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Abstract

A set of matrices is said to have the finiteness property if the maximal
rate of exponential growth of long products of matrices drawn from that
set is realised by a periodic product. The extent to which the finiteness
property is prevalent among finite sets of matrices is the subject of ongo-
ing research. In this article we give a condition on a finite irreducible set
of matrices which guarantees that the finiteness property holds not only
for that set, but also for all sufficiently nearby sets of equal cardinality.
We also prove a theorem giving conditions under which the Barabanov
norm associated to a finite irreducible set of matrices is unique up to mul-
tiplication by a scalar, and show that in certain cases these conditions are
also persistent under small perturbations.

MSC-2010 codes: 15A18, 15A60.

1 Introduction

Let A be a bounded set of d x d real or complex matrices. The joint spectral
radius of A, introduced by G.-C. Rota and W. G. Strang in [28], is defined to
be the quantity

o(A) = lim Sup{HAin ALV A e A}7

which may easily be shown to yield a finite value which is independent of the
choice of norm || -||. The joint spectral radius has been the subject of substantial
recent research interest, which has dealt with its applications [15, 18, 24, 11,
23, 14], with issues of its computation and approximation [18, 23, 20, 4, 2, 12,
21, 26, 27, 29], and with the study of its mathematical properties [1, 13, 30,
31]. In this article we investigate the finiteness property, a property of sets of
matrices A which facilitates the computation of go(A), and the Barabanov norm,
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a theoretical construction associated to a set of matrices A whose applications
have been explored in [20, 1, 30, 19].

Let us begin by establishing some notation. Throughout this article we shall
use the symbol K to stand for either R or C. Statements which are expressed
using K should thus be understood as being valid in both the case K = R and
the case K = C. For d € N we let Mat;(K) denote the ring of d x d matrices over
K, and let || - || denote the Euclidean norm on K?. To simplify the statement of
some of our results we shall find it convenient to work primarily with ordered
sets of elements of Maty(K). Thus, for each pair of integers r,d € N we let
O, (K%) denote the set of all ordered r-tuples of elements of Mat,(K). We equip
each O,.(K?%) with the metric

do, [(A1,...,A),(By,...,B,)] == max ||A; — By

1<ilr

An r-tuple A = (Ay, ..., A,) € O,(K?) is said to have the finiteness property
if there exist n € N and (iy,...,4,) € {1,...,7}" such that p(A4;, ---A4;)"/" =
0(A). The finiteness property was introduced by J. Lagarias and Y. Wang, who
conjectured in [21] that it is satisfied by every finite set of matrices. Theoretical
results giving various preconditions for the finiteness property were established
in [21, 16]. The existence of pairs of matrices lacking the finiteness property
was later demonstrated by T. Bousch and J. Mairesse in [8] (see also [19, 5]).
Exceptions to the finiteness property nonetheless seem to be rare: M. Maesumi
conjectures in [22] that the finiteness property holds for almost all finite sets
of matrices in the sense of Lebesgue measure on O,(K?), and in a similar vein
V. Blondel and R. Jungers conjecture in [17] that the finiteness property holds
for every finite set of rational matrices. In the first theorem in this article
we contribute to the study of the finiteness property by showing that for each
r,d > 2, an open set of r-tuples of matrices in O,.(K?) has the finiteness property.

We shall call an r-tuple A = (Ai,...,A,) € O,.(K%) reducible if there ex-
ists a linear space V C K% not equal to {0} or K% which is preserved by
every A;. Otherwise A shall be called irreducible. Reducibility of A is equiv-
alent to the existence of nonzero vectors u,v € K¢ such that for each n € N,
(A;, -+ Aju,v) = 0 for every (iy,...,in) € {1,...,7}". We let Z,(K¢) denote
the set of irreducible elements of O,(K?). It is straightforward to show that
Z,.(K%) is open and dense in O,.(K%).

A norm | - || on K? will be called exztremal for A = (Ay,...,A,) € O.(K%)
if ||A;]l < o(A) for every i. We shall say that || - || is a Barabanov norm for A if
the equation

oAl = mas A (1)

is satisfied for every v € K¢, which in particular implies that || - || is extremal.
If A is irreducible then o(A) is nonzero and a Barabanov norm for A exists
[1, 30]. Clearly | - || is a Barabanov norm for A if and only if every norm
proportional to || - || is also a Barabanov norm, so we shall simply say that A
has a ‘unique’ Barabanov norm to mean that all of the Barabanov norms for A



are proportional to one another. In the second theorem in this article we shall
give a sufficient condition for the Barabanov norm of A to be unique.
To state our first theorem we require some further definitions. For each

r,n € N we let Q7 denote the set {1,...,r}"™ , which we refer to as the set of
words of length n over the alphabet {1,...,7}. We shall say that two words
z2=(21,...,%n),w = (wi,...,wy) € QF are rotation equivalent, and write z ~ w,
if there exists k such that (z1,...,2n) = (Wrt1y-- s Wny w1, ..., wg). We write

w = 2P, and say that w is a power of z, if w € Q'P consists of p repetitions of
the word z € 7. Clearly ~ defines an equivalence relation on each €27, and
if (A1,...,A,) € O,(K?%) and (z1,...,2,) ~ (w1,...,wy) then p(A4,, ---A,) =
p(A,, ... A, ). In the terminology of [5], z ~ w if and only if z and w have the
same length and are ‘essentially equal’.

If A€ O,(K% and || - | is any matrix norm, then by a theorem of M. A.

Berger and Y. Wang [2],

A) = inf max A, - Ay |V = su max  p(A;, - A 1/”7
o(4) nEN (iy,...,in)€QN 145, al nepN (815000 ) EQR (s, Y
(2)

which in particular implies that o: O,.(K?) — R is continuous for every r,d € N.
Let us say that A = (A,...,A,) € Z,(K?) satisfies the strong finiteness

hypothesis if there exists a word w = (w1, ... ,wy) € QF, which we call a charac-
teristic word for A, such that for every Barabanov norm || - ||z for A, we have
|A;, - AillB < o(A)"™ whenever (i1,...,i,) = (wi,...,w,). This condition

implies that ||(Aw, - Aw,)™lB = 0(A)™™ for every m € N, since if this were
to fail for some m then we would have

max { || Aigyery, -+ Al 5 (15 sigmann) € QUL < o(A) DT

contradicting (2). It follows that if A satisfies the strong finiteness hypothesis
with characteristic word (wsq,...,w,) then it satisfies the finiteness property
with o(A) = p(A,, - - Ay, )Y/". The reader may note that if w € Q7 is a
characteristic word for A, then @ € Q7 is a characteristic word if and only if
w ~ w, and for every p € N, wP € QI'P is also a characteristic word for 4. The
strong finiteness hypothesis has the following important property:

Theorem 1.1. Let r,d € N and w € Q". Then the set of all A € Z,(K?) such
that A satisfies the strong finiteness hypothesis with characteristic word w is an
open subset of I,(K%).

The strong finiteness hypothesis appears to be problematic to verify, even
in cases where A is otherwise easily analysed. Some illustrative examples are
given in the following section. It is tempting to conjecture the following possible
generalisation, which would be of broader practical value:

Conjecture 1.2. Let r,d € N and & € Q7, and let Uy C I,.(K?) be the set of
all r-tuples A = (Aq,..., A;) for which there exists an extremal norm || - || 4 with
the property that ||Aw, - Aw, |4 < 0(A)™ whenever & ~ (w1,...,wy). ThenU;

is an open subset of T,.(K%).



We remark that the principal obstruction to such a result would appear to
be the lack of a natural candidate extremal norm || - ||z for B € Z,(K?) close
to A. Indeed, the proof of Theorem 1.1 functions by showing that if A satisfies
the strong finiteness hypothesis, then every Barabanov norm for B is such a
candidate norm.

While the strong finiteness hypothesis is quite a strict condition, we are
nonetheless able to construct examples in which it is satisfied:

Proposition 1.3. Let r,n € N and w = (w1, ...,wy,) € QF, and suppose that w
is not equal to a power of a shorter word. Then there exists A = (Aq,...,A,) €
Z,(K™) such that A satisfies the strong finiteness hypothesis with characteristic

word w, the A; are pairwise distinct, and rank (A, -+ Ay,) =1.

An easy consequence of Theorem 1.1 and Proposition 1.3 is that for every
r,d > 2, there exists a nonempty open subset of O,.(K¢) in which the finiteness
property is everywhere satisfied. In view of Proposition 1.3 it seems natural to
ask the following question, which the author is not at present able to resolve: for
fixed r,d > 2, is it the case that every w € Ufle Q" arises as the characteristic
word of some A € Z,.(C%)?

In order to state our second theorem we require some further definitions.
Given A = (Ay,..., A,) € O.(K%) let us define

Ap = {Ai, - Aiy s (i1, in) € Q)

for each n € N. We shall say that A is product bounded if the set | J, oy An is a
bounded subset of Matq(K), and that A is relatively product bounded if o(A) > 0
and o(A)~tA is product bounded. If o(A) > 0 and A admits an extremal
norm then clearly A must be relatively product bounded, so in particular every
irreducible A has this property. For relatively product bounded A the limit
semigroup of A, introduced by F. Wirth in [30], is defined to be the set

S(A) = <U Q(.A)_".An>.

m=1 \n=m

In this article we shall say that A € O,(K?) has the rank one property if it is
relatively product bounded and every nonzero element of S(A) has rank one.
By Proposition 1.3, every Z,.(K?) with r,d > 2 contains some A satisfying the
rank one property. It turns out that the rank one property is also stable under
small perturbations:

Proposition 1.4. For each d,r € N the set of all A € T,.(K%) satisfying the
rank one property is open. In the particular case K = C, d = 2 this set is also
dense.

As an aside, we remark that there exist open subsets of Z5(R?) in which the
rank one property does not hold. For example, let us consider the irreducible
(with respect to R?) pair of matrices A = (A, Az) given by

0 1 1
e (34) (3 1)

4

V= O



Since clearly ||A[| = p(A1) = 1 and || Az|| = £ we have o(A) = p(A;) = 1. If |||
is a Barabanov norm for A then [|As|| = 3 < o(A) since this matrix is a scalar
multiple of the identity; it follows that A satisfies the strong finiteness hypothesis
with w = (1). By Theorem 1.1 there exists a small open neighbourhood U of
A such that every B = (B1, By) € U is irreducible and satisfies o(B) = p(B1).
However, if B is close enough to 4 then B; must have a conjugate pair of
eigenvalues, and it follows that S(B) contains the identity matrix when B is
close enough to A.

We shall say that A = (Ay, ..., A,) € O,.(K9) has the unbounded agreements
property if for any N € N and any pair of sequences i1,i3: N — {1,... 7} such

thet A Aill
. im(n) """ A, (1)
lim sup ( > >0

for m = 1,2, there exist n1,ns € N such that i(n1 + k) = j(ne + k) throughout
the range 1 < k < N. It is straightforward to show that the strong finiteness hy-
pothesis implies the unbounded agreements property, and thus Proposition 1.3
implies that the unbounded agreements property is also satisfied in a nonempty
subset of Z,.(K?%) which contains an open set. On the other hand, the unbounded
agreements property does not imply the finiteness property. If A denotes the
pair of matrices shown in [8] to lack the finiteness property, then the existence
of a unique height-maximizing shift-invariant measure on {0, 1}" forces the un-
bounded agreements property to hold. We defer the proof of this assertion to a
later publication.
We may now state our second theorem:

Theorem 1.5. Suppose that A € O.(K?) is relatively product-bounded and
satisfies both the unbounded agreements property and the rank one property.
Then there exists at most one Barabanov norm for A up to multiplication by a
scalar.

By combining all four of the results in this section one may easily obtain:

Corollary 1.6. For each r,d > 2 there exists a nonempty open set U C T,.(K%)
with the property that for every A € U, A satisfies the finiteness property, the
unbounded agreements property and the rank one property, and has a unique
Barabanov norm.

The remainder of this article is structured as follows. In the following section
we give some examples of the applications and limitations of Theorems 1.1 and
1.5, showing in particular that both the unbounded agreements property and
the rank one property are necessary parts of the latter theorem. In §3 we give
the proofs of Theorems 1.1 and 1.5 and Propositions 1.3 and 1.4. Finally, in §4
we briefly describe the relationship between Theorems 1.1 and 1.5 and certain
recent results in ergodic theory.



2 Examples

In each of the examples below we may take K to be either R or C. The reader
may readily verify that each example is irreducible in both of the two cases.
Example 1. Define

(01 0
A1_<)\1 0)3 A2_<1 0)7

where 0 < |A\],|A2] < 1. Then A = (A;, A2) satisfies the strong finiteness
hypothesis, has the unbounded agreements property and the rank one property,
and has a unique Barabanov norm. (In the case Ay = A = 0 this is the example
given by Proposition 1.3 with r = n = 2.)

Proof. A straightforward calculation yields |41 Azl = ||A241] = p(A142) =1,
A%l = |A\1] < 1 and [|A2]] = |X2| < 1, from which it follows that o(A) = 1.
If i: N — {1,2} has limsup,, ., [[Aiwn) - Aiqy]l > 0 then it follows that there
must exist ng > 0 such that i(ng+2n+1) = 1 and i(no+2n) = 2 for every n € N,
which implies the unbounded agreements property. Since |det A1, |det Ag| < 1
it is clear that every element of S(A) has determinant zero and hence has rank
at most equal to one. The norm defined by ||(x,%)7| := max{|z],|y|} is a
Barabanov norm for A, since for each v = (z,y)7 € K2

max {[| Aol [|Agv][} = max{|Avz], [y], [Aeyl, 2]} = max{|z], [y|} = [jo]].

By Theorem 1.5 it is the only such norm up to scalar multiplication. Direct
calculation then shows that ||A?]],|| 43| < 1 and hence the strong finiteness
hypothesis holds. O

Example 2. Define

1 0 0 A
A1_<O )\)7 AQ_()\ O)v

where 0 < |A] < 1. Then A = (A;, A3) has the finiteness property, the un-
bounded agreements property and the rank one property, but does not satisfy
the strong finiteness hypothesis.

Proof. Straightforward calculation shows that ||Ai|| = p(41) = 1 and ||A2| =
|A| < 1 so that in particular o(A) = 1 and A has the finiteness property. The
unbounded agreements property and the rank one property follow in the same
manner as for the previous example. Define a norm on K? by H(x,y)TH =
max{|z|, |\y|}. For each v = (z,y)T € K2 we have

Nyl Iyl [Nz]} = max{]a], |xy[} = o]

max{[|Ayvl], || Azv]|} = max {|z],

and therefore || - || is a Barabanov norm for A. Define u := (0,1)7 € K2. For
each n € N we have ||A’1171A2u|| = |A| = |ju|| and therefore HA;LilAQH =1,
and clearly we also have ||A7] = 1. We deduce that no w € QF can be a
characteristic word for A, and since n is arbitrary we conclude that A does not
satisfy the strong finiteness hypothesis. O



Example 3. Define

10 0 A
Al(o _1>7 A2<)\ O>?

where 0 < |A] < 1. Then A = (A;, A3) has the unbounded agreements property
and the finiteness property, but lacks the rank one property, and has more than
one Barabanov norm.

Proof. Clearly ||A1]| = p(A1) =1 and || 42| = |A] < 1. Tt follows that o(A) =1
and that A satisfies the finiteness property, and the unbounded agreements
property follows as before. It is clear that I € S(A) and hence A does not satisfy
the rank one property. For any p > 1 the norm || - ||, defined by ||(z,y)7], =
(|z[P + |y[P)'/P is a Barabanov norm since ||Av|, < [|A1v|l, = |[v|, for all
v e K2

Example 4. Define

1 0 0 0 0 A
A1<O 0)3 A2<0 1)7 A3()\ 0)7

where 0 < || < 1. Then A = (A1, As, A3) has the rank one property and the
finiteness property, but lacks the unbounded agreements property, and has more
than one Barabanov norm.

Proof. Clearly o(A) = 1, and A does not satisfy the unbounded agreements
property since lim, ., A} = A; # 0 but also lim,,_,.c A = A3 #0. If A € A,
with rank A = 2 then necessarily A = A% and hence ||A| = |A™. It follows
that S(A) cannot contain a matrix of rank 2. If |[A\| < & < |A|~! then the norm
||-|l¢ defined by ||(z,y)T||¢ = max{|z|,€|y|} is a Barabanov norm, since for every
v=(z,y)T € K?

max {[|Ayolle; [[Azvlle, [|Asvlle} = max {[z[, |yl | Ayl, [ Az}
= max {|[,{|yl} = [lvlle

as required. O

3 Proofs of Theorems 1.1 and 1.5 and Proposi-
tions 1.3 and 1.4

3.1 Proof of Theorem 1.1
Let A denote the set of all norms on K¢, and for || - |1, ]| - |2 € NV define

||U1)‘ }
lo ol =1 5.
()| 1ol

It is clear that d is a metric on N. Moreover, if Z C N is closed and has finite
diameter with respect to dar, then it follows from the Arzéla-Ascoli theorem
that Z is compact. We require the following lemma:

an (- Il ll) = sup{




Lemma 3.1. Let vy € K%, let (A(k));o:l be a sequence of elements of T, (K%)
converging to some A € I,.(K%), and for each k let ||-||x be a Barabanov norm for
A®) such that ||vo||x = 1. Then the sequence of norms ||-||x has an accumulation
point in N which is a Barabanov norm for A.

Proof. Let A = (Ay,..., A,) and A®) = (Ag’“), . .,AW) for each k € N. By

hypothesis the set {A®*): k € N} U {A} is a compact subset of Z,.(K%), and it
follows from [30, Theorem 4.1] that the set {|| - ||x: ¥ € N} has finite diameter

as a subset of V. It follows that there exist a subsequence (k;)$2; and norm

| || € NV such that lim; .o || - |, = || - |. If v € K¢, then for i = 1,...,7 and
hel (k;) (k)
4], — 1aswl| < c]|a® - A 4o

and
sl = [ Asv]| < | Az]| (e Wt — 1),

implying that
lim HAEkJ Jy

Jj—o0

= [|Aiv]|
k;

for all such 7 and v. We conclude that for every v € K¢

lv]| = lim HUij = lim max
J—x0 J

_ AZ(-kj)’UH = max ||Av|
—o00 1<i<lr kj

1<i<r
and || - || is a Barabanov norm for A. O

For each w = (w1, ...,w,) and A= (A1,...,A,) € Z,(K?) let us now define
O,(A) = sup{HAwn o A M || - || is a Barabanov norm for .A} . (3)

Let vo € K\ {0} be arbitrary. If for each k we choose || - ||» € N such that
AL, - - Aw, H,lc/n > ©,,(A) — £, then by rescaling each | - || so that |lvg[lx =1

and applying Lemma 3.1 with A%) = A, we see that the supremum in (3) is

always attained.
We claim that each ©,: Z,.(K¢) — R is upper semi-continuous. For each

ke Nlet AR = (Agk), . .,Agk)) € Z,(K?%) and suppose that limy_., A% =
A= (44,...,A,) € T.(K%). Choose some arbitrary vy € K%\ {0} and for each
k € Nlet ||-||x be a Barabanov norm such that ©,,(A®*)) = HAEJI? e Afa’?’ i and

[vollx = 1. Choose a sequence of integers (k;)32. such that lim; . O, (Ak)) =

lim supy,_, ., ©,(A*). By Lemma 3.1, we may replace (k;) with a finer subse-
quence such that lim; . || - [[x, = || - || € NV, where || - || is a Barabanov norm
for A. It follows that

lim sup ©,, (A(k)) = lim HAEJZJ) ... Agclj)

k—o0 J—0o0

s = ||Awn"'Aw1|| < GW(-A)7



since || - || is a Barabanov norm for A, which proves the claim.

Now let us consider some fixed & € Q. Since the supremum in (3) is
attained for every A and w, it follows that A € Z,.(K9) satisfies the strong
finiteness hypothesis with characteristic word @ if and only if

max {0, (A): w € O and w = &} < p(A)". (4)

We have shown that each of the functions ©,, is upper semi-continuous, and
since o depends continuously on A it follows that the set of all A € Z,.(K%)
solving the inequality (4) must be open. The proof is complete.

3.2 Proof of Proposition 1.3

Let r,n € N, and let (wq,...,wy,) € QF. We shall begin by proving Proposition
1.3 subject to the additional assumption that (w1, ...,w,) includes at least one
instance of every symbol 1,...,7.

Let eq,...,e, be the standard basis for K", and let || - || be the norm on
K™ given by ||>"}_; Akek|| = max|A;|. Define an r-tuple of matrices A =
(A1,...,A;) by setting A, e; := e;41 for 1 < i < n and A, e, := e, and
Ajer, :=0 in all other cases. Clearly A, --- Ay, e1 =e; and ||4;]| < 1 for every
i, and it follows that p(Ay, - A, ) = 0o(A) = 1. If 1 < i < j < r then by
hypothesis there is & such that j = wy # ¢ and therefore A;er # Ajeyr, so in
particular we have A; # A; and the matrices forming A are pairwise distinct.

We claim that if (z1,...,2,) »* (wi1,...,wy) then A, ---A,, = 0, which
clearly implies that (wi,...,w,) must be a characteristic word for A. Let
(#1,...,2n) € Q7 and suppose that A, ---A, # 0. To simplify notation in
the remainder of this paragraph it will be convenient to add subscripts modulo
n, identifying n + 1 with 1, n + 2 with 2, et cetera. Since A, ---A,, is nonzero
there must exist k such that A, ---A, er # 0. From the definition of A it
follows that z; = wy and A, er = exy1. We must then have A, epy1 # 0 and
by the same reasoning it follows that zo = w41 and A,, A e = Az 641 =
ex+2. Proceeding inductively in this fashion we obtain A, ---A, er = e, and

(215 -y 2n) = (Wkt1y- -+ yWnyW1, - - ., Wk ), Proving the claim.

If Ay, -+ Ay, er # 0 for some k # 1 then the above reasoning shows that
(Wiy.vywn) = (Wy e oy Wny w1y ..« wk—1). It follows from this that (w1,...,wy,)
is equal to (w1, ..., wq)? where ¢ = hef(k—1,n) and n = pq. Since (w1, ...,wy,) is

by hypothesis not equal to a power of a shorter word we deduce that A, --- Ay,
has rank equal to one as claimed.

It remains to show that A is irreducible. Let u,v € K¢ with u # 0,
and suppose that for every m € N one has (A;  ---4;u,v) = 0 for every
(i1, yim) € Q. We claim that necessarily v = 0, implying the irreducibility
of A. Since u # 0 there is k such that (u,e) # 0. Now, from the previous two
paragraphs it follows that

Ay A Aw, - Auyu = (u, ex) e,

and therefore
A, -

n

A Aw, A u = (u,ep) e



We deduce in particular that (e;,v) = 0, and that for each m € N we must
have (A;,, -+ A; e1,v) = 0 for every (i1,...,im,) € Q. Since by construction
Ay, - Ay e1 = egqq for 1 < £ < n, we conclude that (e;, v) must equal zero for
every j, and it follows that v = 0, proving the claim. This completes the proof
of the theorem subject to our additional assumption.

The general case now follows easily. It suffices to assume that there is 1 <
r’ < r such that (wy,...,w,) includes at least one instance of every symbol
1,...,7’, since we can always get to and from this situation by perturbing the
indices i = 1,...,r in some manner. Let (41,..., A,s) be the r’-tuple of matrices
produced by the preceding argument. To extend this to a full r-tuple we simply
let Apq1,..., A, be given by small scalar multiples of the matrices already
defined. If the modulus of each scalar is strictly less than one then it is clearly
that this yields an irreducible r-tuple A with o(A) = 1. If || - || 4 is a Barabanov
norm and z = (z1,...,2,) € QF with z = w, then either ||A,, - - A, ||la =0 if
z; <1’ for every i, or ||[A,, -+ A |la < T, |4z ]la < 1= o(A)™ if otherwise.
The proof is complete.

3.3 Proof of Proposition 1.4
We shall use the following simple characterisation of the rank one property:

Lemma 3.2. Let A € O,(K%) be relatively product bounded. Then A has the
rank one property if and only if o(A2A) < o(A)?%, where A2A is the r-tuple which
consists of the second exterior powers of the matrices comprising A.

Proof. By normalising A if necessary it clearly suffices to consider the case
o(A) = 1. Let | - ||x> denote the standard norm on K% A K?¢. Recall that for
every A € Maty(K) we have

1A24]|,, = I AJl.inf{J] A — BJ: rank B < 1} (5)

see e.g. [3]. In particular o(A%A) is at most 1.

Suppose that o(A2A4) < 1. Given any nonzero matrix A € S(A), choose
an increasing sequence of integers (ng)5; and a sequence of matrices (4,, )72,
such that A,, € A, for every k, and limj_.., A,, = A. Since o(A2A) < 1 we
have || A2 A2 = limg oo || A2 Ay, || a2 = 0. Tt follows from (5) that A has rank
equal to 1 and we conclude that the rank one property holds.

Suppose conversely that o(A%2A) = 1. It follows that we can choose a se-
quence (A,,)%; with each A,, € A,, such that || A2 A,||x2 > 1, since if for any n
this choice were not possible we would have o(A%.A) < 1 by (2). Since A is prod-
uct bounded we may take a subsequence (ng);>,; and matrix A € S(A) such
that limg_ o A, = A. Since || A2 A,||a2 > 1 for every n we have || A2 Al[n2 > 1.
By (5) it follows that the rank of A is at least two, and we conclude that the
rank one property does not hold. O

The proof of Proposition 1.4 now follows easily. Since the maps from Z,.(K%)
into R given by A +— o(A) and A — p(A%2A) are both continuous, the set of all
A € Z,.(K%) such that o(A2A) < o(A)? is open.

10



To see that the rank one property holds for a dense subset of Z,.(C?) we
argue as follows. If A = (Ay,...,A,) meets the condition that each A; has two
distinct eigenvalues which are unequal in modulus, then

2 — ) )2 2
o(N°A) = Joax |det A;| < [max p(Ai)* < o(A)*.

Since this condition is easily seen to be hold for a dense open subset of O,.(C?),
it follows that it holds for a dense open subset of Z.(C?) also, which implies
that the rank one property holds for this set.

3.4 Proof of Theorem 1.5

Let A = (Ay,...,A,) € O,.(K?% and suppose that A satisfies the unbounded
agreements property. Without loss of generality we normalise A so as to obtain
o(A) = 1. Let || - ||p1 and || - ||z be Barabanov norms for A which are not
proportional to each other. Note that the existence of a Barabanov norm implies
that A is product bounded. We will establish Theorem 1.5 by showing that
under these hypotheses the rank one property cannot hold.

Rescaling one of the two norms if necessary, there exists a real number A > 1
such that

sup{[[v]|p1: [[vllp2 = 1} = sup{[|v| B2: [[vllp1 = 1} = A.
Let us define subsets X1, Xo of K by
X = {v e K?: ||v|lzr = M|v|lB2 = )\},

Xo = {ve K" [[vllp2 = Aollp1 = A} .

Clearly X; and X, are nonempty and compact, and satisfy X; N X5 = (. Note
also that if v; € X7 and vy € X5 then vy and vs are linearly independent.

To begin the proof we show that there exist sequences i1,i2: N — {1,...,r}
and vectors u; € X7 and uy € X5 such that for every natural number n we have
Ay A ()um € Xy for m = 1,2, Let uy and up be arbitrary elements
of Xy and X, respectively. Since || - ||p1 is a Barabanov norm there exists
i1(1) € {1,...,7} such that ||4; qyvi||B1 = |lv1]|B1 = A and consequently

[ As, yvillBr = Al[villp2 = Afgfg [Ajv1llB2 = AllAs, yvillB2 > | Ai yvill 51

which implies that A; ;yu; € Xi;. Applying this procedure with the vec-
tor A; yur in place of u; allows us to define i;(2) with the property that
Aj 2)Ai, (1yu1 € Xi. Proceeding inductively in this manner we may thus con-
struct the sequence 7;. The construction of the sequence is may be undertaken
in precisely the same fashion.

We next claim that for every ¢ € N there exist a function j,: {1,...,¢} —
{1,...,7} and two vectors vy1 € X1, vr2 € Xo such that for 1 < k < ¢ and
m =1,2 one has Ajg(k) cee Ajg(l)vé,m € X,n. To see thiS, let 11,19 and U1, U2 be

11



the sequences and vectors defined above. Since HAim(n) .- 'Aim(l)umHBm =
for each n € N and for m = 1, 2, we conclude that neither of the two sequences of
matrices (A;, (n) - Ai,.(1))ne1 converges to zero in the limit n — co. Let £ € N.
By the unbounded agreements property it follows that there exist ny,no € N
such that i1(n1 + k) = ia(n2 + k) throughout the range 1 < k < ¢. Taking
Je(k) :=i1(ny +k) for 1 <k < £ and setting vgm = A;,, (n,,)  Aiyo (1) Um € Xim
for m = 1,2 proves the claim.

We may now complete the proof. For each £ € N and m = 1,2 we have
[45.0) - Ajecyvem| gy, = l0emllBm and therefore [[Ajo - Ajuwy ||, = 1-
It follows that we may choose a subsequence (¢,,), -, such that the sequence of
matrices (By)pl; given by B, := Aj, (1) -+ Aj, (1) converges to a nonzero
matrix B € Maty(K). By definition we have B € S(A). Since each X,
is compact, by taking further subsequences if necessary we may assume that
limy, o0 Ve, m = Um € Xy for m = 1,2. For each n € N and m = 1,2 we
have B,ve, m € X, and it follows from this that Bv; € X;, Bva € X5. But
this implies that Bv; and Bvy are linearly independent, and we have obtained
B € S§(A) with rank B > 2. Thus A lacks the rank one property and the proof
is complete.

4 Connections with ergodic theory

The proof of Theorem 1.5 is suggested by a lemma of T. Bousch in ergodic theory
[6, Lemme C], which we shall briefly describe. Define a map T: R/Z — R/Z by
T(z) = 2z( mod 1) and let f: R/Z — R be Lipschitz continuous. If we then
define

n—

1
B(f) = inf sup lZ]‘(Tjgc),

neN zer/z N =0

then Bousch’s Lemme C gives criteria under which the functional equation

B(f) +g(z) = max [f(y)+g(y)] (6)

T(y)=z

admits at most one continuous solution g up to the addition of a real constant.
The similarity between the functional equations (1) and (6) was previously re-
marked on by Bousch in the manuscript [7]. When more than one solution to (6)
exists, moreover, the set of all sufficiently regular solutions is an equicontinuous
family [10, Lemma 7.6], a result suggestive of [30, Theorem 4.1].

The idea of Theorem 1.1 was suggested to the author by a theorem of Con-
treras, Lopes and Thieullen which is closely related to the work of Bousch de-
scribed above [9, Theorem 8]. However, the proof of Theorem 1.1 in its final
form has no direct connection with the argument in [9]. Connections between
the joint spectral radius and optimisation problems in ergodic theory are also
investigated by the author in [26, 25].

12



References

[1]

[4]

[5]

[10]

[11]

N. E. Barabanov, On the Lyapunov exponent of discrete inclusions. I,
Automat. Remote Control 49 (1988), no. 2, 152-157. MR MR940263
(89¢:34025)

Marc A. Berger and Yang Wang, Bounded semigroups of matrices, Linear
Algebra Appl. 166 (1992), 21-27. MR MR1152485 (92m:15012)

Rajendra Bhatia, Perturbation bounds for matriz eigenvalues, Classics in
Applied Mathematics, vol. 53, Society for Industrial and Applied Mathe-
matics (SIAM), Philadelphia, PA, 2007, Reprint of the 1987 original. MR
MR2325304 (2008b:15071)

Vincent D. Blondel and Yurii Nesterov, Computationally efficient approxi-
mations of the joint spectral radius, STAM J. Matrix Anal. Appl. 27 (2005),
no. 1, 256-272 (electronic). MR MR2176820 (2006k:15027)

Vincent D. Blondel, Jacques Theys, and Alexander A. Vladimirov, An ele-
mentary counterexample to the finiteness conjecture, STAM J. Matrix Anal.
Appl. 24 (2003), no. 4, 963-970 (electronic). MR MR2003315 (2004g:15010)

Thierry Bousch, Le poisson n’a pas d’arétes, Ann. Inst. H. Poincaré Probab.
Statist. 36 (2000), no. 4, 489-508. MR MR1785392 (2001i:37005)

, Le lemme de Mané-Conze-Guivarc’h pour les systéemes amphidy-
namiques rectifiables, manuscript, 2007.

Thierry Bousch and Jean Mairesse, Asymptotic height optimization for top-
ical IFS, Tetris heaps, and the finiteness conjecture, J. Amer. Math. Soc.
15 (2002), no. 1, 77-111 (electronic). MR MR1862798 (2002j:49008)

G. Contreras, A. O. Lopes, and Ph. Thieullen, Lyapunov minimizing mea-
sures for expanding maps of the circle, Ergodic Theory Dynam. Systems
21 (2001), no. 5, 1379-1409. MR MR1855838 (2002i:37038)

Gonzalo Contreras, Artur O. Lopes, Elismar R. Oliveira, and Daniel Sma-
nia, Piecewise analytic subactions for analytic dynamics, arXiv preprint
0904.3516, 2009.

Ingrid Daubechies and Jeffrey C. Lagarias, Two-scale difference equations.
II. Local regularity, infinite products of matrices and fractals, STAM J.
Math. Anal. 23 (1992), no. 4, 1031-1079. MR MR1166574 (93g:39001)

Gustaf Gripenberg, Computing the joint spectral radius, Linear Algebra
Appl. 234 (1996), 43-60. MR MR1368770 (97c:15043)

N. Guglielmi, F. Wirth, and M. Zennaro, Complex polytope extremality
results for families of matrices, SIAM J. Matrix Anal. Appl. 27 (2005),
no. 3, 721-743 (electronic). MR MR2208331 (2007b:93106)

13



[14]

[15]

[16]

[17]

N. Guglielmi and M. Zennaro, On the zero-stability of variable stepsize
multistep methods: the spectral radius approach, Numer. Math. 88 (2001),
no. 3, 445-458. MR MR1835466 (2002d:65066)

Leonid Gurvits, Stability of discrete linear inclusion, Linear Algebra Appl.
231 (1995), 47-85. MR MR1361100 (96i:93056)

Leonid Gurvits, Stability of linear inclusions - part 2, NECI research report
TR96-173, 1996.

Raphaél M. Jungers and Vincent D. Blondel, On the finiteness property
for rational matrices, Linear Algebra Appl. 428 (2008), no. 10, 2283-2295.
MR MR2405245 (2009e:15029)

V. S. Kozyakin, Algebraic unsolvability of a problem on the absolute stability
of desynchronized systems, Automat. Remote Control 51 (1990), no. 6,
754-759. MR MR1071607 (91e:93065)

, A dynamical systems construction of a counterexample to the
finiteness conjecture, Proceedings of the 44th IEEE Conference on Decision
and Control, and the European Control Conference 2005 (Seville, Spain),
December 2005, pp. 2338-2343.

, Iterative building of Barabanov norms and computation of the joint
spectral radius for matriz sets, arXiv preprint 0810.2154v2, 2008.

Jeffrey C. Lagarias and Yang Wang, The finiteness conjecture for the gener-
alized spectral radius of a set of matrices, Linear Algebra Appl. 214 (1995),
17-42. MR MR1311628 (95k:15038)

Mohsen Maesumi, An efficient lower bound for the generalized spectral
radius of a set of matrices, Linear Algebra Appl. 240 (1996), 1-7. MR
MR1387282 (97b:15027)

, Calculating joint spectral radius of matrices and Hélder exponent
of wavelets, Approximation theory IX, Vol. 2 (Nashville, TN, 1998), Innov.
Appl. Math., Vanderbilt Univ. Press, Nashville, TN, 1998, pp. 205-212.
MR MR1744409

Bruce E. Moision, Alon Orlitsky, and Paul H. Siegel, On codes that avoid
specified differences, IEEE Trans. Inform. Theory 47 (2001), no. 1, 433-442.
MR MR1820392 (2001k:94084)

Tan David Morris, The generalized Berger-Wang formula and the spectral
radius of linear cocycles, arXiv preprint 0906.2915, 2009.

, A rapidly-converging lower bound for the joint spectral radius via
multiplicative ergodic theory, arXiv preprint 0906.0260, 2009.

14



[27]

[30]

[31]

V. Yu. Protasov, The joint spectral radius and invariant sets of linear op-
erators, Fundam. Prikl. Mat. 2 (1996), no. 1, 205-231. MR MR1789006
(2002d:47006)

Gian-Carlo Rota and Gilbert Strang, A note on the joint spectral radius,
Nederl. Akad. Wetensch. Proc. Ser. A 63 = Indag. Math. 22 (1960), 379-
381. MR MR0147922 (26 #5434)

John N. Tsitsiklis and Vincent D. Blondel, The Lyapunov exponent and
joint spectral radius of pairs of matrices are hard—when not impossible—
to compute and to approximate, Math. Control Signals Systems 10 (1997),
no. 1, 31-40. MR MR 1462278 (99h:65238a)

Fabian Wirth, The generalized spectral radius and extremal norms, Linear
Algebra Appl. 342 (2002), 17-40. MR MR1873424 (2003g:15025)

, The generalized spectral radius is strictly increasing, Linear Alge-
bra Appl. 395 (2005), 141-153. MR MR2112880 (2005m:15027)

15



