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ABSTRACT. The joint spectral radius of a finite set of real d x d matrices is defined to
be the maximum possible exponential rate of growth of long products of matrices drawn
from that set. A set of matrices is said to have the finiteness property if there exists a
periodic product which achieves this maximal rate of growth. J. C. Lagarias and Y. Wang
conjectured in 1995 that every finite set of real d x d matrices satisfies the finiteness
property. However, T. Bousch and J. Mairesse proved in 2002 that counterexamples to
the finiteness conjecture exist, showing in particular that there exists a family of pairs
of 2 x 2 matrices which contains a counterexample. Similar results were subsequently
given by V. D. Blondel, J. Theys and A. A. Vladimirov and by V. S. Kozyakin, but no
explicit counterexample to the finiteness conjecture has so far been given. The purpose
of this paper is to resolve this issue by giving the first completely explicit description of a
counterexample to the Lagarias-Wang finiteness conjecture. Namely, for the set

e (o1 ) (00}

we give an explicit value of
o =~ 0.749326546330367557943961948091344672091327370236064317358024 . . .
such that A,, does not satisfy the finiteness property.

1. INTRODUCTION

If Aisa dx dreal or complex matrix and || - || is a matrix norm, the spectral radius
p(A) of the matrix A admits the well-known characterisation

p(A) = lim [lA™||V",

a result known as Gelfand’s formula. The joint spectral radius generalises this concept to
sets of matrices. Given a finite set of d x d real matrices A = {A;,..., A}, we by analogy
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define the joint spectral radius o(A) to be the quantity
o(A) := limsup maX{HAZ-1 C A M i; e{1,... ,T}} :

n—oo

a definition introduced by G.-C. Rota and G. Strang in 1960 [43] (reprinted in [42]).
Note that the pairwise equivalence of norms on finite dimensional spaces implies that the
quantity o(A) is independent of the choice of norm used in the definition.

The joint spectral radius has been found to arise naturally in a range of mathematical
contexts including control and stability [1, 10, 19, 26], coding theory [35], the regularity
of wavelets and other fractal structures [11, 12, 34, 40], numerical solutions to ordinary
differential equations [18], and combinatorics [4, 13]. As such the problem of accurately
estimating the joint spectral radius of a given finite set of matrices is a topic of ongoing
research interest [5, 17, 30, 29, 36, 38, 46, 47].

In this paper we study a property related to the computation of the joint spectral ra-
dius of a set of matrices, termed the finiteness property. A set of d x d real matrices
A:={A,..., A} is said to satisfy the finiteness property if there exist integers i1, ..., 1,
such that Q(A) p(A;, -~ A; )Y™. The finiteness conjecture of J. Lagarias and Y. Wang
[32] asserted that every finite set of d x d real matrices has the finiteness property; a con-
jecture equivalent to this statement was independently posed by L. Gurvits in [19], where
it was attributed to E. S. Pyatnitskii. The existence of counterexamples to the finiteness
conjecture was later established in 2002 by T. Bousch and J. Mairesse [8], with alternative
constructions subsequently being given by V. Blondel, J. Theys and A. Vladimirov [6] and
V. S. Kozyakin [27]. However, in all three of these proofs it is shown only that a certain
family of pairs of 2 x 2 matrices must contain a counterexample, and no explicit counterex-
ample has yet been constructed. The problem of constructing an explicit counterexample
has been remarked upon as difficult, with G. Strang commenting that an explicit coun-
terexample may never be established [42]. In this paper, we resolve this issue by giving the
first completely explicit construction of a counterexample to the Lagarias-Wang finiteness
conjecture.

Let us define a pair of 2 x 2 real matrices by

11 1 0
A()I:(Ol), A11:<11),

and for each a € [0, 1] let us define A, := {Ap, @A }. The construction of Blondel-Theys-
Vladimirov [6] shows that there exists a € [0, 1] for which A, does not satisfy the finiteness
property. The proof operates indirectly by demonstrating that the set of all parameter
values « for which the finiteness property does hold is insufficient to cover the interval
[0,1]. In this paper we extend [6] substantially by describing the behaviour of o(A,) as
the parameter « is varied in a rather deep manner. This allows us to prove the following
theorem:

Theorem 1.1. Let (7,)02, denote the sequence of integers defined by 19 == 1, 7,72 := 2,
and Thi1 = TuTno1 — Tn_a for alln > 2,' and let (F,)52, denote the sequence of Fibonacci

IThis is the sequence A022405 from Sloane’s On-Line Encyclopedia of Integer Sequences.
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numbers, defined by Fy := 0, F| :==1 and F,+ := F, + F,,_1 for alln > 1. Define a real
number o, € (0, 1] by

(=" _1yn
Fri1 00 (=1)"Fni41
(1.1) a, = lim T”F = (1— Tn—1 > .
n—oo \ TP, ] TnTn4l

n=

Then this infinite product converges unconditionally, and A., does not have the finiteness
property.

The convergence in both of the limits given in Theorem 1.1 is extremely rapid, being of
order O (exp(—d¢™)) where 6 > 0 is some constant and ¢ is the golden ratio. An explicit

error bound is given subsequently to the proof of Theorem 1.1. Using this bound we may
compute the approximation

o ~ 0.749326546330367557943961948091344672091327370236064317358024 . . .

which is rigorously accurate to all decimal places shown.
We shall now briefly describe the technical results which underlie the proof of Theo-

rem 1.1. For each a € [0,1] let us write Aéa) = Ay and A(la) = aA; so that A, =
{Aé‘“’,Aﬁ“’}. The principal technical question which is addressed in this paper is the

following: if we are given that for some finite sequence of values uq,...,u, € {0, 1}, the
matrix
(1.2) AL A . A@ A

is “large” in some suitable sense — for example, if its spectral radius is close to the value
o(A,)™ - then what may we deduce about the combinatorial structure of the sequence of
values u;, and how does this answer change as the parameter « is varied? A key technical
step in the proof of Theorem 1.1, therefore, is to show that the magnitude of the product
(1.2) is maximised when the sequence uy, us, . . ., u, is a balanced word. This result depends
in a rather essential manner on several otherwise unpublished results from the fourth named
author’s 2005 PhD thesis [45], which are substantially strengthened in the present paper.

In the following section we shall introduce the combinatorial ideas needed to describe
balanced words. We are then able to state our main technical theorem, describe its relation-
ship to previous research in ergodic theory and the theory of the joint spectral radius, and
give a brief overview of how Theorem 1.1 is subsequently deduced. The detailed structure
of this paper is described at the end of the following section.

2. NOTATION AND STATEMENT OF TECHNICAL RESULTS

Throughout this paper we denote the set of all d x d real matrices by My(R). The
symbol | - || will be used to denote the norm on M,(R) which is induced by the Euclidean
norm on R?, which satisfies | B|| = p(B*B)"/? for every B € My(R). Other norms shall be
denoted using the symbol ||-||. We shall say that a norm || -|| on My(R) is submultiplicative
if |ABJ| < ||A]| - ||B]| for all A, B € My(R). For the remainder of this paper we shall also
denote o(A,) simply by o(a).
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For the purposes of this paper we define a finite word, or simply word to be sequence
u = (u;) belonging to {0,1}" for some integer n > 0. We will typically use u, v or w to
represent finite words. If w € {0,1}" then we say that u is length n, which we denote by
|u| = n. If |u| is zero then the word w is called empty. The number of terms of w which are
equal to 1 is denoted by |ul;. If u is nonempty, the quantity |ul|;/|u| is called the 1-ratio of
w and is written ¢(u). The two possible words of length one shall often be denoted simply
by 0 and 1. We denote the set of all finite words by 2.

We will define an infinite word to be a sequence x = (x;) belonging to {0,1}. We
will typically use x, y or z to represent infinite words. If the word can be either finite or
infinite, we will typically use w. We denote the set of all infinite words by 3, and define
a metric d on X as follows. Given z,y € ¥ with = (2;)2, and y = (v;)32,, define
n(z,y) :=inf{i > 1: 2; # y;}. We now define d(z,y) := 1/2"@¥ for all 2,y € ¥, where we
interpret the symbol 1/2° as being equal to zero. The topology on ¥ which is generated
by the metric d coincides with the infinite product topology on ¥ = {0, 1}". In particular
¥ is compact and totally disconnected. For any nonempty finite word u = (u;)?; the set
{r € ¥: z; =u; for all 1 < i < n} is both closed and open. Since every open ball in 3 has
this form for some u, the collection of all such sets generates the topology of .

We define the shift transformation T: ¥ — X by T[(x;)2,] = (zi41)52;. The shift
transformation is continuous and surjective. We define the projection m, : ¥ — Q by
To[(2:)721] = (@i)iy-

If u=wujus...u, and v = V10, ...v,, are finite words, then we define the concatenation
of u with v as uwv = wyus ... u,v vy ... vy, the finite word of length n + m. Note that if
u is the empty word then uv = vu = v for every word v. The set 2 endowed with the
operation of concatenation is a semigroup.

Given a word u and positive integer n we let u™ denote the linear concatenation of n
copies of u, so that for example u* := wuuu. If u is a nonempty word of length n, we let
u™ denote the unique infinite word x € ¥ such that xy,.; = u; for all integers i, k with
kE>1and 1 < i < n. Clearly any infinite word x € X satisfies T"x = x for an integer
n > 1 if and only if there exists a word u such that x = u> and |u| divides n.

If u is a nonempty word, and w is either a finite or infinite word, we say that u is a
subword of w if there exists an integer £ > 0 such that u; = wy; for all integers ¢ in the
range 1 < i < |u|. We denote this relationship by v < w. Clearly u < w if and only if there
exist a possibly empty word v € 2 and a finite or infinite word w’ such that w = auw’. An
infinite word x is said to be recurrent if every finite subword u < x occurs as a subword of
z an infinite number of times. A finite or infinite word w is called balanced if for every pair
of finite subwords w, v such that u,v < w and |u| = |v|, we necessarily have ||u|; —|v|;]| < 1.
Clearly w is balanced if and only if every subword of w is balanced. An infinite balanced
word which is not eventually periodic is called Sturmian.

The following standard result describes the principal properties of balanced infinite words
which will be applied in this paper:
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Theorem 2.1. If x € ¥ is balanced then the limit ¢(x) = lim, o (7, (2)) exists. For
each v € [0,1], let X, denote the set of all recurrent balanced infinite words x € ¥ for
which ¢(x) = . These sets have the following properties:

(i). Each X, is compact and nonempty.
(it). For each vy € [0,1], the restriction of T to X, is a continuous, minimal, uniquely
ergodic transformation of X.. If ju is the unique ergodic probability measure supported
in X, then p({z: z, = 1}) = 1.
(1ir). If v = p/q € [0,1] N Q in lowest terms then the cardinality of X, is q, and for each
r € X, we have X, = {x,Tx,..., T 'a}. If v € [0,1]\ Q then X, is uncountably
infinite.

Example 2.2. We have X,/5 = {(00101)>, (01010)>, (10100)>, (01001)>°, (10010)>}.

Theorem 2.1 does not appear to exist in the literature in the precise form given above,
but it may be established without difficulty by combining various results from the second
chapter of [33]. The key step in obtaining Theorem 2.1 is to show that x € X, if and
only if there exists § € [0,1) such that either z,, = |[(n + 1)y + 0| — [ny + §], or x, =
[(n+1)y4+0]—[ny+d], see Lemmas 2.1.14 and 2.1.15 of [33]. Once this identification has
been made, the dynamical properties of X, under the shift transformation largely follow
from the properties of the rotation map z + z 4+ v defined on R/Z.

Given a nonempty finite word u = (u;)?; and real number « € [0, 1], we put

A@ (1) = AW A . A@) gle)

and
A) = Ay, Ay, Ay Ay, = AV ().
For every z € ¥, a € [0,1] and n > 1 we also define
A9 (z,n) = A (m,(2),  Alz,n) = A(r,(z)) = A (z,n).
Note that the function A(x,n) satisfies the cocycle relationship
A(z,n+m) = A(T"z,m)A(z,n)

for every x € ¥, n,m > 1.

Our main task in proving Theorem 1.1 is to characterise those infinite words x € ¥ for
which A(x,n) grows rapidly in terms of the sets X,. To do this we must be able to specify
what is meant by rapid growth. Let us therefore say that an infinite word x € ¥ is a
strongly extremal word for A, if there is a constant ¢ > 0 such that [|.A®) (z,n)| > do(a)"
for all n > 1, and weakly extremal for A, if lim, o0 A (z, n)||'/™ = o(a). It is obvious
that every strongly extremal word is also weakly extremal. Note also that since all norms
on M, (R) are equivalent, these definitions are unaffected if another norm || - || is substituted
for || - ||. We shall say that v € [0, 1] is the unique optimal 1-ratio of A, if for every z € ¥
which is weakly extremal for A, we have ¢(m,(x)) — t. Note that the existence of a unique
optimal 1-ratio is a nontrivial property, and is shown in Theorem 2.3. For example, if
A C My(R) is a pair of isometries then no unique optimal 1-ratio for A exists. It is not
difficult to see that if A, has a unique optimal 1-ratio which is irrational, then A, cannot
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satisfy the finiteness property, and it is this principle which underlies the present work as
well as the work of Bousch-Mairesse [8] and Kozyakin [27].

The principal technical result of this paper is the following theorem which allows us to
relate all of the concepts defined so far in this section:

Theorem 2.3. There exists a continuous, non-decreasing surjection v: [0,1] — [0, 5] such

that for each «, v(«) is the unique optimal 1-ratio of A,. For each o € [0, 1], every element
of Xi(a) is strongly extremal for A,. Moreover, for every compact set K C (0,1] there exists
a constant Cg > 1 such that

p (A am) _ AV @]

ola)r = ola)r T
whenever a € K, v € Xy and n > 1. Conversely, if v € ¥ is a recurrent infinite word
which is strongly extremal for A, then x € X (), and if v € X is any infinite word which

is weakly extremal for A, then (1/n) 31—, dist(T*z, X)) — 0.

(2.1) Cx' < Cx

Remark 2.4. The definition of a strongly extremal infinite word is similar to the one previ-
ously proposed by V. S. Kozyakin [28], whereas the definition of a weakly extremal infinite
word is similar to a definition used previously by the fourth named author [45]. In both
instances the infinite word is simply referred to as ‘extremal’.

Remark 2.5. Note that balanced/Sturmian words (and measures) arise as optimal trajec-
tories in various optimisation problems — see, e.g., [7, 9, 22, 23].

The structure of the paper is as follows: Sections 3 and 4 deal with important pre-
liminaries, such as general properties of joint spectral radius and of balanced words. In
Section 5 we show that every strongly extremal infinite word is balanced. In Section 6
we introduce an important auxiliary function S defined as the logarithm of the exponent
growth of the norm of an arbitrary matrix product taken along balanced words with a
fixed 1-ratio. In Section 7 we apply results from preceding sections to prove Theorem 2.3.
Finally, in Section 8 we deduce Theorem 1.1 from Theorem 2.3. Section 9 contains some
open questions and conjectures.

We believe it is worth describing here briefly how Theorem 2.3 leads to Theorem 1.1.
Once we have established the existence of such a function t, we may take any irrational
v and conclude that any element « of the preimage t7!(7) is a counterexample to the
finiteness conjecture (since any weakly extremal word must be aperiodic).

To construct a specific counterexample, we take v = # and choose the Fibonacci word
Us as a strongly extremal word for this 1-ratio. Recall that u, = lim, u(,), where u) =
L) = 0 and u(11) = Um)Un—1) for n > 2. Now consider the morphism h : 2 — My (R)
such that h(0) = Ap,h(1) = A;. Denote B, := h(u()); we thus have B, = B,B,_;.
One can easily show that tr (B,,) = 7,, the sequence described in Theorem 1.1. To obtain

explicit formulae for a,, we show that —log o, = 5’ (3—T¢5> and compute this derivative,
which will yield (1.1).
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3. GENERAL PROPERTIES OF THE JOINT SPECTRAL RADIUS AND EXTREMAL INFINITE
WORDS

We shall begin with some general results concerning the joint spectral radius. The
following characterisation of the joint spectral radius will prove useful on a number of
occasions:

Lemma 3.1. Let o € [0,1] and let || - || be any submultiplicative matriz norm. Then:

ole) = inf maX{H.A(x,n)Hl/n ze z} = sup ma {p(A(x,n))l/” re z} .

Proof. We review some arguments from [2, 11]. Fix a € [0, 1] and a matrix norm || - ||, and
define
ot (e, |- |]) = maX{HAE?) . .Ag)H (i, yin) € {0, 1}"} = max { | A®) (z,n)|| : z € )
and

0, (@) == max {p (Agla) . -Ag:‘)) Sy, €40, 1}} = max {p (A(O‘)(x,n)) cz€X}.
Clearly each o (a, || - ||) is nonzero, and o, ,,,(o, || - ||) < o (a, || - ) o) (v, || - ||) for every

n,m > 1. Applying Fekete’s subadditivity lemma [14] to the sequence log o/ (v, || - ||) we
obtain

lim o;f (v, || - )" = inf of (e, || - '™

n—o00 n>1
In particular the limit superior in the definition of o(«) is in fact a limit. A well-known
result of Berger and Wang [2] implies that

lim o7 (a, || - [)'/" = limsup o, ()",

n—00 n—00
which in particular implies that the value p(«) is independent of the choice of norm ||-||. Fi-
nally, note that if p <A§f‘) - -AE?) = 0, (a) for some n, then o, () > p((4; ---Ai,)™") =
0, (a)™ for each m > 1, and hence the limit superior above is also a supremum. 0

We may immediately deduce the following corollary, which was originally noted by
C. Heil and G. Strang [21]:

Lemma 3.2. The function o: [0,1] — R is continuous.

Proof. The first of the two identities given in Lemma 3.1 shows that g is equal to the point-
wise infimum of a family of continuous functions, and hence is upper semi-continuous. The
second identity shows that o also equals the pointwise supremum of a family of continuous
functions, and hence is lower semi-continuous. O

_<ola)
fori=0,1. The matriz norms ||-||o may be chosen so that the following additional property

is satisfied: for every compact set K C (0,1] there exists a constant Mk > 1 such that
M |Blla < |BIl € Mg||Bllo for all B € My(R) and all a € K.

Lemma 3.3. For each o € (0, 1] there exists a matriz norm ||- ||, such that HAEQ)
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Proof. Let B = {By,...,B.} be any finite set of d x d real matrices and let o(B) be its

joint spectral radius. We say that B is irreducible if the only linear subspaces V' C R% such

that B;V C V for every i are {0} and R%. A classic theorem of N. E. Barabanov [1] shows

that if B is irreducible then there exists a constant Mg > 1 such that for each n > 1,
max{||B;, ... B;,||: i; € {1,...,7}} < Mgo(B)".

Note in particular that necessarily o(B) > 0. It is then straightforward to see that if we
define for each v € R?

|vllg :== sg;()) {Q(B)’” max || B;, - - - B;,v||: i; € {1, .. .,r}},

where ||+ || denotes the Euclidean norm, then |- || is a norm on R? which satisfies || Byv||g <
o(B)||v||g for every i € {1,...,7} and v € R?. Tt follows that the operator norm on My(RR)
induced by || - ||g has the property ||B;|ls < o(B) for each B;. More recent results due
to F. Wirth [47, Thm. 4.1] and V. S. Kozyakin [31] show that the constants Mg may be
chosen so as to depend continuously on the set of matrices B, subject to the condition
that the perturbed matrix families also do not have invariant subspaces. It is easily shown
that A, is irreducible for every o € (0, 1] and so the lemma follows from these general
results. 0

We immediately obtain the following:
Lemma 3.4. For each o € (0,1] we have o(a) > 1.

Proof. Assume o(c) < 1 for some a € (0, 1]. Then we have sup{||A©® (0") [|o: n > 1} < 1
by Lemma 3.3 and consequently sup{||Ag]: n > 1} < oco. Since Ay = (§ %), we have
lim,, o [|Ag|| = +o0 and therefore we must have o(a) > 1. O

Fix some norm || - ||, which satisfies the conditions of Lemma 3.3. The following key
result is a variation on part of [36, Thm 2.2]. We include a proof here for the sake of
completeness.

Lemma 3.5. For each a € (0,1] define

o0

Zy = ﬂ {z e %: H.A(O‘)(x,n)Ha = o(a)"}.

n=1

Then each Z, is compact and nonempty, and satisfies TZ, C Z,.
Proof. Fix a € (0,1] and define for each n > 1
Zom = {x € [|[AY (x,n)||, = ola)"}.

Clearly each Z,, is closed. If some Z,, were to be empty, then by Lemma 3.3 we would
have sup { ||.A©) (x,n)Ha 2 € X} < p(a)", contradicting Lemma 3.1. For each n > 1 we
have Zy nt1 € Zop, since it x € Z,, 41 then

o)™ = AV wn + D), < AT D), |49
< 0(e) A9 )], < o)
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using Lemma 3.3 and it follows that € Z, ,, also. We deduce that the set Z, = ﬂ;’ozl Zan
is nonempty. Since each Z,, is closed, Z, is closed and hence is compact. Finally, if
T € Zant1 then we also have

o(a)" ™ = HAO‘) (x,n+1 H HA(O‘ Tz, n) H HA(O‘ (x,1 H
a) [| A (Tz,n)|,, < o(a)™"!
so that Tx € Z, 5, and we deduce from this that TZ,C Z,. O

The remaining lemmas in this section will be applied in the proof of Theorem 2.3 to
characterise the extremal orbits of A,.

Lemma 3.6. Let o € (0,1] and x € X. If x is recurrent and strongly extremal for A,,
then x € Z,.

Proof. Let a € (0, 1] and x € ¥\ Z,, and suppose that = is recurrent. We shall show
that liminf, ., o(a HA (x n)Ha = 0 and therefore x is not strongly extremal, which
proves the lemma. Slnce x & Z,, there exist € > 0 and ng > 1 such that || A®(z, no)Ha <
(1 —e)o(a)™. Since z is recurrent, it follows that for each & > 1 we may find integers
rE > Th_1 > ... > 19 > 1r; = 0 such that H.A(O‘ (T x,ng H (1 —¢e)o(a)™ for each i.
By increasing k and passing to a subsequence if necessary, it is clear that we may assume
additionally that r; ;1 > r; + ng for 1 < i < k. Define also 741 := rp +ng + 1. We have

k
49 ], < TLIAD @m0, AT e 1~ )],

< (1—e)o(a)™,
and since £ may be taken arbitrarily large we conclude that

hmmfg HA x n)Ha:O,
as desired. 0

The following lemma is a straightforward corollary of a more general result due to S. J.
Schreiber [44, Lemma 1]:

Lemma 3.7. Let (f,) be a sequence of continuous functions from 3 to R such that
frem(x) < fu(T™x) + fiul(z) for all x € ¥ and n,m > 1. Then for each x € ¥ and
m>1,

n—1
1 1
lim inf — " (T*x) > liminf = f,,(z).
im inf — kzzof (T*z) > liminf — f,(x)
Lemma 3.8. Let o € (0, 1] and suppose that the restriction of T to Z, is uniquely ergodic,
with p being its unique T-invariant Borel probability measure. Thentv := p({x € ¥: z1 = 1})
1s the unique optimal 1-ratio of A., and if x € ¥ is weakly extremal, then

n—1

nll_>rrolo - Z dlst *x, supp ,u) = 0.
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Proof. Let M denote the set of all Borel probability measures on X equipped with the
weak-* topology, which is defined to be the smallest topology such that p — [ fdu is
continuous for every continuous function f: ¥ — R. This topology makes M a compact
metrisable space [39, Thm. 11.6.4]. Let us fix o € (0, 1] and suppose that = € ¥ is weakly
extremal. For each n > 1 define p,, := (1/n) Z;é Ok, € M, where 6, € M denotes the
Dirac probability measure concentrated at z € . We claim that lim, ,. g, = g in the
weak-* topology.

Applying Lemma 3.7 with f,(z) = log || A (z, n) Ha and noting that f,(z) < nlogo(«)
for all x and n, we obtain

n—1

(3.1) lim %log HA(O‘) (2, N)Ha dpi,(2) = lim € Zlog HA(O‘) (T'z, N) Ha = log o(av)

for every N > 1. As in the proof of Lemma 3.5 we let Z,x = {2 € ¥: A (2, N)||o =
o(a)N} for each N > 1, and we recall that Z, y+1 C Z, n for every N. Let v € M be any
limit point of the sequence (u,). If f: ¥ — R is any continuous function then it follows
easily from the definition of (p,) that | [ fdv — [ foTdv| < limsup,_, | [ f o Tdu, —
[ f dun| = 0 and it follows that v is T-invariant. For each N > 1 we have
1
/ N log H.A(O‘)(z, N)Ha dv(z) = log o),

and since HA(O‘)(Z, N)Ha < o(a) for all z € ¥ it follows from this that v (Z, x) = 1. Since
this applies for every N, and Z, y+1 C Z, n for every N, we deduce that v(Z,) = 1. By
hypothesis p is the unique T-invariant element of M giving full measure to Z,, and it
follows that v = p. We have shown that p is the only weak-* accumulation point of the
sequence (fi,), and since M is compact and metrisable we deduce that lim,, . p, = g,
which completes the proof of the claim.

The proof of the lemma now follows easily. Let f: ¥ — R be the characteristic function
of the set {z € ¥: z; = 1}, and note that f is continuous since this set is both open and

closed. Define a further continuous function by g(x) := dist(x, supp u). Since p, — p we
may easily derive

n—oQ

: L1 PN . . 0
lim g(wn(x)):nlglgoﬁ;of(Tx)—nlgxolo/fdun—/fd,u—,u({xeil.xl—l})—t
and

n—1
lim — EO dist(7"z, supp p) = Jggo/gdun = /gdﬂ =0

n—oo 1, 4

as required. The proof is complete.
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4. GENERAL PROPERTIES OF BALANCED WORDS

In this short and mostly expository section we present some combinatorial properties
of balanced words which will be applied in subsequent sections. We first require some
additional definitions.

Given two nonempty finite words u, v of equal length, we write u < v if u strictly precedes
v in the lexicographical order: that is, u < v if and only if there is £ > 1 such that u; = 0,
v, = 1, and u; = v; when 1 < ¢ < k. We define the reverse of a finite word u, which we
denote by u, to be the word obtained by listing the terms of u in reverse order. That is,
if u = ujus---u, then @ = u,u,_1---u;. We say that a finite word p is a palindrome if
p = p. Since the reverse of the empty word is also the empty word, the empty word is a
palindrome. We say that two finite words u and v of equal length are cyclic permutations
of each other, and write u ~ v, if there exist finite words a and b such that « = ab and
v = ba. For each n > 0 this defines an equivalence relation on the set of words of length n.

We begin by collecting together some standard results from [33]:

Lemma 4.1. Let v € (0,1) and z € X, and choose any N > max{[y"'],[(1 —~)"']}.
Then neither 0N nor 1V is a subword of x.

Proof. Let v < x with |u| = N. By [33, Prop. 2.1.10] we have v|u| + 1 > |u|; > v|u| — 1.
In particular we have |ul; > v[v™1] =1 >0 and |u] — |uly > (1 =) [(1 —7)"'] =1 >0,
s0 0 < |ul; < |u| and u cannot be equal to 0V or 1. O

Definition 4.2. Let W C Q) x Q be the smallest set with the following two properties:
(0,1) e W; if (u,v) € W, then (uv,v) € W and (u,vu) € W. We say that u € Q is a
standard word if either (v,u) € W or (u,v) € W for some v € €.

Lemma 4.3. The set of standard words has the following properties:
(i) If u is standard, with |u| = q and |u|y = p, then u™ € X, ,.
(it) For every v € [0,1] there exists x € X, such that for infinitely many q € N the word
my(x) is standard.

Proof. (i). If ¢ = 1 then the result is trivial. For ¢ > 1, [33, Prop. 2.2.15] shows that every
standard word is balanced. If w is standard, then it is clear from the definition that u"
is a subword of a standard word for every n > 1. In particular every u™ is balanced and
therefore u*° is balanced.

(ii). Let z be the infinite word defined by z,, := [y(n +2)| — |v(n+1)] € {0,1} for all
n > 1. This word is called the characteristic word for ~. It is shown in [33, Prop 2.2.15]
that x has the required properties. ([l

The following result is given in the proof of [33, Prop. 2.1.3]. Note that p may be the
empty word; for example, this is true in the case w = 0011.

Lemma 4.4. Let w be a finite word which is not balanced, let u and v be subwords of w
of equal length such that |u|; > 2+ |v|1, and suppose that u,v have the minimum possible
length for which this property may be satisfied. Then there is a palindrome p such that
u = 1pl and v = 0p0.
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The following two results arise in the fourth named author’s PhD thesis [45]:

Lemma 4.5. Let w be a finite word and p a palindrome, and suppose that Op0 and 1pl
are subwords of w. Then there is a finite word b, which may be empty, such that either
0p0blpl or 1p1b0p0 is a subword of w.

Proof. Recall that u < v means that u is a subword of v. Since Op0 and 1pl are both
subwords of w, the only alternative is that they occur in an overlapping manner: that is,
there are finite words d, e, f such that 0dle0f1 < w, where dle = e0f = p, or similarly
with 0 and 1 interchanged. Since p = p, the relation dle = e0f = p implies é1d = e0f,
and since |é| = |e| we obtain 1 = 0, a contradiction. We conclude that the words 0p0 and
1p1 cannot overlap, and the result follows. ([l

Lemma 4.6. Let u be a finite word which is not balanced. Then there exist words a,w,b
such that awb < u and one of the following two possibilities holds: either b > a and w > w,
ora>bandw > w.

Proof. Combining Lemmas 4.4 and 4.5 we find that there exist words p, v such that p =p
and either OpOvlpl < u, or 1plvOp0 < w. In the former case we may take a := Op, b := pl
and w := Ovl, and in the latter case we may take a := 1p, b := p0 and w := 1v0. U

Finally, we require the following lemma which characterises those finite words for which
all cyclic permutations are balanced. This result appears to be something of a “folklore
theorem” in the theory of balanced words; to the best of our knowledge, the proof which
we present here is original. A version of this result appears as [3, Thm 6.9]. Note that
the word u := 1001 is an example of a balanced word with the property that u> is not
balanced.

Lemma 4.7. Let u be a nonempty finite word. Then the following are equivalent:

(i) Every cyclic permutation of u is balanced.
(11) The finite word u* is balanced.

(i1i) The infinite word u™ is balanced.

Proof. 1t is clear that (iii) = (ii) == (i). To prove the implication (i) == (ii) by we shall
show that if u is a nonempty finite word such that u? is not balanced, then there is a cyclic
permutation of v which is not balanced.

Let us then suppose that u is a finite nonempty word such that u? is not balanced.
Let a,b be subwords of u? of equal length such that ||a|; — [b];| > 2, and suppose that
no pair of shorter subwords may be found which also has this property. Clearly we have
llal1 — |bl1] = 2, and without loss of generality we shall assume that |a|; = 2 4 |b|;. By
Lemma 4.4 there exists a palindrome p such that a = 1pl and b = 0p0, and it follows
from Lemma 4.5 that |al,[b] < |u|]. We may therefore choose words ¢ and d such that

le| = |d| = |u| —|a| = |u| — |b] and ac ~ bd ~ wu. Since |ac|; = |bd|; = |u]; we have
|d|; = 2+ |c|1, and since a and b are the shortest words with this property we must have
|b| = |a] < |¢|. Now, since ac ~ u, it is not difficult to see that every word which is

a subword of some cyclic permutation of u and has length at most |¢| must occur as a



COUNTEREXAMPLE TO THE FINITENESS CONJECTURE 13

subword of the word cac. In particular b < cac, and since |b| = |a| we have either b < ca or
b < ac. In either case we have shown that there exists a cyclic permutation of v which has
both a and b as subwords, and no word with that property may be balanced. We conclude
that (i) cannot not hold when (ii) does not hold, and so (i) = (ii) as required.

It is now straightforward to show that (ii) = (iii). Let u be a finite nonempty word
such that u? is balanced; then every cyclic permutation of u is balanced, since the cyclic
permutations of u are precisely the subwords of u? with length |u|. Now, the cyclic permu-
tations of u? are precisely the words of the form v? where v ~ u; but since (i) = (ii), all
of these cyclic permutations must be balanced also. Applying the implication (i) = (ii)
again we deduce that u? is balanced. Repeating this procedure inductively shows that u?*
is balanced for every k > 1, and this yields (iii). O

5. RELATIONSHIPS BETWEEN BALANCED WORDS AND EXTREMAL ORBITS

The principal goal of this section is to show that for each a € (0, 1], every recurrent
x € Y which is strongly extremal for A, is balanced. We also prove some related ancillary
results which will be applied in the following section.

The following valuable lemma shows that under quite mild conditions the trace, spec-
tral radius, Euclidean norm and smallest diagonal element of a matrix of the form A(u)
approximate each other quite closely. For every B € Mjy(R) we define 9(B) to be the
minimum modulus of the diagonal entries of B.

Lemma 5.1. Let a € [0,1] and N > 2, and let u be a nonempty finite word such that
ON, 1Y £ u. Then,

e A )] <2 (A W) < Str A w) < p (AW () < [JAw)]].

Proof. Let m(B) denote the maximum of the entries of a non-negative matrix B € My (R).

The inequalities
IBll = v/ p(B*B) < /tr (B*B) < 2m(B)

and

1
o(B) < B <p(B) < |B]

are elementary. To prove the lemma, it therefore suffices to show that m (A (u)) <
N2 (A (u)) whenever 0V, 1V £ u. Since A@(u) = al"h A(u) it is clearly sufficient to
consider only the case a = 1.

Let us prove this inequality. We shall suppose that the final symbol occurring in u is 0,
since the opposite case is easily dealt with by symmetry. Let n > 1 and aq,...,a, > 1 bein-
tegers such that either 4 = 0% 1%-10%-2...1%20" with n odd, or u = 190 -11%-2...1%2(Q"
with n even. By hypothesis we have ap < N — 1 for every k.



14 KEVIN G. HARE, IAN D. MORRIS, NIKITA SIDOROV, AND JACQUES THEYS

For 1 < k <n let us define
P | !

q 1
g ai +

1
ag + -+ 1

Ap—1 + —
Qy,

in least terms, and define also pg,q_1 := 0 and p_1, qo := 1. The integers pg, qx then satisfy
the recurrence relations p, = agpr_1 + pr_2 and qx = arqr_1 + qr_o for all k in the range
1 <k <n. A well-known formula for py /g, implies

a an—1 a 1 ap 1 0 1 a1 Dn qn
_ n n . 1 __ . e =
A(U) = Ao Al Ao = ( 0 1 ) ( Gp_q1 1 ) ( 0 1 ) o (pn1 Gn—1 )

if n is odd, and

a ap—1 a1 1 O 1 Ay — 1 a n— —
Alu) = A9 A% ... A :(an 1)(0 11)...(0 11):<ppn1 Qqnl)

if n is even (see, e.g., [15]). If n is odd then clearly ?(A(u)) = min{p,, ¢,—1}, and since
n = GnQdn—1 + qn—2 S (an + 1)qn—1 S NQn—l and pn/Qn Z 1/((11 + 1) Z 1/N we obtain
m(A(u)) = ¢, < min{Np,, Ng,_1} < N*0(A(u)) as required. If n is even then similarly
m(A(u)) = ¢, < Ngp_1 < N?p,_1 = N?0(A(u)). The proof is complete. O

Let a,w,b be nonempty finite words with [a| = |b]. We shall say that (a,w,b) is a
suboptimal triple if either a > b and w > w, or b > a and w > w. We require the following
lemma due to V. Blondel, J. Theys and A. Vladimirov [6, Lemma 4.2]:

Lemma 5.2. Let w be a nonempty finite word. Then A(w) — A(w) = k(w)J, where
k(w) € Z and

0 —1

Moreover, k(w) is positive if and only if w > W, and negative if and only if w < 1.

JI:AoAl—A1A0:<1 0 )

The following is a slightly strengthened version of [6, Lemma 4.3]:

Lemma 5.3. Let (a,w,b) be a suboptimal triple, let By, By be non-negative matrices, and
let a € [0,1]. Then

tr (B1 A (awb)By) > tr (BiA® (awb) Bs) + /™o (B1)o(By).

Proof. Since tr A (u) = al*itr A(u) for every finite word wu it is clearly sufficient to treat
only the case o = 1. We shall deal first with the case where a > b and w > w, the
alternative case being similar. Since a > b we may write a = ule, b = c0v for some finite
words ¢, u and v (which may be empty). Note that J satisfies the relations

A1<]A1 :AOJAO = J, AQJAl = ( _01 :1 )7 AlJAO = ( } (]j >a
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and hence by Lemma 5.2,

tr (Al@)(A(@) ~ A A®) = bwyr (A (| g ) A®) 21

Now, a direct calculation shows that for any non-negative matrix C' € My(R) we have
tr (B1CBs) > 0(B1)0(B2)tr (C). Since the matrix A(a)(A(w)—.A(w)).A(b) is non-negative,
we deduce that

tr (BrA(amb) B) — tr (ByA(awb)Bs)

tr (BiA(a)(A(w) — A(w))A(b) B2)
o(B)o(By)tr (A(a)(A(w) — A(w))A(b))
o(B1)o(B2)

as required. In the case where b > a and 1 > w, the integer k(w) and the matrix AgJA,

each contribute a negative sign to the product A(a)(A(w) — A(w)).A(b)) and the same
conclusion may be reached. 0

AVARAYS

We may now prove the following two results which will allow us to characterise extremal
orbits in terms of balanced words:

Lemma 5.4. Let 0 < 2 < 1, with the integers p and q not necessarily coprime. Suppose
that |u| = q, |uly =p and

(5.1) p(A(u)) = max {p(A(v)): |v] = q and |v]|; = p}.
Then the infinite word u™ is balanced.

Proof. We shall begin by showing that if u has the properties described then it is balanced.
Let us assume for a contradiction that w has these properties but is not balanced. By
Lemma 4.6, there exists a suboptimal triple (a,w,b) such that awb < u. Let us write
u = sjawbsy and define @ := sjawbsy. By Lemma 5.3 we have tr (A(a)) > tr (A(u)). Since
A(w) and A(u) are both non-negative matrices with unit determinant, it follows that

p(A)) = & (i (A(@) + Vi (A2 —2) > 1 (or (Aw)) + v/ir (AQ)E — 4)
= p(A(u)).

Since clearly |u| = |u| and |G|y = |u|; this is a contradiction, so u must be balanced as
required.

Now, suppose that u satisfies (5.1) with |u[; = p and |u| = ¢, and that v is a cyclic
permutation of u. It is a well-known property of the spectral radius that p(B;By) =
p(ByBy) for any By, By € M3(R), and it follows from this that p(A(v)) = p(A(u)). By
applying the preceding argument to v it follows that v is also balanced. We conclude that
all of the cyclic permutations of u are balanced, and by Lemma 4.7 this implies that u* is
balanced as required. O

Proposition 5.5. Let o € (0, 1] and suppose that x € Z,. Then x is balanced.
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Proof. To prove the proposition, let us suppose that there exists a recurrent infinite word
r € Z, which is not balanced. We shall then be able to deduce a contradiction, and the
result follows. The general principle of the proof is that if x is recurrent and not balanced,
then we can construct a word based on x along which the trace of the product A (z,n)
grows “too rapidly”.

Fix a real number C,, > 1 such that C!||B||, < ||B]] < C4||B|lo for all B € My(R).
By Lemma 3.4 we have g(a) > 1, and by Gelfand’s formula we have HA(O‘) (On)Hl/n — 1 as
n — oo. It follows in particular that there is an integer Ny > 2 such that HA(O‘) (ONO) Ha <
o(a)™o and therefore 0™ £ 2 for every z € Z,. Similarly we may choose Ny > 2 such that
1M £ 2 for every z € Z,. Let N := max{Ny, N1}, and choose a further integer M > 2
such that

mas {4 (@), A (1M} < 20

If v is any subword of z, then there exists n > 0 such that A (v) = A (T"z, |v]), and
since 1"z € Z, this implies

N
(5:2) 0 ('A(a)( ) 2N2 }H'A )W =z QCiNQ H'A(a) (T"z, |'U‘)Ha = 729((;,01)]\[2,

where we have used Lemma 5.1. On the other hand, for any nonempty finite word w,
(5.3) tr A (u) < 2p (A9 (w)) < 2] A (W)]|, < 20(c)".

Now, since x is not balanced, it by definition has a subword which is not balanced. Applying
Lemma 5.3 to this subword we deduce that there exists a suboptimal triple (a,w,b) such
that awb < . Define ¢ := |awb|, and fix an integer K > 1 such that

O/ K
1 20, N?.
( " 1603N4M2@<a>f> g

Since x is recurrent there are infinitely many occurrences of the word awb as a subword of

x, and so we may choose words s1, ..., Sk+1 such that the word
u® = 51 (awb)sy(awb)ss . ... .. sk (awb) sk i1
is a subword of z. Let L := |u(0)|, and for i = 1,..., K define a new word u¥ by reversing

the first ¢ explicit instances of the word w in u(?); that is,

ut) = sy (abb)sy(awb)ss . . . . .. sk (awb)sg 1,

u'® = sy (abb)sy(abb)ss . . . . .. sk (awb)sg 1,
and so forth, up to

u™) = sy (abb) sy (atbb)ss . . . . .. Sk (ab)Sg 1.

Note that for each ¢ we have, by applying Lemma 5.3 ¢ times and using (5.2),

(5'4) tI‘.A(a ( ) > tI‘_A(O‘ ( ) > 20 (A( )(U(O))) > Q(a)
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since u(? is a subword of z. As a consequence we observe that 0 4 u® for every i, since
if we were to have 0™ < u® for some i then we could obtain

< Ztr A@ (u(i)) <p (A(Q)(u("))) < HA(a) (u(i))Ha

(@) (M L—-M Q(Q)L
< A (@), oo < EO
a contradiction. Clearly an analogous contradiction would arise if we were to have 1M < 4
and we conclude that 17 4 u® also.
Now, for i = 1,..., K let ¢®, d® be those words such that u(1 = ¢@qwbd® and
u; = Dawbd®. Note that |c@| 4 [d®| + ¢ = L for each i. Making i applications of
Lemma 5.3 and using (5.2) yields

tr A@ (D) = tr A (s, (aiib)ss . . . si_1(awb)s;)

o(c)*"”

2C,N2’

since the last of these words is a subword of u(O)A, and ©© is a subword of z. Since
D < 4@ and 0™, 1M £ u® we have 0M, 1M % ¢ and by Lemma 5.1 in combination
with the preceding inequality this implies

> tr A (s;(awb)s, . . . 5;_1 (awb)s;) >

o()l<"”
1C. N2M2

Equally, since d¥ < 4 and u® is a subword of =, we may apply (5.2) to obtain

a 7 1 [} 7
(5.5) 0 (AD(cD)) > mtr/l( (D) >

o))
(5.6) 2 (A > TE

We may now complete the proof. Combining (5.5), (5.6), and (5.3) we obtain for each i

y4 L—/¢ l
awblq o g « g a Q(OZ) «
o (A0 (A0 2 S ot

tr A (47,

and hence by Lemma 5.3,
¢

(@) (/) > a @)/ (-1)
tr A (u') > <1+1605N4M2g( ))tr.A (w1,

In combination with (5.3) and (5.4) this yields

K

K
> (14 a’ o()*
- 16C2N*M?p(a)* CoN?’

contradicting our choice of K. The proof is complete. ([l
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6. STUDY OF THE GROWTH OF MATRIX PRODUCTS ALONG BALANCED WORDS

In this section we analyse in detail the exponential growth rate of A(x,n) in the limit
as n — oo for x € X, investigating in particular the manner in which this value depends
on 7. A construction with similar properties is discussed briefly in [8, §4.3]. The results of
this section are summarised in the following proposition:

Proposition 6.1. e There exists a continuous concave function S: [0,1] — R such
that for each v € [0,1],

.1 o1
Jim —log | A(z,n)|| = lim —log p(A(z,n)) = 5(7)

uniformly for v € X,,.

o Ify=p/qe|0,1]NQ then S(v) = ¢ 'logp(A(z,q)) for every x € X,.

e The function S also satisfies inf,cjo11.S = S(0) = S(1) = 0, supS = S(1/2) =
log o(1), and S(v) = S(1 — ) for all v € [0, 1].

e The function S is non-decreasing on [0, %]

The proof of Proposition 6.1 is given in the form of a sequence of lemmas. Specifically,
the result follows by combining Lemmas 6.2-6.4 and Lemma 6.6 below.

Lemma 6.2. Let v € [0,1]. Then there exists a real number S(vy) such that
.1 .1
lim —log || A(z,n)|| = lim —logp(A(z,n)) = S(7)

uniformly over x € X,.

Proof. In the cases v = 0, v = 1 this is clear, since by Theorem 2.1 the set X, consists of
a single point which is fixed under T', and the result follows by Gelfand’s formula. Given
v € (0,1), let N be as in Lemma 4.1. For each z € X, the product A(x, N) is a product
of powers of both Ay and Ay, and it is easy to see that this implies that all of its entries
are strictly positive. Since by Theorem 2.1 the restriction of T" to X, is uniquely ergodic,
the existence of the first limit now follows from [16, Thm. 3]. Since by Lemma 4.1 we have
ON, 1N £ 2 for all x € X, it follows via Lemma 5.1 that the second limit exists and is
equal to the first. O

Lemma 6.3. The function S has the following properties:
(i) Let v = p/q € [0, 1], not necessarily in least terms: then S(v) = ¢ log p(A(z, q)) for
every x € Xp/q-
(i1) Let u be a finite word such that |u| = q, |uly = p. Then S(p/q) > q *log p(A(u)).
(1ii) Let v € [0,1] be irrational. Then there exist x € X, and a sequence of rational

numbers (pn/qn)5%, converging to v such that S(p,/q.) = g, log p(A(x, q,)) for every
n>1.
(iv) For every v € [0, 1] we have S(y) = S(1 — 7).

Proof. (i). By Theorem 2.1 we have Tz = x for every x € X/, and so for every x € X,

1 1 1
S(p/a) = lim 7 logllA(z. kq)| = lim o log [|A(z, ¢)*|| = 7 log p (A(z,q).
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(ii). Clearly the set of all words v such that |v| = ¢ and |v|; = p is finite, so there
exists a word v which attains the maximum value of p(A(v)) within this set. In particular
we have p(A(v)) > p(A(u)). By Lemma 5.4 the infinite word v> € ¥ is balanced, and
since it is clearly recurrent we have v>* € X/, by Theorem 2.1. By part (i) this implies
q 'log p(A(v)) = S(p/q) as required.

(iii) Let x € X, be as given by Lemma 4.3(ii), and let (g,)>, be a strictly increasing
sequence of natural numbers such that m,, () is a standard word for every n. Define
Pn = |, (z)]1 for each n > 1. By the definition of X, we have p,/q, — 7. Since each
g, () is standard, 7, ()] € X, /q, for each n by Lemma 4.3(i), and by part (i) of the
present lemma this implies S(p,/q,) = ¢, ' log p(A(z, q,)).

(iv) For each finite or infinite word w, define @ to be the mirror image of w, i.e., the
unique word such that w; = 1 if and only if w; = 0. It is clear that x € X, if and only if
T € X1_,. Define R = (9}) and note that R"*A)R = A; and R'A;R = Ap. If z € X,
and n > 1, then

R'A(x,n)R=(R'A, R)---(RA,,R) (R A, R) = A%, n)
and in particular p(A(x,n)) = p(A(Z,n)). It follows easily that S(v) = S(1 — 7). O
Lemma 6.4. The function S satisfies S(0) =inf S =0 and S(3) =sup S = log o(1).
Proof. The reader may easily verify that

1+
2

By Theorem 2.1, we have X/, = {(01)*°,(10)*}, so by Gelfand’s formula we have

1++5
9

1%

(6.1) A ]l = | Aol = A0 Aill? = [|AiAo]|Z = p(AgAi)/? =

Tim LAz, )" = p(ApA1)? = p(A1do)? =

when @ € Xj/5. Let us show that o(1) = % In other words, we will prove that

sup {[JA (@, m)I"": @ € T} = lim JA((O01), )" = =,

Suppose z has a tail different from (01)>°. Then it must contain one of the following
subwords: w; = 11(01)"1, wy = 11(01)"00, w3 = 00(10)"0,w, = 00(10)"11 with n > 0.
In view of mirror symmetry, it suffices to deal with w; and ws. We will show that it is
possible to replace them with subwords of (01)*°, w] and w) respectively, in such a way

that the corresponding growth exponent does not decrease.
Namely, put w} = (10)""'1 and wj = (10)"*2. Tt is easy to see that for n > 1,

FQn FQn—l
AgA)" =
( 0 1) (F2n1 F2n2)

F2n72 Fanl
A1Ay)" =
( ! O> (F2n1 F2n),



20 KEVIN G. HARE, IAN D. MORRIS, NIKITA SIDOROV, AND JACQUES THEYS

where, as above, (F},)%%, is the Fibonacci sequence (with Fy = F; = 1). Hence

F: Fy,_
A2 A A nA — 2n+1 2n—1
1(Aodr)"As (F2n+3 Fony1)

whereas

F. F.
A A n+1A — 2n+2 2n+1
( ! 0> ! (F2n+3 F2n+2 ’

i.e., A(w}) dominates A(wj) entry-by-entry. Similarly,

F. F:
AQ A A nAQ — 2n 2n+2
1( 0 1) 0 (F2n+2 F2n+4

and

F: F.
A A n+2 _ 2n+2 2n+3 )
(A1) <F2n+3 Foss

Thus, o(1) = # = ¢5(2), and since clearly S() < logo(1) for every v € [0,1] this
implies that sup S = S(1/2). On the other hand, it is clear that X contains a single point
corresponding to an infinite sequence of zeroes, and for this z we have S(0) = log p(A4y) = 0.
Finally, since every matrix A(x,n) is an integer matrix which has determinant one and is
hence nonzero, every « € ¥ has +log || A(z, n)[| > 0 for all n and therefore S(y) > 0 for
every . 0

Lemma 6.5. The restriction of S to (0,1) N Q is concave in the following sense: if
7,72, A € (0,1) N Q then S(Ay1 + (1 = A)72) 2 AS(n) + (1 = A)S(72)-

Proof. Fori = 1,2 let v; = p;/q; in least terms, and let A = k/m. Let M = max{q, ¢} As
a consequence of Lemma 6.3(i) there exist finite words «™, u® € Q such that [u®|, = p;,
lu®| = ¢; and S(v;) = ¢; ' log A(u?) for each i.

Since 0 < 71,72 < 1 we have 0 < |p;| < |g| and therefore 0M 1M £ (u®)* for i = 1,2
and every ¢ > 1. In particular, for each £1,¢ > 1 the word (uM)*(u®)* does not have
02M or 12M as a subword, and hence by Lemma 5.1,

(A (@®)2) >0 (A" (u®)2) > d(Au®) o (A((u®)")
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Applying this inequality together with Lemma 6.3(ii), for each n > 1 we obtain

kp1ga + (m — k)qub)
mqiqz

SO+ (1— Aye) = S(

> log n( A((uM))ka2 (4,2 n(m—k)a1
g plA((u) e )
> (log p(A((u)"™ %)) + log p(A((u)""Ha1)) — log 64M*)
nmqiqz
k —k log 64M*
= —log p(A(uV)) + " log p(A(u®)) — 22
mq; mqs nmdgiqs
log 64M*
=\S +(1—=XN)S -
(71) + (1 = A)S(72) Py
Taking the limit as n — oo we obtain the desired result. 0

Lemma 6.6. The function S: [0,1] — R is continuous and concave.

Proof. By Lemma 6.5, the restriction of S to (0,1) N Q is concave. Define a function
S:10,1] - R by

S(v) = limsup {5(7.): 7. € (0,1) NQ and |y, — 9| <e}.

Note that §~is well-defined since S is bounded by Lemma 6.4. We shall show in several
stages that S is continuous, concave, and equal to S throughout [0, 1].
We first shall show that S is concave. Let 1,72, A € [0, 1], and choose sequences of

rationals (7@), <7§")> and (\,) belonging to (0, 1), converging respectively to 71,7, and

A, such that lim,,_,o S <7£n)) = 5(%) for i = 1,2. We then have

S A1+ (1= A)) > limsup S <Aw§") (1= 2

n—oo

)
> limsup A, S <7§”)> (=) S <7§n))

n—00
- s () + 05 ()

using Lemma 6.5, and S is concave as claimed. In particular the restriction of S to the
interval (0, 1) is continuous (see for example [41, Thm 10.3]).

We next claim that S(7) = S(y) for rational values 0 < y < 1. Given v € (0,1) N Q,
choose a sequence of rationals (7,) such that v, — v and S(v,) — S (7). If 0 < vy <, for
some n then

S(7) > (1 - l) 500+ L5(0) = L8()

Tn n n
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and similarly if v, <y < 1 then

500 2 (7= ) s+ (122 ) st = ({22 ) st

1_’771 1_’771 1_’771

It follows that by taking the limit as n — oo we may obtain S(vy) > S (7), and the converse
inequality S(y) > S(7) is obvious from the definition of S. This proves the claim.

We now claim that lim,_, S(7) = 5(0) = 0 = S(0) and lim,_; S(7) = S(1) = 0 = S(1).
Since S(y) = S(1 — ) for every v € [0,1] by Lemma 6.3(iv) it is sufficient to prove only
the first assertion. By Lemma 6.4 we have S(0) = inf S = 0 and therefore inf S > 0. Since

S is concave there must exist & > 0 such that the restriction of S to [0,0) is monotone,
and so if we can show that lim,_, S(1/n) = 0 then the desired result will follow. By the
preceding claim it is sufficient to show that lim, ., S(1/n) = 0. For each n > 1 it is easily
verified using Lemma 4.7 that (0"1)* € X, so using Lemma 6.3(i) we may estimate

1 1

n

1 log(n + 2)
logtr (A§A;) = ———
P

and therefore S(1/n) — 0. This completes the proof of the claim.

To complete the proof of the lemma it suffices to show that in fact S (7) = S(v) when ~
is irrational. Given v € [0,1]\ Q, let x € X, and (p,/g,)3>, be as given by Lemma 6.3(iii).
Since S is continuous and agrees with S on the rationals, we may apply parts (iii) and (i)
of Lemma 6.3 to obtain

50) = Jim togp(Atz.an)) = tim 5 (22) = tim 5 (22) =500,

and we conclude that S = S as desired. O

To conclude the proof of Proposition 6.1, we note that the function S being non-
decreasing on [0, 1] follows from its concavity and the fact that H{l&};: } S(v) =5(1/2).
v€(0,1/2

)2
7. PROOF OF THEOREM 2.3

Before commencing the proof of Theorem 2.3, we require the following simple lemma:

Lemma 7.1. For each o € [0,1] we have o(a) > ePa” for all v € [0,1]. If a € (0,1]
and X, N Zy # 0, then X, C Z,, and o(a) = e°Da.

Proof. In the case a = 0, an easy calculation using Proposition 6.1 and the definition of g
shows that o(a) = p(Ag) = 1 = €O, It is therefore clear in this case that o(a) = e5a?
if and only if v = 0. For the rest of the proof let us fix a € (0,1] and « € [0, 1]. For each
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x € X, we have

log o(cr) = lim sup sup {l log H}A(Q)(z,n)m Dz € E} > lim 1 log }HA(Q)(x,n)W
n—00 n n—oo 1,

1
— Jim (3 1og A, )]+ (7 (0) log ) = S(2) + 7 o
so that o(a) > e*Ma7. If x € X, N Z, then by the definition of Z, we have
1 1
— i _ (O‘) — i — (a) =
S(7) +ylogar = lim ~log [|A“(z,n)| = lim ~log ||A“(z,n)|, =log o(a)

so that o(a) = e a7, and since by Theorem 2.1 the restriction of 7' to X., is minimal it
is clear that X, C Z,. O

We also require the following lemma, which is an easy consequence of a result in [6]:

Lemma 7.2. Let o € [0, 1] and let u, v be nonempty finite words such that p(A(Q) (U))l/M -
p(A(a) (U))l/\v\ = o(a). Then ¢(u) = <(v).

Proof. In [6], Blondel, Theys and Vladimirov define two nonempty finite words u,v to be
essentially equal if there exist finite words a, b such that au®™ = bv>. In particular it is
clear that if u and v are essentially equal then necessarily ¢(u) = ¢(v). Blondel et al. then
associate to each nonempty finite word w the set J, = {a € [0,1]: A (w) = o(a)“I}.
In [6, Lemma 4.4] it is shown that if J, N J, # () then u and v are essentially equal. We
deduce from this that if u and v are nonempty finite words which satisfy p( A (u))"/ 4 =
p(A@ ()1l = o(a) for some fixed o € [0,1], then o € J, N J, by definition; this implies
that u and v are essentially equal, and therefore ¢(u) = ¢(v). O

Now we are ready to prove Theorem 2.3.

1. Existence of t. We shall begin by showing that for each a € (0,1] there exists a
unique v € [0,1] such that X, N Z, # 0. Let a € (0,1]. By Lemma 3.5 the set Z, is
compact and invariant under 7', and this implies that it contains a recurrent point (see e.g.
25, p.130]). It follows by Proposition 5.5 that Z, contains a recurrent balanced infinite
word, and hence there exists 7, € [0, 1] such that X, N Z, # 0. By Lemma 7.1 it follows
that e30)a% = p(a). We claim that 7, is the unique element of [0, 1] with this property.
By Lemma 7.1 this further implies that X, N Z, = 0 when v # 7,.

To prove this claim, let us suppose that 0 < 73 < 75 < 1 with e50)an = 302)g72 =
o(a), and derive a contradiction. Choose A1, Ay € [0, 1] such that 43 := A;y+(1—X\1 )7, and
A2 := Aoy1 + (1 — A2)72 are both rational with v; < 47 < 49 < 9. Applying Proposition 6.1
we deduce

S(7i) +iloga = S(Aiy1 + (1 = Xi)v2) + (N1 + (1 = Ai)ye) log o
> Xi(S(m1) +mloga) 4+ (1= X)(S(y2) + 72 log o) = log o(a),

and hence e509a% > p(a), for i = 1,2. Applying Lemma 7.1 it follows that e5(")a™ =
eS(2)a% = p(a). Let z € X5, and y € X5,, and let u := 7, (z) and v := 7, (y). By
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Proposition 6.1 we have o(a) = p(A%(u))Y 1 = p(A%(v))YI and since s(u) = 3, < 7, =
¢(v) this contradicts Lemma 7.2. The claim is proved.

Let us define v(a) := 7, for all @ € (0,1], and ©(0) := 0. Note that o(0) = p(A4y) =
1 = e%O as a consequence of Lemma 3.1 and Proposition 6.1. It follows from this and the
previous arguments that for all o,y € [0,1] we have o(a) > e*™a7 with equality if and
only if v = tv(a), and for all a € (0,1] we have X, N Z, # 0 precisely when v = t(a), in
which case Xi) C Z,.

2. Monotonicity of t. We now show that the function v thus defined is non-decreasing.
Let us suppose that oy, ay € [0,1] with t(a;) < v(ag); this implies in particular that s is
nonzero. By the preceding result we have o(a;) = €9 (”(al))ai(al) > e (‘(QQ))QE(OQ) and simi-
larly o(ag) = es(”(‘”))ag(”) > es(”(al))a;(al). Consequently ai(w)_t(al) < 5(t(e)=8(x(a2))
ozg(”)_t(al), and since t(ag) — v(ay) > 0 we deduce that oy < as. We conclude that if
0 < a1 < as < 1 then necessarily t(a;) < t(ag) and therefore t is non-decreasing as
required.

3. Continuity of v. We may now show that t is continuous. Given oy € (0,1] let v_
be the limit of t(a) as & — ap from the left, which exists since t is monotone. For every
a € (0,1] we have g(a) = e5¢@)a*®) By Lemma 3.2 and Proposition 6.1, ¢ and S are
continuous, so taking the left limit at og yields e5t@0)af @) = p(aq) = eS6-)af . Since
t(a) is the unique value for which this equality may hold we deduce that v(ag) = v_ as
required. Similarly for every ay € [0,1) the limit of t(a) as & — g from the right is
equal to t(ap), and we conclude that v is continuous. Since t(0) = 0 and t(1) = 1/2 as a
consequence of Proposition 6.1, and we have shown that v is continuous and monotone, we
1

deduce that v maps [0, 1] surjectively onto [0, 5] as claimed.

4. 1-ratio and characterisation of extremal orbits. It remains to show that for each
« the extremal orbits of A, may be characterised in terms of X, in the manner described
by the Theorem, and that t(«) is the unique optimal 1-ratio of A,. In the case o = 0 it is
obvious that x € X is weakly extremal if and only if it is strongly extremal, if and only if
x = 0% € Xy, and in this case the proof is then complete. For each v € (0, 1], Lemma 3.6
shows that every recurrent strongly extremal infinite word belongs to Z,, and therefore
belongs to X.() by Proposition 5.5 and the uniqueness property of t(a).

To show that weakly extremal infinite words accumulate on X, in the desired manner
we require an additional claim. Given a € (0, 1], we assert that there is a unique T-invariant
Borel probability measure whose support is contained in Z,, and that this support is equal
to Xi(a). Indeed, let (o) be the unique T-invariant measure with support equal to Xy,
the existence of which is given by Theorem 2.1. If v is a T-invariant Borel probability
measure with suppv C Z,, define X := {x € suppv: x is recurrent }. It follows from the
Poincaré recurrence theorem that X is dense in supp v (see e.g. [25, Prop. 4.1.18]). By
Proposition 5.5 every element of X is balanced, and since t(a) is the unique v € [0, 1]

for which X, N Z, # 0, it follows that X C Xi(). We conclude that suppr C X;(,) and
therefore v = p(q) since the restriction of T' to X;(4) is known to be uniquely ergodic,
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which proves the claim. By Theorem 2.1 we have fio)({x € X: 2y = 1}) = t(«), and
we may now apply Lemma 3.8 to see that if x € ¥ is weakly extremal for A,, then
(1/n) 20— dist(x, Xy()) — 0 and ¢(m,(z)) — v() as required.

It remains only to show that for each o € (0,1], every = € X;(o) is strongly extremal
in the strict fashion described by (2.1). Given any compact set K C (0,1], choose an
integer Ng large enough that Ng > max{[t(a)™], [(1 — t(a))"]} for every a € K, and
let My > 1 be the constant given by Lemma 3.3. Let o € K and x € Xy(,). By Lemma 4.1
we have 0V 1V £ 7. and since X C Z, we have || A (z,n)|l, = o(a)” for all n > 1.
Applying Lemma 5.1 and Lemma 3.3,

o(a)" o 1 H
2]\4KN2 QMKN2 2N2

< }HA(O‘ (z,n) ’H < Mg HAO‘) x,n)Ha < Mgo(a)” < 2Mg Nz o(a)”

A ()|, < 337 AP @ )| < p (A (@,n)

so that (2.1) holds with Cx := 2M NZ. In particular this shows that for each o € (0, 1],
every T € Xy(q) is strongly extremal. The proof of the Theorem is complete.

8. PROOF OF THEOREM 1.1

Recall from Proposition 6.1 that there exists a continuous concave function S: [0,1] — R
such that for each vy € [0, 1],

.1 .1
S(v) = lim —log [l A(z, n)l| = lim —log p(A(z,n))

uniformly for x € X,. We saw in the course of the proof of Theorem 2.3 that the function
v: [0,1] — [0, 3] is characterlsed by the fact that o(a) > e5Ma” for all a,~ € [0,1] with
equality if and only if v = v(«). Readers who have skipped the proof of Theorem 2.3
may note that this characterisation can be deduced easily from the definition of S and the
statement of Theorem 2.3.

The proof of Theorem 1.1 operates by exploiting the concavity of S and the above
relationship between S and t to compute a value a, € [0, 1] such that v(a,) ¢ Q as the
limit of a series of approximations. We begin with a result from convex analysis.

Lemma 8.1. For each v € (0,1), we have v™(v) = {ao} with ag € (0,1] if and only if S
is differentiable at v and S'(y) = — log av.

See Figure 1 for a graph of S(v) along with the tangent line of slope .



26 KEVIN G. HARE, IAN D. MORRIS, NIKITA SIDOROV, AND JACQUES THEYS

/

0.4+
0.31
0.2
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gamma

Figure 1: Graph of S(7v), and tangent line at v ~ 0.3819660 . .. of slope —log(0.74932...)

Proof. Recall that if f: [a,b] — R is a concave function then n € R is called a subgradient
of fat z € la,bif f(y) < f(z)+n(y—z) for all y € [a, b]. Furthermore, f is differentiable
at z € (a,b) with f’(z) = n if and only if 5 is the unique subgradient of f at z (see for
example [41, Thm 25.1]). To prove the lemma it therefore suffices to show that for each
v € (0,3), n € R is a subgradient of S at v if and only if e™7 € (0,1] and t(e™) = .

Let us prove that this is the case. For every a, v € [0, 1] we have e5t(@)qr(@) > 50 q
with equality if and only if v = t(«). For each fixed o € (0, 1) it now follows by a simple
rearrangement that — log « is a subgradient of S at t(«). Conversely, suppose that n € R
is a subgradient of S at some vy € (0, %) By Proposition 6.1, S is monotone increasing
on the interval [0, %] and therefore we must have n > 0. Since 7 is a subgradient we have
eS00)=mo > S=1 for all € [0,1], and since e~ € (0, 1] it follows that vy = t(e™") as
required. 0

The following corollary is not needed in this paper but since it is straightforward, we
believe it’s worth mentioning.

Corollary 8.2. The function S is strictly concave on [0,1] and strictly increasing on

[0,1/2].

Proof. 1f S were not strictly concave, there would be an interval (71, 72) such that S would
be linear on this interval. Hence S’ would be constant on (71,72) which would mean,
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in view of the previous lemma, that t=*(y) would be constant for all v € (y1,72). This
contradicts t being well defined (Theorem 2.3), whence S is strictly concave.

Since S is non-decreasing, continuous and strictly concave on [0,1/2], it is strictly in-
creasing. 0

Throughout this section we let ¢ := HT*/E denote the golden ratio. Recall that a real
number v is said to be Liouwville if for every k > 0 there exist integers p, ¢ such that
0 < |y —p/gl < 1/¢8. A classical theorem of Liouville asserts that no algebraic number
can be Liouville (see, e.g., [20, Theorem 191]). In particular ¢~2 is not Liouville.

Lemma 8.3. Let v € [0, %] and suppose that v s an irrational number which is not
Liouville. Then there exists a unique « € [0, 1] such that t(a) = 7.
Proof. By Theorem 2.3 the function t is surjective and monotone, so the set t=!(v) is either
a point or an interval. To show that this set cannot be an interval, we shall suppose that
there exist ag € (0,1) and £ > 0 such that v(a) =« for all « € [e “ayp, e°ay], and derive a
contradiction.

Since -y is irrational but not Liouville, we may choose an integer k£ > 0 such that for all
integers p, ¢ with ¢ nonzero we have |y — p/q| > 1/¢*. A theorem due to the second named
author [36, Thm 1.2] implies that for every r > 0,

L 1
max {,0 (A(QO)(x,m))m crxeXand 1 <m< n} = o(ag) + O (—)
nr
in the limit as n — oo. In particular it follows that if n is some sufficiently large integer,
then there exist an integer m and infinite word « € ¥ such that 1 <m <n and
a 1/m 1 —en—
(8.1) p (A (z,m))"™" > (1 — nkﬂ) ola) >e®
Let ¢(m,(x)) = p/q in least terms; we shall suppose firstly that g—’y > 0, the opposite case
being similar. By hypothesis we have o(Aag) = eFA20))(\aq)H(@0) = 50N (\a)Y = X\Vo(ay)
for every A € [e7%, €], and also £ —~ = |2 — 4| > q¢ % > n~* Combining this with (8.1)
and Lemma 3.1 we obtain

0(eag) 2 p (A (z,m))

o(a).

1/m 1/m

> esp/q_m_kg(ao) = es(p/q*V*"_k)g (e°ayp)
> 0(ap),
a contradiction. In the case g — v < 0 we may similarly arrive at the expression

k

0 (e *ag) > e /T Tp(ag) = e(rpla=n), (e7fa0) > 0 (e ™)
which is also a contradiction. The proof is complete. ([l

Let (F},)52, denote the Fibonacci sequence, which is defined by Fp := 0, F} := 1 together
with the recurrence relation F, .o := F,,; + F),, and recall that F,, = (¢" — (—1/¢)")/\/5
for every n > 0. Define a sequence of integers (7,,)32, by 70 == 1, 7 = 7 := 2, and
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Tnil := TpTn—1 — T2 for every n > 2. Finally, define a sequence of matrices (B,)>2, by
By := Ay, By := Ay and B, := B,,B,_1 for every n > 2. The key properties of F,,, B,
and 7, are summarised in the following three lemmas.

Lemma 8.4. For each n > 2 the identities S(F,_»/F,) = F;'1logp(B,) and F,F, | —
Fo1Fy o = (=1)" hold, and the value ¢ lies strictly between F,, o/ F, and F,_1/F, 1.

Proof. Define a sequence of finite words by u1) := 1, u) := 0, and w41y 1= Un)Un—1) for
every n > 2. Clearly we have A(u(,)) = B, for all n > 1. A simple induction argument
shows that each u(,) is a standard word in the sense defined in Lemma 4.3, and that |u,)| =
Fo, lumy|1 = F,—2 for every n > 2. By Lemma 4.3 and Lemma 6.3(i) we therefore have
[um)]>® € Xp, ,/r, and consequently S(F,_o/F,) = F, 'log p(A(uw)) = F, *log p(B,,) for
every n > 2 as required. The remaining parts of the lemma follow from the fact that the
fractions F,,_o/F), are precisely the continued fraction convergents of ¢—2. Alternatively
these results be derived from the explicit formula for (F,). O

Lemma 8.5. For each n > 1 we have tr B,, = 7,,.

Proof. By direct evaluation the reader may obtain trB; = trBy = 2 = 73 = 7 and
tr By = 3 = 73, so it suffices to show that the sequence (tr B,,) satisfies the same recurrence
relation as (7,,) for all n > 3. Let us write

an by
s=(% )

for each n > 1. Notice that we have a,d, — b,c, = det B,, = 1 for every n, and for each
n > 2 the definition B, := B, B, _1 implies the identity

Ap+1 bn+1 o ApQp—1 + bncn—l a'nbn—l + bndn—l
Cn+1 dn-l—l N Crnlpn—1 + dncn—l Cnbn—l + dndn—l '

Fix any n > 3. By definition we have
tr Byy1 = api1 + dpv1 = an@p_1 + bpCr1 + cbn1 + dpd, 4
and
(tr B,)(tr Bp—1) = anan_1 + andy_1 + dpan—1 + dpd,, 1,
SO we may compute
(tr B,)(tr B,—1) — tr Bpy1 = apdp_1 + dpap—1 — bpcn_1 — cpbyq
= dp_1(p_1an—2 + by_1¢4—2) + @p_1(cp_1bp—2 + dy_1d,,_2)
— p1(ap_1bp—o+ by_1dp_2) — bp_1(Chn_1an_o + dp_1¢5—2)

= p—2(ap_1dpn_1 — by_1Ccn1) + dp—2(an_1dpn_1 — by_1cn_1)
= Qy_9+d, o =1tr B, o,

which establishes the required recurrence relation. 0
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Lemma 8.6. There exist constants 61,0, > 0 such that

llog 7, — log p(B,,)| = O (e77")

log (1 — It >' — O (e7%)

Tn+1Tn

and

in the limit as n — oo.

Proof. Tt is clear that F,,_5/F, — ¢~2 using the formula for F,, and since S is continuous
it follows via Lemma 8.4 that F), !log p(B,) — S(¢~2) > 0. Since det B, = 1 and B, is
non-negative, the eigenvalues of B, are p(B,) and p(B,)~! respectively, so for each n > 1
we have 7, = tr B,, = p(B,,) + p(B,)!, where we have used Lemma 8.5. Hence,

p(Bn) + p(B,)~" 1 ~FuS(672)
0 <logT, —logp(B, zlog( < =0 (e ,
AP p(B,) e = )

where we have used the elementary inequality log(1 + x) < z which holds for all real z,
and this proves the first part of the lemma.

It follows from this result that lim, ,. F,'log7, = S(¢2). We may therefore apply
this to obtain

1 e 1 1 1
lim Flog( Tl > = lim (— log7, 1 — =log7,.1 — = log Tn>

n—oo F), Tna1Tn n—oo \ F), F, E,
=S(¢7) (¢ —¢—1) = -25(¢7%) <0,
from which the second part of the lemma follows easily. OJ

Proof of Theorem 1.1. We will show that S’(¢~2) = — log c., where «, satisfies the product
and limit formulas given in the statement of the Theorem. By Lemma 8.1 this implies that
t(a,) = 2 ¢ Q, and by Theorem 2.3 this implies that A,, does not satisfy the finiteness
property.

By Lemma 8.1 together with Lemma 8.3, the derivative S’(¢~2) exists and is finite.
Using Lemma 8.4 and Lemma 8.6, we may now compute

S'(¢7?) = lim o (J;Tf_) - i?%)
Faori — Fu

7= 1og p (Buy1) — #-logp (By)

n—oo

- nlglgo Foy _ Fono2
Fnia Fn
_ iy 171082 (But) = Fayilogp (Bn)
n—00 F.F,_ — Fn+1Fn—2
= T};H;O(_l)n(Fn lng (Bn+1) - Fn+1 1Og p(Bn))

= lim (—1)"(F,log 741 — Fry1 logmy).

n—oo
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AN
o, = e 507 = 1im ( 7 )
n—o0 To™

n+1

Let us define

which yields the first of the two expressions for a,. We shall derive the second expression.
Let us write o, := (71 /777 ) D" for each n > 1 so that a. = lim,,_,e0 v, Applying the
recurrence relations for (F),) and (7,,) once more, we obtain for each n > 1

Fnio ) Fnya
Q41 . <Tn+1 /Tn+2

(="
Fny1 Fp
o Tn+2 Tn—l—l
- _1)71, - Fn+2 Fn+1
Qp Fny1 ) _Fy ( T, Tn,
(7—" /TnJrl ntl

(=1)"Fny1 (=" Fny1 (=)™ Fngr
o ( Tn+2 ) o (Tn-l—lTn - Tn—l) o (1 N Th—1 >
Tn+1Tn Tn+1Tn Tn+1Tn

Since 1y = 7, = 2 and F; = F; = 1 we have a; = 1. Using the formula above we may now
obtain for each N > 2

N-1 N-1 (=1)"Fpq1
Ont1 Tn—1 "
anN = = 1-— .
Qap

Tn+1Tn

_1)n+1

It follows from Lemma 8.6 that these partial products converge unconditionally in the limit
N — 00, and taking this limit we obtain the desired infinite product expression for a,. [

Remark 8.7. The proof of Theorem 1.1 may be extended to give an explicit estimate for
the difference |, — an| as follows. Note that for each n > 3 we have 1/3 < F,,_/F,, <1/2
and therefore, by Proposition 6.1,

F,_
FYogr, > F ' log p(B,) = S ( 2)

F,
> g (L) _ logp(43Ar) _ log(2+/3)
—7\3) 3 B 3 '
On the other hand, if we define a sequence (7,)32, by 71 = 75 = 71 = » = 2 and

Fra1 1= TuTn_1 for n > 3, then it is clear that 7, < 7, = 2" for every n > 1. Combining

these estimates yields
n— - Fn n—
log (1 _ 1 ) ’ <9 Lnt1Tn-1

[log ay —log | < Z Foi1

=N Tn+1Tn n=N Tn+1Tn
< 9 Z FnJrl 2Fn71 < Cl Z((anrl + 1)9¢n
— (2 + \/g)Fn+2/3 —

N

<120 Z (Z) < 780 (Z)
n=N
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for all N > 3, where

4(2 1/3 ;\/—
= 42+ V3 277475 ... = (L)w " 072441 .

V5 (24 3)%°
It follows in particular that the value ays := 7{}% /1[4 satisfies |, — o3| < 10762, which
yields the approximation given in the introduction.

9. FURTHER QUESTIONS

1. Is it true that « is irrational or transcendental? The fast rate of convergence of the

F,
Tnn+1

(-1)
sequence < yam ) suggests that a, is probably irrational; however, perhaps unexpect-

n+1

edly, this rate itself is not fast enough to claim this. Roughly, to apply known results (see,
e.g., [37]), we need 7, to grow like A®" with A > 1 and B > 2. Then Theorem 1 from the
aforementioned paper would apply. In our setting however we “only” have B = ¢ < 2.

A good illustration how tight the quoted result is is the famous Cantor infinite product

st 1
g(Hﬁ)

equal to 2, despite its “superfast” convergence rate. However, a similar product

()

n=0

is indeed irrational. We conjecture that ., = t~'(1 — 1/4/2) (which corresponds to the
substitution 0 — 001, 1 — 0 similarly to a. corresponding to the Fibonacci substitution
0 — 01, 1 — 0) is irrational.

2. Is v7!(y) always a point when ~ is irrational? We know this to be true if v is not
Liouville (i.e., for all irrational v except a set of zero Hausdorff dimension) but the method
used in Lemma 8.3 is somewhat limited. We hope to close this gap in a follow-up paper.

3. If the answer to the previous question is yes, then is it true that t=*(y) ¢ Q whenever
v ¢ Q7 This question is pertinent to a conjecture of Blondel and Jungers, which says that
the finiteness property holds for all matrices with rational entries [24]. Our model should
not, therefore, yield a counterexample to this conjecture.

4. Is v~!(v) always an interval with nonempty interior when + is rational? It was shown
by the fourth named author in his thesis [45] that = (3) = [%,1], and all other known
examples indicate that the answer is positive. However proving this for a general v € Q

seems like a difficult question.

5. Does the set of all o such that t(a) ¢ Q have zero measure? Does it have zero Hausdorff
dimension? Analogues of these properties are claimed for Bousch-Mairesse’s example but
proofs are not given [8].

We conjecture that the graph of v is a devil’s staircase with the plateau regions corre-
sponding to {7 : t(y) € Q} — see Figure 2.
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