
Probability Models. Solution to Problem Sheet 3.

1. This is the standard expected duration of the game for the gambler’s ruin problem
with p = 1/2, k = 100 and boundaries M = 0 and N = 200. E[X] = E100(0, 200) =
(100− 0)(200− 100) = 10, 000

To obtain E[X] if he bets £10 we need to change units so that 1 new unit is equal to £10.
So we divide k, N and M by 10 to convert to new units. Hence E[X] = E10(0, 20) =
(10− 0)(20− 10) = 100.

If P (red) = 18
37

= p, then q = 1− p = 19
37
. In this case E[X] = limN→∞Ek(M,N), where

M = 0, k = 10. Remember that
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It follows from q > p that limN→∞
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Thus E[X] = k−M
q−p

= 10
(1/37)

= 370.

2. Let B1, B2 and B3 correspond to the events that he wins, loses or draws the first game.
Let Xk be the number of games he plays starting from k units and let Ek = E[Xk].

Ek = E[Xk] = E[Xk|B1]P (B1) + E[Xk|B2]P (B2) + E[Xk|B3]P (B3)

=
1

3
(1 + Ek+1) +

1

3
(1 + Ek−1) +

1

3
(1 + Ek)

Re-arranging gives Ek+1 − 2Ek + Ek−1 = −3

The associated quadratic is θ2 − 2θ+ 1 = 0 with roots both θ = 1 so that the solution
to the general equation Ek+1 − 2Ek + Ek−1 = 0 is Ek = A+Bk.

As in lectures consider a particular solution to the actual difference equation of the
form Ek = Ck2. Then C(k+1)2− 2Ck2+C(k− 1)2 = −3 and so 2C = −3 and therefore
C = −3/2.



Hence the general solution to the actual difference equation is Ek = A + Bk − 3
2
k2.

Now 0 = E0 = A and 0 = EN = A+BN − 3
2
N2, hence A = 0 and B = 3

2
N . Therefore

E[Xk] = Ek =
3

2
Nk − 3

2
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3

2
k(N − k)

3. Let Bi be the event he chooses route i initially.

(a) E[X] = E[X|B1]P (B1) +E[X|B2]P (B2) +E[X|B3]P (B3) = (10+E[X])1
3
+ (15+

E[X])1
3
+ (8)1

3

So re-arranging gives E[X] = 33.

(b) E[X] = E[X|B1]P (B1)+E[X|B2]P (B2)+E[X|B3]P (B3) = (10+E[X1])
1
3
+(15+

E[X2])
1
3
+ (8)1

3
= 11 + 1

3
(E[X1] + E[X2])

E[X1] = E[X1|B2]P (B2) + E[X1|B3]P (B3) = (15 + E[X2])
1
2
+ (8)1

2
= 23

2
+ 1

2
E[X2]

E[X2] = E[X2|B1]P (B1) + E[X2|B3]P (B3) = (10 + E[X1])
1
2
+ (8)1

2
= 9 + 1

2
E[X1]

Either: Hence adding these two equations gives (E[X1] + E[X2]) = 41
2
+ 1

2
(E[X1] +

E[X2]) and therefore (E[X1] + E[X2]) = 41. Then
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3
(41) = 24

2
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Or: You could also find E[X1] and E[X2] and then find E[X].
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)

Therefore 3
4
E[X1] = 16 and so E[X1] =
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3

and hence E[X2] = 9 +
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)
×
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)
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3
.

Hence
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