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Abstract

Submodular functions play a key role in combinatorial optimization
and in the study of valued constraint satisfaction problems. Recently,
there has been interest in the class of bisubmodular functions, which as-
sign values to disjoint pairs of sets. Like submodular functions, bisubmod-
ular functions can be minimized exactly in polynomial time and exhibit
the property of diminishing returns common to many problems in oper-
ations research. Recently, the class of k-submodular functions has been
proposed. These functions generalize the notion of submodularity to k-
tuples of sets, with submodular and bisubmodular functions corresponding
to k =1 and 2, respectively.

In this paper, we consider the problem of maximizing bisubmodular
and, more generally, k-submodular functions in the value oracle model.
We provide the first approximation guarantees for maximizing a general
bisubmodular or k-submodular function. We give an analysis of the naive
random algorithm as well as a randomized greedy algorithm inspired by
the recent randomized greedy algorithm of Buchbinder et al. [FOCS’12]
for unconstrained submodular maximization. We show that this algorithm

approximates any k-submodular function to a factor of 1/(1 + \/k/2).
In the case of bisubmodular functions, our randomized greedy algo-
rithm gives an approximation guarantee of 1/2. We show that, as in
the case of submodular functions, this result is the best possible in both
the value query model, and under the assumption that NP # RP. Our
analysis provides further intuition for the algorithm of Buchbinder et al.
[FOCS’12] in the submodular case. Additionally, we show that the naive
random algorithm gives a 1/4-approximation for bisubmodular functions,
corresponding again to known performance guarantees for submodular
functions. Thus, bisubmodular functions exhibit approximability identi-
cal to submodular functions in all of the algorithmic contexts we consider.
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tS.Z. was supported by a Royal Society University Research Fellowship.



1 Introduction

Given a finite nonempty set U, a set function f : 2V — R, defined on subsets
of U is called submodular if for all S,T C U,

fS)+ () = f(SNT)+ f(SUT).

Submodular functions are a key concept in operations research and combinato-
rial optimization [29, 28, 38, 34, 10, 24, 19]. Examples of submodular functions
include cut capacity functions, matroid rank functions, and entropy functions.
Submodular functions are often considered to be a discrete analogue of convex
functions [26].

Both minimizing and maximizing submodular functions, possibly under some
additional conditions, have been considered extensively in the literature. Sub-
modular function maximization is easily shown to be NP-hard [34] since it gener-
alizes many standard NP-hard problems such as the maximum cut problem [12,
9]. In contrast, the problem of minimizing a submodular function can be solved
efficiently with only polynomially many evaluations of the function [19] either
by using the ellipsoid algorithm [13, 14], or by using one of several combinatorial
algorithms that have been obtained in the last decade [33, 20, 17, 18, 30, 22].

Following a question by Lovdsz [26], a generalization of submodularity to
biset functions has been introduced. Given a finite nonempty set U, a function
f:3Y — R, defined on pairs of disjoint subsets of U is called bisubmodular if
for all pairs (S1,S2) and (T1,T%) of disjoint subsets of U,

f(51,82) + (T, T2) = f((51,52) N (11, T2)) + f((S1, 52) U (T, T2)),
where we define
(S1,52) N (T1,T2) = (S1NTy, Sy NTy),
and
(S1,85) U (T0, T) = ((Sy UT1)\ (Ss UT), (Sa UT) \ (S UT)).

Examples of bisubmodular functions include rank functions of delta-matroids [4,
6]. Bisubmodularity also arises in bicooperative games [3] as well as variants
of sensor placement problems and coupled feature selection problems [35]. The
minimization problem for bisubmodular functions using the ellipsoid method
was solved in [32]. Moreover, combinatorial [11] and strongly combinatorial [27]
algorithms are known for minimizing bisubmodular functions.

In this paper, we study the natural generalization of submodular and bisub-
modular functions: given a natural number k£ > 1 and a finite nonempty set U, a
function f : (k+1)V — R defined on k-tuples of pairwise disjoint subsets of U
is called k-submodular if for all k-tuples S = (Sy,...,S;) and T' = (T1, ..., Tk)
of pairwise disjoint subsets of U,

fS)+ A(T) = f(SONT)+ f(SUT),



where we define
SNT = (Sl ﬂTl,...,SkﬂTk),

and
SUT = (S uT)\JSiuT),..., (S uT)\ | J(SiuTy)).
i€{2,...,k} ie{l,...,k—1}

Using this notation, 1-submodular functions are submodular functions and 2-
submodular functions are bisubmodular functions. (We note that Ando has
used the term k-submodular to study different class of functions [1].)

Related work The name of k-submodular functions was first introduced
in [15] but the concept has been known since at least [7]. k-submodularity
is a special case of strong tree submodularity [23] with the tree being a star on
k + 1 vertices.

To the best of our knowledge, it is not known whether the ellipsoid method
can be employed for minimizing k-submodular functions for & > 3 (some partial
results can be found in [15]), let alone whether there is a (fully) combinato-
rial algorithm for minimizing k-submodular functions for k > 3. However, it
has recently been shown that explicitly given k-submodular functions can be
minimized in polynomial time [36].

Some results on maximizing special cases of bisubmodular functions have
appeared in Singh, Guillory, and Bilmes [35], who showed that simple bisub-
modular function can be represented as a matroid constraint and a single sub-
modular function, thus enabling the use of existing algorithms in some special
cases. Unfortunately they show that for some bisubmodular functions, this ap-
proach requires that the submodular function take negative values and so this
approach does not work in general. (We note that our definition of bisubmod-
ularity corresponds to directed bisubmodularity in [35].)

A different generalization of bisubmodularity, called skew bisubmodularity,
has proved important in classifying finite-valued CSPs on domains with 3 el-
ements [16]; this result was then generalized by a complexity classification of
finite-valued CSPs on domains of arbitrary size [37]. Explicitly given skew
bisubmodular functions can be minimized efficiently by results of Thapper and
Zivny [36]. The general question of whether all bisubmodular, and, more gen-
erally, k-submodular functions can be approximately maximized was left open.

Contributions Following the question by Lovdsz [26] of whether there are
generalizations of submodularity that preserve some nice properties such as effi-
cient optimization algorithms and a more recent, similar question by Vondrak,!
we consider the class of k-submodular functions.

Specifically, we consider the problem of mazimizing bisubmodular and, more
generally, k-submodular functions in the wvalue oracle model. We provide the

n the SODA 2013 invited talk “Submodular Functions and Their Applications”, Vondrak
asked about generalizations of submodularity defined via polymorphisms (submodularity cor-
responds to min and max polymorphisms).



first approximation guarantees for maximizing a general bisubmodular or k-
submodular function. In Section 3 we show that the naive random algorithm
that simply returns a random partition of the ground set U is 1/4-approximation
for maximizing any bisubmodular function and a 1/k-approximation for maxi-
mizing a k-submodular function with £ > 3.

In Section 4, we develop a randomized greedy algorithm for k-submodular
maximization inspired by the algorithm of Buchbinder et al. [5] for uncon-
strained submodular maximization. We show that this algorithm approximates
any k-submodular function to a factor of 1/(1 + 1/k/2).

Finally, in Section 5 we relate our results on bisubmodular functions and
existing results on submodular functions via a known embedding of submodular
functions into bisubmodular functions. Using this embedding we can translate
inapproximability results for submodular function into analogous results for
bisubmodular functions. Moreover, we show that the algorithm of Buchbinder
et al. [5] may be viewed as a special case of our algorithm applied to this
embedding.

Our results on bisubmodular functions and the simple 1/k-approximation
algorithm for maximizing k-submodular functions have been obtained indepen-
dently by Iwata, Tanigawa, and Yoshida [21].

2 Preliminaries

We denote by R the set of all non-negative real numbers. Let U be a ground
set containing n elements and k > 1 be a fixed integer. We consider functions
that assign a value in R to each partial assignment of the values {1,...,k} to
the elements of U. We can represent each such (partial) assignments as vectors
x in {0,...,k}Y, where we have x. = 0 if element e in U is not assigned any
value in {1,...,k}, and otherwise have x. equal to the value assigned to e. It
will be useful to consider the partial assignment obtained from another (possibly
partial) assignment x by “forgetting” the values assigned to all elements except
for some specified set S C U. We represent this as the vector x| 5 Whose coor-
dinates are given by (X|S)e =z, for all e € S and (X|S)e =0forallec U\S.
Note that x| ¢ 1s similar to the projection of x onto S, but we here require that
all coordinates e € S be set to 0, while the standard notion of projection would
remove these coordinates from the resulting vector. In particular, this means
that X‘ ¢ and x both have n coordinates.

In order to relate our results to existing work on submodular functions,
we shall also use terminology from set functions. In this setting, we consider
functions that assign a value to each tuple of disjoint sets S = (S,...,Sk),
where S; C U and S; N'S; = 0 for all ¢ # j. It is straightforward to check that
the two notions are equivalent by having e € 5; if and only if z. = i. Then,
we have x. = 0 if and only if e does not appear in any of the sets Sy, ..., Sk.
With some abuse of notation, we shall write e € S for an element e in U and
S = (Sl, R Sk) if e € Ulgigksi.

The solution space over which we optimize our functions is thus the set of



partitions of some subset U’ C U into k disjoint sets, where in our vector nota-
tion U’ is equivalent to the set of coordinates in x that are non-zero. We shall
refer to those solutions that partition the entire ground set U (or, alternatively,
whose assignment vectors have no zero coordinates) as partitions, and call par-
titions of some U’ C U partial solutions® over U, to emphasize that they may
not necessarily assign every element in U to a set.3

In this paper, we study the following particular class of functions mapping
partial solutions over U to values in R;. Consider the operations ming and
maxg given by

. def |0, s#0,t#0,s#t
ming(s,t) = . :
min(s,t), otherwise
and
0, 0,t40,5%1t
maxg(s,t) ef $7 7& 57
max(s,t), otherwise,

where min(s,t) (respectively, max(s,t)) returns the smaller (respectively, the
larger) of s and t with respect to the usual order on the integers.

For vectors s and t in {0, ..., k}Y we let ming(s, t) (respectively, maxq(s,t))
denote the vector obtained from applying ming (respectively, maxg) to s and
t coordinate-wise. Using these operations we can define the general class of
k-submodular functions.

Definition 2.1. Given a natural number k > 1 and a finite nonempty set U,
a function f : {0,...,k}Y — R, is called k-submodular if for all s and t in
{0’ MR k}U’

f(s)+ f(t) = f(ming(s,t)) + f(maxo(s, t)). (1)

Note that if s and t are both partitions, then we have ming(s, t) = maxg(s, t) =

ido(s,t) where the operation idg on each coordinate of s and t is given by
ido(s,t) = s = t if s = t, and ido(s,t) = 0 otherwise. Thus, if f is a k-
submodular function, we have

f(s) + f(t) > 2f(ido(s, t)) (2)
for any partitions s and t.

Example 2.2. The well-known Max-Cut problem demonstrates that maximiz-
ing (1-)submodular functions is NP-hard even if the objective function is given
explicitly [12]. We show that the same hardness result holds for any k& > 1.

2]t is not a priori clear why a partial solution could not be an optimal solution but we
shall see, in Corollary 2.4, that when maximizing k-submodular functions, where k& > 2, we
can focus only on partitions.

3Note that every partition is thus also a partial solution, but not vice versa.



Consider the following function f— defined on {0,...,k} by f-(z,y) = 0 if
x =y and f_(x,y) = 1if x # y. It is easy to check that f_ is k-submodular.
Moreover, given a graph (V,E) with V' = {vy,...,v,}, maximizing the func-
tion f(vy,...,v,) = Z{UWJ_}GE f=(v;,v;) amounts to solving the Max-k-Cut
problem, which is NP-hard [31].

While quite concise, Definition 2.1 gives little intuition in the traditional set-
ting of set functions. We now attempt to provide some such intuition. Consider
two partial solutions S = (S1,...,S;) and T = (T, ...,T) and let s and t be
the vectors in {0, ..., k}U representing S and T, respectively. Consider some ele-
ment ¢ € U. We have ming(s;, ;) = j # 0 precisely when s; = t; = j # 0. Thus,
the vector ming(s, t) in Definition 2.1 corresponds exactly to the coordinate-wise
intersection (S1 NTh,...,SkNTE) of S and T. Moreover, maxg(s;,t;) = j # 0
precisely when either s; = t; # 0 or when one of s;, ¢; is j # 0 and the other is
0. Thus, the vector maxg(s, t) corresponds exactly to the coordinate-wise union
of S and T after we have removed any element i occurring in two different sets
from both of them. That is, if we set X_; = (J;, (S; UTj), then maxo(s,t)
corresponds to ((S1UT1)\ X_1,...,(SxUTk)\ X_). Note that the removal of
X_; from the 7th union ensures that no element occurs in two different sets in
the resulting partial solution.

The following equivalences, first observed by Cohen et al. [7], allow us to
relate k-submodular functions to existing families of set functions. When k = 2,
Definition 2.1 requires that

f(S1,82) + f(Th,T3)
> f(S1NT1,SoNTy) + f((S1UT) \ (S2 UTy), (S2 UTy) \ (51 UTh)),

which agrees exactly with the definition of bisubmodular functions given in [10].
When k = 1, there is only a single set in each partial solution, and so X_; = (.
Thus, Definition 2.1 requires that

f(S1) + f(1h) > f(SinTh) + f(S1UTh),

which agrees exactly with the standard definition of submodular functions [29].
Let x be a partition of the ground set U. Given a k-submodular function f,
we call set function & : 2V — R, defined for any S C U by

def
h(S) = flx|g)
the function induced by x and f. In the language of set functions, the function
h is obtained by first assigning each element e in U to a single set X; (where
i = ). Then, h(S) is simply the value of f(SNXy,..., 5N Xy).

For a function f : {0,...,k}Y — R, a partial solution S = (51, ..., Sk), an
element e € U, and a value i € {1,...,k}, we define the marginal value f; .(S)
by

fi7e(S) d:ef f(Sl, R Si_1, Sl'+6, SH_l, R Sk) - f(Sl, R Sk),



for any partial solution S = (S1,...,Sk) such that e ¢ S, where S; + ¢ is a
shorthand for S; U {e}.

The following theorem shows that both the induced functions and marginal
values of k-submodular functions obey certain useful properties.

Theorem 2.3. Let f : {0,...,k}V — R, be a k-submodular function, where
k > 2. Then,

1. For any partition x, the function h induced by x and f is submodular.

2. For any element e and any partial solution S = (Si,...,Sk) such that
egs,

k
Zfi,e(‘g) 2 0.
i=1

Proof. To prove the first property, let f, x = (Xy,...,X), and h be as stated.
For any S, T C U,
h(S) + h(T)
Yrsnxy,....,SnX) + f(TNXy,....,TNX)
@
> f((SﬂXl)m(TﬂXl),...,(SﬂXk)ﬁ(TﬂXk))
+((SNXH)U(TNX1),...,(SNX)U(TNXy))

G r(SNTYNX1,...,(SAT) N Xy)
+ f(SUT)NXq,...,(SUT)N Xy)

W h(sNT) +h(SUT),

where (1) and (4) follow from the definition of h, (2) follows from the definition
of k-submodularity and the fact that (SN X;)N (T NX;) =0 for all ¢ # j since
x is a partition, and (3) follows from basic properties of union and intersection
and the fact that X;’s are disjoint. Thus A is submodular.

In order to prove the second property, we prove the following:

k
Z f(Sl, L. Sifl, Si—i—e, Si+1 ceey Sk) > k- f(Sl, ey Sk) (3)
i=1
Let S = (S1,...,S5k) be a partial solution and s the corresponding vector

in {0,...,k}Y. For any fixed 1 < i # j < k, consider partial solutions
(Sl, ey Sic1, S e, St Sk) and (Sl, RN Sj_l, Sj + e, Sj+17 R Sk) and
let s; and sy be the corresponding vectors in {0, ..., k}V. Since S, NS, = 0 for
all 1 <p#r <k, we get ming(s1,s2) = maxo(si,se) =s. Thus, by using the
k-submodularity inequality (1) for all pairs of 1 < i # j < k, we get

k

Z(k —1)- f(S1,...,8i-1,5i+e€,582,Si41,...,5k) > (

i=1

k

2) -2 f(S1,...,5k),



which, after dividing both sides by k — 1, simplifies to inequality (3). O

In the case of k = 2, Ando, Fujishige, and Naito [2] have shown that the
2 properties given in Theorem 2.3 in fact give an exact characterization of the
class of bisubmodular functions.

Corollary 2.4 (of Theorem 2.3). Any partial solution S € {0,...,k}Y can be
extended to a partition of U in {1,...,k}V without any loss in the value of f.

Proof. If S is not a partition of U then there is some e in U so that e & S
and there is at least one index i so that f(S1,...,Si—1,5 +¢€,Si41,...,5k) —
f(S1,...,Sk) > 0 as otherwise, by summing over all 1 < i < k, we would get
a contradiction with Theorem 2.3 (2). Thus we can add e to S; and inductively
get a maximizer of f that is a partition of U. O

It is easy to show that k-submodular functions have the property of dimin-
ishing returns. (For 1-submodular functions this is an equivalent definition of
submodularity [29].4)

Proposition 2.5. Let f: (k+ 1)V — Ry be a k-submodular function and let
S=(5,...,5) and T = (T1,...,Tk) be two partial solutions such that S; C T;
forall1 <i<k. Then for everyl <i <k ande & T, fi(S)> fi(T).

Proof. Without loss of generality, we assume that ¢ = 1. From the defini-
tion of k-submodularity we get f(S1 + e,Sa,...,5k) + f(Th, T2, ..., Tk) >
f(Sl,...,Sk)—Ff(Tl—‘re,Tg,...,Tk). O

Finally, we restate the following result from Lee, Sviridenko, and Vondrak
[25], which shall be useful in our analysis:

Lemma 2.6 ([25, Lemma 1.1]). Let f be a non-negative submodular function
onU. Let S,C C U and let {T;},_, be a collection of subsets of C'\ S such that
each element of C'\ S appears in exactly p of these subsets. Then

SUASUT) — £(S)] > plA(SUC) — F(S)]
=1

In fact, the following weaker statement will be sufficient for our purposes:

Corollary 2.7 (of Lemma 2.6). Let f be a non-negative submodular function
onU. Let S,C C U and let {T;},_, be a collection of subsets of C'\ S such that
each element of C'\ S appears in exactly p of these subsets. Then

t

D HSUTY) = pf(SUC).
/=1

4That is, f : 2V — R4 is 1-submodular if and only if f; ¢(S) > fi e(T) for every S C T
andeg T.



Proof. Add 2221 f(S) to each side of the inequality in Lemma 2.6. This gives

D HSUT) Zp- f(SUC)—p- f(S)+ D f(S)
/=1 =1
=p-f(SUC)+({t—p) - f(S)=p - f(SUQO),
since p < t. O

3 The Naive Random Algorithm

In this section, we consider the expected performance of the naive random-
ized algorithm for maximizing a k-submodular function f : {0,...,k}V — R,.
Corollary 2.4 shows that any partial solution S € {0,...,k}Y can be extended
to a full partition of U in {1,...,k}Y without any loss in the value of f. Thus,
we consider a random algorithm that simply selects a partition of the ground
set from {1,...,k}Y uniformly at random. The proof of the following result can
be found in Appendix A (case k=1 is known [9]).

Theorem 3.1. The naive random algorithm gives a 1/4-approzimation for k-
submodular functions with k < 2 and a 1/k-approzimation for k-submodular
functions with k > 3.

Example 3.2. As a tight example for k = 2, we consider the function fj,—1 ,—2
on the ground set {u, v}, given by:

1, z,=12,=2
f[u:lm:Q](X) = %7 Ty =12y =00rz, =0,2, =2 .
0, otherwise

It is easily verified that this function is indeed bisubmodular. Moreover, the
probability that a random partition will set z, = 1, and z, = 2 is %+, and the
function has value 0 for all other partitions. Thus, E[f[u:l,q,ZQ] (x)] = 7, whereas
the maximum value is 1. We can generalize this to a ground sets U = U’ UV’

of arbitrary size by setting f(x) = >, civ D oweys fu=1,0=2](X).

Example 3.3. As a tight example for £ > 3, we consider the k-submodular
function fi.—;) on the singleton ground set {e} given by fi—1j(x) =1 if z. =1
and fle—1)(x) = 0 otherwise. It is easy to verify that this function is indeed k-
submodular. Moreover, a random partition sets s, = 1 with probability only %,
and so E[fj.=1)(x)] = +. Note that the example is easily generalized to ground
sets of arbitrary size by defining f(x) = > cy fle=1)(%)-

4 A Randomized Greedy Algorithm

Next, we consider the performance of a simple greedy algorithm inspired by the
algorithm of Buchbinder et al. [5] for unconstrained submodular maximization.



Our algorithm begins with the initial solution (0, ...,0) and considers elements
of the ground set U in some arbitrary order, permanently adding each element
to one of the sets S; in S, based on the increase that this gives in f. Specifi-
cally, the algorithm randomly adds an element e to the set S; with probability
proportional to the resulting marginal increase f; .(S) in f with respect to the
current solution S. If f; .(S) < 0, we add e to S; with probability 0. Note that
Theorem 2.3 shows that we cannot have f; .(S) < 0 for all ¢, but it may be the
case that f; .(S) =0 for all 4. In this case, we add e to the set 5.

Randomized Greedy
for i =1to k do
end for
for each e € U do
for i =1to k do
z; < max(0, f; .(9))
end for
p= Zf:l g
if 5 # 0 then
Let i € {1,...,k} be chosen randomly,
with Prfi = j] = %J forall j € {1,...,k}.
S; <+ S;+e
else
Si1+ S1+e
end if
end for

Theorem 4.1. Let S be the solution produced by the randomized greedy algo-
rithm on some instance f : {0,...,k}V — Ry of k-submodular mazimization
with k > 2, and let OPT be the optimal solution for this instance. Then,

<1 + \/E) E[f(S)] = f(OPT).

Proof. Our analysis considers 2 sequences of n solutions. First let, S®) =
(S;i), ey S,Ei)) be the algorithm’s solution after i elements have been considered,
and let U = Ule Sj<i) be the set of elements that have been considered by
the algorithm at this point. Then, we define the solution O®) = (Ogi), A O,(Ci)),
where O;i) = (OPT; \UD) U SJ(-i). Intuitively, O is the solution that agrees
with S@ on the placement of the elements considered by the greedy algorithm
in its first ¢ phases and agrees with OPT on the placement of all other elements.

Note that in particular we have O(® = OPT and O™ = S. In Lemma 4.2,
we bound the expected decrease E[f(O®)) — f(O+1)] relative to the increase

10



E[f(SCTD) — £(S®)]. Specifically, we show that

E[f(0%) = (O] < \/f E[f(S"V) = F(SY)] (4)

for all . Summing the resulting inequalities for ¢ = 0 to n, we then obtain
S B0 - O <5 3Bl ) - S5O
=0 i=0

which simplifies to

BLF(0)] - B O™)] <\ (Bl - Blrs©)) < [EBirsm)

The theorem then follows from the definitions O(®) = OPT, and S = O™
S.

o

We now show that inequality (4) must hold.

Lemma 4.2. For any 0 <i <mn,
E[f(0Y) - (0] < @ E[f($T) - £(sD)].

Proof. Let e be the element of U considered by the randomized greedy algorithm
in the (i+1)th phase, and let U®) and O be defined as in the proof of Theorem
4.1. We condition on an arbitrary, fixed value for both U, O and consider
the expectation over choices the algorithm makes for e. Because our result will
hold for an arbitrary U® or O it then extends to the expectation over the
first 4 choices made by the algorithm.

We define the solution A = (A4,...,Ay), where A4; = Oy) — e, and let
a; = fje(A) for 1 < j < k. As in the definition of the greedy algorithm in
Algorithm 4, we let x; = max((),fj7e(5(i))) for each 1 < j < k. Then, we note
that for every 1 < j <k,

Aj = 0 —e = (0PT\NUD) USY)—e 2 8 —e = 817,

where Sj(i) —e = S](i) as e is considered in the (¢ + 1)th phase. Thus, from
Proposition 2.5 we have a; = f;.(A) < fj.(S®) < x; for all 1 < j < k and
also, from Theorem 2.3, Z?:l a; > 0.

Finally, we have x; > 0 for each 1 < j <k, by definition.

Now, let suppose that e € OPT,, for some 1 < o < k, and that the greedy
algorithm places e € S](-i) for some 1 < j < k. Then, O and OV are
identical except that O®) places e in the oth set, while OU*1 places e in the

11



jth set. Thus, we have f(O®) = f(A)+ foo(A) and f(OHD) = f(A)+ f; . (A),
and so _ .
FOD) = FOUHV) = foo(A) = fi.e(A) = ap — ay,
and ) , .
FSE) — £(SD) = £;(SD) = a;.
For any given j, the probability that the greedy algorithm makes such a choice
is precisely z;/8, and so

BLF(50) - 7(SV)) = 3 Yo,

and

BIF(0V) - 1(0V)] = 5 3 ay(a0 — ay)

1
= BZ%‘(% - a;).

J#o

In order to prove the lemma it is thus sufficient to show that

ij(ao—aj) < \/EZQ?? (5)

i#o

For any value of x1,...,xy, the left hand side of (5) is upper bounded by the
optimal value of the linear program

maximize Z zj(ao — ay)
iFo
subject to a; < x; 1<57<k

ZCL]'ZO
J

This is a bounded, feasible linear program in k variables a; with k + 1 linearly
independent constraints. Let a* be an optimal solution to this program. Then,
basic linear programming theory allows us to suppose without loss of generality
that a* is in fact a basic feasible solution and hence has k tight constraints.
We first note that by increasing a, we cannot violate the final constraint and
can only increase the objective, and so we may assume that a, = x,. Of the
remaining k constraints, k — 1 must be tight, of which & — 2 must be of the first
type. Hence, for all j except at most 1 value £ # o, we in fact have a; = ;.
This accounts for k — 1 total tight constraints. The final tight constraint must
imply either ay = x4 or Zj a; = 0. Because a; = x; for all j # ¢, the latter
is equivalent to ay = — Zj# x;. Moreover, because xz; > 0 for all j, setting
ag = =Y 20T always gives an objective value at least as large as setting

12



ay = x¢. Thus, we can characterize the optimal solution to this linear program
by aj = z; for all j # ¢, and a7 = —3_,,,x;, where { is some value distinct
from o.

Returning to (5), we have

> wilao —aj) <Y wjlay — al)

j#o j#o
= Z zj(zo — ;) + @0 xOJerj
Jj#o,t J#t
= 2xpx, + Z [z + o — x?],
j#o,l
for any x1,...,z > 0. In order to prove (5) it then suffices to show that
0< aZx? — 22Ty — Z [zex; + o) — x?], (6)
j j#o0,t

where o = \/g . This follows directly from the fact that the right hand side of
(6) can be written as the following sum of squares:

2
a—1 a—+1
(e = w0) + D <\/k—2”_\/ 2 xj)
j#o,l
2
a—1 a+1
+Z <\/k2.%‘o—\/ B) ,Tj)

J#o,t

A verification of this can be found in Appendix C. O

A simpler analysis in Appendix B shows that a deterministic greedy algo-
rithm gives a (1 + k)-approximation.

5 Conclusion

In the preceding sections we have considered the problem of maximizing k-
submodular functions by both a random partition and a simple, randomized
greedy algorithm. In the case of maximizing a bisubmodular function, we ob-
tained the same approximation ratios as those already known in the submodular
case: 1/4 for the naive random solution [9] and 1/2 via a randomized greedy
approach [5]. We can make this correspondence more explicit by considering
the following embedding of a submodular function into a bisubmodular func-
tion. Given a submodular function g : 2V — R, we consider the function
f:3Y = R, defined by

FS.T) € g(S) +9(U\T) - g(U). (7)

13



This embedding has been studied by Fujishige and Iwata, who show that the
function f is bisubmodular and has the following property: if (S,T) is a min-
imizer (maximizer) of f then both S and U \ T are minimizers (maximizers)
of g [11]. Thus, exact 2-submodular function minimization (maximization) is a
generalization of 1-submodular function minimization (maximization). We can
in fact show a stronger result: that this embedding preserves approximability.

Suppose that some algorithm gives a «a-approximation for bisubmodular
maximization. Then, consider an arbitrary submodular function g and let f
be the embedding of g defined as in (7). Let OPT = (O1,02) be a maximizer
f, and suppose that the algorithm returns a solution S = (S1,52). Then, by
Corollary 2.4 we can greedily extend S to a partition S’ = (S7,5%) of U. Sim-
ilarly, we can assume without loss of generality that OPT is a partition of U.
Then, we have f(U \ S5) = f(S7) and f(U \ O2) = f(O2), and thus

(9(S1) +9(U\ 51))
(f(S1,55) +9(U))

(af(01,02) +9(U))

9(57)

Y

(ag(0O1) +ag(U\ O2) + (1 — a)g(U))

RN NP NN

> = (ag(O1) + ag(U \ Oz))
= ag(0y).

N}

Since O; is a maximizer of g, the resulting algorithm is an a-approximation for
maximizing g. Hence, the 1/2 + € inapproximability results of [9, 8] hold for
bisubmodular maximization as well, in both the value oracle setting and under
the assumption that NP # RP.

The embedding (7) also allows us to provide new intuition for the perfor-
mance of the randomized greedy algorithm for submodular maximization con-
sidered by Buchbinder et al. [5]. This algorithm maintains 2 solutions, S; and
Sy which are initially () and U. At each step, it considers an element e, and
either adds e to S7 or removes e from Ss, with probability proportional to the
resulting increase in the submodular function in either case.

In comparison, we consider the case in which we embed a submodular func-
tion ¢ into a bisubmodular function f using (7) and then run the greedy al-
gorithm of Section 4 on f. Suppose at some step we have a current solution
T = (T1,T5) and we consider element e, and define S; = T; and Sy = U\Ts. The
algorithm will add e to either T} or T, with probability proportional to the re-
sulting increase in f. In the first case, this increase is precisely g(T1+e)—g(T1) =
g9(S1+e)—g(S1), and adding e to T} corresponds to adding e to S;. In the second
case this increase is precisely g(U \T2) —g(U\ (T2 +¢€)) = g(S2) — g(S2 —€) and
adding e to T7 corresponds to removing e from S;. Thus, the operation of the
algorithm of Buchbinder et al. [5] may be viewed as a natural, straightforward

14



randomized greedy algorithm viewed through the lens of the embedding (7).
Our analysis of bisubmodular functions can then be viewed as a generalization
of their proof in the submodular case.

We do not know whether our analysis in Section 4 is tight for £ > 3. More

generally, we ask whether the symmetry gap technique from [39, 8] can be
generalized to obtain hardness results for k-submodular maximization for & > 3.
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A The Naive Random Algorithm

We present the analysis for the case in which k > 3 first, as it is simpler and
will aid in motivating some of the constructions used for the case k = 2.

A.1 Analysis for k£ >3

Let f be a k-submodular function over a ground set U of size n. It will be con-
venient to treat solutions to this problem as vectors in {0, ..., k}Y, as discussed
in Section 2. Let o be a vector on which f takes its maximum value. Then, by
Corollary 2.4, we may assume without loss of generality that o is a partition
and so o € {1,...,k}Y. Finally, let h: 2V — R, be the submodular function
induced by o and f.

For each i € U we consider a fixed permutation 7; on the set {1,...,k} with
the property that m;(0;) = 0; and m;(2) # z for all z € {1,...,k}\ {0;}.° Then,
we denote by 7(x) the vector whose ith coordinate is m;(z;).

Let P(A) be the set of partitions of U that agree with o on exactly those
coordinates i € A. The following lemma allows us to relate the sum of the values
of all partitions in P(A) to the value of o.

Lemma A.1. For each set A C U,

> fx) = (k=1 MhA).

xEP(A)

Proof. Consider the sum

Y ).

xEP(A)

5Such a permutation can be obtained by taking, for example, 7;(0;) = 0;, m;(0;—1) = 0;+1,
and m(z) = 2+ 1 mod k for all other z € {1,...,k}.
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Because m;(x;) = o; if and only if z; = o; already, we have w(x) € P(A) if and
only if x € P(A). Then, because each 7; is a bijection, we have

Yo =) frx)

xeP(A) x€P(A)

and so,

Y =g | YA+ Y o) 5)

xEP(A) x€EP(A) xEP(A)
1
=5 2 F®+/(r)].
xEP(A)

Now, we note that x and 7(x) are both partitions. Thus, from (2) we have

f(x) + f(m(x)) = 2ido(x, 7(x))-

Consider an arbitrary coordinate i € U. If i € A we have x; = o0; and so
mi(x;) = x; and hence ido(x;, mi(x;)) = z;. If i € A, then we have x; # o; and
so m;(x;) # x; and hence idg(x;, m;(z;)) = 0. Thus,

2ido(x, w(x)) = 2f (o] ,) = 2h(A).
Combining this with (8) we have,
> fx) = % Yo e+ = Y AA) = (k—=1)"MR(A),
xEP(A) xEP(A) xEP(A)

since there are precisely k — 1 choices j # o; for x; for each of the n — |A|
coordinates i ¢ A. O

‘We can now prove our main result regarding the expected quality of a random
partition.

Theorem A.2. Let x

€ {1,...,k}Y be a partition of U chosen uniformly at
random. Then, E[f(x)] > 1 -

7).

Proof. We formulate the expectation as

anZ 2

i=0 4 (V) xEP(A)

Using Lemma A.1 we obtain

PO IND BN ICED DD BECEL RN 9)

i=0 4 (V) xEP(A) i=0 4¢(Y)
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Consider a fixed value ¢ € {0,...,n}. Each element e € U appears in exactly
("71) of the (7) sets A € (lj) Because h is submodular, Corollary 2.7 then

i—1
> way = (72 )= (17 ) sto) (10

implies that
ae(9)

Combining (9) and (10) with our formulation of E[f(x)] we obtain:

B2 g 3 (7 )tk te)

=0
_ (k—k# é (:‘:D(k —1)~(=Yf(o)
SRLE 5 (” ‘ 1) (k=1)""f(o)

A.2 Analysis for k=2

Now we consider the case in which f is a bisubmodular function. In our analysis
of k-submodular functions for k > 3 we used a bijection m; on {1,...,k} with
the property that had the property that 7;(0;) = 0; and m;(2) # z for all z # o;.
However, when k£ = 2, no such bijection exists and we must adopt a different
approach.

Suppose that f attains its maximum on a partition o € {1,2}Y, and for a
value v € {1,2} let o = (v mod 2)+1 (i.e. the other value in {1,2}). Then, for
any disjoint subsets A and B of U we define the (partial) solution T'(A, B) by

0j, 1€A
T(A7B)l =<0;,, ©1€B
0, otherwise

It will simplify our analysis to work with with symmetrized values, which
depend only on the sizes of the sets A and B chosen. We define

F<">(”]) ST SD [AT(A B

A(?) Be("1?)

i

Then, F; ; gives the average value of f over all partial solutions on ¢+ j elements
that agree with o on exactly ¢ and disagree with it on exactly j elements. In
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particular, we have F, o = f(o), and F; ,—; = (7;)71 ZAE(L_J) f(T(A U\ A)).

Our next lemma relates these two values.

Lemma A.3. For all ¢ such that 0 <i <n,

i(ti—1)
S (11)

Proof. We prove 2 separate inequalities which together imply the lemma. First,
we shall show that for all 1 <i<n—1,

Fip_i >

Fin—i > Fi_1n—i—1. (12)

We prove that a related inequality holds for arbitrary sets of the appropriate
size, and then average over all possible sets to obtain (12). Fix 1 <i<n -1
and let A be any subset of U of size i + 1. Set B = U \ A and let z and y
any two distinct elements in A. Consider the solutions T'(A — z, B + x) and
T(A — y, B+ y). They are both partitions and agree on all elements except x
and y. Thus, from (2)

J(T(A—=z,B+x)+ f(T(A-y,B+y))
=2f(T(A—z—y,B—x—y)),
holds for any such choice of A, z, and y. Averaging the resulting inequalities
over all possible choices for A, B=U \ A, x, and y and dividing both sides by
2 then gives (12).
Next, we show that for any 1 <i<n —1,

i—1
i+1
Again fix i > 1, let A be any subset of U of size i + 1 and set B = U \ A. Let

h be the submodular function induced by the partition T(A, B) and f. Note
then, that we can express h as h(X) = T(ANX, BN X)). We consider the sum:

Y [f(T(ANC,B) =T0,B)]= Y [h(U\C)~h(B)]

ce(3) ce(2)

Fi qn—ic12> i+t 1n—i—1 (13)

Each element of A appears in exactly (‘Algl) = (;) of the sets U \ C above

(one for each way to choose a two element set C' from the remaining |A| — 1
elements). Applying Corollary 2.7 we then obtain

S U\ ©) > (;) hU) = @T(A,B).

Cce(%)

Averaging over all possible choices for A gives

1+ 1 7
Fi 1pn—im1 > Fifin—i—1,
( ! ) . (2) i
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which is equivalent to (13).
Combining (12) and (13) then gives the symmetrized inequality

1—1

Fi,n—i Z Z—|— 1

i1 n—i—1. (14)

The desired inequality (11) then follows from reverse induction on i. If i = n,
then (11) is trivial. For the inductive step, we suppose that 1 < i < n — 1.
Then, applying (14) followed by the induction hypothesis gives

1—1 i—1 (i+1) i(i—1)
Fini> Fipin—im1 > - . Fro= n,0-
+h YSUH1 nn—1) 0 n(n—1) 0

) i+ 1

If i = 0, we cannot apply (14). In this case, however, (11) follows directly from
non-negativity of f. O

Theorem A.4. Let x

€ {1,...,k}Y be a partition of U chosen uniformly at
random. Then, E[f(x)] > 1 -

(0).

Proof. We can formulate the expectation in terms of our symmetric notation as

—2"2 > T(A,U\A)

1= OAG(I)
" /n
=2"" ; —i
=0
Then, we have

3 (Y23

=0

=2
n
n—2
=27 " F
> ') s
n—2
n—2
:2_77/
> (")
=0
_2 n 2n_2FnO
1
Zf(o)

where the first inequality follows from non-negativity of f (and hence of F') and
the second inequality follows from Lemma A.3. O
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B A Deterministic Greedy Algorithm

In this section we consider a deterministic greedy algorithm that is even simpler
than the randomized greedy algorithm from Section 4. The algorithm begins
with the initial solution (@, ...,0) and considers elements of the ground set U
in some arbitrary order, permanently adding each element to one of the sets S;
in S, based on the increase that this gives in f. Specifically, the algorithm adds
an element e to the set S; with the biggest marginal increase f; .(5) in f with
respect to the current solution S. If there are more than one option we add e
to S; with the smallest 3.

Deterministic Greedy
for i =1 tok do
end for
for each e € U do

for i =1 tok do

€T; fi,e(s)
end for
r = max(xy,...,Tk)

Let i be the smallest value from {1,...,k}
so that z; = x.
S; + S;+e
end for

The analysis of the deterministic greedy algorithm is similar to the analysis
of the randomized greedy algorithm from Section 4 but simpler.

Theorem B.1. Let S be the solution produced by the deterministic greedy al-
gorithm on some instance f : {0,...,k}Y — R of k-submodular mazimization,
and let OPT be the optimal solution for this instance. Then,

(1+k)f(S) = F(OPT).

Proof. Our analysis considers 2 sequences of n solutions. First let, S®) =

(S%i), o8 ,Ez)) be the algorithm’s solution after ¢ elements have been considered,
and let U®) = U?=1 Sj(-z) be the set of elements that have been considered by

the algorithm at this point. Then, we define the solution O() = (ng), A O,(;)),
where O;Z) = (OPT; \UD)uU S](-Z). Intuitively, O is the solution that agrees
with S on the placement of the elements considered by the greedy algorithm
in its first ¢ phases and agrees with OPT on the placement of all other elements.
Note that in particular we have O(®) = OPT and O™ = S. Our analysis of the
greedy algorithm will bound the loss in f(O;) incurred at the each stage, showing

that it is bounded by the improvement made by the algorithm. In Lemma B.2,
we show that for every 0 < i < n, f(OW)— f(O+D) < E[f(SEHTD) — f(S@)].
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Summing the inequality from Lemma B.2 from i = 0 to n — 1, we obtain

|
—

n

[£(0) = 0] < kz[ F(SED) - £(50))].

I
o

Telescoping the summations on each side, we then have
FO©) = FOM) < Kk [#(5™) - ;5]
The theorem then follows immediately from O = OPT, O™ = §(") = &
and Sy > 0. O
It remains to show the following result.

Lemma B.2. For0<:<n-—1,
F(OD) = FOY) < k[f(sY) - ;(sD)].

Proof. Let e be the element considered in the ith phase of the algorithm.

We define the solution A = (44,...,Ax), where 4; = (Oy) —e), and let
a; = fje(A) for 1 <j <k

Now, let suppose that e € OPT, for some 1 < o < k, and that the greedy
algorithm places e € S](»i) for some 1 < j < k. Then, O™ and OUtY are
identical except that O places e in the oth set, while OCt1) places e in the
jth set. Thus, we have f(O®) = f(A)+ fo.(A )and FOUH) = f(A)+ fje(A),

and so ‘
f(O(Z))ff( 2+1)) foe( ) fj,e(A):aofaja
and 4 . ,
FSTD) = £(SD) = f(SY)) = ;.
By Theorem 2.3, we have Zif:l ag > 0 and thus —a; < Ze# ay. Therefore,

a, —a; < a0—|—24¢ja5 < kzxjasa, <z, forevery 1 <r < kand z; =
max(xy,...,Tg). O

C Verification

We want to show that the right hand side of (6) can be written as the following

sum of squares:
1 1 ?
(@ —20)2 + > <\/O‘ \/a; xj) (15)

J#o,t

o5 (Vi)

jFo,b
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In order to verify that this is the case, note that

(z¢ — 20)? = 27 — 220, + 2°

afl a+1
k —

and

_a—-1 1 (o —D)(a+ 1 a —|— 1
N 2(k 2)
= 2
= 2(k 2)1‘ng ]
k_
_ 2 a2
= 2(k 2)1‘513] ]
o — 1 L 22
k-2 k-2) T T
o — 1 1 2
= r_2%t 2 4”% i
a—1
= 5 Tg % T o 2 A
and, similarly,
a—1 a+1
s
a—1 , a+1 ,
—k_2$0*$of€j+ x5
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Thus, (15) is equal to

-1 a+1
x? — 2w, 4+ 22 + Z [fo —xpx; + 2x3]
JF#o,l
a—1 a+1
- Z [k—ng ~ Toi zxﬂ
Jj#o,t

= x? — 2xpx, + :cz + (a— 1)33? + (a— 1)1}3

=22 = 2xpw, + 22 + (= D)a? + (o —1)a?

a+1?
_ Z ZoZj +£L’O£L'j* - )

J

j#o,l
= ax? + ax? — 2z, + @ E x?
j#o,t
2
— E [:rng + zox; — xj]
j#ol
2 2
=« E xj — 2xpx, — E [xng + Tox; — xj] .
J JjFo,l
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