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Question 1 (10 marks). Leta = | —7 |. Determine |a.
—4

Solution. We have |a|] = /4% + (—7)2 + (—4)2 = /16 + 49 + 16 = /81 = 9.V

The marking scheme was as follows: 10 marks for the answer “9”’; 5 marks for “v/817;
0 marks for any other answer, including “+9”.

Question 2 (10 marks). Determine parametric equations for the line ¢ through the
points A = (—1,—4,3) and B = (0, -1, 2).

Solution. Let A = (—1,—4,3) and B = (0, —1,2) have position vectors a and b
respectively. Then the line ¢ through A and B has direction

0 —1 1
u=b—-a=| -1 |-| -4 | = 3 ;
2 3 -1
and so has parametric equations
r=—-1+A
y=—4+ 3\ v
2= 3-=A

(Here, it is valid to take any nonzero scalar multiple of u as ‘the’ direction vector.
In particular, it is perfectly valid to use —u = a — b for this, which would negate
coéfficients of A seen above. Changing our ‘favourite’ point on the line [we are using
A here] gives further different solutions.)

Lose 2 marks if the brace is omitted. No marks if you have not written down paramet-
ric equations, or if your answer is ambiguous.



Question 3 (10 marks). Consider the following system of linear equations defined
over R in variables z, y and z:

3y+22=-1
=3 —2y+3z= -2
r+4y+92=—-4

State clearly, and in order, all operations that must be performed in Step 1 of the
Gaufian elimination process (as defined in this module) to bring the above system of
equations into echelon form. [You do not have to perform these operations, except if
you have trouble visualising the operations you have to do. Nor will the system of
equations be in echelon form at the end of Step 1.]

Solution. The (two) operations are as follows.

1. Interchange (swap) Equations 1 and 2.
2. Add % times Equation 1 to Equation 3.V

(Recall that Step 1 is concerned with eliminating the variable x (or x1) from all equa-
tions except possibly the first.)

Please note that you were not asked to perform these operations. You were certainly
not asked to solve the equations (the solution is z = &, y = —g- and z = —3%). You
were not even asked to echelonise the system of equations. You were not even asked to
give the final operation (add —% times Equation 2 to Equation 3) to finally bring the
system into echelon form, as that operation belongs to Step 2. (I was very generous
in ignoring operations in Step 2, whether right or wrong.) Also, writing down the
description of Step 1 in my notes does not constitute a valid answer to this question.

Question 4 (10 marks). Define carefully, but without using coordinates, the scalar
product (or dot product) u-v of two vectors u and v.

Solution. If u = 0 or v = 0 then we define u-v := 0. Else u-v := |u||v|cos¥,
where 6 is the angle between u and v. v

This question was answered extremely poorly, with most of you scoring zero (see
the marking scheme below). In particular, the cases u = 0 or v. = 0 were rarely
mentioned, which is vital for a proper definition of u-v. Also, “u-v := |u||v|cos§”
introduces a hitherto undefined entity, namely 6, so you should specify what @ is,
rather than hoping that the reader would guess. Lose 5 marks if the cases u = 0 or
v = 0 are omitted, or if # is not defined. (So lose 10 marks if both of these infractions
occur.)



Question 5 (20 marks).

(a) (7 marks) Given two planes in R?, describe (geometrically) their possible inter-
sections. Also say which (case or) cases are typical, and which are exceptional.

(b) (3 marks) Given three planes in R?, what do we expect their intersection to be
in general? Ignore exceptional cases.

(c) (10 marks) Planes II; and II,, with Cartestian equations 3z + y — z = 3 and
2y — z = 4 respectively, intersect in a line /. Find a vector equation for /.

Solution.
(a) The possible cases are as follows.

(i) A line (typical).
(i) The empty set (atypical).
(iii) A plane ([very] atypical).

The intended marking scheme was 2 marks per case, with a bonus mark if all
cases were correct. In Case (i) the planes are not parallel, whereas in Cases (ii)
and (iii) they are, with Case (ii) being typical and Case (iii) atypcial when the
planes are parallel. Also, please do not write “the planes have no intersection”
to describe Case (ii): it is incredibly painful (and wrong).

(b) A point.v’

(c) We observe that the system of equations

3r+ y—z2=3
20— z2z=4 } )
specifying the intersection of II; and II; is already in echelon form. Solving
by back substitution gives us z = ¢, where ¢ can be any real number. So now
2y = 4+ 2z, givingus y = 2+ (3 )¢, and finally 3z = 3+ 2 —y = 3+t —2—(3)t,
which gives us z = % + (%)t. So possible vector equations for ¢ include

1/3 1/6 1/3 1
r=[ 2 |+x]| 12 and r=| 2 |+x| 3|V
0 1 0 6

(The first version is what we naturally get, and the second is obtained by mul-
tiplying the direction vector in the first by 6. Direction vectors for ¢ can be
obtained by taking the cross product of normal vectors to the two planes, but
this was not an intended method of solution, partly because we still need to be
able to locate a point on /.

If you did not perform back substitution as detailed in the notes, you may have
obtained a different vector on /. As I did not specify that you use back substi-
tution, these answers were allowed if they defined ¢. But if you fail to use the
usual methods you risk your marker failing to spot correct answers.)



Question 6 (20 marks). A regular tetrahedron in R3 can be taken to have vertices at
O = (0,0,0), A = (0,1,1), B = (1,0,1) and C = (1,1,0), which have position
vectors 0, a, b and c respectively.

(a) (7 marks) Calculate the vector product a x b.

(b) (7 marks) Calculate the volume of the tetrahedron (this is %x the volume of a
parallelepiped determined by a, b and c).

(c) (6 marks) Calculate cos 8, where 6 is the angle between ¢ — 2a and the vector

represented by AB.
Solution.
0 1 1
@axb=| 1 x| o0 ])=[2 L0 V5 Yol 1 |V
) 1 11 11 10 1

(It is recommended to check that your answer to a X b is orthogonal to a and b;
some answers | received did not have this property. Worse still, some answers I
received were not even vectors.)

(b) The volume is & |a- (b x c)| = llc-(ax b)| = 1|14+1+0| = 1.v' (I used Theo-
rem 6.6 here. If you calculated b x ¢ [which is the position vector of (—1, 1,1)],
you probably took longer but should have obtained the same answer.)

1 1
(c) Wehavec—2a=| —1 |andb—a=| —1 |, whereb — ais the vector
-2 0
represented by AB. So lc —2a| = /6, |b —a| = v2and (c — 2a)-(b —a) =
1

_ 2
1—|—1+Of2.Theref0rec3039f\/éﬁfﬁ.




Question 7 (10 marks). Exactly which of the following statements are true, and ex-
actly which are false? [A statement of the form “s; and s, are true” will not be taken
to mean that you think s3, s4 and s; are false.]

(a) If w is orthogonal to u and v then w and u x v are collinear.

(b) If u-v = 0 for all vectors v then u = 0.

(c) fu-v=0thenu=0o0rv =0.

(d) ux (v+w)=(uxv)—(w x u) for all vectors u, v and w.

() ux (vxw)# (uxv)x w for all nonzero vectors u, v and w.

Solution. (a), (b) and (d) are true, while (c¢) and (e) are false.v’ The solutions you
produced for this were little better than using coin tosses with a fair coin to decide
your answers. Marking scheme: 10 marks if all correct; 3 marks if 4 correct; otherwise
(including cases of ambiguity) 0 marks. Reasons (not required) were as follows.

(@) If w = 0 oru x v = 0 then we are fine. Else, up to oppositeness, there is a
unique direction orthogonal to u and v. Both w and u X v must have one of
these directions.

(b) Part (c) of Feedback Question on Coursework 2.
(c) Counterexample u = i and v = j (among many others).
(d) Uses distributive and anti-commutative laws (Theorems 6.8 and 6.2 in notes).

(e) Counterexample i x (j x k) = (i x j) x k = 0 (actually done in lectures). We
can also takeu = v =w #£ 0.

Question 8 (10 marks). Pick a plane II passing through the points A = (1,2, 3) and
B = (4,5,6) with position vectors a and b respectively. (There are infinitely many
such planes to choose from.) Write down a Cartesian equation for I1.

Solution. (NB: Answer not unique.) A specific answer was required, and one possible

answeris 2z —y — z = —3.v In order to find the most general answer, we let n # 0

be a vector normal to I, and let u be the vector represented by AB. We require that
a 3

n-u=0. Sincen= | b | forsomea,b,c € Randu= | 3 |, we require that
c 3

3a +3b+3c =0,and so a + b + ¢ = 0. (Also note that (a,b,c) # (0,0,0) since
n # 0.) So IT has vector equation r-n = d, where d is determined by forcing (1, 2, 3)
to lie on II, and this gives d = a + 2b + 3c.

For ease of marking, I subtracted 0 in the form of 2(a 4+ b + ¢) from d and observed
that d = ¢ — a. This is tantamount to observing that (—1, 0, 1) lies on II, which it most
certainly does, as it lies on the line determined by A and B.

So the most general possibility for IT has a Cartesian equation ax + by +cz = c —a
for some a, b, ¢ € R such that (a, b, c) # (0,0,0) and a + b+ ¢ = 0.



