Unless otherwise stated F' denotes an arbitrary field.

Algorithm: UnivariateDivision (Version I: Long division)

Input: f,g € Flx] with g # 0.
Output: ¢, € F[x] such that f = gg + r with r = 0 or degr < degg.
BEGIN
q:=0;
re=f;
while degr £ deg g do
(* Recall that deg0 < degp for all non-zero polynomials p € F[x]. %)
(* Loop invariant: f = qg+r. %)
t:=1tr/ltg; (x1t(tg) =ltr *)

q:=q+t

ri=1r—1g;
end while;
return g, r;
END



Algorithm: UnivariateDivision (Version II)

Input: f,g € Flx] with g # 0.
Output: ¢,r € F[x] such that f = gg + r with » = 0 or degr < degg.
BEGIN

q:=0;
r = 0;
p=f;

while p # 0 do
(* Loop invariant: f=p+qg+r. *)

if It g | 1t p then (* Equivalent condition: degg < degp. *)
t:=1ltp/lty; (x 1t(tg) = ltp. *)
q:=q-+Tt;
p:=p—tg;
else
r:=r+ltp;
p:=p—ltp;
end if;
end while;
return q, r;
END



Algorithm: EuclideanAlgorithm (Extended; Version I)

Input: f,g € Flx].
Output: h,a,b € F|x] such that h = af + bg and h is a g.c.d. of f and g).
BEGIN
po = fipri=g;
aog:=1; a1 :=0;
bo:=0; 0, :=1;
J=1
while p; # 0 do
(* Invariant: p; = a;f + b;g for all 7. %)
¢j,Pj+1 = UnivariateDivision(p;_1,p;);
(* Quotient g;, remainder p;;. We have p;11 = pj_1 — ¢;p;. *)
@j4+1 = Aj—1 — q5a5;
bjt1 1= bj1 — qsbj;
ji=j+1; (+ Writable as j+ := 1; %)
end while;
h:=pj_1;a:=aj_1;b:=0bj_;
return h, a, b;

END



Algorithm: EuclideanAlgorithm (Extended; Version II)

Input: f,g € Flx].
Output: h,a,b € F|x] such that h = af + bg and h is a g.c.d. of f and g).
BEGIN
po = [; p1:=g;
ag :=1; a1 :=0;
by :=0; by :=1;
while p; # 0 do
(x Invariant: p; = a;f + b;g for all 7. x)
q,po := UnivariateDivision(pg, p1);
(* Quotient g, remainder ps. We have ps = pg — qp1. *)
Qg 1= Qg — qaz;
by := by — qby;
(* Now to place the current working values for the ps, namely
p1 and po, into py and p;. Similarly for the as and bs. x)
Do = P1; ao = ay; by := by;
D1 = Pa; a1 = ag; by 1= by;
(* Above two lines cannot be swapped. )
end while;
h :=po; a := ag; b := by;
return h, a, b;
END



Algorithm: MultivariateDivision

Input: f, f1, fo, .., fs € Flx1,29,...,2,] such that 0 & {f1, fo, ..., fs}-
Output: qi1,qs,...,qs,r7 € Flx1,29,...,2,] such that
i) f=afi+ - +qfs+r and
for 1 <1 < sif ¢;f; # 0 then mdeg f > mdeg(q; f;)
(i) r=0o0rr=73 5 pbsz’, where 0 # bs € F for all 3 € B
and 1t f;  bga” for each B € B and i € {1,2,...,5s}.
BEGIN
forie {1,2,...,s} do
¢ = 0;
end for;
r:=0;
pi=f;
while p # 0 do
(% Loop invariant: f=p+qifi+ -+ qsfs + 7. %)
if there exists j € {1,2,..., s} such that It f; | It p then
i:=least j € {1,2,...,s} such that It f; | It p;
t:=1ltp/lt fi; (xWt(tfi) =tlt fi =ltp. )

G = qi + 1
pi=p—tf;
else
ri=r+1tp;
p:=p—1ltp;
end if;
end while;
return q1,¢qs, ..., qs,T;
END



Algorithm: GrébnerBasis

Input: Non-zero fi, fo,..., fs € R= Flxy, 29, ..., z,)
and a monomial order < for R.

Output: A Groébner basis G for (f1, fa, ..., fs)
with respect to < such that fi, fo,..., fs € G.

BEGIN
G:= {f17f27"'7f8};
repeat
T:={};t:=|G|
order the elements of G somehow as g, ..., g

fori:=1,...,t—14do
forj:=4¢+1,...,tdo
= 5(gi,9;) rem (g1, ..., g¢);

if » # 0 then
T:=TU{rk
end if;
end for;
end for;
G:=GUT,
until 7' = {};
return G,
END



Algorithm: ReducedGrobnerBasis

Input: A Grébner basis H = {hy,...,hs} w.r.t. < for the ideal
I of R = F[x1,2s,...,1,] and the monomial order < of R.
Output: The reduced Grobner basis G = {¢1,...,gn} for I w.r.t. <.
BEGIN
G :={hy,ha, ... hs};
order G ={g1,...,9s} sothat It gy <ltgo < -+ < ltgs.
for j:=s,s—1,...,1do
ifexists ke {i:1<i<j—1|(ltg|ltg;)} then
remove g; from G;
end if;
end for;
rename the g; so that G = {g1,...,9m} (m < s) and ltg; < -+ <1t gp;
for j:=1,...,m do g; :== ¢;/(Ic g;); end for;
for j:=2,....,mdo
flag := true;
while flag do
if exists term ¢ of g; — It g; such that 1t g; | ¢ for some ¢ then
choose such ¢ so that Im¢ is maximal w.r.t. <;
let ¢ be minimal such that 1t g; | ¢;
(* We have 1 <i < j. Alsot =1tt. %)

g; = g; — (t/1t g:)gs;

else
flag := false;
end if;
end while;
end for;
return G = {g1,...,9m};
END



Algorithm: GramSchmidtOrthogonalisation

Input: Linearly independent vectors vy, ...,v, € F™ where r <n, F C C.
Output: Vectors vf,...,v; € F" satistying vf - v =0for 1 <i<j<r
such that vy — v € (vy,...,v_1)p for 1 <k < 7.
BEGIN
v} 1= vy; (x If r # 0. %)
fori:=2,...,r do
forj:=1,...,1—1do
pig = (v - v3)/(vf - v5);

end for;
(* We can also define p;; = 1 and p;; =0 if j > 0. %)
* i—1 *,
O =0 — )iy Mgy
end for;
return vy, v3, ..., 05
END



Algorithm: BasisReduction (Variant of LLL)

Input: R-linearly independent vectors vy, ..., v, € Z".
Output: A reduced basis (wy, ..., w,) of the lattice L = (vy,...,v,)z such
that if ((wi,...,w}), (ust)) is the Gram-Schmidt orthogonalisation

of (wq,...,wy,) then |ug| < % forl1<t<s<n.
BEGIN
(Wi, wy) = (1, ..., 0,);
((wi,...,w), (pst)) := GramSchmidtOrthogonalisation(wy, ..., w,);
1= 2;

while 1 < n do
forj:=i—1,9—2,...,1do
(* Loop invariant: (wy,...,w,) is a basis for L and has GSO
((w,...,wp), (pst)), where |py| < 5 for l=j+1,...,i—1. %)
m := Round(y;;); (* som € Z and |p;; —m| < 3. %)
w; = w; — mwy;
(* Does not change (wy, ..., wm)z or any of the wj in the GSO. x)
forl:=1,...,7do
it 2= Mip — M5
end for;
end for;
(% Now [py| < 5 forl=1,2,...,i—1. %)
if i > 1 and |w} {]* > 2|w}|? then
Exchange the values of w;_; and w;;
Update ((wf,...,w?), (ust)) to be the GSO of (wy,...,wy,);
(* Think about how to do this efficiently:
only w; ;, w; and various of the j;;, get altered. )

1:=1—1;
else
1i=1+1;
end if;
end while;
return (wq, ..., wy,);
END



