
Primitive permutation groups

1 The basics

We refer to the topic essay onPermutation groupsas background for this one. In
particular, the notions ofpermutation groupandtransitivity are assumed as is the
following result:

Any transitive action of a groupG is isomorphic to the action by right
multiplication on the set of right cosets of a subgroupH of G (where
H can be taken to be the stabiliser of a point in the given action).
Moreover, the actions on the sets of cosets of two subgroupsH andK
are isomorphic if and only ifH andK are conjugate subgroups ofG.

Thus determining all the transitive actions ofG is equivalent to determining
the conjugacy classes of subgroups ofG.

The transitive permutation groupG (or transitive action ofG) on the setΩ,
with |Ω| > 1, is primitive if there is no partition ofΩ preserved byG except for
the two trivial partitions (the partition with a single part, and the partition into
singletons). It is easy to show that

The action ofG on the set of right cosets ofH by right multiplication
is primitive if and only ifH is a maximal proper subgroup ofG.

Thus, determining the primitive actions ofG is equivalent to determining the
conjugacy classes of maximal subgroups ofG.

TheO’Nan–Scott Theorem, which is explained below, shows that many cases
of this problem can be reduced to dealing with groupsG which arealmost simple:
this will be explained later.

In this essay, we explain the O’Nan–Scott Theorem, and give some examples
of its use, in conjunction with the Classification of Finite Simple Groups, to obtain
important results about primitive groups.

2 Minimal normal subgroups

The socleSoc(G) of a finite groupG is the subgroup generated by the minimal
(non-trivial) normal subgroups ofG. Since the minimal normal subgroups are
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pairwise disjoint, they commute in pairs, and the group they generate is their
direct product. Moreover, any minimal normal subgroup is itself a direct product
of isomorphic simple groups.

The socle of a primitive permutation group is more restricted, however.
Let G be a primitive permutation group onΩ, and letN1, N2, . . . be the mini-

mal (non-identity) normal subgroups ofG. ThenNi ∩Nj = 1 for i 6= j; soNi and
Nj commute fori 6= j. Also, each subgroupNi is transitive. Now the centraliser
(in the symmetric group) of a transitive subgroup is semiregular (i.e. the stabilise
of any point is trivial), and a semiregular transitive group is regular. We conclude
that if G has more than one minimal normal subgroup, then it has two, and both
are regular.

Moreover, a regular permutation groupN can be regarded as its right regular
action (on itself by right multiplication); its centraliserN∗ is its left regular action.
ThenN∩N∗ = Z(N), the centre ofN (which consists of elements which act the
same on the left and the right). Thus, ifG has two minimal normal subgroups,
then they are isomorphic, and have trivial centre.

An example of such a group can be made as follows:

• Let S be a finite simple group, and letG = S×S, acting onΩ = S by the
rule

(g,h) : x 7→ g−1xh.

The two direct factors are minimal normal subgroups ofG; so Soc(G) = G.

If G has a unique minimal normal subgroup, then this subgroup may be abelian
and regular, non-abelian and regular, or non-abelian and non-regular. Examples
of each type exist:

• Theaffine group

AGL(n,q) = {x 7→ xA+c : A∈GL(n,q),c∈GF(q)n}

of permutations of the vector space GF(q)n: the minimal normal subgroup
is thetranslation group{x 7→ x+ c : c∈GF(q)} isomorphic to the additive
group of the vector space.

• For the second type, examples are thetwisted wreath productsconstructed
by Aschbacher. The smallest such group has degree 606, with minimal
normal subgroupA6

5.
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• The symmetric group Sn (for n ≥ 5) has thealternating group An as its
unique minimal normal subgroup.

The O’Nan–Scott Theorem examines the situation more carefully. (For a proof
of the theorem, we refer to Dixon and Mortimer [4].)

3 O’Nan–Scott I: non-basic groups

Let m andr be positive integers. TheHamming scheme H(m, r) is the structure
whose points are all ther-tuples from an alphabet of sizem, where a pair of points
satisfy theith relation (or lie at distancei) if the corresponding tuples differ ini
places, for 0≤ i ≤ r.

This structure is anassociation scheme(see the topic essay on this subject for
details), and indeed is one of the most important types of association schemes,
both for theory and applications.

It can be shown that any automorphism ofH(m, r) is a product of two types of
automorphisms:

• Let g1, . . . ,gr be arbitrary permutations of the alphabet. Then there is an au-
tomorphism ofH(n, r) where the tuple(x1, . . . ,xr) is mapped to(xg1

1
, . . . ,xgr

r ).

• Any element of the symmetric group of degreer acts onH(n, r) by permut-
ing the coordinates.

The full automorphism group ofH(m, r) is thewreath product Smwr Sr . The two
types of automorphisms form subgroups, known respectively as thebase group
and thetop groupof the wreath product. The automorphism group acts primi-
tively on the points of the Hamming scheme ifm> 2. (Form= 2, the Hamming
scheme is ther-dimensional cube, and the relation of being antipodal and the re-
lation of being at even distance are both equivalence relations preserved by all
automorphisms.)

A primitive permutation groupG on Ω is said to benon-basicif Ω can be
identified with the point set of a Hamming schemeH(m, r) (with m> 1 andr > 2)
in such a way thatG acts as a group of automorphisms. IfG is non-basic, then
there is a sense in which it can be built out of smaller permutation groups (of
degreesmandr), in much the same way as for intransitive and imprimitive groups,
as in the topic essayPermutation groups: specifically,G is a subgroup ofH wr K,
whereH is the group of permutations induced on the symbols in one coordinate,
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andK the group of coordinate permutations induced byG. It can be shown that
the permutation groupH, of degreem, is primitive and not regular, whileK is
transitive.

The relevant part of the O’Nan–Scott Theorem for this situation asserts that
we retain control of the socle in this case:

If G is primitive and non-basic, and G≤ H wr K as above, then the
socle of G has the form Nr , where N is either the socle or a minimal
normal subgroup of H.

In general, we have Soc(G) = Soc(H)r . If this is not true, thenH is a group
with two minimal normal subgroupsN andN∗, each of which is regular; andG
has a unique minimal normal subgroupNr , which is regular onΩ. This, as we
saw, is thetwisted wreath productcase. So Soc(G) = Soc(H)r except in this case.

4 O’Nan–Scott II: basic groups

By a reduction of the type in the preceding section, we eventually arrive at a
primitive basic group. The second part of the O’Nan–Scott Theorem describes
such groups and how their socles act. We will see that the three types of groups
we saw earlier are fairly typical.

• A primitive permutation groupG is of affine typeif it has an abelian regu-
lar normal subgroup (necessarily elementary abelian of orderpd for some
prime p). Such a group is embedded in the affine group AGL(d, p), and
its socle is the translation subgroup. The stabiliser of the zero vector is a
subgroupH of GL(d, p) which acts irreducibly on the vector spaceV =
GF(p)d. It can be shown thatG is basic if and only ifH is aprimitive lin-
ear group, that is, there is no decomposition ofV as a direct sum whose
summands are permuted byH).

• A primitive permutation groupG is of diagonal typeif its socle has the form
N = Td for somed > 1, whereT is a non-abelian simple group, such that
the stabiliser of a point inN is thediagonal subgroup

D = {(t, t, . . . , t) : t ∈ T}.

The largest group with such a socle is obtained by adjoining toN the outer
automorphisms ofT (acting in the same way on each coordinate) and the
coordinate permutations.
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• A group G is almost simpleif the socle ofG is non-abelian simple. This
means thatT ≤G≤ Aut(T) for some non-abelian simple groupT.

Now the second part of the O’Nan–Scott Theorem asserts:

A basic primitive group is of affine or diagonal type or is almost
simple.

Note that we have described the action of the socle completely in the case of
the affine and diagonal types, but have said nothing at all about it in the almost
simple case. As noted earlier, finding the primitive actions of the almost simple
groups is equivalent to classifying their maximal subgroups up to conjugacy. To
progress further, we need to know more about the simple groups. It turns out that
such knowledge is also important for finding the irreducible (or primitive) linear
groups, which we need to determine the groups of affine type.

5 The Classification of Finite Simple Groups

After a huge international effort stretching over many years, the non-abelian sim-
ple groups have been classified:

A non-abelian finite simple group is an alternating group, a group of
Lie type, or one of26 “sporadic groups”.

The richest class consists of the groups of Lie type. These are, roughly speak-
ing, matrix groups over finite fields factored by the subgroup consisting of scalar
matrices. For example, PSL(n,q) is obtained by taking the group ofn×n matrices
over GF(q) having determinant 1 and factoring by the scalar matrices. It is simple
except in the two cases(n,q) = (2,2) and(n,q) = (2,3).

An account of the classification, and some properties of the simple groups, can
be found in [5].

6 Applications

Now we have a machine which is capable of answering many questions about
primitive permutation groups. Here are a few of the theorems which have been
found. For more details see [1, 4] and the references cited therein.
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• All the 2-transitive groups are known. (A group is 2-transitiveif any ordered
pair of distinct points can be mapped to any other by some element of the
group.) Using this knowledge, allt-transitive groups (analogously defined)
can be determined fort > 2.

• All the primitive groups of rank 3 are known. (Therank of a permutation
group is the number of its orbits on the set of all ordered pairs. So the rank 3
groups are those which are either

– transitive on the 2-subsets but not 2-transitive; or

– transitive on ordered edges and ordered non-edges of a graph.)

See [6].

• Questions about the maximality of one primitive group in another have been
resolved [7].

• It is known that primitive groups are both

– rare (for almost alln, the only primitive groups of degreen are the
symmetric and alternating groups, see [2]); and

– small (of order at mostnclogn with known exceptions), see [9] for the
best possible result here.

• The graph isomorphism problem is solvable in polynomial time for graphs
of bounded valency [8].

We mention briefly an application taken from [3]. It is not hard to show that,
if the permutation groupG acts block-transitively on at-design, andH is a su-
pergroup ofG in the symmetric group, thenH also acts block-transitively on a
t-design with the same block size (but possibly largerλ ). So, in order to deter-
mine the possible(v,k, t) for which non-trivial block-transitivet-designs exist, it
is enough to consider maximal subgroups of the symmetric or alternating group.
Using the O’Nan–Scott Theorem and the Classification of Finite Simple Groups,
it can be shown (for example) that necessarilyt ≤ 7 here (though in fact no exam-
ples witht > 5 are known).
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