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1.

2.

The duration of this examination is 3 hours.

You may attempt as many questions as you wish and all questions carry equal

marks. Exzcept for the award of a bare pass, only the best four questions answered
will be counted.

Calculators are NOT permitted in this ezamination. The unauthorised use of a
calculator constitutes an examination offence.

Show your calculations.

Throughout, N denotes the set of non-negative integers and F' denotes a field.

(a) [6 marks] Define what is meant by a partial order, total order and well-order on
aset S.

(b) [6 marks] Let < be a total order on S. Prove that < is a well-order on S if and
only if there is no infinite strictly decreasing sequence a; > as > ag > --- of
elements of S. ‘

(c) [2 marks] Define what is meant by a monomial order for Flz,,...,z,].

(d) [4 marks] Define lezicographic order on N*, and, assuming that this order is a
well-order, prove that it is a monomial order for Flzy,...,Zn).

(e) [4 marks] Suppose < is a monomial order for F(zy,...,z,]. Prove that
©,...,0) < o

for all € N*,
(f) [4 marks] Show that if < is a monomial order for F[z], then 2° < z' < 2 < ---.

(a) [4 marks] State precisely the input and output specifications of the algorithm
MultivariateDivision.

(b) [6 marks] Apply the algorithm MultivariateDivision systematically to divide
22y + zy® + zy — y° by (y? — 1,zy — 1), using lexicographic order with £ >ex ¥.
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(c) [6 marks] Define what is meant by an ideal of Flz,...,z,], by the ideal (S)
generated by S C F[zy,...,%,), and by a monomial ideal of Flz,...,z,).

(d) [5 marks] Give an example, with justification, of g, g1, 92 € Q[z], such that g €
(91, g2) # Q[z], but multivariate division of g by (g1, 92) does not give remainder
r=0.

(e) [4 marks] Prove that (z* — zy,zy + v, (z + y)?) is a monomial ideal of Q[z, y].

(a) [2 marks] Define what is meant by a Grébner basis for an ideal of F[z,,...,Zy]
(with respect to a fixed monomial order for Flz;, ..., Z.)).

(b) [4 marks] Let 0 # f € F[zy,...,z,]. Show that, with respect to any fixed
monomial order, {f} is a Grobner basis for (f).

(c) [2 marks] Define what is meant by the S-polynomial of two polynomials in
Flzy,...,zn)

(d) [3 marks] Let fi,...,fs € Flz1,...,2,] and I = (f1,. .+, fs)- Describe a method,

making use of S-polynomials, to test whether or not {f1,---, fs} is a Grobner
basis for I (with respect to a fixed monomial order for Flz1,...,za)).

() [8 marks] Apply the algorithm GrébnerBasis to determine a Grébner basis for
the ideal {(zy — 1,7z — 1) of Q[z,y, z], with respect to lexicographic order with
T Slex Y Zlex 2-

(f) [6 marks] Let I; C I, C - - - be an ascending chain of ideals of Flzi,...,z,]. Prove
that there exists an integer N > 1 such that Iy = Iy41 = -+ (You may assume
that every ideal of F[z,...,z,] has a Grébner basis.)

(a) [7 marks] Let f, fi,..., fs,91,--+,9t € Flz1,..., 2], I = (fis---,fs), and J =
(91, - -,9:)- Explain precisely how to use Grobner bases to determine:
(i) whether f € I,
(ii) whether I C J;
(iii) whether I =J.
(b) [6 marks] Let I be an ideal of Flzy,...,%,) and j € {0,...,n — 1}. Define
what is meant by the j-th elimination ideal I;, and prove that I; is an ideal of

F[$j+1, ey ZL'n].

(c) [2 marks] Let j € {1,...,n — 1}. Define what is meant by a monomial order for
F[z1,...,Tns] of j-elimination type.

(d) [10 marks] Let j € {1,...,n — 1} and let G be a Grobner basis for an ideal I of
Flz,,...,%,), with respect to a monomial order < of j-elimination type. Prove
that GN Fz;41,- - ., Ts) is @ Grobner basis for the j-th elimination ideal I; (with
respect to < restricted to F[z;11,...,Zn])-
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5. Let (v1,...,v,) be a sequence of linearly independent vectors in R".

6.

(a) [2 marks] Define what is meant by the lattice with basis (v, ..., ).

(b) [8 marks] Suppose L and M are lattices in R*, with respective bases (vy, ..., vn)
and (wy,...,wy). Let V be the n X n matrix whose rows are vy,...,v, and W be
the n X n matrix whose rows are wy,...,Ws.

(i) Prove that if L C M then there is an integer d such that det(V) = ddet(W).
(i) Deduce that the norm of L, defined to be |det(V)|, does not depend on the
choice (v1,...,vn) of basis for L.

(c) [7 marks] State precisely how to determine the Gram-Schmidt orthogonalization
(or GSO) ((v%,...,v%), M) of (vy,...,vn), and state the main properties of this
GSO.

(d) [8 marks] Suppose L is a lattice with basis (vy,...,vs), and let ((v],... ,U5), M)
be the GSO of (vy,...,v,). Prove thatif 0 # v € L, then |v| > min{|v}],..., [v;]}.

(a) [2 marks] Define what is meant by a reduced basis for a lattice.

(b) [6 marks] Suppose (vi,...,vs) is a reduced basis for a lattice L, and 0 # v € L.
Prove that |v;| < 2*~D/2[y|. (You may assume the result of question 5(d) holds.)

(c) [p marks] State precisely the input and output specifications of the algorithm
BasisReduction.

(d) [12 marks] Describe the subset sum problem, and how the algorithm BasisReduction
may be employed in an attempt to find a solution to this problem.
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