MAS400: Solutions 7

1. Calculate the Gram-Schmidt orthogonalisations of the following.

(a)
(b)

{(1,1,1),(1,2,3),(1,4,9)}.
{(1,2,0),(0,1,2),(2,0,1)}.

vy =wv; = (1,1,1);
vy = vp — o} = (1,2,3) = §(1,1,1) = (=1,0,1);
v3v2 V3. Ul

Ui 1= vy — gty — o] = (1,4,9) — 5(-1,0,1) — 2(1,1,1) =

UT:”U (120)
0 im v = B0t = (0.1,2) - 3(1.2,0) = (3. 4.2);
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U3 1= U3 = U5 — v{*l_(201) o
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2. Calculate using BasisReduction (LLL-)reduced bases for the following lattices.

A = ((37 75) (77711»2'
A = ((12,2), (13,4)).
As ={((1,1,1),(1,1,-1),(1,-1,1))z.

In the first two questions, the for-loops only operate when i = 2,
and the only changes that occur then are m := Round(pug;); we :=
wy — mwy and fig; 1= foy — M1 = flo1 — M.

We let w; = (3,—5) and wy = (7,—11), and the GSO is wj
(3,=5) and wj = (7,—11) — £2(3,=5) = (3, =) with pg; = 2.
The first trip through the for loops gives m = Round(17) = 2,
wy = wy — 2wy = (1, -1), poy = po — 2 = 7. Now |w}|? = 34 >
2l = 2() =
Thus the if-loop gives w; = (1, —1), wy = (3,-5), wi = (1, 1),
wy = (3,-5) — 5(1,—1) = (=1,—1), poy = 4, and ¢ = 1. When
i = 1 the for-loops do nothing, and the if-loop increments i to
2. Now we get m := Round(4) = 4, wy = wy — 4wy = (—1,—1),
o1 = pro1 — 4 = 0. Now |wi]? = 2 < 2|w}|? = 4. Therefore we are
done and the reduced basis is ((1,—1), (-1, —1)).



(b)

We let wy = (12,2) and wy = (13,4), and the GSO is w} = (12,2)

and wj = (13,4) — 18(12,2) = (£3£, 12) with u21 = 180 The first

trip through the for-loops gives m = Round(133) = 1, wy = wy —
wy = (1,2), piag = poy —1 = — 2. Now |wi]? = 148 > 18 > 2|w;|?
(since |32, |352] < 3).

Thus the if-loop gives wy = (1,2), we = (12,2), wj = (1,2),
wy = (12,2) — 8(1,2) = (&, =2), uzl =1 and i = 1 When
t = 1 the for-loops do nothing, and the if-loop increments 7 to
2. Now we get m := Round(%2) = 3, wy = wy — 3wy = (9, —4),
fia1 = po1 — 3 = £. Now |wi]> =5 < 2Jwj|* = 2(*8). Therefore
we are done and the reduced basis is ((1,2), (9, 4))

We let w; = (1,1,1), we = (1,1, 1), wg = (1,—1,1). The GSO
is IUT = (17171)7 w; = (1717_1) - _(1 1 1) (3737_%) and

w?S( = (17_171> - %(%’%’_g) - 5(17171) = (17—170)' The

matrix (1) is

1 00

(mij)=1 5 10
=1 17
2 3

Now Round(gx;;) = 0 whenever ¢ < j, and so the for-loops of
BasisReduction will not be the first part of the algorithm to
alter the w;, w} or py;. But |wy|> = 3, [wi|* = § and |wj]* = 2,
and we have |wi|> < 2wj]? and |wi|*> < 2Jw}|*>. So the if-loop
in BasisReduction will not perform the initial change of the w;,
w; or p;;, and will simply increment the counter ¢. Therefore the

reduced basis is ((1,1,1), (1,1, —-1), (1, —1,1)).



