are linearly
independent if there do not not exist Ay, ..., A, € F which are not all zero such that

Aivi+---+A,v, =0.
We define the span of vi, ..., v, to be the set of all linear combinations of vy, ..., v,, i.e. the set
(V],...,Vn> = {/l]V] +---+/l,,vn | /l],...,/ln EF}.

The span of vy, ..., v, is always a subspace of V. If it the whole of V, we say that v{,...,v, span V.

We say that V is finite-dimensional if there is a finite set vy,..., v, that spans V. A setvy,...,v,
which is linearly independent and spans V is called a basis for V. If V is finite-dimensional, then it
has at least one basis, and all bases of V have the same size. This is called the dimension of V, which
we write as dim(V).

Suppose V, W are vector spaces over F. A linear map from V to W is a function @ : V — W such
that

a(Au + pv) = da(u) + pa(v)

forall 4, u € Fand u,v € V. If « is a linear map, the kernel of a is the subset
ker(a) ={v e V| a(v) =0}
of V, and the image of « is the subset
Im(a) = {a(v)|v eV}

of W. ker(a) is a subspace of V, and we refer to its dimension as the nullity of a, which we write n(a).
Im(a) is a subspace of W, and we refer to its dimension as the rank of @, which we write r(a). The
Rank—nullity Theorem says that if « is a linear map from V to W, then

n(a) + r(a) = dim(V).

We shall only be interested in one particular type of vector space. For a non-negative integer n, we
consider the set ", which we think of as the set of column vectors of length n over FF, with operations

X1 V1 X1+ )1
+ = :
Xn Yn Xn + Yn
and
X1 Axy
1 =

X, Ax,
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F" is a vector space over F of dimension n. Sometimes we will think of the elements of F” as row
vectors rather than column vectors, or as words of length n over F.
Given m, n and an n X m matrix A over [F, we can define a linear map F" — F" by

ayl ... Qdim X1 anxy + -+ aimxXm

anl ... Apm Xm ap1 X1 + -+ ApmXm

Every linear map from F” to F” arises in this way. The rank of A is defined to be the rank of this linear
map. The column rank of A is defined to be the dimension of {cy,...,c;,), where cy,...,c, are the
columns of A regarded as vectors in F”, and the row rank is defined to be the dimension of (ry, ..., r,),
where ry, ..., r, are the rows of A regarded as (row) vectors in F”. We shall need the result that the
rank, row rank and column rank of A are all equal.

Note that when we think of F" as the space of row vectors rather than column vectors, we may
think of a linear map as being multiplication on the right by an m X n matrix.

4.2 Finite fields and linear codes

The examples of fields you are most familiar with are Q, R and C. But these are of no interest in
this course — we are concerned with finite fields. The classification of finite fields goes back to Galois.

Theorem 4.2. Let q be an integer greater than 1. Then a field of order q exists if and only if q is a
prime power, and all fields of order q are isomorphic.

If g is a prime power, then we refer to the unique field of order g as F,. For example, if g is
actually a prime, then [, simply consists of the integers mod ¢, with the operations of addition and
multiplication mod ¢. It is a reasonably easy exercise to show that this really is a field — the hard
part is to show that multiplicative inverses exist, and this is a consequence of the Chinese Remainder
Theorem.

If g is a prime power but not a prime, then the field F, is awkward to describe without developing
lots of theory. But this need not worry us — all the explicit examples we meet will be over fields
of prime order. Just remember that there is a field of each prime power order. As an example, the
addition and multiplication tables for the field of order 4 are given below; we write F4 = {0, 1, a, b}.

+|{0 1 a b X0 1 a b
00 1 a b 0/]0 0 0 O
1/1 0 b a 110 1 a b
ala b 0 1 al0 a b 1
blb a 1 0 b0 b 1 a

What this means for coding theory is that if we have a g-ary alphabet A with ¢ a prime power,
then we may assume that A = I, (since A is just a set of size ¢ with no additional structure, we lose
nothing by re-labelling the elements of A as the elements of F,) and we gets lots of extra structure on
A (i.e. the structure of a field) and on A" = IFZ (the structure of a vector space).

Definition. Assume that g is a prime power and that A = F,. A linear code over A is a subspace of
A",
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Example. The binary (5,4, 3)-code
{00000,01101,10110,11011}

that we saw earlier is linear. To check this, we have to show that it is closed under addition and scalar
multiplication. Scalar multiplication is easy: the only elements of F, are 0 and 1, and we have

0x = 00000, Ix=x

for any codeword x. For addition, notice that we have x + x = 00000 and x + 00000 = x for any x,
and

01101 + 10110 = 11011,
01101 + 11011 = 10110,
10110 + 11011 = 10110.

4.3 The minimum distance of a linear code

One of the advantages of linear codes that we mentioned earlier is that it’s easy to find the mini-
mum distance of a linear code. Given a code C and a codeword x, we define the weight weight(x) of
x to be the number of non-zero symbols in x.

Lemma 4.3. Suppose x, y and z are codewords in a linear code over Fy, and A is a non-zero element
of By. Then:

1. d(x+z,y+2) =d(x,y);
2. d(Ax, y) = d(x,y);
3. d(x,y) = weight(x — y).
Proof. We write x = x1 ... X,y =Yy1 ... Y0, 2 =21 ... Zn-
1. The ith symbol of x + z is x; + z;, and the ith symbol of y + z is y; + z;. So we have
dx+z,y+2 =il xi+z #yi + 2}

Now for any x;,y;,z; we have x; + z; # y; + z; if and only if x; # y; (since we can just add or
subtract z; to/from both sides). So

dx+z,y+2) ={i|x # yi}
=d(x,y).
2. The ith symbol of Ax is Ax;, and the ith symbol of Ay is Ady;, so
d(Ax, Ay) = [{i | Ax; # Ay;}.

Now since A # 0 we have Ax; # Ay; if and only if x; # y; (since we can multiply both sides by
Aor A7), So we find

d(Ax, Ay) = [{i | x; # yill
=d(x,y).
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3. Clearly weight(x — y) = d(x — y, 0), which equals d(x, y) by part (1).

Corollary 4.4. The minimum distance of a linear code C equals the minimum weight of a non-zero
codeword in C.

Proof. It suffices to show that, for any ¢,
(C contains distinct codewords x, y with d(x,y) = §) & (C contains a non-zero codeword x with weight(x) = 9).

(&) C must contain the zero element of F/, namely the word 00 ... 8. This is because C must contain
some word x, and hence must contain Ox = 00 ...0. So if x is a non-zero codeword with weight
0, then x and 00... 0 are distinct codewords with d(w,00...0) = 6.

(=) If x,y are distinct codewords with d(x,y) = ¢, then x —y is a non-zero codeword with weight(x —
y) =0.

4.4 Bases and generator matrices

Another advantage of linear codes that I mentioned above is that you can specify the whole code
by specifying a basis. Recall that a basis of a vector space V over F is a subset {ey, ..., e;} such that
every v € V can be uniquely written in the form

v=2A1e1 + ey + -+ Aeg,

where A, ..., A; are elements of F.
Any two bases have the same size, and this size is called the dimension of the code.

Example. The set {§1101, 11011} is a basis for the code in the last example.

In general, V will have lots of different bases to choose from. But (recall from Linear Algebra)
that any two bases have the same size, and this size we call the dimension of V. So the code in the
examples above has dimension 2. If a code C is of length n and has dimension k as a vector space, we
say that C is an [n, k]-code. If in addition C has minimum distance at least d, we may say that C is an
[n, k, d]-code. So the code in the example above is a binary [5, 2, 3]-code.

Lemma 4.5. A vector space V of dimension k over F, contains exactly q* elements.

Proof. Suppose {e, ..., ek} is a basis for V. Then, by the definition of a basis, every element of V is
uniquely of the form
/1161 + /1262 + -+ /lkek,

for some choice of Ay, ..., A € F,. On the other hand, every choice of Ay,..., A; gives us an element
of V, so the number of vectors in V is the number of choices of Ay, ..., ;. Now there are ¢ ways to
choose each 4; (since there are g elements of IF, to choose from), and so the total number of choices
of these scalars is g~. O
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As a consequence, we see that a g-ary [n, k, d]-code is a g-ary (n, ¢*, d)-code. This highlights a
slight disadvantage of linear codes — their sizes must be powers of g. So if we’re trying to find optimal
codes for given values of n,d (i.e. (n, M, d)-codes with M = A,(n,d)), then we can’t hope to do this
with linear codes if A,(n, d) is not a power of g. In practice (especially for g = 2) many of the values
of Ay(n, d) are powers of g.

It will be useful in the rest of the course to arrange a basis of our code in the form of a matrix.

Definition. Suppose C is a g-ary [n, k]-code. A generator matrix for C is a k X n matrix with entries
in Fy, whose rows form a basis for C.

Examples.
1. The binary [5,2, 3]-code from the last example has various different generator matrices; for

example
01101 10110
10110/’ 11011)°

2. If g is a prime power, then the g-ary repetition code is linear. It has a generator matrix

(11...1).
3. Recall the binary parity-check code
C=v=viva...vy|Vvi,...,vp €Fo,vi +---+v, = 0}.
This has a generator matrix
10 0 0 1
01 0 0 1
: D1
o 0 1 01
o 0 0 11

4.5 Equivalence of linear codes

Recall the definition of equivalent codes from earlier: C is equivalent to D if we can get from C
to D via a sequence of operations of the following two types.

Operation 1: permuting positions Choose a permutation o of {1,...,n}, and forv =v;...v, € A"
define

Vo = Vo(l) - - - Vo(n)-

Now replace C with
CO'={V0'|V€C}-

Operation 2: permuting the symbols in a given position Choose i € {1,...,n} and a permutation
fof A. Forv =v;...v, € A", define

Vi =V Vit (fFVD)Viet - - V.

Now replace C with
Cri=1{vsilveC.
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There’s a slight problem with applying this to linear codes, which is that if C is linear and D is
equivalent to C, then D need not be linear. Operation 1 is OK, as we shall now show.

Lemma 4.6. Suppose C is a linear [n, k, d]-code over F,, and o is a permutation of {1, ...,n}. Then
the map
¢:C—F,
Vi Vs

is linear, and C is a linear [n, k, d]-code.

Proof. Suppose v,w € C and 4, u € F,. We need to show that

(A + uw) = (V) + pp(w),

i.e.
(A + pw)); = (Ap(v) + up(w));

for every i € {1,...,n}. We have

(P + pw)); = (AV + uw)o )i
= (A + puw) o)
= (AW)o(i) + (UW)o(
= Avqa)) + H(Wo))
= AVe)i + u(we);
= Ap(v))i + pu(p(w));
= (Ap(v))i + (up(w));
= (Ap(v) + up(w))i,

as required.

Now C, is by definition the image of ¢, and so is a subspace of I, i.e. a linear code. We know
that d(C,) = d(C) from before, and that |C,| = |C|. This implies ¢%imCs = ¢%mC by Lemma 4.5, i.e.
dimC, = dimC = k, so C, is an [n, k, d]-code. O

Unfortunately, Operation 2 does not preserve linearity. Here is a trivial example of this. Suppose
g =2,n=1and C = {0}. Then C is a linear [1,0]-code. If we choose i = 1 and f the permutation
which swaps 0 and 1, then we have Cy; = {1}, which is not linear. So we need to restrict Operation 2.
We define the following.

Operation 2" Suppose C is a linear code of length n over F,. Choose i € {1,...,n}and a € F, \ {0}.
Forv=vi...v, EIFZ define

Vai =V1...vic1(@Vi)Vig1 ... V.

Now replace C with the code
Ca,i = {Va,i | veC)
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We want to show that Operation 2’ preserves linearity, dimension and minimum distance. We being
by showing that it’s a special case of Operation 2.

Lemma 4.7. If a € F, \ {0}, the the map
f:F,—F,
X > ax
is a bijection, i.e. a permutation of F,.

Proof. Since f is a function from a finite set to itself, we need only show that f is injective. If x,y € F,
and f(x) = f(y), then we have ax = ay. Since a # {0}, a has an inverse a~!, and we can multiply both
sides by a~! to get x = y. So f is injective. O

Now we show that the operation which sends v to v,; is linear, which will mean that it sends linear
codes to linear codes.
Lemma 4.8. Suppose C is a linear [n, k,d]-code over Fy, i € {1,...,n} and O # a € F,. Then the map
¢:F, — F,
V> Va’l'
is linear, and Cy; is a linear [n, k, d]-code over F,,.
Proof. For any vector v € F?, we have
avj (j=1)
vi (#1)
Now take v, w € Fj and 4, 1 € F;. We must show that
(P + uw))j = (A$(V) + pd(w));

for each j € {1,...,n}. For j # i we have

d(V)j = (Vai)j = {

(G + pw))j = (v + pw),
= (Av)j + (uw);
=Avj+ uw;
= Ap)j + ulgw))
= () + (up(w));,
= (A¢(v) + up(w)),,

while for j = i we have

(B + pw)j = a(dv + pw)
= a((v); + (uw);)
=a(Av; + uwj)
= adv; + auw;
= Aav;) + u(aw;)
= AG))) + p(d(w)))
= (1¢(v); + (up(w)),
= (A¢(v) + up(w));,
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as required.

Now C,,; is by definition the image of ¢, and this is a subspace of [Fj, i.e. a linear code. We know
from before (since Operation 2’ is a special case of Operation 2) that d(C,;) = d(C) and |C,;| = |C],
and this gives dimC,; = dim C = k, so that C,; is a linear [n, k, d]-code. O

In view of these results we re-define equivalence for linear codes: we say that linear codes C and
D are equivalent if we can get from one to the other by applying Operations 1 and 2’ repeatedly.

Example. Let n = g = 3, and define

C = {000, 101, 202},
D ={000,011,022},
& ={000,012,021}.

Then C, O and & are all [3, 1]-codes over F, (check this!). We can get from C to D by swapping the
first two positions, and we can get from D to & by multiplying everything in the third position by 2.
So C, D and & are equivalent linear codes.

We’d like to know the relationship between equivalence and generator matrices: if C and D are
equivalent linear codes, how are their generator matrices related? Well, a given code usually has
more than one choice of generator matrix, and so first we’d like to know how two different generator
matrices for the same code are related.

We define the following operations on matrices over F:

MO1. permuting the rows;
MO2. multiplying a row by a non-zero element of F;

MO3. adding a multiple of a row to another row.

You should recognise these as the ‘elementary row operations’ from Linear Algebra. Their im-
portance is as follows.

Lemma 4.9. Suppose C is a linear |n, k]-code with generator matrix G. If the matrix H can be
obtained from G by applying the row operations (MO1-3) repeatedly, then H is also a generator
matrix for C.

Proof. Since G is a generator matrix for C, we know that the rows of G are linearly independent and
span C. So G has rank k (the number of rows) and row space C. We know from linear algebra that
elementary row operations do not affect the rank or the row space of a matrix, so H also has rank k
and row space C. So the rows of H are linearly independent and span C, so form a basis for C, i.e. H
is a generator matrix for C. O

Now we define two more matrix operations:
MO4. permuting the columns;
MO5. multiplying a column by a non-zero element of F,,.

Lemma 4.10. Suppose C is a linear [n, k]-code over F,, with generator matrix G. If the matrix H
is obtained from G by applying matrix operation 4 or 5, then H is a generator matrix for a code D
equivalent to C.
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Proof. Suppose G has entries gj;, for 1 < j<kand 1 <I<n. Letry,...,rbe the rows of G, i.e.

ri=8182---8jn-

By assumption {ry, ..., r} is a basis for C; in particular, the rank of G is k.
Suppose H is obtained using matrix operation 4, applying a permutation o~ to the columns. This
means that
hji = &jo)s
so row j of H is the word
8jor(H8jo2) - - - 8 jo(n)-

But this is the word (r}),- as defined in equivalence operation 1. So the rows of H lie in the code Cy,
which is equivalent to C.
Now suppose instead that we obtain H by applying matrix operation 5, multiplying column i by
a € F, \ {0}. This means that
gjr  (A#10)
hj = { !

agi (=10’

so that row j of H is the word

gi18p2 - &ji-n(ag;dgjir1) - - - &jn-

But this is the word (7)., as defined in equivalence operation 2. So the rows of H lie in the code C,
which is equivalent to C.

For either matrix operation, we have seen that the rows of H lie in a code D equivalent to C. We
need to know that they form a basis for 9. Since there are k rows and dim(D) = dim(C) = k, it
suffices to show that the rows of H are linearly independent, i.e. to show that H has rank k. But matrix
operations 4 and 5 are elementary column operation, and we know from linear algebra that these don’t
affect the rank of a matrix. So rank(H) = rank(G) = k. O

We can summarise these results as follows.

Proposition 4.11. Suppose C is a linear [n, k]-code with a generator matrix G, and that the matrix H
is obtained by applying a sequence of matrix operations 1-5. Then H is a generator matrix for a code
D equivalent to C.

Proof. By applying matrix operations 1-3, we get a new generator matrix for C, by Lemma 4.9, and
C is certainly equivalent to itself. By applying matrix operations 4 and 5, we get a generator matrix
for a code equivalent to C, by Lemma 4.10. O

Note that in the list of matrix operations 1-5, there is a sort of symmetry between rows and
columns. In fact, you might expect that you can do another operation

MO6. adding a multiple of a column to another column

but you can’t. Doing this can take you to a code with a different minimum distance. For example,
suppose g = 2, and that C is the parity-check code of length 3:

C =1{000,011,101, 116}.
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We have seen that d(C) = 2 and that C has a generator matrix

101
G= (011) ‘
If we applied operation 6 above, adding column 1 to column 2, we’d get the matrix
111
= ((\)1 1) ‘

This is a generator matrix for the code
{000,111,011, 100},

which has minimum distance 1, so is not equivalent to C. So the difference between ‘row operations’
and ‘column operations’ is critical.

Armed with these operations, we can define a standard way in which we can write generator
matrices.

Definition. Let G be a k X n matrix over IF,, with k < n. We say that G is in standard form if
G = (IklA),
where I, is the k X k identity matrix, and A is some k X (n — k) matrix.

For example, the generator matrix for the binary parity-check code given above is in standard
form.

Lemma 4.12. Suppose G is a k X n matrix over F, whose rows are linearly independent. By applying
matrix operations 1-5, we may transform G into a matrix in standard form.

Proof. Fori = 1,...,k we want to transform column i into

0

S = D

0
where the 1 is in position i. Suppose we have already done this for columns 1,...,7 — 1.

Step 1. Since the rows of our matrix are linearly independent, there must be some non-zero entry in
the ith row. Furthermore, by what we know about columns 1,...,i— 1, this non-zero entry must
occur in one of columns i, ...,n. So we apply matrix operation 4, permuting columns i,...,n
to get a non-zero entry in the (i, i)-position of our matrix.

Step 2. Suppose the (i, i)-entry of our matrix is a # 0. Then we apply matrix operation 2, multiplying
row i of our matrix by a™!, to get a 1 in the (i, i)-position. Note that this operation does not
affect columns 1,....i — 1.
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Step 3. We now apply matrix operation 3, adding multiples of row i to the other rows in order to ‘kill’
the remaining non-zero entries in column i. Note that this operation does not affect columns

I....i—1
By applying Steps 1-3 fori = 1,...,k in turn, we get a matrix in standard form. Note that it is auto-
matic from the proof that k < n. O

Corollary 4.13. Suppose C is a linear [n, k]-code over F,. Then C is equivalent to a code with a
generator matrix in standard form.

Proof. G has linearly independent rows, so by Lemma 4.12 we can transform G into a matrix H in
standard form using matrix operations 1-5. By Proposition 4.11, H is a generator matrix for a code
equivalent to C. O

4.6 Decoding with a linear code

Recall the notion of a nearest-neighbour decoding process from §3. For linear codes, we can find
nearest-neighbour decoding processes in an efficient way, using cosets.

Definition. Suppose C is an [n, k]-code over IF,. For v € FZ, define
v+C={v+w]|weC}.
The set v + C is a called a coset of C.

You should remember the word coset from group theory, and this is exactly what cosets are here
— cosets of the group C as a subgroup of Fp.

Example. Let ¢ = 3, and consider the [2, 1]-code
C =1{00,12,21}.

The cosets of C are
00 + C = {00, 12, 21},

11+ C = {11, 20,02},
22+ C =1{22,01, 10}.
The crucial property of cosets is as follows.
Proposition 4.14. Suppose C is an [n, k]-code over F,. Then:
1. every coset of C contains exactly ¢* words;
2. every word in Iy is contained in some coset of C;
3. if the word v is contained in the coset u + C, then v+ C = u + C;
4

. any word in Fy is contained in at most one coset of C;

5. there are exactly ¢"* cosets of C.
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Proof.
1. C contains g* words, and the map from C to v + C given by w > v + w is a bijection.

2. The word v is contained in v + C, sincev=0+vand 0 € C.

3. Sinceveu+C,wehavev=u+xforsomexeC. Ifwev+C,thenw=v+yforsomeyeC,
sow=u+((x+y) €u+C. Sov+Cis a subset of u + C; since they both have the same size,
they must be equal.

4. Suppose u € v+ C and u € w+ C. Then we have u = v+ x and u = w + y for some x,y € C.
Since C is closed under addition, we have y — x € C, so we find thatv = w+ (y —x) e w + C.
Hence v + C = w + C by part (3).

5. There are ¢" words altogether in F/, and each of them is contained in exactly one coset of C.
Each coset has size ¢*, and so the number of cosets must be ¢"/g* = ¢"*.
o

Given a linear [n, k]-code C and a coset w + C, we define a coset leader to be a word of minimal
weight in w + C. Now we define a Slepian array to be a "% x ¢* array, constructed as follows:

e choose one leader from each coset (note that the word 00 ... 0® must be the leader chosen from
the coset 00...0 + C = C, since it has smaller weight than any other word);

e in the first row of the array, put all the codewords, with 00...0 at the left and the other code-
words in any order;

e in the first column put all the coset leaders — the word 00 ... 0 is at the top, and the remaining
leaders go in any order;

e now fill in the remaining entries by letting the entry in row i and column j be

(leader at the start of row i) + (codeword at the top of column j).

Example. For the code in the last example, we may choose 00, 82 and 10 as coset leaders, and draw
the Slepian array

00 12 21
02 11 20.
10 22 01

Lemma 4.15. In a Slepian array, every word appears once.

Proof. Let v be a word in Fy. The v lies in some coset x + C, by Proposition 4.14(2). Let y be the
chosen leader for this coset; then y appears in column 1, in row i, say. Since y € x + C, we have
y+ C = x + C, by Proposition 4.14(3). Sov € y + C, and so we can write v =y + u, where u € C. u
lies in row 1 of the array, in column j, say, and so v lies in row i and column j of the array. O

Now we show how to use a Slepian array to construct a decoding process. Let C be an [n, k]-code
over Fy, and let S be a Slepian array for C. We define a decoding process f : Fj — C as follows. For
v € Fj, we find v in the array S (which we can do, by Lemma 4.15). Now we let f(v) be the codeword
at the top of the same column as v.
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Theorem 4.16. f is a nearest-neighbour decoding process.

Proof. We need to show that for any v € Fj and any w € C,
d(v, f(v)) < d(v,w).

Find v in the Slepian array, and let # be the word at the start of the same row as v. Then, by the
construction of the Slepian array,
v=u+ f(v)eu+C.

This gives
v—w=u+((f(v)—w)eu+C.

Of course u € u + C, and u was chosen to be a leader for this coset, which means that
weight(u) < weight(v — w).

So (by Lemma 4.3)
d(v, f(v)) = weight(u) < weight(v — w) = d(v, w).

Example. Let g = 2, and consider the repetition code

C ={000,111}.
A Slepian array for this is
000 111
001 110
010 101 °
100 011

So if we receive the word 101, we decode it as 111, and as long as no more than one error has been
made in transmission, this is right. Notice, in fact, that all the words in the first column are distance 1
away from 000, and all the words in the second column are distance 1 away from 111.

It looks as though there’s a problem with constructing Slepian arrays, which is that we need to
write out all the cosets of C beforehand so that we can find coset leaders. In fact, we don’t.
Algorithm for constructing a Slepian array

Row 1: Write the codewords in a row, with the word 00 . . . 0 at the start, and the remaining codewords
in any order.

The other rows: For the remaining rows: if you’ve written every possible word, then stop. Other-
wise, choose a word u that you haven’t written yet of minimal weight. Put u at the start of the
row, and then for the rest of the row, put

u + (codeword at the top of column j)
in column j.

This is a much better way to construct Slepian arrays, since we only need to know the code, not
the cosets. However, we’ll see that we can do better than to use a Slepian array in the next section.
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S Dual codes and parity-check matrices

5.1 The dual code
We begin by defining a scalar product on . Given words

x=@ X)), y=01-.Yn)

we define
Xy =xiy1+ -+ xpy, € Fy.

You should be familiar with this from linear algebra.
Lemma 5.1. The scalar product . is symmetric and bilinear, i.e.

VW =Wy

and
A+ w")w = Av.w) + u(v'.w)

for all words v,v',w and all A, € F,.

Proof.

n
yow = Z Viw;
i=1
n
= Z WiVi
i=1

(since multiplication in F, is commutative)

Also,

A +w')w= Z(/lv + w")iw;
i=1

n
= > (i + pw)w;

i=1
n n
’
= /lZviw,- +ﬂZViWi
i=1 i=1

(since multiplication in F, is distributive over addition)

= Av.w) + u(v' .w).

Now, given a subspace C of F, we define the dual code to be
Ct={weF,|vw=0forallveC)

In linear algebra, we would call C* the subspace orthogonal to C. We’d like a simple criterion
that tells us whether a word lies in C*.
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Lemma 5.2. Suppose C is a linear |n, k]-code and G is a generator matrix matrix for C. Then
weCt o Gw'=0.

Note that we think of the elements of IFZ as row vectors; if w is the row vector (w; ...w,), then wT

is the column vector
w1

Wn
G is a k x n matrix, so Gw! is a column vector of length k.
Proof. Suppose G has entries g;;, for 1 <i < kand 1 < j < n. Let g; denote the ith row of G. Then
g1,...,8k are words which form a basis for C, and
&i = &il---8in-
Now
n
Gwh); = Z gijw;
j=1
= &iWw,
so Gw! = 0 if and only if g;.w = 0 for all i.
(=) If w e C*, thenv.w = 0 for all v € C. In particular, g;w = 0fori=1,...,k. So Gwt =0.
(&) fGw' =0, then giw=0fori=1,...,k. Now g1,..., g form a basis for C, so any v € C can

be written as
v=A81+" "+ Uk

for Ay, A € Fq. Then
vow = (181 + - + kgr)w
= A1(g1.w) + -+ + A(gk.w)

by Lemma 5.1
=0+---+0.
Sow e C*.
O
This lemma gives us another way to think of C* — it is the kernel of any generator matrix of C.
Examples.

1. Suppose g = 3 and C is the repetition code {000, 111, 222}. This has a 1 X 3 generator matrix

(1 1 1).s0

Ct={weF]| 111w =0}
:{wng | wi +wy +w3 =0}
= (000,012,021, 102,111, 120, 201, 210, 222},

the linear [3, 2]-code with basis {210, 201}.



32

Theorem 5.3. If C is an [n, k]-code over F,, then C* is an [n,n — k]-code over F,,.

2. Letg=2and C = {0000,0101, 1010, 1111}. This has generator matrix

10 10
® 1 60 1)°

w1
1 0 1 0\(wa| (wi+ws
0 1 0 1/|ws - woy + Wy )

Wy

and we have

So C* is the set of all words w with wi + w3 = wy + ws = 0, i.e.

C* = {0000,0101, 1010, 1111}.

Coding Theory

So C*+ = C. This is something which can’t happen for real vector spaces and their orthogonal

complements.

3. Letg=2,and C = {000,001, 110, 111}. Then C has generator matrix
0 0 1
11 0)

and we may check that C* = {000, 110}. So in this case C* < C.

Note that in all these examples, C* is a subspace of FZ, i.e. a linear code. In fact, this is true in
general.

Proof. Let G be a generator matrix of C. Then Lemma 5.2 says that C* = ker(G). So by the rank—
nullity theorem C* is a subspace of F”, i.e. a linear code, and the dimension of C* is n minus the rank
of G. Recall that the rank of a matrix is the maximum / such that G has a set of / linearly independent
rows. Well, G has k rows, and since they form a basis for C, they must be linearly independent. So G
has rank k, and the theorem is proved.

O

Example. Suppose ¢ = 2 and C is the repetition code {00...0,11... 1} of length n. G has generator
matrix

(11 ... 1),

and so

Ct={veF|vi+ - +v, =0},

the parity-check code. By Theorem 5.3, this is an [n, 7 — 1]-code, so contains 2"~! words.

Theorem 5.4. Let C be a linear code. Then (C+)* = C.

Proof.

Claim. C c (CH)*.
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Proof. C* = {w € F, | v.w = Oforallv € C}. This means that v.w = 0 for all v € C and
w € C*. Another way of saying this is that if v € C, then w.v = 0 for all w € C*. So

ve{x|wx=0forallweCt} =(CH*.

If C is an [n, k]-code, then Theorem 5.3 says that C* is an [n, n — k]-code. By applying Theorem 5.3
again, we find that (C*)* is an [n, k]-code. So we have (C1)* > C and dim(C*)* = dimC have the
same dimension, and so (C*)* = C. O

Now we make a very important definition.
Definition. Let C be a linear code. A parity-check matrix for C is a generator matrix for C*.

We will see in the rest of the course that parity-check matrices are generally more useful than
generator matrices. Here is an instance of this.

Lemma 5.5. Let C be a code, H a parity-check matrix for C, and v a word in Fy. Then v € C if and
only if Hv' = 0.

Proof. By Theorem 5.4 we have v € C if and only if v € (C*)*. Now H is a generator matrix for C*,
and so by Lemma 5.2 we have w € (C*)* if and only if HwT = 0. O

But can we find a parity-check matrix? The following lemma provides a start.

Lemma 5.6. Suppose C is a linear [n, k]-code with generator matrix G, and let H be any n — k by n
matrix. Then H is a parity-check matrix for C if and only if

o the rows of H are linearly independent, and
e GH" = 0.

Proof. Let hy,. .., h,_; be the rows of H. Then the ith column of GHT is Ghl.T, so GHT = 0 if and
only if Ghl =0fori=1,...,n—k.

(=) If H is a parity-check matrix for C, then it is a generator matrix for C*, so its rows hy, ..., h,_k
form a basis for C*; in particular, they are linearly independent. Also, since hy, ..., h,_ lie in
Ct, we have Ghl.T = 0 for each i by Lemma 5.2, so GH™ = 0.

(<) Suppose that GHT = 0 and the rows of H are linearly independent. Then GhiT = 0 for each i,
and so hy,..., h,— lie in C* by Lemma 5.2. So the rows of H are linearly independent words
in C*. But the dimension of C* is n — k (the number of rows of H), so in fact these rows form
a basis for C*, and hence H is a generator matrix for C*, i.e. a parity-check matrix for C.

O

This helps us to find a parity-check matrix if we already have a generator matrix. If the generator
matrix is in standard form, then a parity-check matrix is particularly easy to find.

Lemma 5.7. Suppose C is a linear code, and that

G = (IlA)
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is a generator matrix for C in standard form: I is the k by k identity matrix, and A is some k by n — k
matrix. Then the matrix
H = (~A"|l—p)

is a parity-check matrix for C.

Proof. Certainly H is an n — k by n matrix. The last n — k columns of H are the standard basis vectors,
and and so are linearly independent. So H has rank at least n — k, and hence the rows of H must be
linearly independent. It is a simple exercise (which you should do!) to check that GHT = 0, and we
can appeal to Lemma 5.6. O

Example.
e Recall the generator matrix
10110
01101
for the binary (5,4, 3)-code discussed earlier. You should check that

11100
10010
01001

is a parity-check matrix — remember that in F,, + and — are the same thing.
e The ternary ‘parity-check’ [3, 2]-code

{000,012,021,102,111, 120,201,210, 222}

102
012

(111).

has generator matrix

and parity-check matrix

In view of Lemma 5.7, we say that a parity-check matrix is in standard form if it has the form

(Bln—r)-

5.2 Syndrome decoding
Definition. Suppose C is a linear [n, k]-code over F,, and H is a parity-check matrix for C. Then for
any word w € F, the syndrome of w is the vector

S() =yH' e F*.

We saw above that w € (C+)* if and only if Hw" = 0, i.e. if and only if S (y) = 0. So the syndrome
of a word tells us whether it lies in our code. In fact, the syndrome tells us which coset of our code
the word lies in.
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Lemma 5.8. Suppose C is a linear [n, k]-code, and v,w are words in ]FZ. Then v and w lie in the same
coset of C if and only if S (v) = S (w).

Proof.

v and w lie in the same coset @ vew +C
& v =w+ x, for some x € C
cv-weC
e Hy -wh =0
o Hv —Hw' =0
o Hv' = Hw!
& SW)=SW).

O

In view of this lemma, we can talk about the syndrome of a coset to mean the syndrome of a word

in that coset. Note that if C is an [n, k]-code, then a syndrome is a row vector of length n — k. So

there are ¢" ¥ possible syndromes. But we saw after Proposition 4.14 that there are also ¢"* different
cosets of C, so in fact each possible syndrome must appear as the syndrome of a coset.

The point of this is that we can use syndromes to decode a linear code without having to write out
a Slepian array. We construct a syndrome look-up table as follows.

1. Choose a parity-check matrix H for C.
2. Choose a set of coset leaders (i.e. one leader from each coset) and write them in a list.

3. For each coset leader, calculate its syndrome and write this next to it.

Example. Let ¢ = 3, and consider the repetition code
C{000, 111,222}

again. This has generator matrix
G = (111),

102
= ((\)12)‘

There are 9 cosets of C, and a set of coset leaders, with their syndromes, is

and hence parity-check matrix

leader | syndrome
000 00
001 22
002 11
010 01
020 02
100 10
200 20
012 12
021 21
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Given a syndrome look-up table for a code C, we can construct a decoding process as follows.

e Givenawordw € IF’;, calculate the syndrome S (w) of w.
o Find this syndrome in the syndrome look-up table; let v be the coset leader with this syndrome.

e Define g(w) =w —v.

Lemma 5.9. The decoding process g that we obtain for C using a syndrome look-up table with coset
leaders 11, ..., 1, is the same as the decoding process f that we obtain using a Slepian array with coset
leaders 11, ..., 1,.

Proof. When we decode w using g, we find the coset leader with the same syndrome as w; by Lemma
5.8, this means the leader in the same coset as w. So

g(w) = w — (chosen leader in the same coset as w).
When we decode using f, we set
f(w) = (codeword at the top of the same column as w).
The construction of a Slepian array means that
w = (leader at the left of the same row as w) + (codeword at the top of the same column as w),
o)

f(w) = w — (leader at the left of the same row as w)

= w — (leader in the same coset as w)

(since the words in any one row of a Slepian array form a coset)

= g(w).

O

So we have seen the advantages of linear codes — although there might often be slightly larger
non-linear codes with the same parameters, it requires a lot more work to describe them and to encode
and decode.

Now we’ll look at some specific examples of codes.

6 Some examples of linear codes

We’ve already seen some dull examples of codes. Here, we shall see some more interesting codes
which are good with regard to certain bounds. The Hamming codes are perfect (i.e. give equality in
the Hamming bound); in fact, they are almost the only known perfect codes. MDS codes are codes
which give equality in the Singleton bound. We’ll also see another bound — the Gilbert—Varshamov
bound — which gives lower bounds for A,(n, d) in certain cases.
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6.1 Hamming codes

We begin with binary Hamming codes, which are slightly easier to describe.

Definition. Let r be any positive integer, and let H, be the r by 2" — 1 matrix whose columns are all
the different non-zero vectors over F,. Define the binary Hamming code Ham(r,2) to be the binary
[2" —1,2" — r — 1]-code with H, as its parity-check matrix.

Example.

e Forr =1, we have
H = (1),

so that Ham(1, 2) is the [1, 0]-code {®}.
e For r = 2, we can choose
1= ony)
and Ham(2, 2) is simply the repetition code {000, 111}.
e r = 3 provides the first non-trivial example. We choose / to be in standard form:

1101100
H=|1011010].
0111001

Then we can write down the generator matrix

1000110
0100101
0010011
0001111

G =

Hence

Ham(3,2) = {0000000, 1000110,0100101,1100011,0010011,1010101,0110110, 1110000,
0001111,1001001,0101010,1101100,0011100,1011010,0111001,1111111}.

Note that the Hamming code is not uniquely defined — it depends on the order you choose for the
columns of H. But choosing different orders still gives equivalent codes, so we talk of the Hamming
code Ham(r, 2).

Now we consider g-ary Hamming codes for an arbitrary prime power g. We impose a relation on
the non-zero vectors in [, by saying that v = w if and only if v = Aw for some non-zero 4 € Fy.

Lemma 6.1. = is an equivalence relation.
Proof. We need to check three things.
1. v=vforallv e IF; This follows because v = 1vand 1 € F, \ {0}.

2. w=w)=> w=v) forall v,w € Fg. This follows because if v = Aw for 4 € F, \ {0}, then
w=ATywitha ! e F, \ {0}
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3. wv=w=x)=> (wv=x)forallv,w,x € IF";. This follows because if v = Aw and w = ux for
A, u € Fy\ {0}, then v = (Au)x with Au € F, \ {0}.

O

Now we count the equivalence classes of non-zero words (the zero word lies in an equivalence

class on its own).
"—1
I equivalence classes of non-

Lemma 6.2. Under the equivalence relation =, there are exactly el
zero words.

Proof. Take v € IF; \ {0}. The equivalence class containing v consists of all words Av for 4 € F, \ {0}.
There are g — 1 possible choices of A, and these give distinct words: if 4 # y, then (since v # 0)
(Av # pv). So there are exactly g — 1 words in each equivalence class. There are ¢” — 1 non-zero words

-1
altogether, so the number of equivalence classes is q T O
q f—

Now choose vectors vy,...,vy, where N = (¢" — 1)/(g — 1), choosing exactly one from each
equivalence class. Define H to be the r by N matrix with columns vy, ..., vy, and define the g-ary
Hamming code Ham(r, q) to the [N, N — r]-code over [, with parity-check matrix H. Again, the actual
code depends on the order of vi,...,vy (and on the choice of vy,...,vy), but different choices give

equivalent codes.
Example.

e Letg =5 and r = 2. H may be chosen to equal
1111180
123401)°
so that Ham(2, 5) is the [6,4]-code over F5 with generator matrix

100044
010043
001042 |
000141

e Letg =3 and r = 3. H may be chosen to be

0011111111100
1100111222010
1212012012001

and Ham(3, 3) is the [13, 10]-code with generator matrix

1000000000022
0100000000021
0010000000202
0001000000201
0000100000220
0000010000222 |
0000001000221
0000000100210
0000000010212
0000000001211
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It may not be obvious how to choose the vectors vy, ..., vy, but there is a trick: choose all non-
zero vectors whose first non-zero entry is a 1. You might like to prove as an exercise that this always
works, but you can use this trick without justification in the exam.

Lemma 6.3. Ham(r, q) is an [N, N — r]-code over F,, where as above N = (¢" — 1)/(q — 1).

Proof. H is an r X N matrix, and so Ham(r, ¢)* is an [N, r]-code. So Ham(r, ¢) is an [N, N — r]-code,
by Theorem 5.3. O

Now we’ll see the key property of Hamming codes.
Theorem 6.4. Ham(r, q) has minimum distance at least 3.

Proof. Since Ham(r, g) is linear, it’s enough to show that the minimum weight of a non-zero codeword
is 3, i.e. that there are no codewords of weight 1 or 2. We have a parity-check matrix H, and by Lemma
5.5 a word w lies in Ham(r, ¢) if and only if Hw' = 0. So all we need to do is show that HwT # 0
whenever w is a word of weight 1 or 2.

Suppose that w has weight 1, with

wi=A4%0,
w; =0 for j #i.
Recall that the columns of H are vy, .. ., vy. We calculate that Hw' = Av;. Now v; # 0 by construction,

and A # 0, and so HwT # 0, so w ¢ Ham(r, q).
Next suppose w has weight 2, with

w;=A4#0,
wi=pu#0,
wy =0 fork #14,J.

Then we calculate that HwT = Av; + uv ;. If this equals 0, then we have

u
Vi — EV]'

(since A # 0), and this implies that v; = v; (since u # 0). But we chose vy, ..., vy to be from different

equivalence classes; contradiction. So Hw' # 0, and w ¢ Ham(r, g). O

Theorem 6.5. Ham(r, ) is a perfect 1-error-correcting code.

Proof. Ham(r, g) is 1-error-correcting since its minimum distance is greater than 2. To show that it is
perfect, we have to show that equality holds in the Hamming bound, i.e.

qN

|Ham(r, )| = ——————,
T B @)
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Since Ham(r, g) is an [N, N—r]-code, the left-hand side equals ¢~ by Lemma 4.5. The right-hand
side equals

A q"
L+@=-DN  1+(@g-nig
Pul
1+qg -1
= 4N,
and the equation follows. m]

For binary Hamming codes, there is quite a neat way to do syndrome decoding. First, we need to
know what the coset leaders look like in a Hamming code.

Lemma 6.6. Suppose C = Ham(r, q), and that D is a coset of C. Then D contains a unique word of
weight at most 1.

Proof. First we’ll show that the number of words in Fj, equals the number of cosets, so that there is
one word of weight at most 1 per coset on average. Then we’ll show that any coset contains at most
one word of weight 1. This will then imply that each coset contains exactly one word of weight 1.

C is an [N, N — r]-code, so there are q" cosets of C (see the discussion after Proposition 4.14).
Now we look at the number of words of weight at most 1. There is one word of weight 0. To specify
a word of weight 1, we need to choose what the non-zero entry in the word will be (¢ — 1 choices),
and where it will occur (N choices). So the number of words of weight at most 1 is

r_
1+@—DN=1+@—D2_1=¢

For the second part, suppose v and w are weight at most 1 lying in the same coset. Then v € w+C,
sov = w + x for some x € C, i.e. v—w € C. Now v and —w are words of weight at most 1, and so
v —w has weight at most 2. But d(C) > 3, so the only word in C of weight at most 2 is the zero word.
Sov—-w=0,ie.v=w,and so a coset contains at most one word of weight at most 1. O

The preceding lemma tells us that the coset leaders for a Hamming code must be precisely all
the words of weight at most 1. Now we restrict our attention to the case ¢ = 2. Recall that the
columns of H, are precisely all the different non-zero column vectors over F, — these give the binary
representations of the numbers 1,2, ...,2" — 1. We order the columns of H, so that column i gives the
binary representation of the number i.

Example. Suppose r = 3. Then we choose

0001111
0110011].
1010101

Now suppose w € IFJZV . Since Ham(r, 2) is perfect 1-error-correcting, w is either a codeword or is
distance 1 away from a unique codeword. So either w € Ham(r,2) or w — e; € Ham(r, 2) for some
(unique) j, where e; is the word which has a 1 in position j and Os elsewhere.

If w ¢ Ham(r, 2), we want to be able to work out what j is.
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Lemma 6.7. Let S (w) be the syndrome of w. If w € C, then S(w) = 0. Otherwise, S(w) gives the
binary representation of j.

Proof. Since w — ¢; lies in the code, e; must lie in the same coset as w. So e; has the same syndrome
as w. But clearly the syndrome of ¢; is the jth row of HT, and we picked H so that the jth row of HT
is the binary representation of j. O

Example. Continuing the last example: suppose the codeword 0101010 is transmitted (exercise:
check that this is a codeword, given the way we’ve chosen H,). Suppose that the fifth digit gets
distorted to a 1, so we receive 0101110. We calculate the syndrome

001
010
011
0101110| 100 | = (101),
101
110
111

which is the binary representation of the number 5. So we know to change the fifth digit to recover
the codeword.

6.2 Existence of codes and linear independence

The proof that the Hamming codes have distance 3 relied on the following fact about their parity-
check matrices: if we take a set consisting of at most 2 columns of H, then this set is linearly inde-
pendent. This leads to a more general theorem on the existence of linear codes.

Theorem 6.8. Suppose C is an [n, k]-code with parity-check matrix H. Then C has minimum distance
at least d if and only if any d — 1 columns of H are linearly independent.

In particular, an [n, k,d]-code exists if and only if there is a sequence of n vectors in ]F’;_k such
that any d — 1 of them are linearly independent.

Proof. Let cy, ..., c, be the columns of H, and suppose first that there are columns ¢;,, ..., c¢;, , which
are linearly dependent, i.e. there are scalars Ay, ..., 44— (not all zero) such that

/l]Cil + - +/ld—lcid_1 =0.

Let w be the word which has Ay, ..., A4 in positions iy, ...,is_1, and Os elsewhere. Then the above
equation is the same as saying Hw! = 0, which, since H is a parity-check matrix for C, is the same as
saying w € C. But then w is a non-zero word of weight at most d — 1, while C is a code of minimum
distance at least d; contradiction.

The other direction is basically the same: if C does not have minimum distance at least d, then C
has a non-zero codeword w of weight e < d, and the equation Hw' = 0 provides a linear dependence
between some e of the columns of H; if e vectors are linearly dependent, then any d — 1 vectors
including these e are certainly linearly dependent.

The second paragraph of the proposition is now immediate — if we have such a code, then the
columns of a parity-check matrix are such a set of vectors, while if we have such a set of vectors, then
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the matrix with these vectors as its columns is the parity-check matrix of such a code. O

Notice that we say ‘sequence’ rather than ‘set’, since two columns of a matrix might be the same.
However, if there are two equal columns, then they are linearly dependent, and so the minimum
distance of our code would be at most 2.

Theorem 6.8 tells us that one way to look for good linear codes is to try to find large sets of
vectors such that large subsets of these are linearly independent. This is often referred to as the ‘main
linear coding theory problem’. We use this now to prove the Gilbert—Varshamov bound. The bounds
we saw earlier — the Hamming, Singleton and Plotkin bounds — were all essentially of the form ‘if a
code with these parameters exists, then the following inequality holds’, and and so gave upper bounds
on Ay(n,d). The Gilbert—Varshamov bound says ‘if this inequality holds, then a code with these
parameters exists’, and so it gives some lower bounds on A,(n, d).

First we prove a very simple lemma.

Lemma 6.9. For any n,i > 0,

Proof. This follows from the equation

n\ [(n-1 N n—1

i] \ i i-1)
This is proved either by writing the binomial coefficients in terms of factorials or by considering (’l’)
as the number of ways of choosing a subset of size i from the set {1, ...,n}. Each such subset either
contains the number 7 or it doesn’t; if it doesn’t, then the set is actually a subset of {1,...,n — 1} of
size i, which may be chosen in (";1) ways. If it does, then the remainder of the subset is a subset of
{1,...,n— 1} of size i — 1, which may be chosen in (’l’__ll) ways. O

Theorem 6.10 (Gilbert—Varshamov bound). Suppose q is a prime power, and n, r,d are positive inte-
gers satisfying

n-1 n—1 ofn =1y 21 - .
(0)+@—D(1)+M—D(2)+ +(g—1) @_J<q- ()

Then an [n,n — r,d]-code over F, exists.

Proof. By Theorem 6.8, all we need to do is find a sequence of n vectors in Fj, such that any d — 1
of them are linearly independent. In fact, we can do this in a completely naive way. We begin by
choosing any non-zero vector v; € Fy. Then we choose any vector v, such that v and v, are linearly
independent. Then we choose any vz such that any d — 1 of vy, v, v3 are linearly independent, and so
on. We need to show that this always works, i.e. at each stage you can choose an appropriate vector.
Formally, this amounts to the following.

We prove the Gilbert—Varshamov bound by induction on n. For the case n = 1, we just need to be
able to find a non-zero vector v;; we can do this, since r > 0.

Now suppose n > 1 and that the theorem is true with n replaced by n — 1, i.e. whenever

n-—2 n-2 ofn =2y 22 -
(0)+W—D(1)+W—D(2)+ +(g-1) @_J<q, ()
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we can find a sequence vy, . . ., v,—1 of vectors in ]F"] such that any d—1 of them are linearly independent.
Assume that the inequality () holds. Recall that for any i we have

(=060
(7))

this implies that

and so
s (n—1 n—1 ofn—1 d—afn—1
-1 -1 -1
q>( 0 )+(q )( | )+(q )( SN R Uk VA PPN
n—2 n—2 n—2 n-—2
> -1 - 1) Cet(g- DT :
( 0 )+(q )( | )+(q )( ) )+ +(@—-1) (d—2)
Hence if (*) holds then so does (). So by our inductive hypothesis we can find a sequence vy, ..., v,_|
of vectors of which any d — 1 are linearly independent.
Given a vector v,, € FZ, we say that it is good if any d — 1 of the vectors vy, ..., v, are linearly

independent, and bad otherwise. All we need to do is show that there is a good vector. We’ll do this
by counting the bad vectors, and showing that the number of bad vectors v, is strictly less than the
total number of choices of v, € Fg, i.e. ¢"; then we’ll know that there is a good vector.

Suppose v, is bad. This means that some d — 1 of the vectors vy, ..., v, are linearly dependent, i.e.
there exist 1 <iy <---<ig_y <nmand Ay,...,44-1 € F, not all zero such that

/l]V,‘l +---+ /ld_1vid_1 =0.

By our assumption, any d — 1 of the vectors vy, ..., v, are linearly independent, so the above sum
must involve v, with non-zero coeflicient, i.e. i;_; = n and 441 # 0. So we have
v—_iv._ﬁv._..._@‘/.
" A1) " \daa) ® Aa-r)

By discarding any values j for which A; = 0 and re-labelling, we can write
Vp = M1Vip + 0+ eV,

for some 0 < e <d-2,some 1l <ij <---<iygp<n-—1andsome non-zero u; € F,. (n.b. the case
e = 01is allowed — it gives v, equals to the empty sum, i.e. v, = 0.)

So every bad vector can be written as a linear combination with non-zero coefficients of e of the
vectors vi,...,V,_1, for some e < d — 2. So the number of bad vectors is at most the number of such
linear combinations. (Note that we say ‘at most’ because it might be that a bad vector can be written
in several different ways as a linear combination like this.)

How many of these linear combinations are there? For a given e, we can choose the numbers
iy...,0.1n (”;1) different ways. Then we can choose each of the coefficients y; in ¢ — 1 different ways
(since u; must be chosen non-zero). So for each e the number of different linear combinations

HiViy + 0+ HeVi,
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is (g — l)e(”gl). We sum over e to obtain

(number of bad vectors) < (n 8 1) +(g - 1)(11 I 1) +(q - 1)2(11 ; 1) tot(g - l)d_z(z: ;)

<q

by (). So not every vector is bad, and so we can find a good vector. O

6.3 MDS codes

We begin by recalling the Singleton bound, and applying it to linear codes.

Theorem 6.11 (Singleton bound for linear codes). An [n, k, d]-code over F, satisfies
d<n—-k+1.

Proof. If C is an [n, k, d]-code over F,, then C is a g-ary (n, M, d)-code, where M = qk by Lemma 4.5.
Hence by Theorem 2.8(2) we have

qk < qn+1—d’

iek<n+1-d. O

The aim of this section is to look at codes which give equality in this bound. In an [n, k]-code, the
number n — k is called the redundancy of the code — it can be thought of as the number of redundant
digits we add to our source word to make a codeword.

Definition. A maximum distance separable code (or MDS code) of length n and redundancy r is a
linear [n,n — r,r + 1]-code.

Obviously, the main question concerning MDS codes is: for which n,r does an MDS code of
length n and redundancy r exist? The answer is not known in general, but we shall prove some results
and construct some MDS codes. Theorem 6.8 says that an MDS code of length n and redundancy r
exists if and only if we can find a sequence of n vectors in Fj, of which any r are linearly independent.
Clearly if we can do this for a given value of n, then we can do it for any smaller value of n, just
by deleting some of the vectors. This implies that for each r (and g) there is a maximum n (possibly
infinite) for which an MDS code of length » and redundancy r exists. Given r, g, we write max(r, q)
for this maximum. The main question about MDS codes is to find the values of max(r, g).

Note that max(r, g) may be infinite, even though there are only finitely many vectors in ¥, because
we are allowed repeats in our sequence of vectors. Note, though, that if we have a repeated vector in
our sequence, then the code cannot possibly have distance more than 2. Here is our main theorem on
the values max(r, g).

Theorem 6.12.
1. If r =0or 1, then max(r,q) = oo.

2. Ifr > g, then max(r,q) = r + 1.

3. If2<r<gq, thenmax(r,q) > g+ 1.
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It is conjectured that the bounds in (3) actually give the right values of max(r, g), except in the
cases where ¢ is even and r = 3 or ¢ — 1, in which case MDS codes of length g + 2 can be constructed.
The three parts of Theorem 6.12 have different proofs, and the first two are quite easy.

Proof of Theorem 6.12(1). We must show that for » = 0 or 1 and for any n and ¢, there exists an
MDS code of length n and redundancy ». For r = 0, this means we need an [n, n, 1]-code. But the
whole of FZ is such a code, as we saw in Theorem 2.1.

For r = 1, we want to construct a sequence of n vectors in F}I such that the set formed by any one
of them is linearly independent. We just take each of the vectors to be the vector (1). O

Proof of Theorem 6.12(2). To show that max(r,q) > r + 1, we need to show that an MDS code of
length r + 1 and redundancy r exists. But this is an [r + 1, 1,7 + 1]-code, and the repetition code is
such a code.

To show that max(r, g¢) < r+1, we have to show that we can’t find an MDS code of length +2 and
redundancy r, i.e. an [r+ 2,2, r+ 1]-code. If we can find such a code C, then any code D equivalent to
Cisalsoan [r+2,2,r+1]-code. So by taking a generator matrix for C and applying matrix operations
MOI1-5, we may find an [r + 2,2, r + 1]-code with a generator matrix in standard form. This has a
parity-check matrix H in standard form, i.e. of the form (B|I,), where B is some r X 2 matrix over F,.

Let v, w be the columns of B. By Theorem 6.8 any r of the columns of H are linearly independent,

i.e. any r of the vectors v,w, ey, ..., e, are linearly independent, where ey, ..., e, are the columns of
the identity matrix, i.e. the standard basis vectors.
Suppose the entries of v are vy, ..., v,. First we show that vy,..., v, are all non-zero. If not, then

vj = 0 for some j. Then we have

Vi
V2
_|Vi-t| _
V= 0 =viep +tvyex t -+ vj1€j1 t et tvee,
Vij+1
Vr
and so the r vectors v,ey,...,ej_1,€ji1,...,e, are linearly dependent. Contradiction. So each v; is
.. . . Vi 1%
non-zero. Similarly we find that the entries wy, ..., w, of w are non-zero. This means that —, .. ., -
w1 Wy
are non-zero elements of F,. Now there are only ¢ — 1 < r distinct non-zero elements of F,, and so
Vi Vj . . . . Vi wj .
we must have — = — for some i < j. We re-write this as -1~ = 9. Now consider the vector
wi Wj Vi Wi
voow ) Vi o Wg
— — —. The kth component of this vector equals — — —, and so we have
Vi Wi Vi wi
voow Vi o Wy
—_— —_— = —_—— — ek
vioowi H\viow

1% w, . . .
Now for k = i and k = j we have ACRMC 0, and so we may ignore the i and j terms to get
Vi Wi

i—1 j-1 r
v w Vi Wi Vi Wi Vi Wik
—_ - — = — — —]er + E — — — e+ E — = — | €.
Vi Wi Vi wi - Vi wi Vi Wi
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So the r vectors v, w, ey, ...,e;_1,€i41,...,€j-1,€j11,. .., e, are linearly dependent; contradiction. O

For the proof of Theorem 6.12(3), we can be a bit more clever. Given a sequence of vectors
Vi,...,Vy, We have an easy way to check whether some r of them are linearly independent. We
let A be the matrix which has these vectors as its columns. Then A is a square matrix, and so has a
determinant. And the columns of A are linearly independent if and only if the determinant is non-zero.
We need to look at a particular type of determinant, called a ‘Vandermonde determinant’.

Proposition 6.13. Suppose xi, ..., x, are distinct elements of a field F. Then the determinant
1 | R |
X1 X2 e Xr
2 2 2
XpxX X
r—1 r—1 r—1
XX X
is non-zero.

Now we can construct our codes.

Proof of Theorem 6.12(3). We need to construct a [¢g + 1,¢ + 1 — r, ¥ + 1]-code. Label the elements
of F, as Ay, ..., 4, in some order, and let

11 ... 1 0
A L ... 2 0
2 2 2
. 23 .. 20
/1{‘2 Aé‘z /1;'—2 0
Astoagt oot

Let C be the code with H as its parity-check matrix. Then Cisa[g+1,g+ 1 —r], code, and we claim
that C has minimum distance at least » + 1. Recall from Theorem 6.8 that this happens if and only if
any r columns of H are linearly independent. H has r rows, and so any r columns together will form
a square matrix, and we can check whether the columns are linearly independent by evaluating the
determinant. So choose r columns of H, and let J be the matrix formed by them.

If the last column of H is not one of the columns chosen, then

1 1 ... 1
X1 X2 e Xy
2 2 2
J=| X X5 e X
r—1 r—1 r—1
x] X} e X
for some distinct xi, ..., x,, and so det(J) # 0 by Proposition 6.13. If the last column of H is one of
the columns chosen, then we have
1 1 ... 1 0
X1 X2 ... x-1 0
2 2 2
- X x5 ... x_; 0
r=2 r—2 r—=2
x] 1 x; 1 xr_% 0
r— r— r—
x| X5 P 1
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for some distinct xi, ..., x,—1. Let J’ be the matrix formed by the first » — 1 rows and the first r — 1
columns. Then det(J”) # 0 by Proposition 6.13, and so the first r—1 rows of J are linearly independent.
Now consider the rows of J; suppose that

pyp.(row 1) + -+ + pp1.(row r — 1) + p,.(row r) = 0.
Looking at the last entry of each row, we see that

O+---+0+u =0.

Hence

up.(row 1) + -+ + py_y.(rowr— 1) = 0,
but this implies p; = -+ = u,—1 = 0, since the first r — 1 rows of J are linearly independent. And so
all the rows of J are linearly independent, so detJ # 0, as required. O

6.4 Reed-Muller codes

The Reed—Muller codes are binary codes, and we need to define a new operation on binary words.
Ifv=vi...vyand w = wy...w, are words in F7, then we define the product v = w to be the word
(viwy) ... (v,w,). Note that v.w is the weight of v * w modulo 2.

Now suppose n is a positive integer and 0 < i < n. Let x;(n) be the word of length 2" which
consists of chunks of 0s and 1s alternately, the chunks being of length 2°.

Example. We have

x0(2) = 0101,
x1(2) = 0011,
x0(3) = 01010101,
x1(3) = 00110011,
x(3) = 00001111.

We will write x;(n) as x; when it is clear what the value of n is. We consider products of the words
x;(n). For example,

x0(2)x1(2) = 0001,
x0(3)x2(3) = 00000101.

We include the word 11...1, which we regard as the ‘empty product’, and write as 1(n). Note
that we only bother with products of distinct x;(n)s, since x;(n)x;(n) = x;(n).

Definition. The rth-order Reed—Muller code R(r, n) is the binary linear code of length 2" spanned by
all products of at most r of the words xo(n), ..., x,—1(n).

Note that in ‘at most ” we include 0, so we include the product of none of the words xo(n), . .., x,-1(n),
i.e. the word 1(n).
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Example. Take n = 3. Then the products of the words x, x1, x, are as follows:

1 =11111111,

xo = 01010101,

x1 = 00110011,

xo * x1 = 00010001,

X2 = 00001111,

X0 * xo = 00000101,

x1 * xo = 00000011,

X0 * X1 * xp = 00000001.

So

R(0,3) = (11111111),
R(1,3)=(11111111,01010101,00110011,00001111),

and

R(2,3)=(11111111,01010101,00110011,00001111,00010001, 00000101, 00000011).

We want to work out the dimension of R(r, n). In fact, the spanning set we’ve chosen is a basis, but
this is not immediately obvious. Let’s have a look at the size of this spanning set: for each 0 < i < r,
we take all products of i of the words xy, ..., x,—1. The number of ways of choosing these i words is
(’:) By summing for all i, we find that

. n n n
dimR(r,n) < (O) + (1) +. 4+ (r)

We’re going to prove that in fact equality holds above.
The next lemma is much less complicated than it looks.

Lemma 6.14. Suppose 0 < i| < --- < iy <nandlet x = x;;(n) * x;,(n) * - - - x; (n). If iy <n—1, then
the x is simply the word x;;(n — 1) * x;,(n — 1) * - - - x x; (n — 1) written twice. If iy = n— 1, then x is the
word 00 ... 0 of length on-1 followed by the word x; (n — 1) * x;;(n — 1) % - -+ x;_ (n = 1).

Proof. If i < n — 1, then x;(n) is the word x;(n — 1) written twice. So if we take any product of words
xi(n) with i < n — 1, then we’ll get the product of the corresponding x;(n — 1)s written twice. x,,_(n)
consists of 2"~ zeroes followed by 2! ones. So if v is a word of length 2" consisting of a word w
written twice, then v * x,,_; (n) consists of 2"~ zeroes followed by w. The lemma follows. O
Proposition 6.15. If0 < i) < --- < iy < n, then in the word

X, (n) * xj,(n) * - - - * x; (n)

the first 1 appears in position 1 + 2/t + 22 4 ... 4 2is,
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Proof. We prove this by induction on n, with the case n = 1 being easy to check. So we suppose that
n > 1 and the result holds with n replaced by n — 1. Let x = x;, (n) * x;,(n) * - - - * x; (n). There are two
cases to consider, according to whether iy = n— 1 or not. If iy < n— 1, then by Lemma 6.14 x consists
of the word x;, (n—1)*- - - x; (n—1) written twice, so the first 1 appears in position 1+ 20 4o 42l by
induction. If iy = n— 1, then by Lemma 6.14 x consists of the word consisting of 2! zeroes followed
by the word x;,(n— 1) -+ - x; _,(n—1). So by induction the first 1 appears in position 2"~! + p, where
p is the position of the first 1 in x; (n—1)*---*x; _,(n—1). By induction p = 1+ 20 4 ... 4261 and
the result follows. O

There are 2" different products of the words xo(n), . .., x,-1(n) (since each x;(n) is either involved
in the product or not involved in it). Recall that for a positive integer p there is a unique way to write
p — 1 as a sum of distinct powers of 2, i.e. there are unique integers i} < ip < - - < iy such that

p—1=204... 428
Hence there is a unique way to write

p=1+20 4. 4205
Combined with Proposition 6.15, this means that for each p there is exactly one word which is a
product of words x;(n) and which has its first 1 in position p. We label the products of the words

xo(n), ..., x,—1(n) as yy, ...,y so that for each y, has its first 1 in position p, for each p.

Corollary 6.16. The words yy, ...,y are linearly independent, and

dim R(r,n) = (g) + (’11) +- (’:)

Aiyr + -+ Aoy =0,

Proof. Suppose

with each 4; equal to 0 or 1 and not all the 4; being 8. Let p be minimal such that A; = 1. The word

¥p has a 1 in position p, while the words y,.1, ..., y2» each have a @ in position p. Hence the word
Awy + -+ Agnwon

has a 1 in position p; contradiction.
Now for the second part. As we have seen, there are

words which are products of at most r of the words xy(n), . .., x,—1(n). These span R(r, n) by defini-
tion, and by Proposition 6.15 they are linearly independent, and so they form a basis for R(r,n). O

Now we want to find the minimum distance of R(r, n).

Theorem 6.17. R(r, n) has minimum distance 2"~".
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Proof. (Non-examinable) We use the fact that the minimum distance of a linear code equals the
minimum weight of a non-zero codeword. First we want to show that there is a codeword of weight
27" We claim that the word

Xn—r(1) * Xp—ps1(1) * -+ - % X1 ()

consists of 2" — 27" zeroes followed by 2"" ones. We prove this by induction on n, with the case
n = 1 easy to check. Suppose n > 1. By Lemma 6.14 the word x,,_,(n) * Xx,—,1 () * - - - % x,,_1 () equals
the word 00 ... ® of length 2"~! followed by the word

Xp—r(n = 1) % Xp—pp1(n = 1) % -5 x5 2(n = 1),

By induction this word consists of 2"~! — 2"~ zeroes followed by 2"~ ones, and the claim is proved.
Hence R(r, n) contains a word of weight 2", so d(R(r,n)) < 2"".

Now we show that every non-zero word has weight at least 2"". Again, we proceed by induction
on n, with the case n = 1 being easy to check. So we suppose that n > 1 and that the theorem is true
for n — 1. Suppose w is a non-zero word in R(r, n); then we can write

wW=yr+-+Yys,

where each y; is a product of at most  of the words xo(n), ..., x,-1(n). We let u be the sum of all the
terms which do not include x,,_;(n), and we let v be the sum of all the terms which do include x,_;(n).
Then w = u + v, and by Lemma 6.14 we see that

e u consists of a word u’ € R(r,n — 1) written twice, and
e v consists of 2"~! zeroes followed by a word v € R(r — 1,1 — 1).

Now we can prove that the weight of w is at least 2"~", by considering several cases.

e Suppose Vv’ = 0. Thenu’ # 0, and w consists of u written twice, so weight(w) = 2 weight(u’). By
induction, the weight of «’ is at least 2"~ and so the weight of w is at least 2.2"~ 1" = 2"~

e Now suppose ' = V'. Then u’ # 0, and w consists of the word u’ followed by 2"~! zeroes. So
weight(w) = weight(u’). Now u’ =v' € R(r — 1,n — 1), and so by induction the weight of # is
at least 207~ D=0=1) = pn—r

e Finally suppose u’ # v/ # 0. Then w consists of the word u’ followed by the word u’ + v/, so
weight(w) = weight(u’) + weight(u’ +Vv"). u’ and u’ + V" are both non-zero words in R(r,n — 1),
and so by induction weight(x’) and weight(u’ + V') are both at least 2"~!~". Hence weight(w) >
2n—1—r + 2n—1—r = Qn-=r.



