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Preface

Many mathematicians are aware of some of the dramatic interactions between
ergodic theory and other parts of the subject, notably Ramsey theory, infinite
combinatorics, and Diophantine number theory. These notes are intended to
provide a gentle route to a tiny sample of these results. The intended reader-
ship is expected to be mathematically sophisticated, with some background
in measure theory and functional analysis, or to have the resilience to learn
some of this material along the way from other sources.

In this volume we develop the beginnings of ergodic theory and dynamical
systems. While the selection of topics has been made with the applications
to number theory in mind, we also develop other material to aid motivation
and to give a more rounded impression of ergodic theory. Different points of
view on ergodic theory, with different kinds of examples, may be found in
the monographs of Cornfeld, Fomin and Sinăı [60], Petersen [282], or Wal-
ters [373]. Ergodic theory is one facet of dynamical systems; for a broad per-
spective on dynamical systems see the books of Katok and Hasselblatt [182]
or Brin and Stuck [44]. An overview of some of the more advanced topics we
hope to pursue in a subsequent volume may be found in the lecture notes of
Einsiedler and Lindenstrauss [80] in the Clay proceedings of the Pisa Summer
school.

Fourier analysis of square-integrable functions on the circle is used exten-
sively. The more general theory of Fourier analysis on compact groups is not
essential, but is used in some examples and results. The ergodic theory of
commuting automorphisms of compact groups is touched on using a few ex-
amples, but is not treated systematically. It is highly developed elsewhere:
an extensive treatment may be found in the monograph by Schmidt [332].
Standard background material on measure theory, functional analysis and
topological groups is collected in the appendices for convenience.

Among the many lacunae, some stand out: Entropy theory; the isomor-
phism theory of Ornstein, a convenient source being Rudolph [324]; the more
advanced spectral theory of measure-preserving systems, a convenient source
being Nadkarni [264]; finally Pesin theory and smooth ergodic theory, a source
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viii Preface

being Barreira and Pesin [19]. Of these omissions, entropy theory is perhaps
the most fundamental for applications in number theory, and this was the
reason for not including it here. There is simply too much to say about en-
tropy to fit into this volume, so we will treat this important topic, both in
general terms and in more detail in the algebraic context needed for number
theory, in a subsequent volume. The notion is mentioned in one or two places
in this volume, but is never used directly.

No Lie theory is assumed, and for that reason some arguments here may
seem laborious in character and limited in scope. Our hope is that seeing the
language of Lie theory emerge from explicit matrix manipulations allows a
relatively painless route into the ergodic theory of homogeneous spaces. This
will be carried further in a subsequent volume, where some of the deeper
applications will be given.

Notation and Conventions

The symbols N = {1, 2, . . .}, N0 = N ∪ {0}, and Z denote the natural
numbers, non-negative integers and integers; Q, R, C denote the rational
numbers, real numbers and complex numbers; S1, T = R/Z denote the mul-
tiplicative and additive circle respectively. The elements of T are thought of
as the elements of [0, 1) under addition modulo 1. The real and imaginary
parts of a complex number are denoted x = ℜ(x+iy) and y = ℑ(x+iy). The
order of growth of real- or complex-valued functions f, g defined on N or R
with g(x) 6= 0 for large x is compared using Landau’s notation:

f ∼ g if

∣∣∣∣
f(x)

g(x)

∣∣∣∣ −→ 1 as x → ∞;

f = o(g) if

∣∣∣∣
f(x)

g(x)

∣∣∣∣ −→ 0 as x → ∞.

For functions f, g defined on N or R, and taking values in a normed space, we
write f = O(g) if there is a constant A > 0 with ‖f(x)‖ 6 A‖g(x)‖ for all x.
In particular, f = O(1) means that f is bounded. Where the dependence
of the implied constant A on some set of parameters A is important, we
write f = OA (g). The relation f = O(g) will also be written f ≪ g, par-
ticularly when it is being used to express the fact that two functions are
commensurate, f ≪ g ≪ f . A sequence a1, a2, . . . will be denoted (an).
Unadorned norms ‖x‖ will only be used when x lives in a Hilbert space
(usually L2) and always refer to the Hilbert space norm. For a topological
space X , C(X), CC(X), Cc(X) denote the space of real-valued, complex-
valued, compactly supported continuous functions on X respectively, with
the supremum norm. For sets A, B, denote the set difference by

ArB = {x | x ∈ A, x /∈ B}.

Additional specific notation is collected in an index of notation on page 471.
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Statements and equations are numbered consecutively within chapters,
and exercises are numbered in sections. Theorems without numbers in the
main body of the text will not be proved; appendices contain background
material in the form of numbered theorems that will not be proved here.

Several of the issues addressed in this book revolve around measure rigid-
ity, in which there is a natural measure that other measures are compared
with. These natural measures will usually be Haar measure on a compact
or locally compact group, or measures constructed from Haar measures, and
these will usually be denoted m.

We have not tried to be exhaustive in tracing the history of the ideas used
here, but have tried to indicate some of the rich history of mathematical
developments that have contributed to ergodic theory. Certain references to
earlier and to related material is generally collected in endnotes at the end
of each chapter; the presence of these references should not be viewed in
any way as authoritative. Statements in these notes are informed throughout
by a desire to remain rooted in the familiar territory of ergodic theory. The
standing assumption is that, unless explicitly noted otherwise, metric spaces
are complete and separable, compact groups are metrizable, discrete groups
are countable, countable groups are discrete, and measure spaces are assumed
to be Borel probability spaces (this assumption is only relevant starting with
Section 5.3; see Definition 5.13 for the details). A convenient summary of the
measure-theoretic background may be found in the work of Royden [320] or
of Parthasarathy [280].
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Leitfaden

The dependencies between the chapters is illustrated below, with solid lines
indicating logical dependency and dotted lines indicating partial or motiva-
tional links.
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Some possible shorter courses could be made up as follows.

• Chapters 2 & 4: A gentle introduction to ergodic theory and topological
dynamics.

• Chapters 2 & 3: A gentle introduction to ergodic theory and the continued
fraction map (the dotted line indicates that only parts of Chapter 2 are
needed for Chapter 3).

• Chapters 2, 3, & 9: As above, with the connection between the Gauss map
and hyperbolic surfaces, and ergodicity of the geodesic flow.

• Chapters 2, 4, & 8: An introduction to ergodic theory for group actions.
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The highlights of this book are Chapters 7 and 11. Some more ambitious
courses could be made up as follows.

• To Chapter 6: Ergodic theory up to conditional measures and the ergodic
decomposition.

• To Chapter 7: Ergodic theory including the Furstenberg–Katznelson–
Ornstein proof of Szemerédi’s theorem.

• To Chapter 11: Ergodic theory and an introduction to dynamics on homo-
geneous spaces, including equidistribution of horocycle orbits. A minimal
path to equidistribution of horocycle orbits on SL2(Z)\ SL2(R) would in-
clude the discussions of ergodicity from Chapter 2, genericity from Chap-
ter 4, Haar measure from Chapter 8, the hyperbolic plane from Chapter 9,
and ergodicity and mixing from Chapter 11.
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Chapter 1

Motivation

Our main motivation throughout the book will be to understand the appli-
cations of ergodic theory to certain problems outside of ergodic theory, in
particular to problems in number theory. As we will see, this requires a good
understanding of particular examples, which will often be of an algebraic na-
ture. Therefore, we will start with a few concrete examples, and state a few
theorems arising from ergodic theory, some of which we will prove within this
volume. In Section 1.8 we will discuss ergodic theory as a subject in more
general terms(1).

1.1 Examples of Ergodic Behavior

The orbit of a point x ∈ X under a transformation T : X → X is the
set {T n(x) | n ∈ N}. The structure of the orbit can say a great deal about
the original point x. In particular, the behavior of the orbit will sometimes
detect special properties of the point. A particularly simple instance of this
appears in the next example.

Example 1.1. Write T for the quotient group R/Z = {x + Z | x ∈ R}, which
can be identified with a circle (as a topological space, this can also be obtained
as a quotient space of [0, 1] by identifying 0 with 1); there is a natural bijection
between T and the half-open interval [0, 1) obtained by sending the coset x+Z
to the fractional part of x. Let T : T → T be defined by T (x) = 10x (mod 1).
Then x ∈ T is rational if and only if the orbit of x under T is finite. To
see this, assume first that x = p

q is rational. In this case the orbit of x is

some subset of {0, 1
q , . . . , q−1

q }. Conversely, if the orbit is finite then there

must be integers m, n with 1 6 n < m for which T m(x) = T n(x). It follows
that 10mx = 10nx + k for some k ∈ N, so x is rational.

Detecting the behavior of the orbit of a given point is usually not so
straightforward. Ergodic theory generally has more to say about the orbit of

1



2 1 Motivation

“typical” points, as illustrated in the next example. Write χA for the indicator
function of a set,

χA(x) =

{
1 if x ∈ A
0 if x /∈ A.

Example 1.2. This example recovers a result due to Borel [40]. We shall see
later that the map T : T → T defined by T (x) = 10x (mod 1) preserves
Lebesgue measure m on [0, 1) (see Definition 2.1), and is ergodic with respect
to m (see Definition 2.13). A consequence of the pointwise ergodic theorem
(Theorem 2.30) is that for any interval

A(j, k) = [ j
10k , j+1

10k ),

we have

1

N

N−1∑

i=0

χA(j,k)(T
ix) −→

∫ 1

0

χA(j,k)(x) dm(x) =
1

10k
(1.1)

as N → ∞, for almost every x (that is, for all x in the complement of a set of
zero measure, which will be denoted a.e.). For any block j1 . . . jk of k decimal
digits, the convergence in equation (1.1) with j = 10k−1j1+10k−2j2+ · · ·+jk

shows that the block j1 . . . jk appears with asymptotic frequency 1
10k in the

decimal expansion of almost every real number in [0, 1].

Even though the ergodic theorem only concerns the orbital behavior of
typical points, there are situations where one is able to describe the orbits
for all starting points.

Example 1.3. We show later that the circle rotation Rα : T → T defined
by Rα(t) = t + α (mod 1) is uniquely ergodic if α is irrational (see Defi-
nition 4.9 and Example 4.11). A consequence of this is that for any inter-
val [a, b) ⊆ [0, 1) = T,

1

N

N−1∑

n=0

χ[a,b)(R
n
α(t)) −→ b − a (1.2)

as N → ∞ for every t ∈ T (see Theorem 4.10 and Lemma 4.17). As pointed
out by Arnol′d and Avez [7] this equidistribution result may be used to find
the density of appearance of the digits(2) in the sequence 1, 2, 4, 8, 1, 3, 6, 1, . . .
of first digits of the powers of 2:

1,2,4,8,16,32,64,128,256,512,1024, . . . .

A set A ⊆ N is said to have density d(A) if

d(A) = lim
k→∞

1

k

∣∣A ∩ [1, k]
∣∣
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exists. Notice that 2n has first digit k for some k ∈ {1, 2, . . . , 9} if and only if

log10 k 6 {n log10 2} < log10(k + 1),

where we write {t} for the fractional part of the real number t.
Since α = log10 2 is irrational, we may apply equation (1.2) to deduce that

∣∣{n |06 n 6 N−1, 1st digit of 2n is k}
∣∣

N
=

1

N

N−1∑

n=0

χ[log10 k,log10(k+1))(R
n
α(0))

→ log10

(
k + 1

k

)

as N → ∞.
Thus the first digit k ∈ {1, . . . , 9} appears with density log10

(
k+1

k

)
, and

it follows in particular that the digit 1 is the most common leading digit in
the sequence of powers of 2.

Exercises for Section 1.1

Exercise 1.1.1. A point x ∈ X is said to be periodic for the map T : X → X
if there is some k > 1 with T k(x) = x, and pre-periodic if the orbit of x
under T is finite. Describe the periodic points and the pre-periodic points for
the map x 7→ 10x (mod 1) from Example 1.1.

Exercise 1.1.2. Prove that the orbit of any point x ∈ T under the map Rα

on T for α irrational is dense (that is, for any ε > 0 and t ∈ T there is
some k ∈ N for which T kx lies within ε of t). Deduce that for any finite block
of decimal digits, there is some power of 2 that begins with that block of
digits.

1.2 Equidistribution for Polynomials

A sequence (an)n∈N of numbers in [0, 1) is said to be equidistributed if

d({n ∈ N | a 6 an < b}) = b − a

for all a, b with 0 6 a < b 6 1. A classical result of Weyl [380] extends the
equidistribution of the numbers (nα)n∈N modulo 1 for irrational α to the
values of any polynomial with an irrational coefficient∗.

∗ Numbered theorems like Theorem 1.4 in the main text are proved in this volume, but
not necessarily in the chapter in which they first appear.
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Theorem 1.4 (Weyl). Let p(n) = aknk + · · ·+ a0 be a real polynomial with
at least one coefficient among a1, . . . , ak irrational. Then the sequence (p(n))
is equidistributed modulo 1.

Furstenberg extended unique ergodicity to a dynamically defined extension
of the irrational circle rotation described in Example 1.3, giving an elegant
ergodic-theoretic proof of Theorem 1.4. This approach will be discussed in
Section 4.4.

Exercises for Section 1.2

Exercise 1.2.1. Describe what Theorem 1.4 can tell us about the leading
digits of the powers of 2.

1.3 Szemerédi’s Theorem

Szemerédi, in an intricate and difficult combinatorial argument, proved a
long-standing conjecture of Erdős and Turán [85] in his paper [357]. A set S
of integers is said to have positive upper Banach density if there are se-
quences (mj) and (nj) with nj − mj → ∞ as j → ∞ with the property
that

lim
j→∞

|S ∩ [mj , nj ]|
nj − mj

> 0.

Theorem 1.5 (Szemerédi). Any subset of the integers with positive upper
Banach density contains arbitrarily long arithmetic progressions.

Furstenberg [102] (see also his book [103] and the article of Furstenberg,
Katznelson and Ornstein [107]) showed that Szemerédi’s theorem would fol-
low from a generalization of Poincaré’s recurrence theorem, and proved that
generalization. The connection between recurrence and Szemerédi’s theorem
will be explained in Section 7.3, and Furstenberg’s proof of the generalization
of Poincaré recurrence needed will be presented in Chapter 7. There are a
great many more theorems in this direction which we cannot cover, but it is
worth noting that many of these further theorems to date only have proofs
using ergodic theory.

More recently, Gowers [122] has given a different proof of Szemerédi’s
theorem, and in particular has found the following effective form of it∗.

Theorem (Gowers). For every integer s > 1 and sufficiently large inte-
ger N , every subset of {1, 2, . . . , N} with at least

∗ Theorems and other results that are not numbered will not be proved in this volume,
but will also not be used in the main body of the text.
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N(log log N)−2−2s+9

elements contains an arithmetic progression of length s.

Typically proofs using ergodic theory are not effective: Theorem 1.5 eas-
ily implies a finitistic version of Szemerédi’s theorem, which states that for
every s and constant c > 0 and all sufficiently large N = N(s, c), any subset
of {1, . . . , N} with at least cN elements contains an arithmetic progression
of length s. However, the dependence of N on c is not known by this means,
nor is it easily deduced from the proof of Theorem 1.5. Gowers’ Theorem,
proved by different methods, does give an explicit dependence.

We mention Gowers’ Theorem to indicate some of the limitations of ergodic
theory. While ergodic methods have many advantages, proving quite general
theorems which often have no other proofs, they also have disadvantages, one
of them being that they tend to be non-effective.

Subsequent development of the combinatorial and arithmetic ideas by
Goldston, Pintz and Yıldırım [118](3) and Gowers, and of the ergodic method
by Host and Kra [159] and Ziegler [392], has influenced some arguments of
Green and Tao [127] in their proof of the following long-conjectured result.
This is a good example of how asking for effective or quantitative versions of
existing results can lead to new qualitative theorems.

Theorem (Green and Tao). The set of primes contains arbitrarily long
arithmetic progressions.

1.4 Indefinite Quadratic Forms and Oppenheim’s

Conjecture

Our purpose here is to provide enough background in ergodic theory to
quickly reach some understanding of a few deeper results in number theory
and combinatorial number theory where ergodic theory has made a contribu-
tion. Along the way we will develop a good portion of ergodic theory as well
as some other background material. In the rest of this introductory chapter,
we mention some more highlights of the many connections between ergodic
theory and number theory. The results in this section, and in Sections 1.5
and 1.6, will not be covered in this book, but we plan to discuss them in a
subsequent volume.

The next theorem was conjectured in a weaker form by Oppenheim
in 1929 and eventually proved by Margulis in the stronger form stated here
in 1986 [247], [250]. In order to state the result, we recall some terminology
for quadratic forms.

A quadratic form in n variables is a homogeneous polynomial Q(x1, . . . , xn)
of degree two. Equivalently, a quadratic form is a polynomial Q for which
there is a symmetric n × n matrix AQ with
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Q(x1, . . . , xn) = (x1, . . . , xn)AQ(x1, . . . , xn)t.

Since AQ is symmetric, there is an orthogonal matrix P for which P tAQP
is diagonal. This means there is a different coordinate system y1, . . . , yn for
which

Q(x1, . . . , xn) = c1y
2
1 + · · · + cny2

n.

The quadratic form is called non-degenerate if all the coefficients ci are non-
zero (equivalently, if detAQ 6= 0), and is called indefinite if the coefficients ci

do not all have the same sign. Finally, the quadratic form is said to be rational
if its coefficients (equivalently, if the entries of the matrix AQ) are rational∗.

Theorem (Margulis). Let Q be an indefinite non-degenerate quadratic
form in n > 3 variables that is not a multiple of a rational form. Then Q(Zn)
is a dense subset of R.

It is easy to see that two of the stated conditions are necessary for the
result: if the form Q is definite then the elements of Q(Zn) all have the
same sign, and if Q is a multiple of a rational form, then Q(Zn) lies in a
discrete subgroup of R. The assumption that Q is non-degenerate and n is at
least 3 are also necessary, though this is less obvious (requiring in particular
the notion of badly approximable numbers from the theory of Diophantine
approximation, which will be introduced in Section 3.3). This shows that the
theorem as stated above is in the strongest possible form. Weaker forms of this
result have been obtained by other methods, but the full strength of Margulis’
Theorem at the moment requires dynamical arguments (for example, ergodic
methods).

Proving the theorem involves understanding the behavior of orbits for the
action of the subgroup SO(2, 1) 6 SL3(R) on points x ∈ SL3(Z)\ SL3(R)
(the space of right cosets of SL3(Z) in SL3(R)); these may be thought of as
sets of the form xSO(2, 1). As it turns out (a consequence of Raghunathan’s
conjectures, discussed briefly in Section 1.7), such orbits are either closed
subsets of SL3(Z)\ SL3(R) or are dense in SL3(Z)\ SL3(R). Moreover, the
former case happens if and only if the point x corresponds in an appropriate
sense to a rational quadratic form.

Margulis’ Theorem may be viewed as an extension of Example 1.3 to
higher degree in the following sense. The statement that every orbit under
the map Rα(t) = t + α (mod 1) is dense in T is equivalent to the statement
that if L is a linear form in two variables that is not a multiple of a rational
form, then L(Z2) is dense in R.

∗ Note that the rationality of Q cannot be detected using the coefficients c1, . . . , cn after
the real coordinate change.
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1.5 Littlewood’s Conjecture

For a real number t, write 〈t〉 for the distance from t to the nearest integer,

〈t〉 = min
q∈Z

|t − q|.

The theory of continued fractions (which will be described in Chapter 3)
shows that for any real number u, there is a sequence (qn) with qn → ∞
such that qn〈qnu〉 < 1 for all n > 1. Littlewood conjectured the following in
the 1930s: for any real numbers u, v,

lim inf
n→∞

n〈nu〉〈nv〉 = 0.

Some progress was made on this for restricted classes of numbers u and v
by Cassels and Swinnerton-Dyer [50], Pollington and Velani [290], and oth-
ers, but the problem remains open. In 2003 Einsiedler, Katok and Linden-
strauss [79] used ergodic methods to prove that the set of exceptions to
Littlewood’s conjecture is extremely small.

Theorem (Einsiedler, Katok & Lindenstrauss). Let

Θ =
{

(u, v) ∈ R2 | lim inf
n→∞

n〈nu〉〈nv〉 > 0
}

.

Then the Hausdorff dimension of Θ is zero.

In fact the result in [79] is a little stronger, showing that Θ satisfies a
stronger property that implies it has Hausdorff dimension zero. The proof re-
lies on a partial classification of certain invariant measures on SL3(Z)\ SL3(R).
This is part of the theory of measure rigidity, and the particular type of phe-
nomenon seen has its origins in work of Furstenberg [100], who showed that
the natural action t 7→ at (mod 1) of the semi-group generated by two mul-
tiplicatively independent natural numbers a1 and a2 on T has, apart from
finite sets, no non-trivial closed invariant sets. He asked if this system could
have any non-atomic ergodic invariant measures other than Lebesgue mea-
sure. Partial results on this and related generalizations led to the formulation
of far-reaching conjectures by Margulis [251], by Furstenberg, and by Katok
and Spatzier [183], [184]. A special case of these conjectures concerns ac-
tions of the group A of positive diagonal matrices in SLk(R) for k > 3 on
the space SLk(Z)\ SLk(R): if µ is an A-invariant ergodic probability mea-
sure on this space, is there a closed connected group L > A for which µ
is the unique L-invariant measure on a single closed L-orbit (that is, is µ
homogeneous)?

In the work of Einsiedler, Katok and Lindenstrauss the conjecture stated
above is proved under the additional hypothesis that the measure µ gives
positive entropy to some one-parameter subgroup of A, which leads to the
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theorem concerning Θ. A complete classification of these measures without
entropy hypotheses would imply the full conjecture of Littlewood.

In this volume we will develop the minimal background needed for the
ergodic approach to continued fractions (see Chapter 3) as well as the basic
theorems concerning the action of the diagonal subgroup A on the quotient
space SL2(Z)\ SL2(R) (see Chapter 9). We will also describe the connection
between these two topics, which will help us to prove results about the con-
tinued fraction expansion and about the action of A.

1.6 Integral Quadratic Forms

An important topic in number theory, both classical and modern, is that of
integral quadratic forms. A quadratic form Q(x1, . . . , xn) is said to be integral
if its coefficients are integers.

A natural problem(4) is to describe the range Q(Zn) of an integral
quadratic form evaluated on the integers. A classical theorem of Lagrange(5)

on the sum of four squares says that Q0(Z
4) = N0 if

Q0(x1, x2, x3, x4) = x2
1 + x2

2 + x2
3 + x2

4,

solving the problem for a particular form.
More generally, Kloosterman, in his dissertation of 1924, found an asymp-

totic formula for the number of expressions for an integer in terms of a posi-
tive definite quadratic form Q in five or more variables and deduced that any
large integer lies in Q(Zn) if it satisfies certain congruence conditions. The
case of four variables is much deeper, and required him to make new deep
developments in analytic number theory; special cases appeared in [201] and
the full solution in [202], where he proved that an integral definite quadratic
form Q in four variables represents all large enough integers a for which there
is no congruence obstruction. Here we say that a ∈ N has a congruence ob-
struction for the quadratic form Q(x1, . . . , xn) if a modulo d is not a value
of Q(x1, . . . , xn) modulo d for some d ∈ N.

The methods that are usually applied to prove these theorems are purely
number-theoretic. Ellenberg and Venkatesh [83] have introduced a method
that combines number theory, algebraic group theory, and ergodic theory to
prove results in this field, leading to a different proof of the following special
case of Kloosterman’s Theorem.

Theorem (Kloosterman). Let Q be a positive definite quadratic form with
integer coefficients in at least 6 variables. Then all large enough integers that
do not fail the congruence conditions can be represented by the form Q.

That is, if a ∈ N is larger than some constant that depends on Q and for
every d > 0 there exists some xd ∈ Zn with Q(xd) = a modulo d, then there
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exists some x ∈ Zn with Q(x) = a. This theorem has purely number-theoretic
proofs (see the survey by Schulze-Pillot [335]).

In fact Ellenberg and Venkatesh proved in [83] a different theorem that
currently does not have a purely number-theoretic proof. They considered
the problem of representing a quadratic form by another quadratic form:
If Q is an integral positive definite(6) quadratic form in n variables and Q′

is another such form in m < n variables, then one can ask whether there is
a subgroup Λ 6 Zn generated by m elements such that when Q is restricted
to Λ the resulting form is isomorphic to Q′. This question has, for instance,
been studied by Gauss in the case of m = 2 and n = 3 in the Disquisitiones
Arithmeticae [111]. As before, there can be congruence obstructions to this
problem, which are best phrased in terms of p-adic numbers. Roughly speak-
ing, Ellenberg and Venkatesh show that for a given integral definite quadratic
form Q in n variables, every integral definite quadratic form Q′ in m 6 n− 5
variables(7) that does not have small image values can be represented by Q,
unless there is a congruence obstruction. The assumption that the quadratic
form Q′ does not have small image means that minx∈Zmr{0} Q′(x) should be
bigger than some constant that depends on Q.

The ergodic theory used in [83] is related to Raghunathan’s conjecture
mentioned in Section 1.4 and discussed again in Section 1.7 below, and is the
result of work by many people, including Margulis, Mozes, Ratner, Shah, and
Tomanov.

1.7 Dynamics on Homogeneous Spaces

Let G 6 SLn(R) be a closed linear group over the reals (or over a local field;
see Section 9.3 for a precise definition), let Γ < G be a discrete subgroup(8),
and let H < G be a closed subgroup. For example, the case G = SL3(R)
and Γ = SL3(Z) arises in Section 1.4 with H = SO(2, 1), and arises in
Section 1.5 with H = A. Dynamical properties of the action of right multipli-
cation by elements of H on the homogeneous space X = Γ\G is important
for numerous problems(9). Indeed, all the results in Sections 1.4–1.6 may be
proved by studying concrete instances of such systems. We do not want to
go into the details here, but simply mention a few highlights of the theory.

There are many important and general results on the ergodicity and mix-
ing behavior of natural measures on such quotients (see Chapter 2 for the
definitions). These results (introduced in Chapters 9 and 11) are interesting
in their own right, but have also found applications to the problem of count-
ing integer (and, more recently, rational) points on groups (or certain other
varieties). The first instance of this can be found in Margulis’s thesis [252],
where this approach is used to find the asymptotics for the number of closed
geodesics on compact manifolds of negative curvature. Independently, Eskin
and McMullen [86] found the same method and applied it to a counting prob-
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lem in certain varieties, which re-proved certain cases of the theorems in the
work of Duke, Rudnick and Sarnak [76] in a simpler manner. However, as
discussed in Section 1.1, the most difficult – and sometimes most interesting
– problem is to understand the orbit of a given point rather than the or-
bit of almost every point. Indeed, the solution of Oppenheim’s conjecture in
Section 1.4 by Margulis involved understanding the SO(2, 1)-orbit of a point
in SL3(Z)\ SL3(R) corresponding to the given quadratic form.

We need one more definition before we can state a general theorem in
this direction. A subgroup U < SLn(R) is called a one-parameter unipotent
subgroup if U is the image of Rw under the exponential map, for some ma-
trix w ∈ Matnn satisfying wn = 0 (that is, w is nilpotent and exp(tw) has
only 1 as an eigenvalue, hence the name). For example, there is an index
two subgroup H 6 SO(2, 1) which is generated by one-parameter unipotent
subgroups. However, notice that the diagonal subgroup A is not generated
by one-parameter unipotent subgroups.

Raghunathan conjectured that if the subgroup H is generated by one-
parameter unipotent subgroups, then the closures of orbits xH are always of
the form xL for some closed connected subgroup L of G that contains H .
This reduces the properties of orbit closures (a dynamical problem) to the
algebraic problem of deciding for which closed connected subgroups L the
orbit xL is closed.

Ratner [305] proved this important result using methods from ergodic
theory. In fact, she deduced Raghunathan’s conjecture from Dani’s conjec-
ture(10) regarding H-invariant measures, which she proved first in the series
of papers [302], [303] and [304].

To date there have been numerous applications of the above theorem, and
certain extensions of it. To name a few more seemingly unrelated applica-
tions, Elkies and McMullen [82] have applied these theorems to obtain the
distribution of the gaps in the sequence of fractional parts of

√
n, and Vat-

sal [366] has studied values of certain L-functions using the p-adic version of
the theorems. There are further applications of the theory too numerous to
describe here, but the examples above show again the variety of fields that
have connections to ergodic theory.

We will discuss a few special cases of the conjectures of Raghunathan and
Dani. Example 1.3, Section 4.4, Chapter 10, Section 11.5, and Section 11.7
treat special cases, some of which were known before the conjectures were
formulated.

1.8 An Overview of Ergodic Theory

Having seen some statements that qualify as being ergodic in nature, and
some of the many important applications of ergodic theory to number theory,
in this short section we give a brief overview of ergodic theory. If this is
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not already clear, notice that it is a rather diffuse subject with ill-defined
boundaries(11).

Ergodic theory is the study of long-term behavior in dynamical systems
from a statistical point of view. Its origins therefore are intimately connected
with the time evolution of systems modeled by measure-preserving actions
of the reals or the integers, with the action representing the passage of time.
Related approaches, using probabilistic methods to study the evolution of
systems, also arose in statistical physics, where other natural symmetries –
typically reflected by the presence of a Zd-action – arise. The rich interaction
between arithmetic and geometry present in measure-preserving actions of
(lattices in) Lie groups quickly emerged, and it is now natural to view ergodic
theory as the study of measure-preserving group actions, containing but not
limited to several special branches:

(1) The classical study of single measure-preserving transformations.
(2) Measure-preserving actions of Zd; more generally of countable amenable

groups.
(3) Measure-preserving actions of Rd and more general amenable groups,

called flows.
(4) Measure-preserving and more general actions of groups, in particular of

Lie groups and of lattices in Lie groups.

Some of the illuminating results in ergodic theory come from the existence
of (counter-)examples. Nonetheless, there are many substantial theorems. In
addition to fundamental results (the pointwise and mean ergodic theorems
themselves, for example) and structural results (the isomorphism theorem of
Ornstein, Krieger’s theorem on the existence of generators, the isomorphism
invariance of entropy), ergodic theory and its way of thinking have made
dramatic contributions to many other fields.

Notes to Chapter 1

(1)(Page 1) The origins of the word ‘ergodic’ are not entirely clear. Boltzmann coined
the word monode (unique mäno
, nature e�do
) for a set of probability distributions on
the phase space that are invariant under the time evolution of a Hamiltonian system,
and ergode for a monode given by uniform distribution on a surface of constant energy.
Ehrenfest and Ehrenfest (in an influential encyclopedia article of 1912, translated as [78])
called a system ergodic if each surface of constant energy comprised a single time orbit —
a notion called isodic by Boltzmann (same iso
, path ädì
) — and quasi-ergodic if each
surface has dense orbits. The Ehrenfests themselves suggested that the etymology of the
word ergodic lies in a different direction (work èrgon, path ädì
). This work stimulated
interest in the mathematical foundations of statistical mechanics, leading eventually to
Birkhoff’s formulation of the ergodic hypothesis and the notion of systems for which almost
every orbit in the sense of measure spends a proportion of time in a given set in the phase
space in proportion to the measure of the set.

(2)(Page 2) Questions of this sort were raised by Gel′fand; he considered the vector of
first digits of the numbers (2n, 3n, 4n, 5n, 6n, 7n, 8n, 9n) and asked if (for example) there
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is a value of n > 1 for which this vector is (2, 3, 4, 5, 6, 7, 8, 9). This circle of problems is
related to the classical Poncelet’s porism, as explained in an article by King [194]. The
influence of Poncelet’s book [292] is discussed by Gray [126, Chap. 27].

(3)(Page 5) See also the account with some simplifications by Goldston, Motohashi, Pintz,
and Yıldırım [117] and the survey by Goldston, Pintz and Yıldırım [119].

(4)(Page 8) In a more general form, this is the 11th of Hilbert’s famous set of problems
formulated for the 1900 International Congress of Mathematics.

(5)(Page 8) Bachet conjectured the result, and Diophantus stated it; there are suggestions
that Fermat may have known it. The first published proof is that of Lagrange in 1770; a
standard proof may be found in [87, Sect. 2.3.1] for example.

(6)(Page 9) For indefinite quadratic forms there is a very successful algebraic technique,

namely strong approximation for algebraic groups (an account may be found in the mono-
graph [286] of Platonov and Rapinchuk), so ergodic theory does not enter into the discus-
sion.

(7)(Page 9) Under an additional congruence condition on Q′ the method also works
for m 6 n − 3.

(8)For some of the statements made here one actually has to assume that Γ is a lattice;
see Section 9.4.3.

(9)(Page 9) Further readings from various perspectives on the ergodic theory of homoge-
neous spaces may be found in the books of Bekka and Mayer [21], Feres [90], Starkov [350],
Witte Morris [384], [386] and Zimmer [393].
(10)(Page 10) For linear groups over local fields, and products of such groups, the conjec-
tures of Dani (resp. Raghunathan) have been proved by Margulis and Tomanov [253] and
independently by Ratner [306].
(11)(Page 11) Some of the many areas of ergodic theory that we do not treat in a substantial
way, and other general sources on ergodic theory, may be found in the following books:
the connection with information theory in the work of Billingsley [31] and Shields [342]; a
wide-ranging overview of ergodic theory in that of Cornfeld, Fomin and Sinăı [60]; ergodic
theory developed in the language of joinings in the work of Glasner [116]; more on the
theory of entropy and generators in books by Parry [277], [279]; a thorough development
of the fundamentals of the measurable theory, including the isomorphism and generator
theory, in the book of Rudolph [324].



Chapter 2

Ergodicity, Recurrence and Mixing

In this chapter the basic objects studied in ergodic theory, measure-preserving
transformations, are introduced. Some examples are given, and the relation-
ship between various mixing properties is described. Background on measure
theory appears in Appendix A.

2.1 Measure-Preserving Transformations

Definition 2.1. Let (X, B, µ) and (Y, C , ν) be probability spaces. A map∗ φ
from X to Y is measurable if φ−1(A) ∈ B for any A ∈ C , and is measure-
preserving if it is measurable and µ(φ−1B) = ν(B) for all B ∈ C . If in
addition φ−1 exists almost everywhere and is measurable, then φ is called an
invertible measure-preserving map. If T : (X, B, µ) → (X, B, µ) is measure-
preserving, then the measure µ is said to be T -invariant, (X, B, µ, T ) is called
a measure-preserving system and T a measure-preserving transformation.

Notice that we work with pre-images of sets rather than images to de-
fine measure-preserving maps (just as pre-images of sets are used to define
measurability of real-valued functions on a measure space). As pointed out in
Example 2.4 and Exercise 2.1.3, it is essential to do this. In order to show that
a measurable map is measure-preserving, it is sufficient to check this property
on a family of sets whose disjoint unions approximate all measurable sets (see
Appendix A for the details).

Most of the examples we will encounter are algebraic or are motivated by
algebraic or number-theoretic questions. This is not representative of ergodic
theory as a whole, where there are many more types of examples (two non-
algebraic classes of examples are discussed on the website [81]).

∗ In this measurable setting, a map is allowed to be undefined on a set of zero measure.
Definition 2.7 will give one way to view this: a measurable map undefined on a set of zero
measure can be viewed as an everywhere-defined map on an isomorphic measure space.

13
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We define the circle T = R/Z to be the set of cosets of Z in R with the
quotient topology induced by the usual topology on R. This topology is also
given by the metric

d(r + Z, s + Z) = min
m∈Z

|r − s + m|,

and this makes T into a compact abelian group (see Appendix C). The in-
terval [0, 1) ⊆ R is a fundamental domain for Z: that is, every element of T
may be written in the form t + Z for a unique t ∈ [0, 1). We will frequently
use [0, 1) to define points (and subsets) in T, by identifying t ∈ [0, 1) with
the unique coset t + Z ∈ T defined by t.

Example 2.2. For any α ∈ R, define the circle rotation by α to be the map

Rα : T → T, Rα(t) = t + α (mod 1).

We claim that Rα preserves the Lebesgue measure mT on the circle. By
Theorem A.8, it is enough to prove it for intervals, where it is clear. Al-
ternatively, we may note that Lebesgue measure is a Haar measure on the
compact group T, which is invariant under any translation by construction
(see Sections 8.3 and C.2).

Example 2.3. A generalization of Example 2.2 is a rotation on a compact
group. Let X be a compact group, and let g be an element of X . Then
the map Tg : X → X defined by Tg(x) = gx preserves the (left) Haar
measure mX on X . The Haar measure on a locally compact group is described
in Appendix C, and may be thought of as the natural generalization of the
Lebesgue measure to a general locally compact group.

a

b

Fig. 2.1: The pre-image of [a, b) under the circle-doubling map.

Example 2.4. The circle-doubling map is T2 : T → T, T2(t) = 2t (mod 1).
We claim that T2 preserves the Lebesgue measure mT on the circle. By The-
orem A.8, it is sufficient to check this on intervals, so let B = [a, b) ⊆ [0, 1)
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be any interval. Then it is easy to check that

T−1
2 (B) =

[
a
2 , b

2

)
∪
[

a
2 + 1

2 , b
2 + 1

2

)

is a disjoint union (thinking of a and b as real numbers; see Figure 2.1), so

mT

(
T−1

2 (B)
)

= 1
2 (b − a) + 1

2 (b − a) = b − a = mT(B).

Notice that the measure-preserving property cannot be seen by studying
forward iterates: if I is a small interval, then T2(I) is an interval∗ with total
length 2(b − a).

Example 2.5. Generalizing Example 2.4, let X be a compact abelian group
and let T : X → X be a surjective endomorphism. Then T preserves the
Haar measure mX on X by the following argument. Define a measure µ
on X by µ(A) = mX(T−1A). Then, given any x ∈ X pick y with T (y) = x
and notice that

µ(A + x) = mX(T−1(A + x)) = mX(T−1A + y) = mX(T−1A) = µ(A),

so µ is a translation-invariant Borel probability on X (this just means a
probability measure defined on the Borel σ-algebra). Since the normalized
Haar measure is the unique measure with this property, µ must be mX ,
which means that T preserves the Haar measure mX on X .

One of the ways in which a measure-preserving transformation may be
studied is via its induced action on some natural space of functions. Given any
function f : X → R and map T : X → X , write f ◦T for the function defined
by (f ◦ T )(x) = f(Tx). As usual we write L1

µ for the space of (equivalence
classes of) measurable functions f : X → R with

∫
|f | dµ < ∞, L ∞ for the

space of measurable bounded functions and L 1
µ for the space of measurable

integrable functions (in the usual sense of function, in particular defined
everywhere; see Section A.3).

Lemma 2.6. A measure µ on X is T -invariant if and only if

∫
f dµ =

∫
f ◦ T dµ (2.1)

for all f ∈ L ∞. Moreover, if µ is T -invariant, then equation (2.1) holds
for f ∈ L1

µ.

Proof. If equation (2.1) holds, then for any measurable set B we may
take f = χB to see that

∗ We say that a subset of T is an interval in T if it is the image of an interval in R. An
interval might therefore be represented in our chosen space of coset representatives [0, 1)
by the union of two intervals.
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µ(B) =

∫
χB dµ =

∫
χB ◦ T dµ =

∫
χT−1B dµ = µ(T−1B),

so T preserves µ.
Conversely, if T preserves µ then equation (2.1) holds for any function

of the form χB and hence for any simple function (see Section A.3). Let f
be a non-negative real-valued function in L 1

µ . Choose a sequence of simple
functions (fn) increasing to f (see Section A.3). Then (fn ◦ T ) is a sequence
of simple functions increasing to f ◦ T , and so

∫
f ◦ T dµ = lim

n→∞

∫
fn ◦ T dµ = lim

n→∞

∫
fn dµ =

∫
f dµ,

showing that equation (2.1) holds for f . �

One part of ergodic theory is concerned with the structure and classifi-
cation of measure-preserving transformations. The next definition gives the
two basic relationships there may be between measure-preserving transfor-
mations(12).

Definition 2.7. Let (X, BX , µ, T ) and (Y, BY , ν, S) be measure-preserving
systems on probability spaces.

(1) The system (Y, BY , ν, S) is a factor of (X, BX , µ, T ) if there are sets X ′

in BX and Y ′ in BY with µ(X ′) = 1, ν(Y ′) = 1, TX ′ ⊆ X ′, SY ′ ⊆ Y ′

and a measure-preserving map φ : X ′ → Y ′ with

φ ◦ T (x) = S ◦ φ(x)

for all x ∈ X ′.
(2) The system (Y, BY , ν, S) is isomorphic to (X, BX , µ, T ) if there are

sets X ′ in BX , Y ′ in BY with µ(X ′)=1, ν(Y ′)=1, TX ′ ⊆ X ′, SY ′ ⊆ Y ′,
and an invertible measure-preserving map φ : X ′ → Y ′ with

φ ◦ T (x) = S ◦ φ(x)

for all x ∈ X ′.

In measure theory it is natural to simply ignore null sets, and we will
sometimes loosely think of a factor as a measure-preserving map φ : X → Y
for which the diagram

X
T−−−−→ X

φ

y
yφ

Y −−−−→
S

Y

is commutative, with the understanding that the map is not required to be
defined everywhere.
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A factor map
(X, BX , µ, T ) −→ (Y, BY , ν, S)

will also be described as an extension of (Y, BY , ν, S). The factor (Y, BY , ν, S)
is called trivial if as a measure space Y comprises a single element; the ex-
tension is called trivial if φ is an isomorphism of measure spaces.

Example 2.8. Define the (1
2 , 1

2 ) measure µ(1/2,1/2) on the finite set {0, 1} by

µ(1/2,1/2)({0}) = µ(1/2,1/2)({1}) = 1
2 .

Let X = {0, 1}N with the infinite product measure µ =
∏

N µ(1/2,1/2) (see
Section A.2 and Example 2.9 where we will generalize this example). This
space is a natural model for the set of possible outcomes of the infinitely
repeated toss of a fair coin. The left shift map σ : X → X defined by

σ(x0, x1, . . . ) = (x1, x2, . . . )

preserves µ (since it preserves the measure of the cylinder sets described in
Example 2.9). The map φ : X → T defined by

φ(x0, x1, . . . ) =

∞∑

n=0

xn

2n+1

is measure-preserving from (X, µ) to (T, mT) and φ(σ(x)) = T2(φ(x)). The
map φ has a measurable inverse defined on all but the countable set of dyadic
rationals Z[12 ]/Z, where

Z[12 ] = { m
2n | m ∈ Z, n ∈ N},

so this shows that (X, µ, σ) and (T, mT, T2) are measurably isomorphic.

When the underlying space is a compact metric space, the σ-algebra is
taken to be the Borel σ-algebra (the smallest σ-algebra containing all the
open sets) unless explicitly stated otherwise. Notice that in both Example 2.8
and Example 2.9 the underlying space is indeed a compact metric space (see
Section A.2).

Example 2.9. The shift map in Example 2.8 is an example of a one-sided
Bernoulli shift. A more general(13) and natural two-sided definition is the
following. Consider an infinitely repeated throw of a loaded n-sided die. The
possible outcomes of each throw are {1, 2, . . . , n}, and these appear with
probabilities given by the probability vector p = (p1, p2, . . . , pn) (probability
vector means each pi > 0 and

∑n
i=1 pi = 1), so p defines a measure µp on the

finite sample space {1, 2, . . . , n}, which is given the discrete topology. The
sample space for the die throw repeated infinitely often is
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X = {1, 2, . . . , n}Z

= {x = (. . . , x−1, x0, x1, . . . ) | xi ∈ {1, 2, . . . , n} for all i ∈ Z}.

The measure on X is the infinite product measure µ =
∏

Z µp, and the σ-
algebra B is the Borel σ-algebra for the compact metric space∗ X , or equiv-
alently is the product σ–algebra defined below and in Section A.2.

A better description of the measure is given via cylinder sets. If I is a finite
subset of Z, and a is a map I → {1, 2, . . . , n}, then the cylinder set defined
by I and a is

I(a) = {x ∈ X | xj = a(j) for all j ∈ I}.
It will be useful later to write x|I for the ordered block of coordinates

xixi+1 · · ·xi+s

when I = {i, i+1, . . . , i+s} = [i, i+s]. The measure µ is uniquely determined
by the property that

µ (I(a)) =
∏

i∈I

pa(i),

and B is the smallest σ-algebra containing all cylinders (see Section A.2 for
the details).

Now let σ be the (left) shift on X : σ(x) = y where yj = xj+1 for all j
in Z. Then σ is µ-preserving and B-measurable. So (X, B, µ, σ) is a measure-
preserving system, called the Bernoulli scheme or Bernoulli shift based on p.
A measure-preserving system measurably isomorphic to a Bernoulli shift is
sometimes called a Bernoulli automorphism.

The next example, which we learned from Doug Lind, gives another ex-
ample of a measurable isomorphism and reinforces the point that being a
probability space is a finiteness property of the measure, rather than a met-
ric boundedness property of the space. The measure µ on R described in
Example 2.10 makes (R, µ) into a probability space.

Example 2.10. Consider the 2-to-1 map T : R → R defined by

T (x) =
1

2

(
x − 1

x

)

for x 6= 0, and T (0) = 0. For any L1 function f , the substitution y = T (x)
shows that

∗ The topology on X is simply the product topology, which is also the metric topology
given by the metric defined by d(x, y) = 2−k where

k = max{j | xi = yi for |j| 6 k}

if x 6= y and d(x, x) = 0. In this metric, points are close together if they agree on a large
block of indices around 0 ∈ Z.
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∫ ∞

−∞
f (T (x))

dx

π(1 + x2)
=

∫ ∞

−∞
f(y)

dy

π(1 + y2)

(in this calculation, note that T is only injective when restricted to (0,∞)
or (−∞, 0)). It follows by Lemma 2.6 that T preserves the probability mea-
sure µ defined by

µ([a, b]) =

∫ b

a

dx

π(1 + x2)
.

The map φ(x) = 1
π arctan(x) + 1

2 from R to T is an invertible measure-
preserving map from (R, µ) to (T, mT) where mT denotes the Lebesgue mea-
sure on T (notice that the image of φ is the subset (0, 1) ⊆ T, but this is an
invertible map in the measure-theoretic sense).

Define the map T2 : T → T by T2(x) = 2x (mod 1) as in Example 2.4. The
map φ is a measurable isomorphism from (R, µ, T ) to (T, mT, T2). Example 2.8
shows in turn that (R, µ, T ) is isomorphic to the one-sided full 2-shift.

It is often more convenient to work with an invertible measure-preserving
transformation as in Example 2.9 instead of a non-invertible transformation
as in Examples 2.4 and 2.8. Exercise 2.1.7 gives a general construction of an
invertible system from a non-invertible one.

Exercises for Section 2.1

Exercise 2.1.1. Show that the space (T, BT, mT) is isomorphic as a measure
space to (T2, BT2 , mT2).

Exercise 2.1.2. Show that the measure-preserving system (T, BT, mT, T4),
where T4(x) = 4x (mod 1), is measurably isomorphic to the product sys-
tem (T2, BT2 , mT2 , T2 × T2).

Exercise 2.1.3. For a map T : X → X and sets A, B ⊆ X , prove the
following.

• χA(T (x)) = χT−1(A)(x);
• T−1(A ∩ B) = T−1(A) ∩ T−1(B);
• T−1(A ∪ B) = T−1(A) ∪ T−1(B);
• T−1(A△B) = T−1(A)△T−1(B).

Which of these properties also hold with the pre-image under T−1 replaced
by the forward image under T ?

Exercise 2.1.4. What happens to Example 2.5 if the map T : X → X is
only required to be a continuous homomorphism?
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Exercise 2.1.5. (a) Find a measure-preserving system (X, B, µ, T ) with a
non-trivial factor map φ : X → X .
(b) Find an invertible measure-preserving system (X, B, µ, T ) with a non-
trivial factor map φ : X → X .

Exercise 2.1.6. Prove that the circle rotation Rα from Example 2.2 is not
measurably isomorphic to the circle-doubling map T2 from Example 2.4.

Exercise 2.1.7. Let X = (X, B, µ, T ) be any measure-preserving system. A
sub-σ-algebra A ⊆ BX with T−1A = A modulo µ is called a T -invariant
sub-σ-algebra. Show that the system X̃ = (X̃, B̃, µ̃, T̃ ) defined by

• X̃ = {x ∈ XZ | xk+1 = T (xk) for all k ∈ Z};
• (T̃ (x))k = xk+1 for all k ∈ Z and x ∈ X̃;

• µ̃
(
{x ∈ X̃ | x0 ∈ A}

)
= µ(A) for any A ∈ B, and µ̃ is invariant under T̃ ;

• B̃ is the smallest T̃ -invariant σ-algebra for which the map π : x 7→ x0

from X̃ to X is measurable;

is an invertible measure-preserving system, and that the map π : x 7→ x0 is
a factor map. The system X̃ is called the invertible extension of X.

Exercise 2.1.8. Show that the invertible extension X̃ of a measure-preserving
system X constructed in Exercise 2.1.7 has the following universal property.
For any extension

φ : (Y, BY , ν, S) → (X, BX , µ, T )

for which S is invertible, there exists a unique map

φ̃ : (Y, BY , ν, S) → (X̃, B̃, µ̃, T̃ )

for which φ = π ◦ φ̃.

Exercise 2.1.9. (a) Show that the invertible extension of the circle-doubling
map from Example 2.4,

X2 = {x ∈ TZ | xk+1 = T2xk for all k ∈ Z},

is a compact abelian group with respect to the coordinate-wise addition de-
fined by (x + y)k = xk + yk for all k ∈ Z, and the topology inherited from
the product topology on TZ.
(b) Show that the diagonal embedding δ(r) = (r, r) embeds Z[12 ] as a discrete
subgroup of R×Q2, and that X2

∼= R×Q2/δ(Z[12 ]) ∼= R×Z2/δ(Z) as compact
abelian groups (see Appendix C for the definition of Qp and Zp). In particular,

the map T̃2 (which may be thought of as the left shift on X2, or as the map
that doubles in each coordinate) is conjugate to the map

(s, r) + δ(Z[12 ]) 7→ (2s, 2r) + δ(Z[12 ])
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on R × Q2/δ(Z[12 ]). The group X2 constructed in this exercise is a simple
example of a solenoid.

2.2 Recurrence

One of the central themes in ergodic theory is that of recurrence, which is
a circle of results concerning how points in measurable dynamical systems
return close to themselves under iteration. The first and most important of
these is a result due to Poincaré [288] published in 1890; he proved this in
the context of a natural invariant measure in the “three-body” problem of
planetary orbits, before the creation of abstract measure theory(14). Poincaré
recurrence is the pigeon-hole principle for ergodic theory; indeed on a finite
measure space it is exactly the pigeon-hole principle.

Theorem 2.11 (Poincaré Recurrence). Let T : X → X be a measure-
preserving transformation on a probability space (X, B, µ), and let E ⊆ X
be a measurable set. Then almost every point x ∈ E returns to E infinitely
often. That is, there exists a measurable set F ⊆ E with µ(F ) = µ(E) with
the property that for every x ∈ F there exist integers 0 < n1 < n2 < · · ·
with T nix ∈ E for all i > 1.

Proof. Let B = {x ∈ E | T nx /∈ E for any n > 1}. Then

B = E ∩ T−1(XrE) ∩ T−2(XrE) ∩ · · · ,

so B is measurable. Now, for any n > 1,

T−nB = T−nE ∩ T−n−1(XrE) ∩ · · · ,

so the sets B, T−1B, T−2B, . . . are disjoint and all have measure µ(B) since T
preserves µ. Thus µ(B) = 0, so there is a set F1 ⊆ E with µ(F1) = µ(E)
and for which every point of F1 returns to E at least once under iterates
of T . The same argument applied to the transformations T 2, T 3 and so on
defines subsets F2, F3, . . . of E with µ(Fn) = µ(E) and with every point of Fn

returning to E under T n for n > 1. The set

F =
⋂

n>1

Fn ⊆ E

has µ(F ) = µ(E), and every point of F returns to E infinitely often. �

Poincaré recurrence is entirely a consequence of the measure space being
of finite measure, as shown in the next example.

Example 2.12. The map T : R → R defined by T (x) = x + 1 preserves the
Lebesgue measure mR on R. Just as in Definition 2.1, this means that



22 2 Ergodicity, Recurrence and Mixing

mR(T−1A) = mR(A)

for any measurable set A ⊆ R. For any bounded set E ⊆ R and any x ∈ E,
the set

{n > 1 | T nx ∈ E}
is finite. Thus the map T exhibits no recurrence.

The absence of guaranteed recurrence in infinite measure spaces is one of
the main reasons why we restrict attention to probability spaces. There is
nonetheless a well-developed ergodic theory of transformations preserving an
infinite measure, described in the monograph of Aaronson [1].

Theorem 2.11 may be applied when E is a set in some physical system
preserving a finite measure that gives E positive measure. In this case it
means that almost every orbit of such a dynamical system returns close to
its starting point infinitely often (see Exercise 2.2.3(a)). A much deeper prop-
erty that a dynamical system may have is that almost every orbit returns
close to almost every point infinitely often, and this property is addressed in
Section 2.3 (specifically, in Proposition 2.14).

Extending recurrence to multiple recurrence (where the images of a set of
positive measure at many different future times is shown to have a non-trivial
intersection) is the crucial idea behind the ergodic approach to Szemerédi’s
theorem (Theorem 1.5). This multiple recurrence generalization of Poincaré
recurrence will be proved in Chapter 7.

Exercises for Section 2.2

Exercise 2.2.1. Prove the following version of Poincaré recurrence with a
weaker hypothesis (finite additivity in place of countable additivity for the
measure) and with a stronger conclusion (a bound on the return time).
Let (X, B, µ, T ) be a measure-preserving system with µ only assumed to be a
finitely additive measure (see equation (A.1)), and let A ∈ B have µ(A) > 0.
Show that there is some positive n 6 1

µ(A) for which µ(A ∩ T−nA) > 0.

Exercise 2.2.2. (a) Use Exercise 2.2.1 to show the following. If A ⊆ N has
positive density, meaning that

d(A) = lim
k→∞

1

k

∣∣A ∩ [1, k]
∣∣

exists and is positive, prove that there is some n > 1 with d (A ∩ (A − n)) > 0
(here A − n = {a − n | a ∈ A}), where

d(B) = lim sup
k→∞

1

k

∣∣B ∩ [1, k]
∣∣ .
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(b) Can you prove this starting with the weaker assumption that the upper
density d(A) is positive, and reaching the same conclusion?

Exercise 2.2.3. (a) Let (X, d) be a compact metric space and let T : X → X
be a continuous map. Suppose that µ is a T -invariant probability measure
defined on the Borel subsets of X . Prove that for µ-almost every x ∈ X there
is a sequence nk → ∞ with T nk(x) → x as k → ∞.
(b) Prove that the same conclusion holds under the assumption that X is
a metric space, T : X → X is Borel measurable, and µ is a T -invariant
probability measure.

2.3 Ergodicity

Ergodicity is the natural notion of indecomposability in ergodic theory(15).
The definition of ergodicity for (X, B, µ, T ) means that it is impossible to
split X into two subsets of positive measure each of which is invariant un-
der T .

Definition 2.13. A measure-preserving transformation T : X → X of a
probability space (X, B, µ) is ergodic if for any∗ B ∈ B,

T−1B = B =⇒ µ(B) = 0 or µ(B) = 1. (2.2)

When the emphasis is on the map T : X → X , and we are studying
different T -invariant measures, we will also say that µ is an ergodic measure
for T . It is useful to have several different characterizations of ergodicity, and
these are provided by the following proposition.

Proposition 2.14. The following are equivalent properties for a measure-
preserving transformation T of (X, B, µ).

(1) T is ergodic.
(2) For any B ∈ B, µ(T−1B△B) = 0 implies that µ(B) = 0 or µ(B) = 1.
(3) For A ∈ B, µ(A) > 0 implies that µ (

⋃∞
n=1 T−nA) = 1.

(4) For A, B ∈ B, µ(A)µ(B) > 0 implies that there exists n > 1 with

µ(T−nA ∩ B) > 0.

(5) For f : X → C measurable, f ◦ T = f almost everywhere implies that f
is equal to a constant almost everywhere.

In particular, for an ergodic transformation and countably many sets of
positive measure, almost every point visits all of the sets infinitely often under
iterations by the ergodic transformation.

∗ A set B ∈ B with T−1B = B is called strictly invariant under T .
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Proof of Proposition 2.14. (1) =⇒ (2): Assume that T is ergodic, so
the implication (2.2) holds, and let B be an almost invariant measurable set
– that is, a measurable set B with µ

(
T−1B△B

)
= 0. We wish to construct

an invariant set from B, and this is achieved by means of the following limsup
construction. Let

C =

∞⋂

N=0

∞⋃

n=N

T−nB.

For any N > 0,

B△
∞⋃

n=N

T−nB ⊆
∞⋃

n=N

B△T−nB

and µ (B△T−nB) = 0 for all n > 1, since B△T−nB is a subset of

n−1⋃

i=0

T−iB△T−(i+1)B,

which has zero measure. Let CN =
⋃∞

n=N T−nB; the sets CN are nested,

C0 ⊇ C1 ⊇ · · · ,

and µ(CN△B) = 0 for each N . It follows that µ(C△B) = 0, so

µ(C) = µ(B).

Moreover,

T−1C =

∞⋂

N=0

∞⋃

n=N

T−(n+1)B =

∞⋂

N=0

∞⋃

n=N+1

T−nB = C.

Thus T−1C = C, so by ergodicity µ(C) = 0 or 1, so µ(B) = 0 or 1.

(2) =⇒ (3): Let A be a set with µ(A) > 0, and let B =
⋃∞

n=1 T−nA.
Then T−1B ⊆ B; on the other hand µ

(
T−1B

)
= µ (B) so µ(T−1B△B) = 0.

It follows that µ(B) = 0 or 1; since T−1A ⊆ B the former is impossible,
so µ(B) = 1 as required.

(3) =⇒ (4): Let A and B be sets of positive measure. By (3),

µ

( ∞⋃

n=1

T−nA

)
= 1,

so

0 < µ(B) = µ

( ∞⋃

n=1

B ∩ T−nA

)
6

∞∑

n=1

µ
(
B ∩ T−nA

)
.

It follows that there must be some n > 1 with µ(B ∩ T−nA) > 0.
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(4) =⇒ (1): Let A be a set with T−1A = A. Then

0 = µ(A ∩ XrA) = µ(T−nA ∩ XrA)

for all n > 1 so, by (4), either µ(A) = 0 or µ(XrA) = 0.

(2) =⇒ (5): We have seen that if (2) holds, then T is ergodic. Let f be
a measurable complex-valued function on X , invariant under T in the stated
sense. Since the real and the imaginary parts of f must also be invariant and
measurable, we may assume without loss of generality that f is real-valued.
Fix k ∈ Z and n > 1 and write

Ak
n = {x ∈ X | f(x) ∈ [ k

n , k+1
n )}.

Then T−1Ak
n△Ak

n ⊆ {x ∈ X | f ◦ T (x) 6= f(x)}, a null set, so by (2)

µ(Ak
n) ∈ {0, 1}.

For each n, X is the disjoint union
⊔

k∈Z Ak
n. It follows that there must be

exactly one k = k(n) with µ(A
k(n)
n ) = 1. Then f is constant on the set

Y =

∞⋂

n=1

Ak(n)
n

and µ(Y ) = 1, so f is constant almost everywhere.

(5) =⇒ (2): If µ(T−1B△B) = 0 then f = χB is a T -invariant measurable
function, so by (5) χB is a constant almost everywhere. It follows that µ(B)
is either 0 or 1. �

Proposition 2.15. Bernoulli shifts are ergodic.

Proof. Recall the measure-preserving transformation σ defined in Exam-
ple 2.9 on the measure space X = {0, 1, . . . , n}Z with the product mea-
sure µ. Let B denote a σ-invariant measurable set. Then given any ε ∈ (0, 1)
there is a finite union of cylinder sets A with µ(A△B) < ε, and hence
with |µ(A) − µ(B)| < ε. This means A can be described as

A = {x ∈ X | x|[−N,N ] ∈ F}

for some N and some finite set F ⊆ {0, 1, . . . , n}[−N,N ] (for brevity we
write [a, b] for the interval of integers [a, b] ∩ Z. It follows that for M > 2N ,

σ−M (A) = {x ∈ X | x|[M−N,M+N ] ∈ F},

where we think of x|[M−N,M+N ] as a function on [−N, N ] in the natural way,
is defined by conditions on a set of coordinates disjoint from [−N, N ], so
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µ(σ−MArA) = µ(σ−MA ∩ XrA) = µ(σ−MA)µ(XrA) = µ(A)µ(XrA).
(2.3)

Since B is σ-invariant, µ(B△σ−1B) = 0. Now

µ(σ−MA△B) = µ(σ−MA△σ−MB)

= µ(A△B) < ε,

so µ(σ−MA△A) < 2ε and therefore

µ(σ−MA△A) = µ(Arσ−MA) + µ(σ−MArA) < 2ε. (2.4)

Therefore, by equations (2.3) and (2.4),

µ(B)µ(XrB) < (µ(A) + ε) (µ(XrA) + ε)

= µ(A)µ(XrA) + εµ(A) + εµ(XrA) + ε2

< µ(A)µ(XrA) + 3ε < 5ε.

Since ε was arbitrary, this implies that µ(B)µ(XrB) = 0, so µ(B) = 0 or 1
as required. �

More general versions of this kind of approximation argument appear in
Exercises 2.7.3 and 2.7.4.

Proposition 2.16. The circle rotation Rα : T → T is ergodic with respect to
the Lebesgue measure mT if and only if α is irrational.

Proof. If α ∈ Q, then we may write α = p
q in lowest terms, so Rq

α = IT is

the identity map. Pick any measurable set A ⊆ T with 0 < mT(A) < 1
q . Then

B = A ∪ RαA ∪ · · · ∪ Rq−1
α A

is a measurable set invariant under Rα with mT(B) ∈ (0, 1), showing that Rα

is not ergodic.
If α /∈ Q then for any ε > 0 there exist integers m, n, k with m 6= n

and |mα−nα− k| < ε. It follows that β = (m−n)α− k lies within ε of zero
but is not zero, and so the set {0, β, 2β, . . . } considered in T is ε-dense (that
is, every point of T lies within ε of a point in this set). Thus (Zα+ Z)/Z ⊆ T
is dense.

Now suppose that B ⊆ T is invariant under Rα. Then for any ε > 0 choose
a function f ∈ C(T) with ‖f − χB‖1 < ε. By invariance of B we have

‖f ◦ Rn
α − f‖1 < 2ε

for all n. Since f is continuous, it follows that

‖f ◦ Rt − f‖1 6 2ε
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for all t ∈ R. Thus, since mT is rotation-invariant,

∥∥∥∥f −
∫

f(t) dt

∥∥∥∥
1

=

∫ ∣∣∣∣
∫

(f(x) − f(x + t)) dt

∣∣∣∣ dx

6

∫∫ ∣∣∣f(x) − f(x + t)
∣∣∣ dxdt 6 2ε

by Fubini’s theorem (see Theorem A.13) and the triangle inequality for inte-
grals. Therefore

‖χB − µ(B)‖1 6 ‖χB − f‖1 +

∥∥∥∥f −
∫

f(t) dt

∥∥∥∥
1

+

∥∥∥∥
∫

f(t) dt − µ(B)

∥∥∥∥
1

< 4ε.

Since this holds for every ε > 0 we deduce that χB is constant and there-
fore µ(B) ∈ {0, 1}. Thus for irrational α the transformation Rα is ergodic
with respect to Lebesgue measure. �

Proposition 2.17. The circle-doubling map T2 : T → T from Example 2.4
is ergodic (with respect to Lebesgue measure).

Proof. By Example 2.8, T2 and the Bernoulli shift σ on X = {0, 1}N to-
gether with the fair coin-toss measure are measurably isomorphic. By Propo-
sition 2.15 the latter is ergodic, and it is clear that measurably isomorphic
systems are either both ergodic or both not ergodic. �

Ergodicity (indecomposability in the sense of measure theory) is a uni-
versal property of measure-preserving transformations in the sense that ev-
ery measure-preserving transformation decomposes into ergodic components.
This will be shown in Sections 4.2 and 6.1. In contrast the natural notion of
indecomposability in topological dynamics – minimality – does not permit
an analogous decomposition (see Exercise 4.2.3).

In Section 2.1 we pointed out that in order to check whether a map is
measure-preserving it is enough to check this property on a family of sets that
generates the σ-algebra. This is not the case when Definition 2.13 is used to
establish ergodicity (see Exercise 2.3.2). Using a different characterization of
ergodicity does allow this, as described in Exercise 2.7.3(3).

Exercises for Section 2.3

Exercise 2.3.1. Show that ergodicity is not preserved under direct products
as follows. Find a pair of ergodic measure-preserving systems (X, BX , µ, T )
and (Y, BY , ν, S) for which T × S is not ergodic with respect to the product
measure µ × ν.



28 2 Ergodicity, Recurrence and Mixing

Exercise 2.3.2. Define a map R : T×T → T×T by R(x, y) = (x+α, y +α)
for an irrational α. Show that for any set of the form A × B with A, B
measurable subsets of T (such a set is called a measurable rectangle) has the
property of Definition 2.13, but the transformation R is not ergodic, even if α
is irrational.

Exercise 2.3.3. (a) Find an arithmetic condition on α1 and α2 that is equiv-
alent to the ergodicity of Rα1 ×Rα2 : T×T → T×T with respect to mT×mT.
(b) Generalize part (a) to characterize ergodicity of the rotation

Rα1 × · · · × Rαn : Tn → Tn

with respect to mTn .

Exercise 2.3.4. Prove that any factor of an ergodic measure-preserving sys-
tem is ergodic.

Exercise 2.3.5. Extend Proposition 2.14 by showing that for each p ∈ [1,∞]
a measure-preserving transformation T is ergodic if and only if for any Lp

function f , f ◦T = f almost everywhere implies that f is almost everywhere
equal to a constant.

Exercise 2.3.6. Strengthen Proposition 2.14(5) by showing that a measure-
preserving transformation T is ergodic if and only if any measurable func-
tion f : X → R with f(Tx) > f(x) almost everywhere is equal to a constant
almost everywhere.

Exercise 2.3.7. Let X be a compact metric space and let T : X → X be con-
tinuous. Suppose that µ is a T -invariant ergodic probability measure defined
on the Borel subsets of X . Prove that for µ-almost every x ∈ X and every y
in the support of µ there exists a sequence nk ր ∞ such that T nk(x) → y
as k → ∞. Here the support Supp(µ) of µ is the smallest closed subset A
of X with µ(A) = 1; alternatively

Supp(µ) = X r
⋃

O⊆X open,
µ(O)=0

O.

Notice that X has a countable base for its topology, so the union is still
a µ-null set (see p. 406).

2.4 Associated Unitary Operators

A different kind of action(16) induced by a measure-preserving map T on a
function space is the associated operator UT : L2

µ → L2
µ defined by

UT (f) = f ◦ T.
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Recall that L2
µ is a Hilbert space, and for any functions f1, f2 ∈ L2

µ,

〈UT f1, UT f2〉 =

∫
f1 ◦ T · f2 ◦ T dµ

=

∫
f1f2 dµ (since µ is T -invariant)

= 〈f1, f2〉 .

Here it is natural to think of functions as being complex-valued; it will be
clear from the context when members of L2

µ are allowed to be complex-valued.
Thus UT is an isometry mapping L2

µ into L2
µ whenever (X, BX , µ, T ) is a

measure-preserving system.
If U : H1 → H2 is a continuous linear operator from one Hilbert space to

another then the relation

〈Uf, g〉 = 〈f, U∗g〉

defines an associated operator U∗ : H2 → H1 called the adjoint of U . The
operator U is an isometry (that is, has ‖Uh‖H2 = ‖h‖H1 for all h ∈ H1) if
and only if

U∗U = IH1 (2.5)

is the identity operator on H1 and

UU∗ = PIm U (2.6)

is the projection operator onto ImU . Finally, an invertible linear operator U
is called unitary if U−1 = U∗, or equivalently if U is invertible and

〈Uh1, Uh2〉 = 〈h1, h2〉 (2.7)

for all h1, h2 ∈ H1. If U : H1 → H2 satisfies equation (2.7) then U is
an isometry (even if it is not invertible). Thus for any measure-preserving
transformation T , the associated operator UT is an isometry, and if T is
invertible then the associated operator UT is a unitary operator, called the
associated unitary operator of T or Koopman operator of T .

A property of a measure-preserving transformation is said to be a spectral
or unitary property if it can be detected by studying the associated operator
on L2

µ.

Lemma 2.18. A measure-preserving transformation T is ergodic if and only
if 1 is a simple eigenvalue of the associated operator UT . Hence ergodicity is
a unitary property.

Proof. This follows from the proof of the equivalence of (2) and (5) in
Proposition 2.14 or via Exercise 2.3.5 applied with p = 2: an eigenfunction
for the eigenvalue 1 is a T -invariant function, and ergodicity is characterized
by the property that the only T -invariant functions are the constants. �
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An isometry U : H1 → H2 between Hilbert spaces(17) sends the expansion
of an element

x =
∞∑

n=1

cnen

in terms of a complete orthonormal basis {en} for H1 to a convergent expan-
sion

U(x) =

∞∑

n=1

cnU(en)

in terms of the orthonormal set {U(en)} in H2.
We will use this observation to study ergodicity of some of the examples

using harmonic analysis rather than the geometrical arguments used earlier
in this chapter.

Proof of Proposition 2.16 by Fourier analysis. Assume that α is
irrational and let f ∈ L2(T) be a function invariant under Rα. Then f has a
Fourier expansion f(t) =

∑
n∈Z cne2πint (both equality and convergence are

meant in L2(T)). Now f is invariant, so ‖f ◦ Rα − f‖2 = 0. By uniqueness
of Fourier coefficients, this requires that cn = cne2πinα for all n ∈ Z. Since α
is irrational, e2πinα is only equal to 1 when n = 0, so this equation forces cn

to be 0 except when n = 0. Thus f is a constant almost everywhere, and
hence Rα is ergodic.

If α ∈ Q then write α = p
q in lowest terms. The function g(t) = e2πiqt is

invariant under Rα but is not equal almost everywhere to a constant. �

Similar methods characterize ergodicity for endomorphisms.

Proof of Proposition 2.17 by Fourier analysis. Let f ∈ L2(T) be a
function with f ◦ T2 = f (equalities again are meant as elements of L2(T)).
Then f has a Fourier expansion f(t) =

∑
n∈Z cne2πint with

∑

n∈Z

|cn|2 = ‖f‖2
2 < ∞. (2.8)

By invariance under T2,

f(T2t) =
∑

n∈Z

cne2πi2nt = f(t) =
∑

n∈Z

cne2πint,

so by uniqueness of Fourier coefficients we must have c2n = cn for all n ∈ Z.
If there is some n 6= 0 with cn 6= 0 then this contradicts equation (2.8), so
we deduce that cn = 0 for all n 6= 0. It follows that f is constant a.e., so T2

is ergodic. �

The same argument gives the general abelian case, where Fourier analysis
is replaced by character theory (see Section C.3 for the background). Notice
that for a character χ : X → S1 on a compact abelian group and a continuous
homomorphism T : X → X , the map χ◦T : X → S1 is also a character on X .
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Theorem 2.19. Let T : X → X be a continuous surjective homomorphism
of a compact abelian group X. Then T is ergodic with respect to the Haar
measure mX if and only if the identity χ(T nx) = χ(x) for some n > 0 and

character χ ∈ X̂ implies that χ is the trivial character with χ(x) = 1 for
all x ∈ X.

Proof. First assume that there is a non-trivial character χ with

χ(T nx) = χ(x)

for some n > 0, chosen to be minimal with this property. Then the function

f(x) = χ(x) + χ(Tx) + · · · + χ(T n−1x)

is invariant under T , and is non-constant since it is a sum of non-trivial
distinct characters. It follows that T is not ergodic.

Conversely, assume that no non-trivial character is invariant under a non-
zero power of T , and let f ∈ L2

mX
(X) be a function invariant under T .

Then f has a Fourier expansion in L2
mX

,

f =
∑

χ∈X̂

cχχ,

with
∑

χ |cχ|2 = ‖f‖2
2 < ∞. Since f is invariant, cχ = cχ◦T = cχ◦T 2 = · · · ,

so either cχ = 0 or there are only finitely many distinct characters among
the χ◦T i (for otherwise

∑
χ |cχ|2 would be infinite). It follows that there are

integers p > q with χ◦T p = χ◦T q, which means that χ is invariant under T p−q

(the map χ 7→ χ ◦ T from X̂ to X̂ is injective since T is surjective), so χ is
trivial by hypothesis. It follows that the Fourier expansion of f is a constant,
so T is ergodic. �

In particular, Theorem 2.19 may be applied to characterize ergodicity for
endomorphisms of the torus.

Corollary 2.20. Let A ∈ Matdd(Z) be an integer matrix with det(A) 6= 0.
Then A induces a surjective endomorphism TA of Td = Rd/Zd which pre-
serves the Lebesgue measure mTd . The transformation TA is ergodic if and
only if no eigenvalue of A is a root of unity.

While harmonic analysis sometimes provides a short and readily under-
stood proof of ergodic or mixing properties, these methods are in general less
amenable to generalization than are the more geometric arguments.
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Exercises for Section 2.4

Exercise 2.4.1. Give a different proof that the circle rotation Rα : T → T is
ergodic if α is irrational, using Lebesgue’s density theorem (Theorem A.24)
as follows. Suppose if possible that A and B are measurable invariant sets
with 0 < mT(A), mT(B) < 1 and A ∩ B = ∅, and use the fact that the orbit
of a point of density for A is dense to show that A ∩ B must be non-empty.

Exercise 2.4.2. Prove that an ergodic toral automorphism is not measurably
isomorphic to an ergodic circle rotation.

Exercise 2.4.3. Extend Proposition 2.16 as follows. If X is a compact
abelian group, prove that the group rotation Rg(x) = gx is ergodic with
respect to Haar measure if and only if the subgroup {gn | n ∈ Z} generated
by g is dense in X .

Exercise 2.4.4. In the notation of Corollary 2.20, prove that A is injective
if and only if | det(A)| = 1, and in general that A : Td → Td is | det(A)|-to-
one if det(A) 6= 0. Prove Corollary 2.20 using Theorem 2.19 and the explicit
description of characters on the torus from equation (C.3) on p. 436.

2.5 The Mean Ergodic Theorem

Ergodic theorems at their simplest express a relationship between averages
taken along the orbit of a point under iteration of a measure-preserving map
(in the physical origins of the subject, this represents an average over time)
and averages taken over the measure space with respect to some invariant
measure (an average over space). The averages taken are of observables in
the physical sense, represented in our setting by measurable functions. Much
of this way of viewing dynamical systems goes back to the seminal work of
von Neumann [268].

We have already seen that ergodicity is a spectral property; the first and
simplest ergodic theorem only uses properties of the operator UT associated
to a measure-preserving transformation T . Theorem 2.21 is due to von Neu-
mann [267] and predates(18) the pointwise ergodic theorem (Theorem 2.30)
of Birkhoff, despite the dates of the published versions.

Write −→
Lp

µ

for convergence in the Lp
µ norm.

Theorem 2.21 (Mean Ergodic Theorem). Let (X, B, µ, T ) be a measure-
preserving system, and let PT denote the orthogonal projection onto the closed
subspace

I = {g ∈ L2
µ | UT g = g} ⊆ L2

µ.

Then for any f ∈ L2
µ,
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1

N

N−1∑

n=0

Un
T f −→

L2
µ

PT f.

Proof. Let B = {UT g − g | g ∈ L2
µ}. We claim that B⊥ = I. If

UT f = f,

then
〈f, UT g − g〉 = 〈UT f, UT g〉 − 〈f, g〉 = 0,

so f ∈ B⊥. If
f ∈ B⊥

then
〈UT g, f〉 = 〈g, f〉

for all g ∈ L2
µ, so

U∗
T f = f. (2.9)

Thus

‖UT f − f‖2 = 〈UT f − f, UT f − f〉
= ‖UT f‖2

2 − 〈f, UT f〉 − 〈UT f, f〉 + ‖f‖2
2

= 2‖f‖2
2 − 〈U∗

T f, f〉 − 〈f, U∗
T f〉

= 0 by equation (2.9),

so f = UT f .
It follows that L2

µ = I ⊕ B, so any f ∈ L2
µ decomposes as

f = PT f + h, (2.10)

with h ∈ B. We claim that

1

N

N−1∑

n=0

Un
T h −→

L2
µ

0.

This is clear for h = UT g − g ∈ B, since

∥∥∥∥
1

N

N−1∑

n=0

Un
T (UT g − g)

∥∥∥∥
2

=

∥∥∥∥
1

N

(
(UT g − g) + (U2

T g − UT g) + · · ·

+ (UN
T g − UN−1

T g)
) ∥∥∥∥

2

=
1

N

∥∥UN
T g − g

∥∥
2
−→ 0 (2.11)
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as N → ∞. All we know is that h ∈ B, so let (gi) be a sequence in L2
µ with

the property that hi = UT gi − gi → h as i → ∞. Then for any i > 1,

∥∥∥∥
1

N

N−1∑

n=0

Un
T h

∥∥∥∥
2

6

∥∥∥∥
1

N

N−1∑

n=0

Un
T (h − hi)

∥∥∥∥
2

+

∥∥∥∥
1

N

N−1∑

n=0

Un
T hi

∥∥∥∥
2

. (2.12)

Fix ε > 0 and choose, by the convergence (2.11), quantities i and N so large
that

‖h− hi‖2 < ε

and ∥∥∥∥
1

N

N−1∑

n=0

Un
T hi

∥∥∥∥
2

< ε.

Using these estimates in the inequality (2.12) gives

∥∥∥∥
1

N

N−1∑

n=0

Un
T h

∥∥∥∥
2

6 2ε

so

1

N

N−1∑

n=0

Un
T h −→

L2
µ

0

as N → ∞, for any h ∈ B. The theorem follows by equation (2.10). �

The quantity studied in Theorem 2.21 is an ergodic average, and it will
be convenient to fix some notation for these. For a fixed measure-preserving
system (X, B, µ, T ) and a function f : X → C the Nth ergodic average of f
is defined to be

AN = A
f
N = AN (f) =

1

N

N−1∑

n=0

f ◦ T n.

It is important to understand that this will be interpreted in several quite
different ways.

• In Theorem 2.21 the function f is an element of the Hilbert space L2
µ (that

is, an equivalence class of measurable functions) and A
f
N is thought of as

an element of L2
µ.

• In Corollary 2.22 we will want to think of f as an element of L1
µ, but

evaluate the ergodic average A
f
N at points, sometimes writing A

f
N (x). Of

course in this setting any statement can only be made almost everywhere
with respect to µ, since f (and hence A

f
N ) is only an equivalence class of

functions, with two point functions identified if they agree almost every-
where.



2.5 The Mean Ergodic Theorem 35

• At times it will be useful to think of f as an element of L p
µ (that is, as a

function rather than an equivalence class of functions) in which case A
f
N

is defined everywhere. Also, if f is continuous, we will later ask whether
the convergence of A

f
N (x) could be uniform across x ∈ X .

Corollary 2.22. (19) Let (X, B, µ, T ) be a measure-preserving system. Then

for any function f ∈ L1
µ the ergodic averages A

f
N converge in L1

µ to a T -
invariant function f ′ ∈ L1

µ.

Proof. By the mean ergodic theorem (Theorem 2.21) we know that for
any g ∈ L∞

µ ⊆ L2
µ, the ergodic averages A

g
N converge in L2

µ to some g′ ∈ L2
µ.

We claim that g′ ∈ L∞
µ . Indeed, ‖Ag

N‖∞ 6 ‖g‖∞ and so

|〈Ag
N , χB〉| 6 ‖g‖∞µ(B)

for any B ∈ B. Since A
g
N → g′ in L2

µ, this implies that

|〈g′, χB〉| 6 ‖g‖∞µ(B)

for B ∈ B, so ‖g′‖∞ 6 ‖g‖∞ as required.
Moreover, ‖ · ‖1 6 ‖ · ‖2, so we deduce that

A
g
N −→

L1
µ

g′ ∈ L∞
µ .

Thus the corollary holds for the dense set of functions L∞
µ ⊆ L1

µ.
Let f ∈ L1

µ and fix ε > 0; choose g ∈ L∞
µ with ‖f − g‖1 < ε. By averaging,

∥∥∥∥∥
1

N

N−1∑

n=0

f ◦ T n − 1

N

N−1∑

n=0

g ◦ T n

∥∥∥∥∥
1

< ε,

and by the previous paragraph there exists g′ and N0 with

∥∥∥∥∥
1

N

N−1∑

n=0

g ◦ T n − g′

∥∥∥∥∥
1

< ε

for N > N0. Combining these gives

∥∥∥∥∥∥
1

N

N−1∑

n=0

f ◦ T n − 1

N ′

N ′−1∑

n=0

f ◦ T n

∥∥∥∥∥∥
1

< 4ε

whenever N, N ′ > N0. In other words, the ergodic averages form a Cauchy
sequence in L1

µ, and so they have a limit f ′ ∈ L1
µ by the Riesz–Fischer theorem

(Theorem A.23). Since
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∥∥∥∥∥

(
1

N

N−1∑

n=0

f ◦ T n

)
◦ T − 1

N

N−1∑

n=0

f ◦ T n

∥∥∥∥∥
1

<
2

N
‖f‖1

for all N > 1, the limit function f ′ must be T -invariant. �

Exercises for Section 2.5

Exercise 2.5.1. Show that a measure-preserving system (X, B, µ, T ) is er-
godic if and only if, for any f, g ∈ L2

µ,

lim
N→∞

1

N

N−1∑

n=0

〈Un
T f, g〉 = 〈f, 1〉 · 〈1, g〉 .

Exercise 2.5.2. Let (X, B, µ, T ) be a measure-preserving system. For any
function f in Lp

µ, 1 6 p < ∞, prove that

1

n

n−1∑

i=0

f(T ix) −→
Lp

µ

f∗,

with f∗ ∈ Lp
µ a T -invariant function.

Exercise 2.5.3. Show that a measure-preserving system (X, B, µ, T ) is er-
godic if and only if AN (f) →

∫
f dµ as N → ∞ for all f in a dense subset

of L1
µ.

Exercise 2.5.4. Extend Theorem 2.21 to a uniform mean ergodic theorem
as follows. Under the assumptions and with the notation of Theorem 2.21,
show that

lim
N−M→∞

1

N − M

N−1∑

n=M

Un
T f → PT f.

Exercise 2.5.5. Apply Exercise 2.5.4 to strengthen Poincaré recurrence
(Theorem 2.11) as follows. For any set B of positive measure in a measure-
preserving system (X, B, µ, T ),

E = {n ∈ N | µ(B ∩ T−nB) > 0}

is syndetic: that is, there are finitely many integers k1, . . . , ks with the prop-
erty that N ⊆

⋃s
i=1 E − ki.

Exercise 2.5.6. Let (X, B, µ, T ) be a measure-preserving system. We say
that T is totally ergodic if T n is ergodic for all n > 1. Given K > 1 de-
fine a space X(K) = X × {1, . . . , K} with measure µ(K) = µ × ν defined on
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the product σ-algebra B(K), where ν(A) = 1
K |A| is the normalized count-

ing measure defined on any subset A ⊆ {1, . . . , K}, and a µ(K)-preserving
transformation T (K) by

T (K)(x, i) =

{
(x, i + 1) if 1 6 i < K,

(Tx, 1) if i = K

for all x ∈ X . Show that T (K) is ergodic with respect to µ(K) if and only if T
is ergodic with respect to µ, and that T (K) is not totally ergodic if K > 1.

2.6 Pointwise Ergodic Theorem

The conventional proof of the pointwise ergodic theorem involves two other
important results, the maximal inequality and the maximal ergodic theorem.
Roughly speaking, the maximal ergodic theorem may be used to show that
the set of functions in L1

µ for which the pointwise ergodic theorem holds is
closed as a subset of L1

µ; one then has to find a dense subset of L1
µ for which

the pointwise ergodic theorem holds. Examples 2.23 and 2.25 give another
motivation for the maximal ergodic theorem.

Since the pointwise ergodic theorem involves evaluating a function along
the orbit of individual points, it is most naturally phrased in terms of genuine
functions (that is, elements of L 1

µ ; see Section A.3 for the notation). We will
normally apply it to a function in L1

µ, where the meaning is that for any
representative in L 1

µ of the equivalence class in L1
µ we have convergence

almost everywhere.

2.6.1 The Maximal Ergodic Theorem

In order to see where the next result comes from, it is useful to ask how likely
is it that the orbit of a point spends unexpectedly much time in a given small
set (the ergodic theorem says that the orbit of a point spends a predictable
amount of time in a given set).

Example 2.23. Let (X, BX , µ, T ) be a measure-preserving system, and fix a
small measurable set B ∈ BX with µ(B) = ε > 0. Consider the ergodic
average

A
χB

N =
1

N

N−1∑

n=0

χB ◦ T n.

Since T preserves µ,
∫

X
χB ◦ T n dµ = µ(B) for any n > 0, so
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∫

X

A
χB

N dµ =

∫

X

χB dµ = µ(B) = ε.

Now ask how likely is it that the orbit of a point x spends more than
√

ε > ε
of the time between 0 and N − 1 in the set B. Notice that

√
εµ
(
{x | A

χB

N (x) >
√

ε}
)

6

∫

X

A
χB

N dµ = ε,

since √
εχ{y|AχB

N (y)>
√

ε}(x) 6 A
χB

N (x)

for all x ∈ X . Thus on the fixed time scale [0, N − 1] the measure of the
set BN

ε of points that spend in proportion at least
√

ε of the time between 0
and N − 1 in the set B is no larger than

√
ε.

We would like to be able to say that one can find a set Bε independent of N
with similar properties for all N ; as discussed below, this is a consequence of
the maximal ergodic theorem(20).

Theorem 2.24 (Maximal Ergodic Theorem). Consider the measure-
preserving system (X, B, µ, T ) on a probability space and g a real-valued
function in L 1

µ . Define

Eα =

{
x ∈ X

∣∣∣ sup
n>1

1

n

n−1∑

i=0

g(T ix) > α

}

for any α ∈ R. Then

αµ (Eα) 6

∫

Eα

g dµ 6 ‖g‖1.

Moreover, αµ (Eα ∩ A) 6
∫

Eα∩A
g dµ whenever T−1A = A.

Example 2.25. We continue the discussion from Example 2.23 by noting that
if B ⊆ X has µ(B) = ε > 0 and g = χB is its characteristic function, then
by applying the maximal ergodic theorem (Theorem 2.24) with α =

√
ε we

get the following statement: There exists a set B′ ⊆ X with µ(B′) 6
√

ε
such that for all N > 1 and all x ∈ XrB′ the orbit of the point x spends at
most

√
ε in proportion of the times between 0 and N − 1 in the set B. Thus

we have found a set as in Example 2.23, but independently of N .

2.6.2 Maximal Ergodic Theorem via Maximal Inequality

Notice that the operator UT associated to a measure-preserving transfor-
mation T is a positive linear operator on each Lp

µ space (positive means
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that f > 0 implies UT f > 0). A traditional proof of Theorem 2.24 starts
with a maximal inequality for positive operators.

Proposition 2.26 (Maximal Inequality). Let U : L1
µ → L1

µ be a positive
linear operator with ‖U‖ 6 1. For f ∈ L1

µ a real-valued function, define
inductively the functions

f0 = 0

f1 = f

f2 = f + Uf

...

fn = f + Uf + · · · + Un−1f

for n > 1, and FN = max{fn | 0 6 n 6 N} (all these functions are defined
pointwise). Then ∫

{x|FN (x)>0}
f dµ > 0

for all N > 1.

Proof. For each N , it is clear that FN ∈ L1
µ. Since U is positive and linear,

and since
FN > fn

for 0 6 n 6 N , we have

UFN + f > Ufn + f = fn+1.

Hence
UFN + f > max

16n6N
fn.

For x ∈ P = {x | FN (x) > 0} we have

FN (x) = max
06n6N

fn(x) = max
16n6N

fn(x)

since f0 = 0. Therefore,

UFN (x) + f(x) > FN (x)

for x ∈ P , and so
f(x) > FN (x) − UFN (x) (2.13)

for x ∈ P . Now FN (x) > 0 for all x, so UFN (x) > 0 for all x. Hence the
inequality (2.13) implies that
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∫

P

f dµ >

∫

P

FN dµ −
∫

P

UFN dµ

=

∫

X

FN dµ −
∫

P

UFN dµ (since FN (x) = 0 for x /∈ P )

>

∫

X

FN dµ −
∫

X

UFN dµ

= ‖FN‖1 − ‖UFN‖1 > 0,

since ‖U‖ 6 1. �

First Proof of Theorem 2.24. Let f = (g−α) and Uf = f ◦T for f ∈ L 1
µ

so that, in the notation of Proposition 2.26,

Eα =

∞⋃

N=0

{x | FN (x) > 0}.

It follows that
∫

Eα
f dµ > 0 and therefore

∫
Eα

g dµ > αµ(Eα). For the last

statement, apply the same argument to f = (g−α) on the measure-preserving
system (A, B

∣∣
A
, 1

µ(A)µ
∣∣
A
, T
∣∣
A
). �

2.6.3 Maximal Ergodic Theorem via a Covering Lemma

In this subsection we use covering properties of intervals in Z to establish a
version of the maximal ergodic theorem (Theorem 2.24). This demonstrates
very clearly the strong link between the Lebesgue density theorem (Theo-
rem A.24), whose proof involves the Hardy–Littlewood maximal inequality,
and the pointwise ergodic theorem, whose proof involves the maximal ergodic
theorem∗. The material in this section illustrates some of the ideas used in
the more extensive results of Bourgain [41]; a little of the history will be given
in the note (83) on p. 275

We will obtain a formally weaker version of Theorem 2.24, by showing that

αµ(Eα) 6 3‖g‖1 (2.14)

in the notation of Theorem 2.24. This is sufficient for all our purposes. For
future applications, we state the covering lemma(21) needed in a more general
setting.

Lemma 2.27 (Finite Vitali covering lemma). Let Br1(a1), . . . , BrK (aK)
be any collection of balls in a metric space. Then there exists a subcollec-

∗ Additionally, this approach starts to reveal more about what properties of the acting
group might be useful for obtaining more general ergodic theorems, and gives a method
capable of generalization to ergodic averaging along other sets of integers.
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tion Brj(1)
(aj(1)), . . . , Brj(k)

(aj(k)) of those balls which are disjoint and satisfy

Br1(a1) ∪ · · · ∪ BrK (aK) ⊆ B3rj(1)
(aj(1)) ∪ · · · ∪ B3rj(k)

(aj(k)),

where in the right-hand side we have tripled the radii of the balls in the sub-
collection.

Proof. By reordering the balls if necessary, we may assume that

r1 > r2 > · · · > rK .

Let j(1) = 1. We choose the remaining disjoint balls by induction as fol-
lows. Assume that we have chosen j(1), . . . , j(n) from the indices {1, . . . , ℓ},
discarding those not chosen. If Brℓ+1

(aℓ+1) is disjoint from

Brj(1)
(aj(1)) ∪ · · · ∪ Brj(n)

(aj(n))

we choose j(n+1) = ℓ+1, and if not we discard ℓ+1, and proceed with study-
ing ℓ + 2, stopping if ℓ + 1 = K. Suppose that Brj(1)

(aj(1)), . . . , Brj(k)
(aj(k))

are the balls chosen from all the balls considered, and let

V = B3rj(1)
(aj(1)) ∪ · · · ∪ B3rj(k)

(aj(k)).

If i ∈ {j(1), . . . , j(k)} then Bri(ai) ⊆ B3ri(ai) ⊆ V by construction. If not,
then by the construction there is some n ∈ {1, . . . , i − 1} ∩ {j(1), . . . , j(k)}
that was selected, such that

Bri(ai) ∩ Brn(an) 6= ∅,

and rn > ri by the ordering of the indices. By the triangle inequality we
therefore have

Bri(ai) ⊆ B3rn(an) ⊆ V

as required. �

In the integers, the Vitali covering lemma may be formulated as follows
(see Exercise 2.6.2).

Corollary 2.28. For any collection of intervals

I1 = [a1, a1 + ℓ(1) − 1], . . . , IK = [aK , aK + ℓ(K) − 1]

in Z there is a disjoint subcollection Ij(1), . . . , Ij(k) such that

I1 ∪ · · · ∪ IK ⊆
k⋃

m=1

[aj(m) − ℓj(m), aj(m) + 2ℓj(m) − 1].

Proof of the inequality (2.14). Let (X, B, µ, T ) be a measure-preserving
system, with g ∈ L 1

µ , and fix α > 0. Define
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g∗(x) = sup
n>1

1

n

n−1∑

i=0

g
(
T i(x)

)

and Eα = {x ∈ X | g∗(x) > α} as before. We will deduce the inequality (2.14)
from a similar estimate for the function

φ(j) =

{
g(T jx) for j = 0, . . . , J ;

0 for j < 0 or j > J
(2.15)

for a fixed x ∈ X and J > 1.

Lemma 2.29. For any φ ∈ ℓ1(Z) and α > 0, define

φ∗(a) = sup
n>1

1

n

n−1∑

i=0

φ(a + i),

and
Eφ

α = {a ∈ Z | φ∗(a) > α}.
Then α|Eφ

α| 6 3‖φ‖1.

Proof of Lemma 2.29. Let a1, . . . , aK be different elements of Eφ
α, and

let ℓ(j) for j = 1, . . . , K be chosen so that

1

ℓ(j)

ℓ(j)−1∑

i=0

φ(aj + i) > α. (2.16)

Define the intervals Ij = [aj, aj+ℓ(j)−1] for 1 6 j 6 K and use Corollary 2.28
to construct the subcollection Ij(1), . . . , Ij(k) as in the corollary. Since the
intervals Ij(1), . . . , Ij(k) are disjoint, it follows that

k∑

i=1

∑

m∈Ij(i)

φ(m) 6 ‖φ‖1, (2.17)

where the left-hand side equals

k∑

i=1

ℓ(j(i))
1

ℓ(j(i))

ℓ(j(i))−1∑

n=0

φ(aj + n) >

k∑

i=1

ℓ(j(i))α (2.18)

by the choice in equation (2.16) of the ℓ(j(i)). However, since

{a1, . . . , aK} ⊆
k⋃

j=1

[aj(i) − ℓj(i), aj(i) + 2ℓj(i) − 1]

by Corollary 2.28, we therefore have
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K 6 3

k∑

i=1

ℓj(i). (2.19)

Combining the inequalities (2.19), (2.18), and (2.17) in that order gives

αK 6 3

k∑

i=1

ℓj(i)α < 3‖φ‖1,

which proves the lemma. �

Fix now some M > 1 (the parameter J will later be chosen much larger
than M) and define

g∗M (x) = sup
16n6M

1

n

n−1∑

i=0

g(T ix),

and
Eg

α,M = {x ∈ X | g∗M (x) > α}.
Using φ as in equation (2.15) and, suppressing the dependence on x as before,
we also define

φ∗
M (a) = sup

16n6M

1

n

n−1∑

i=0

φ(a + i).

As φ(a + i) = g(T a+ix) if 0 6 a < J − M and 0 6 i < M , we have

φ∗
M (a) = g∗M (T ax) (2.20)

for 0 6 a < J − M . Also, for any x ∈ X and α > 0 we have

α |{a ∈ [0, J − 1] | φ∗
M (a) > α}| 6 3‖φ‖1

by Lemma 2.29. Recalling the definition of φ and Eα and using equa-
tion (2.20), this may be written in a slightly weaker form as

α

J−M−1∑

a=0

χEg
α,M

(T ax) = α
∣∣∣
{
a ∈ [0, J − M − 1] | g∗M (T ax) > α

}∣∣∣

6 3

J∑

i=0

|g(T ix)|,

which may be integrated over x ∈ X to obtain

(J − M)αµ
(
Eg

α,M

)
6 3(J + 1)‖g‖1,
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where we have used the invariance of µ under T . Dividing by J and let-

ting J → ∞ gives αµ
(
Eg

α,M

)
6 3‖g‖1, and finally letting M → ∞ gives

inequality (2.14). �

2.6.4 The Pointwise Ergodic Theorem

We are now ready to give a proof of Birkhoff’s pointwise ergodic theorem [33]
using the maximal ergodic theorem(22). This precisely describes the relation-
ship sought between the space average of a function and the time average
along the orbit of a typical point.

Theorem 2.30 (Birkhoff). Let (X, B, µ, T ) be a measure-preserving sys-
tem. If f ∈ L 1

µ , then

lim
n→∞

1

n

n−1∑

j=0

f(T jx) = f∗(x)

converges almost everywhere and in L1
µ to a T -invariant function f∗ ∈ L 1

µ ,
and ∫

f∗ dµ =

∫
f dµ.

If T is ergodic, then

f∗(x) =

∫
f dµ

almost everywhere.

Example 2.31. (23) In Example 1.2 we explained that almost every real num-
ber has the property that any block of length k of digits base 10 appears with
asymptotic frequency 1

10k , thus almost every number is normal base 10. We
now have all the material needed to justify this result: By Corollary 2.20, the
map x 7→ Kx (mod 1) on the circle for K > 2 is ergodic, so the pointwise
ergodic theorem (Theorem 2.30) may be applied to show that almost every
number is normal to each base K > 2, and so (by taking the union of count-
ably many null sets) almost every number is normal in every base K > 2.

As with the maximal ergodic theorem (Theorem 2.24), we will give two
proofs(24) of the pointwise ergodic theorem. The first is a traditional one while
the second is closer to the approach of Bourgain [41] for example, and is better
adapted to generalization both of the acting group and of the sequence along
which ergodic averages are formed.

Theorem 2.30 will be formulated differently in Theorem 6.1, and will be
used in Theorem 6.2 to construct the ergodic decomposition.
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2.6.5 Two Proofs of the Pointwise Ergodic Theorem

First Proof of Theorem 2.30. Recall that (X, B, µ, T ) is a measure-
preserving system, µ(X) = 1, and f ∈ L 1

µ . It is sufficient to prove the result
for a real-valued function f . Define, for any x ∈ X ,

f∗(x) = lim sup
n→∞

1

n

n−1∑

i=0

f(T ix),

f∗(x) = lim inf
n→∞

1

n

n−1∑

i=0

f(T ix).

Then

n + 1

n

(
1

n + 1

n∑

i=0

f(T ix)

)
=

1

n

n−1∑

i=0

f(T i(Tx)) +
1

n
f(x). (2.21)

By taking the limit along a subsequence for which the left-hand side of equa-
tion (2.21) converges to the limsup, this shows that f∗ 6 f∗◦T . A limit along
a subsequence for which the right-hand side of equation (2.21) converges to
the limsup shows that f∗ > f∗ ◦ T . A similar argument for f∗ shows that

f∗ ◦ T = f∗, f∗ ◦ T = f∗. (2.22)

Now fix rationals α > β, and write

Eβ
α = {x ∈ X | f∗(x) < β and f∗(x) > α}.

By equation (2.22), T−1Eβ
α = Eβ

α and Eα ⊇ Eβ
α where Eα is the set defined

in Theorem 2.24 (with g = f). By Theorem 2.24,

∫

Eβ
α

f dµ > αµ
(
Eβ

α

)
. (2.23)

After replacing f by −f , a similar argument shows that

∫

Eβ
α

f dµ 6 βµ
(
Eβ

α

)
. (2.24)

Now
{x | f∗(x) < f∗(x)} =

⋃

α,β∈Q,
α>β

Eβ
α,

while the inequalities (2.23) and (2.24) show that µ(Eβ
α) = 0 for α > β. It

follows that
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µ
( ⋃

α,β∈Q,
α>β

Eβ
α

)
= 0,

so
f∗(x) = f∗(x) a.e.

Thus

gn(x) =
1

n

n−1∑

i=0

f(T ix) −→ f∗(x) a.e. (2.25)

By Corollary 2.22 we also know that

gn −→
L1

µ

f ′ ∈ L
1
µ . (2.26)

By Corollary A.12, this implies that there is a subsequence nk → ∞ with

gnk
(x) −→ f ′(x) a.e. (2.27)

Putting equations (2.25), (2.26) and (2.27) together we see that f∗ = f ′ ∈ L 1
µ

and that the convergence in equation (2.25) also happens in L1
µ. Finally we

also get ∫
f dµ =

∫
gn dµ =

∫
f∗ dµ.

�

A somewhat different approach is to use the maximal ergodic theorem
(Theorem 2.24) to control the gap between mean convergence and pointwise
convergence almost everywhere.

Second Proof of Theorem 2.30. Assume first that f0 ∈ L ∞. By the
mean ergodic theorem in L1 (Corollary 2.22) we know that the ergodic aver-
ages

AN (f0) =
1

N

N−1∑

n=0

f0 ◦ T n → F0

converge in L1
µ as N → ∞ to some T -invariant function F0 ∈ L 1

µ . Given ε > 0
choose some M such that

‖F0 − AM (f0)‖1 < ε2.

By the maximal ergodic theorem (Theorem 2.24) applied to the function

g(x) = F0(x) − AM (f0)

we see that

εµ
(
{x ∈ X | sup

N>1
|AN (F0 − AM (f0)) | > ε}

)
< ε2.
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Clearly AN (F0) = F0 since the limit function F0 is T -invariant, while if M is
fixed and N → ∞ we have (see Exercise 2.6.4)

AN (AM (f0)) =
1

NM

N−1∑

n=0

M−1∑

m=0

f0 ◦ T n+m

= AN (f0) + OM

(‖f0‖∞
N

)
. (2.28)

Putting these together, we see that

µ
(
{x | lim sup

N→∞
|F0 − AN (f0)|> ε}

)
=µ
(
{x | lim sup

N→∞
|F0 − AN (AM (f0))|> ε}

)

6µ
(
{x | sup

N>1
|AN (F0 − AM (f0)) |> ε}

)

<ε,

which shows that AN (f0) → F0 almost everywhere.
To prove convergence for any f ∈ L 1

µ , fix ε > 0 and choose some f0 ∈ L ∞

with ‖f − f0‖1 < ε2. Write F ∈ L 1
µ for the L1-limit of AN (f) and F0 ∈ L 1

µ

for the L1-limit of AN (f0). Since ‖AN (f)−AN (f0)‖1 6 ‖f − f0‖1 we deduce
that ‖F − F0‖1 < ε2. From this we get

µ
(
{x | lim sup

N→∞
|F − AN (f)| > 2ε}

)

6 µ
(
{x | |F − F0| + lim sup

N→∞
|F0 − AN (f0)| + sup

N>1
|AN (f0 − f)| > 2ε}

)

6 µ
(
{x | |F − F0| > ε

)
+ µ
(
{x | sup

N>1
|AN (f0 − f)| > ε

)

6 ε−1‖F − F0‖1 + ε−1‖f0 − f‖1 6 2ε (2.29)

by the maximal ergodic theorem (Theorem 2.24), which shows that AN (f)
converges almost everywhere as N → ∞. �

Exercises for Section 2.6

Exercise 2.6.1. Prove the following version of the ergodic theorem for finite
permutations (see the book of Nadkarni [263] where this is used to motivate
a different approach to ergodic theorems). Let X = {x1, . . . , xr} be a finite
set, and let σ : X → X be a permutation of X . The orbit of xj under σ is the
set {σn(xj)}n>0, and σ is called cyclic if there is an orbit of cardinality r.

(1) For a cyclic permutation σ and any function f : X → R, prove that
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lim
n→∞

1

n

n−1∑

j=0

f(σjx) =
1

r
(f(x1) + · · · + f(xr)) .

(2) More generally, prove that for any permutation σ and function f : X→R,

lim
n→∞

1

n

n−1∑

j=0

f(σjx) =
1

px

(
f(x) + f(σ(x)) + · · · + f(σpx−1(x))

)

where the orbit of x has cardinality px under σ.

Exercise 2.6.2. Mimic the proof of Lemma 2.27 (or give the details of a
deduction) to prove Corollary 2.28.

Exercise 2.6.3. Let (X, B, µ, T ) be an invertible measure-preserving sys-
tem. Prove that, for any f ∈ L1

µ,

lim
N→∞

1

N

N−1∑

n=0

f(T nx) = lim
N→∞

1

N

N−1∑

n=0

f(T−nx)

almost everywhere.

Exercise 2.6.4. Fill in the details to prove the estimate in (2.28).

Exercise 2.6.5. Formulate and prove a pointwise ergodic theorem for a mea-
surable function f > 0 with

∫
f dµ = ∞, under the assumption of ergodicity.

2.7 Strong-mixing and Weak-mixing

In this section we step back from thinking of measure-preserving transforma-
tions through the functional-analytic prism of their action on Lp spaces to
the more fundamental questions discussed in Sections 2.2 and 2.3. Namely,
if A is a measurable set, what can be said about how the set T−nA is spread
around the whole measure space for large n?

An easy consequence of the mean ergodic theorem is that a measure-
preserving system (X, B, µ, T ) is ergodic if and only if

1

N

N−1∑

n=0

f ◦ T n −→
L2

µ

∫
f dµ

as N → ∞ for every f ∈ L2
µ. It follows that (X, B, µ, T ) is ergodic if and

only if

1

N

N−1∑

n=0

〈f ◦ T n, g〉 −→
∫

f dµ

∫
g dµ (2.30)
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as N → ∞ for any f, g ∈ L2
µ. The characterization in (2.30) can be cast in

terms of the behavior of sets to show that (X, B, µ, T ) is ergodic if and only
if

1

N

N−1∑

n=0

µ
(
A ∩ T−nB

)
−→ µ(A)µ(B) (2.31)

as N → ∞ for all A, B ∈ B. One direction is clear: if T is ergodic, then the
convergence (2.30) may be applied with g = χA and f = χB.

Conversely, if T−1B = B then the convergence (2.31) with A = XrB
implies that µ(XrB)µ(B) = 0, so T is ergodic.

There are several ways in which the convergence (2.31) might take place.
Recall that measurable sets in (X, B, µ) may be thought of as events in the
sense of probability, and events A, B ∈ B are called independent if

µ(A ∩ B) = µ(A)µ(B).

Clearly if the action of T contrives to make T−nB and A become independent
in the sense of probability for all large n, then the convergence (2.31) is
assured. It turns out that this is too much to ask (see Exercise 2.7.1), but
asking for T−nB and A to become asymptotically independent leads to the
following non-trivial definition.

Definition 2.32. A measure-preserving system (X, B, µ, T ) is mixing if

µ
(
A ∩ T−nB

)
−→ µ(A)µ(B)

as n → ∞, for all A, B ∈ B.

Mixing is also sometimes called strong-mixing, in contrast to weak-mixing
and mild-mixing.

Example 2.33. A circle rotation Rα : T → T is not mixing. There is a se-
quence nj → ∞ for which njα (mod 1) → 0 (if α is rational we may choose
to have njα (mod 1) = 0). If A = B = [0, 1

2 ] then mT(A∩R
nj
α A) → 1

2 , so Rα

is not mixing.

It is clear that some measure preserving systems make many sets become
asymptotically independent as they move apart in time (that is, under iter-
ation), leading to the following natural definition due to Rokhlin [316].

Definition 2.34. A measure-preserving system (X, B, µ, T ) is k-fold mixing,
mixing of order k or mixing on k + 1 sets if

µ
(
A0 ∩ T−n1A1 ∩ · · · ∩ T−nkAk

)
−→ µ(A0) · · ·µ(Ak)

as
n1, n2 − n1, n3 − n2, . . . , nk − nk−1 −→ ∞

for any sets A0, . . . , Ak ∈ B.
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Thus mixing coincides with mixing of order 1. One of the outstanding
open problems in classical ergodic theory is that it is not known(25) if mixing
implies mixing of order k for every k > 1.

Despite the natural definition, mixing turns out to be a rather special
property, less useful and less prevalent than a slightly weaker property called
weak-mixing introduced by Koopman and von Neumann [209](26). Nonethe-
less, many natural examples are mixing of all orders (see the argument in
Proposition 2.15 and Exercise 2.7.9 for example).

Definition 2.35. A measure-preserving system (X, B, µ, T ) is weak-mixing
if

1

N

N−1∑

n=0

∣∣µ(A ∩ T−nB) − µ(A)µ(B)
∣∣ −→ 0

as N → ∞, for all A, B ∈ B.

Notice that for any sequence (an),

lim
n→∞

an = 0 =⇒ lim
n→∞

1

n

n∑

i=0

|ai| = 0,

but the converse does not hold because the second property permits |an| to
be large along an infinite but thin set of values of n. Thus at the level simply
of sequences, weak-mixing seems to be strictly weaker than strong-mixing.
It turns out that this is also true for measure-preserving transformations –
there are weak-mixing transformations that are not mixing(27).

Weak-mixing and its generalizations will turn out to be central to Fursten-
berg’s proof of Szemerédi’s theorem presented in Chapter 7. The first intima-
tion that weak-mixing is a natural property comes from the fact that it has
many equivalent formulations, and we will start to define and explore some
of these in Theorem 2.36 below.

For one of these equivalent properties, it will be useful to recall some ter-
minology concerning the operator UT on the Hilbert space L2

µ associated to
a measure-preserving transformation T of (X, B, µ). An eigenvalue is a num-
ber λ ∈ C for which there is an eigenfunction f ∈ L2

µ with UT f = λf almost
everywhere. Notice that 1 is always an eigenvalue, since a constant function f
will satisfy UT f = f . Any eigenvalue λ lies on S1, since UT is an isometry
of L2

µ. A measure-preserving transformation T is said to have continuous
spectrum if the only eigenvalue of T is 1 and the only eigenfunctions are the
constant functions.

Recall that a set J ⊆ N is said to have density

d(J) = lim
n→∞

1

n
|{j ∈ J | 1 6 j 6 n}|

if the limit exists.
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Theorem 2.36. The following properties of a system (X, B, µ, T ) are equiv-
alent.

(1) T is weakly mixing.
(2) T × T is ergodic with respect to µ × µ.
(3) T × T is weakly mixing with respect to µ × µ.
(4) For any ergodic measure-preserving system (Y, BY , ν, S), the system

(X × Y, B ⊗ BY , µ × ν, T × S)

is ergodic.
(5) The associated operator UT has no non-constant measurable eigenfunc-

tions (that is, T has continuous spectrum).
(6) For every A, B ∈ B, there is a set JA,B ⊆ N with density zero for which

µ
(
A ∩ T−nB

)
−→µ(A)µ(B)

as n → ∞ with n /∈ JA,B.
(7) For every A, B ∈ B,

1

N

N−1∑

n=0

∣∣µ(A ∩ T−nB) − µ(A)µ(B)
∣∣2 −→ 0

as N → ∞.

The proof of Theorem 2.36 will be given in Section 2.8.

Corollary 2.37. If (X, BX , µ, T ) and (Y, BY , ν, S) are both weak-mixing,
then the product system (X × Y, B ⊗ C , µ × ν, T × S) is weak-mixing.

Corollary 2.38. If T is weak-mixing, then for any k the k-fold Cartesian
product T × · · · × T is weak-mixing with respect to µ × · · · × µ.

Corollary 2.39. If T is weak-mixing, then for any n > 1, the nth iterate T n

is weak-mixing.

Example 2.40. We know that the circle rotation Rα : T → T defined by

Rα(t) = t + α (mod 1)

is not mixing, but is ergodic if α /∈ Q (cf. Proposition 2.16 and Example 2.33).
It is also not weak-mixing; this may be seen using Theorem 2.36(2) since the
function (x, y) 7→ e2πi(x−y) from T × T → S1 is a non-constant function
preserved by Rα × Rα.
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Exercises for Section 2.7

Exercise 2.7.1. Show that if a measure-preserving system (X, B, µ, T ) has
the property that for any A, B ∈ B there exists N such that

µ
(
A ∩ T−nB

)
= µ(A)µ(B)

for all n > N , then it is trivial in the sense that µ(A) = 0 or 1 for every A ∈ B.

Exercise 2.7.2. (28) Show that if a measure-preserving system (X, B, µ, T )
has the property that

µ
(
A ∩ T−nB

)
→ µ(A)µ(B)

uniformly as n → ∞ for every measurable A ⊆ B ∈ B, then it is trivial in
the sense that µ(A) = 0 or 1 for every A ∈ B.

Exercise 2.7.3. This exercise generalizes the argument used in the proof of
Proposition 2.15 and relates to the material in Appendix A. A collection A

of measurable sets in (X, B, µ) is called a semi-algebra (cf. Appendix A) if

• A contains the empty set;
• for any A ∈ A , XrA is a finite union of pairwise disjoint members of A ;
• for any A1, . . . , Ar ∈ A , A1 ∩ · · · ∩ Ar ∈ A .

The smallest σ-algebra containing A is called the σ-algebra generated by A .
Assume that A is a semi-algebra that generates B, and prove the follow-
ing characterizations of the basic mixing properties for a measure-preserving
system (X, B, µ, T ):

(1) T is mixing if and only if

µ
(
A ∩ T−nB

)
−→ µ(A)µ(B)

as n → ∞ for all A, B ∈ A .
(2) T is weak-mixing if and only if

1

N

N−1∑

n=0

∣∣µ(A ∩ T−nB) − µ(A)µ(B)
∣∣ −→ 0

as N → ∞ for all A, B ∈ A .
(3) T is ergodic if and only if

1

N

N−1∑

n=0

µ
(
A ∩ T−nB

)
−→ µ(A)µ(B)

as N → ∞ for all A, B ∈ A .
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Exercise 2.7.4. Let A be a generating semi-algebra in B (cf. Exercise 2.7.3),
and assume that for A ∈ A , µ

(
A△T−1A

)
= 0 implies µ(A) = 0 or 1. Does

it follow that T is ergodic?

Exercise 2.7.5. Show that a measure-preserving system (X, B, µ, T ) is mix-
ing if and only if

lim
n→∞

〈Un
T f, g〉 = 〈f, 1〉 · 〈1, g〉

for all f and g lying in a dense subset of L2
µ.

Exercise 2.7.6. Use Exercise 2.7.5 and the technique from Theorem 2.19 to
prove the following.

(1) An ergodic automorphism of a compact abelian group is mixing with
respect to Haar measure.

(2) An ergodic automorphism of a compact abelian group is mixing of all
orders with respect to Haar measure.

Exercise 2.7.7. Show that a measure-preserving system (X,B,µ,T ) is weak-
mixing if and only if

lim
N→∞

1

N

N−1∑

n=0

|〈Un
T f, g〉 − 〈f, 1〉 · 〈1, g〉| = 0

for any f, g ∈ L2
µ

Exercise 2.7.8. Show that a measure-preserving system (X,B,µ,T ) is weak-
mixing if and only if

lim
N→∞

1

N

N−1∑

n=0

|〈Un
T f, f〉 − 〈f, 1〉 · 〈1, f〉| = 0

for any f ∈ L2
µ.

Exercise 2.7.9. Show that a Bernoulli shift (cf. Example 2.9) is mixing of
order k for every k > 1.

Exercise 2.7.10. Prove the following result due to Rényi [308]: a measure-
preserving transformation T is mixing if and only if

µ(A ∩ T−nA) → µ(A)2

for all A ∈ B. Deduce that T is mixing if and only if 〈Un
T f, f〉 → 0 as n → ∞

for all f in a set of functions dense in the set of all L2 functions of zero
integral.

Exercise 2.7.11. Prove that a measure-preserving transformation T is weak-
mixing if and only if for any measurable sets A, B, C with positive measure,
there exists some n > 1 such that T−nA∩B 6= ∅ and T−nA∩C 6= ∅. (This
is a result due to Furstenberg.)
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Exercise 2.7.12. Write T (k) for the k-fold Cartesian product T × · · · × T .
Prove(29) that T (k) is ergodic for all k > 2 if and only if T (2) is ergodic.

Exercise 2.7.13. Let T be an ergodic endomorphism of Td. The following
exponential error rate for the mixing property(30),

∣∣∣∣〈f1, U
n
T f2〉 −

∫
f1

∫
f2

∣∣∣∣ 6 S(f1)S(f2)θ
n

for some θ < 1 depending on T and for a pair of constants S(f1), S(f2)
depending on f1, f2 ∈ C∞(Td), is known to hold.
(a) Prove an exponential rate of mixing for the map Tn : T → T defined
by Tn(x) = nx (mod 1).
(b) Prove an exponential rate of mixing for the automorphism of T2 defined

by T :

(
x
y

)
7→
(

y
x + y

)
.

(c) Could an exponential rate of mixing hold for all continuous functions?

2.8 Proof of Weak-mixing Equivalences

Some of the implications in Theorem 2.36 require the development of addi-
tional material; after developing it we will end this section with a proof of
Theorem 2.36. The first lemma needed is a general one from analysis, due to
Koopman and von Neumann [209].

Lemma 2.41. Let (an) be a bounded sequence of non-negative real numbers.
Then the following are equivalent:

(1) lim
n→∞

1

n

n−1∑

j=0

aj = 0;

(2) there is a set J = J ((an)) ⊆ N with density zero for which an −→
n/∈J

0;

(3) lim
n→∞

1

n

n−1∑

j=0

a2
j = 0.

Proof. (1) =⇒ (2): Let Jk = {j ∈ N | aj > 1
k}, so that

J1 ⊆ J2 ⊆ J3 ⊆ · · · . (2.32)

For each k > 1,

1

k
|Jk ∩ [0, n)| <

∑

i=0,...,n−1,
ai>1/k

ai 6

n−1∑

i=0

ai.
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It follows that
1

n
|Jk ∩ [0, n)| 6 k

1

n

n−1∑

i=0

ai −→ 0

as n → ∞ for each k > 1, so each Jk has zero density. We will construct the
set J by taking a union of segments of each set Jk. Since each of the sets Jk

has zero density, we may inductively choose numbers 0 < ℓ1 < ℓ2 < · · · with
the property that

1

n
|Jk ∩ [0, n)| 6

1

k
(2.33)

for n > ℓk and any k > 1. Define the set J by

J =
∞⋃

k=0

(
Jk ∩ [ℓk, ℓk+1)

)
.

We claim two properties for the set J , namely

• an −→
n/∈J

0 as n → ∞;

• J has density zero.

For the first claim, note that Jk ∩ [ℓk,∞) ⊆ J by equation (2.32), so
if J 6∋ n > ℓk then n /∈ Jk, and so an 6 1

k . This shows that an −→
n/∈J

0 as

claimed.
For the second claim, notice that if n ∈ [ℓk, ℓk+1) then again by equa-

tion (2.32) J ∩ [0, n) ⊆ Jk ∩ [0, n) and so

1

n
|J ∩ [0, n)| 6

1

k

by equation (2.33), showing that J has density zero.
(2) =⇒ (1): The sequence (an) is bounded, so there is some R > 0

with an 6 R for all n > 1. For each k > 1 choose Nk so that

J 6∋ n > Nk =⇒ an <
1

k

and so that

n > Nk =⇒ 1

n
|J ∩ [0, n)| 6

1

k
.

Then for n > kNk,
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1

n

n−1∑

i=0

ai =
1

n




Nk−1∑

i=0

ai +
∑

i∈J,
Nk6i<n

ai +
∑

i/∈J,
Nk6i<n

ai




<
1

n

(
RNk + R|J ∩ [0, n)| + n

1

k

)

6
2R + 1

k
,

showing (1).
(3) ⇐⇒ (1): This is clear from the characterization (2) of property (1).

�

Proof of Theorem 2.36. Properties (1), (6) and (7) are equivalent by
Lemma 2.41 applied with an = |µ (A ∩ T−nB) − µ(A)µ(B)| .

(6) =⇒ (3): Given sets A1, B1, A2, B2 ∈ B, property (6) gives sets J1

and J2 of density zero with

µ
(
A1 ∩ T−nB1

)
−→
n/∈J1

µ(A1)µ(B1)

and
µ
(
A2 ∩ T−nB2

)
−→
n/∈J2

µ(A2)µ(B2).

Let J = J1 ∪ J2; this still has density zero and

lim
J 6∋n→∞

∣∣(µ × µ)
(
(A1 × A2)∩(T × T )−n(B1 × B2)

)

−(µ × µ)(A1 × A2) · (µ × µ)(B1 × B2)
∣∣

= lim
J 6∋n→∞

∣∣µ(A1 ∩ T−nB1) · µ(A2 ∩ T−nB2)

−µ(A1)µ(A2)µ(B1)µ(B2)
∣∣

= 0,

so T × T is weak-mixing since the measurable rectangles generate B × B.
(3) =⇒ (1): If T ×T is weak-mixing, then property (1) holds in particular

for subsets of X × X of the form A × X and B × X , which shows that (1)
holds for T , so T is weak-mixing.

(1) =⇒ (4): Let (Y, BY , ν, S) be an ergodic system and assume that T is
weak-mixing. For measurable sets A1, B1 ∈ B and A2, B2 ∈ BY ,
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1

N

N−1∑

n=0

(µ × ν)
(
A1 × A2 ∩ (T × S)−n(B1 × B2)

)

=
1

N

N−1∑

n=0

µ(A1 ∩ T−nB1)ν(A2 ∩ S−nB2)

=
1

N

N−1∑

n=0

µ(A1)µ(B1)ν(A2 ∩ S−nB2)

+
1

N

N−1∑

n=0

[
µ(A1 ∩ T−nB1) − µ(A1)µ(B1)

]
ν(A2 ∩ S−nB2). (2.34)

By the characterization in equation (2.31) and ergodicity of S, the expression
on the right in equation (2.34) converges to

µ(A1)µ(B1)ν(A2)ν(B2).

The second term in equation (2.34) is dominated by

1

N

N−1∑

n=0

∣∣µ(A1 ∩ T−nB1) − µ(A1)µ(B1)
∣∣

which converges to 0 since T is weak-mixing. It follows that

1

N

N−1∑

n=0

(µ× ν)
(
A1 × A2 ∩ (T × S)−n(B1 × B2)

)
−→ µ(A1)µ(B1)ν(A2)ν(B2)

so T × S is ergodic by the characterization in equation (2.31).
(4) =⇒ (2): Let (Y, BY , ν, S) be the ergodic system defined by the

identity map on the singleton Y = {y}. Then T ×S is isomorphic to T , so (4)
shows that T is ergodic. Invoking (4) again now shows that T ×T is ergodic,
proving (2).

(2) =⇒ (7): We must show that

1

N

N−1∑

n=0

∣∣µ(A ∩ T−nB) − µ(A)µ(B)
∣∣2 −→ 0

as N → ∞, for every A, B ∈ B. Let µ2 denote the product measure µ × µ
on (X × X, B ⊗ B). By the ergodicity of T × T ,

1

N

N−1∑

n=0

µ
(
A ∩ T−nB

)
=

1

N

N−1∑

n=0

µ2
(
(A × X) ∩ (T × T )−n(B × X)

)

−→ µ2 (A × X) · µ2 (B × X) = µ(A)µ(B)
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and

1

N

N−1∑

n=0

(
µ
(
A ∩ T−nB

))2
=

1

N

N−1∑

n=0

µ2
(
(A × A) ∩ (T × T )−n(B × B)

)

−→ µ2(A × A) · µ2(B × B) = µ(A)2µ(B)2.

It follows that

1

N

N−1∑

n=0

[
µ
(
A ∩ T−nB

)
−µ(A)µ(B)

]2
=

1

N

N−1∑

n=0

µ
(
A ∩ T−nB

)2

+µ(A)2µ(B)2

−2µ(A)µ(B)
1

N

N−1∑

n=0

µ
(
A ∩ T−nB

)

→ 2µ(A)2µ(B)2 − 2µ(A)2µ(B)2 = 0,

so (7) holds.
(2) =⇒ (5): Suppose that f is a measurable eigenfunction for T , so

UT f = λf

for some λ ∈ S1. Define a measurable function on X × X by

g(x1, x2) = f(x1)f(x2);

then
UT×T g(x, y) = g(Tx, T y) = λλg(x, y) = g(x, y)

so by ergodicity of T × T , g (and hence f) must be constant almost every-
where.

All that remains is to prove that (5) =⇒ (2), and this is considerably
more difficult. There are several different proofs, each of which uses a non-
trivial result from functional analysis(31). Assume that T × T is not ergodic,
so there is a non-constant function f ∈ L2

µ2(X × X) that is almost every-
where invariant under T ×T . We would like to have the additional symmetry
property f(x, y) = f(y, x) for all (x, y) ∈ X × X . To obtain this additional
property, consider the functions

(x, y) 7→ f(x, y) + f(y, x)

and
(x, y) 7→ i(f(x, y) − f(y, x)).

Notice that if both of these functions are constant, then f must be constant. It
follows that one of them must be non-constant. So without loss of generality
we may assume that f satisfies f(x, y) = f(y, x). We may further suppose
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(by subtracting
∫

f dµ2) that
∫

f dµ2 = 0. It follows that the operator F
on L2

µ defined by

(F (g)) (x) =

∫

X

f(x, y)g(y) dµ(y)

is a non-trivial self-adjoint compact(32) operator, and so by Theorem B.3
has at least one non-zero eigenvalue λ whose corresponding eigenspace Vλ

is finite-dimensional. We claim that the finite-dimensional space Vλ ⊆ L2
µ is

invariant under T . To see this, assume that F (g) = λg. Then

λg(Tx) =

∫

X

f(Tx, y)g(y) dµ(y)

=

∫

X

f(Tx, T y)g(Ty) dµ(y) (since µ is T -invariant)

=

∫

X

f(x, y)g(Ty) dµ(y),

since f is T×T -invariant, so F (g◦T ) = λ(g◦T ) and thus g◦T ∈ Vλ. It follows
that UT restricted to Vλ is a non-trivial linear map of a finite-dimensional
linear space, and therefore has a non-trivial eigenvector. Since

∫
f dµ2 = 0,

any such eigenvector is non-constant. �

2.8.1 Continuous Spectrum and Weak-Mixing

A more conventional proof of the difficult step in Theorem 2.36, which may be
taken to be (5) =⇒ (1), proceeds via the Spectral theorem (Theorem B.4)
in the following form.

Alternative proof of (5) =⇒ (1) in Theorem 2.36. Definition 2.35 is
clearly equivalent to the property that

lim
N→∞

1

N

N−1∑

n=0

|〈Un
T f, g〉 − 〈f, 1〉 · 〈1, g〉| = 0

for any f, g ∈ L2
µ, and by polarization this is in turn equivalent to

lim
N→∞

1

N

N−1∑

n=0

|〈Un
T f, f〉 − 〈f, 1〉 · 〈1, f〉| = 0

for any f ∈ L2
µ (see Exercise 2.7.8 and page 441). By subtracting

∫
X

f dµ
from f , it is therefore enough to show that if f ∈ L2

µ has
∫

X
f dµ = 0, then
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1

N

N−1∑

n=0

|〈Un
T f, f〉|2 −→ 0

as N → ∞. By equation (B.1), it is enough to show that for the non-atomic
measure µf on S1,

1

N

N−1∑

n=0

∣∣∣∣
∫

S1

zn dµf (z)

∣∣∣∣
2

−→ 0 (2.35)

as N → ∞. Since zn = z−n for z ∈ S1 the product in equation (2.35) may
be expanded to give

1

N

N−1∑

n=0

∣∣∣∣
∫

S1

zn dµf (z)

∣∣∣∣
2

=
1

N

N−1∑

n=0

(∫

S1

zn dµf (z) ·
∫

S1

w−n dµf (w)

)

=
1

N

N−1∑

n=0

∫

S1×S1

(z/w)n dµ2
f (z, w) (by Fubini)

=

∫

S1×S1

(
1

N

N−1∑

n=0

(z/w)n

)
dµ2

f (z, w).

The measure µf is non-atomic so the diagonal set {(z, z) | z ∈ S1} ⊆ S1 × S1

has zero µ2
f -measure. For z 6= w,

1

N

N−1∑

n=0

(z/w)n =
1

N

(
1 − (z/w)N

1 − (z/w)

)
−→ 0

as N → ∞, so the convergence (2.35) holds by the dominated convergence
theorem (Theorem A.18). �

Exercises for Section 2.8

Exercise 2.8.1. Is the hypothesis that the sequence (an) be bounded neces-
sary in Lemma 2.41?

Exercise 2.8.2. Give an alternative proof of (1) =⇒ (5) in Theorem 2.36
by proving the following statements:

(1) Any factor of a weak-mixing transformation is weak-mixing.
(2) A complex-valued eigenfunction f of UT has constant modulus.
(3) If f is an eigenfunction of UT , then x 7→ arg (f(x)/|f(x)|) is a factor map

from (X, B, µ, T ) to (T, BT, mT, Rα) for some α.

Exercise 2.8.3. Show the following converse to Exercise 2.5.6: if a measure-
preserving system (Y, BY , ν, S) is not totally ergodic then there exists a
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measure-preserving system (X, B, µ, T ) and a K > 1 with the property
that (Y, BY , ν, S) is measurably isomorphic to the system

(X(K), B(K), µ(K), T (K))

constructed in Exercise 2.5.6.

Exercise 2.8.4. Give a different proof(33) of the mean ergodic theorem (The-
orem 2.21) as follows. For a measure-preserving system (X, B, µ, T ) and func-
tion f ∈ L2

µ, show that the function n 7→ 〈Un
T f, f〉 is positive-definite (see

Section C.3). Apply the Herglotz–Bochner theorem (Theorem C.9) to trans-
late the problem into one concerned with functions on S1, and there use the
fact that 1

N

∑N
n=1 ρn converges for ρ ∈ S1 (to zero, unless ρ = 1).

2.9 Induced Transformations

Poincaré recurrence gives rise to an important inducing construction intro-
duced by Kakutani [172]. Throughout this section, (X, B, µ, T ) denotes an
invertible measure-preserving system(34).

Let (X, B, µ, T ) be an invertible measure-preserving system, and let A be
a measurable set with µ(A) > 0. By Poincaré recurrence, the first return time
to A, defined by

rA(x) = inf
n>1

{n | T n(x) ∈ A} (2.36)

exists (that is, is finite) almost everywhere.

Definition 2.42. The map TA : A → A defined (almost everywhere) by

TA(x) = T rA(x)(x)

is called the transformation induced by T on the set A.

Notice that both rA : X → N and TA : A → A are measurable by the
following argument. For n > 1, write An = {x ∈ A | ra(x) = n}. Then the
sets

A1 = A ∩ T−1A,

A2 = A ∩ T−2ArA1,

...

An = A ∩ T−nAr
⋃

i<n

Ai

are all measurable, as is

T nAn = A ∩ T nAr
(
TA ∪ T 2A ∪ · · · ∪ T n−1A

)
,
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since T is invertible by assumption.

Lemma 2.43. The induced transformation TA is a measure-preserving trans-
formation on the space (A, B

∣∣
A
, µA = 1

µ(A)µ
∣∣
A
, TA). If T is ergodic with

respect to µ then TA is ergodic with respect to µA.

The notation means that the σ-algebra consists of B
∣∣
A

= {B∩A | B ∈ B}
and the measure is defined for B ∈ B

∣∣
A

by µA(B) = 1
µ(A)µ(B). The effect

of TA is seen in the Kakutani skyscraper Figure 2.2. The original transfor-
mation T sends any point with a floor above it to the point immediately
above on the next floor, and any point on a top floor is moved somewhere to
the base floor A. The induced transformation TA is the map defined almost
everywhere on the bottom floor by sending each point to the point obtained
by going through all the floors above it and returning to A.

TT

T

T

TT

T

A1 A2 A3 A4

A

T (A)rA

T 2(A)r(A ∪ T (A))

Fig. 2.2: The induced transformation TA.

Proof of Lemma 2.43. If B ⊆ A is measurable, then B =
⊔

n>1 B ∩ An is
a disjoint union so

µA(B) =
1

µ(A)

∑

n>1

µ(B ∩ An). (2.37)

Now
TA(B) =

⊔

n>1

TA(B ∩ An) =
⊔

n>1

T n(B ∩ An),

so
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µA(TA(B)) =
1

µ(A)

∑

n>1

µ(T n(B ∩ An))

=
1

µ(A)

∑

n>1

µ(B ∩ An) (since T preserves µ)

= µ(B)

by equation (2.37).
If TA is not ergodic, then there is a TA-invariant measurable set B ⊆ A

with 0 < µ(B) < µ(A); it follows that
⋃

n>1

⋃n−1
j=0 T j(B ∩ An) is a non-

trivial T -invariant set, showing that T is not ergodic. �

Poincaré recurrence (Theorem 2.11) says that for any measure-preserving
system (X, B, µ, T ) and set A of positive measure, almost every point on the
ground floor of the associated Kakutani skyscraper returns to the ground
floor at some point. Ergodicity strengthens this statement to say that almost
every point of the entire space X lies on some floor of the skyscraper. This
enables a quantitative version of Poincaré recurrence to be found, a result
due to Kac [168].

Theorem 2.44 (Kac). Let (X, B, µ, T ) be an ergodic measure-preserving
system and let A ∈ B have µ(A) > 0. Then the expected return time to A
is 1

µ(A) ; equivalently ∫

A

rA dµ = 1.

Proof(35). Referring to Figure 2.2, each column

An ⊔ T (An) ⊔ · · · ⊔ T n−1(An)

comprises n disjoint sets each of measure µ(An), and the entire skyscraper
contains almost all of X by ergodicity and Proposition 2.14(3) applied to the
transformation T−1. It follows that

1 = µ(X) =
∑

n>1

nµ(An) =

∫

A

rA dµ

by the monotone convergence theorem (Theorem A.16), since rA is the in-
creasing limit of the functions

∑n
k=1 kχAk

as n → ∞. �

Kakutani skyscrapers are a powerful tool in ergodic theory. A simple ap-
plication is to prove the Kakutani–Rokhlin lemma (Lemma 2.45) proved by
Kakutani [172] and Rokhlin [315].

Lemma 2.45 (Kakutani–Rokhlin). Let (X, B, µ, T ) be an invertible er-
godic measure-preserving system and assume that µ is non-atomic (that
is, µ({x}) = 0 for all x ∈ X). Then for any n > 1 and ε > 0 there is a
set B ∈ B with the property that
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B, T (B), . . . , T n−1(B)

are disjoint sets, and

µ
(
B ⊔ T (B) ⊔ · · · ⊔ T n−1(B)

)
> 1 − ε.

As the proof will show, the lemma uses only division (constructing a quo-
tient and remainder) and the Kakutani skyscraper.

Proof of Lemma 2.45. Let A be a measurable set with 0 < µ(A) < ε/n
(such a set exists by the assumption that µ is non-atomic) and form the
Kakutani skyscraper over A. Then X decomposes into a union of disjoint
columns of the form

Ak ⊔ T (Ak) ⊔ · · · ⊔ T k−1(Ak)

for k > 1, as in Figure 2.2. Now let

B =
⊔

k>n

⌊k/n⌋−1⊔

j=0

T jn(Ak),

the set obtained by grouping together that part of the ground floor made up
of the sets Ak with k > n together with every nth floor above that part of
the ground floor (stopping before the top of the skyscraper). By construction
the sets B, T (B), . . . , T n−1(B) are disjoint, and together they cover all of X
apart from a set comprising no more than n of the floors in each of the towers,
which therefore has measure no more than n

∑∞
k=1 µ(Ak) 6 nµ(A) < ε. �

One often refers to the structure given by Lemma 2.45 as a Rokhlin tower
of height n with base B and residual set of size ε.

Exercises for Section 2.9

Exercise 2.9.1. Show that the inducing construction can be reversed in
the following sense. Let (X, B, µ, T ) be a measure-preserving system, and
let r : X → N0 be a map in L1

µ. The suspension defined by r is the sys-

tem (X(r), B(r), µ(r), T (r)), where:

• X(r) = {(x, n) | 0 6 n < r(x)};
• B(r) is the product σ-algebra of B and the Borel σ-algebra on N (which

comprises all subsets);
• µ(r) is defined by µ(r)(A × N) = 1∫

r dµ
µ(A) × |N | for A ∈ B and N ⊆ N;

and

• T (r)(x, n) =

{
(x, n + 1) if n + 1 < r(x);

(T (x), 0) if n + 1 = r(x).
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(a) Verify that this defines a finite measure-preserving system.
(b) Show that the induced map on the set A = {(x, 0) | x ∈ X} is isomorphic
to the original system (X, B, µ, T ).

Exercise 2.9.2. (36) The hypothesis of ergodicity in Lemma 2.45 can be
weakened as follows. An invertible measure-preserving system (X, B, µ, T ) is
called aperiodic if µ

(
{x ∈ X | T k(x) = x}

)
= 0 for all k ∈ Zr{0}.

(a) Show that an ergodic transformation on a non-atomic space is aperiodic.
(b) Find an example of an aperiodic transformation on a non-atomic space
that is not ergodic.
(c) Prove Lemma 2.45 for an invertible aperiodic transformation on a non-
atomic space.

Exercise 2.9.3. (37)Show that the Kakutani–Rokhlin lemma (Lemma 2.45)
does not hold for arbitrary sequences of iterates of the map T . Specifi-
cally, show that for an ergodic measure-preserving system (X, B, µ, T ), se-
quence a1, . . . , an of distinct integers, and ε > 0 it is not always possible
to find a measurable set A with the properties that T a1(A), . . . , T an(A) are
disjoint and µ (

⋃n
i=1 T ai(A)) > ε.

Exercise 2.9.4. Use Exercise 2.9.2 above to prove the following result of
Steele [351]. Let (X, B, µ, T ) be an invertible aperiodic measure-preserving
system on a non-atomic space. Then, for any ε > 0, there is a set A ∈ B

with µ(A) < ε with the property that for any finite set F ⊆ X , there is
some j = j(F ) with F ⊆ T−j(A).

Notes to Chapter 2

(12)(Page 16) A measurable isomorphism is also sometimes called a conjugacy ; conjugacy
is also used to describe an isomorphism between the measure algebras that implies isomor-
phism on sufficiently well-behaved probability spaces. This is discussed in Walters [373,
Sect. 2.2] and Royden [320].
(13)(Page 17) The shift maps constructed here are measure-preserving transformations,

but they are also homeomorphisms of a compact metric space in a natural way. The
study of the dynamics of closed shift-invariant subsets of these systems comprises symbolic

dynamics and is a rich theory in itself. A gentle introduction may be found in the book of
Lind and Marcus [230] or Kitchens [197]; further reading in the collection edited by Berthé,
Ferenczi, Mauduit and Siegel [93].
(14)(Page 21) Poincaré’s formulation in [288, Th. I, p. 69] is as follows:

“Supposons que le point P reste à distance finie, et que le volume

∫
dx1 dx2 dx3

soit un invariant intégral; si l’on considère une région r0 quelconque, quelque petite
que soite cette région, il y aura des trajectoires qui la traverseront une infinité de
fois. [...] En effet le point P restant à distance finie, ne sortira jamais d’une région
limitée R.”
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The modern abstract measure-theoretic statement in Theorem 2.11 appears in a paper of
Carathéodory [49].
(15)(Page 23) The notion of ergodicity predates the ergodic theorems of the 1930s, in
various guises. These include the seminal work of Borel [40], described by Doob as being

“characterized by convenient neglect of error terms in asymptotics, incorrect rea-
soning, and correct results,”

as well as that of Knopp [205]; a striking remark of Novikoff and Barone [273] is that a
result implicit in the work of van Vleck [369] on non-measurable subsets of [0, 1] is that

any measurable subset of [0, 1] invariant under the map x 7→ 2x (mod 1) has measure zero
or one, a prototypical ergodic statement. The general formulation was given by Birkhoff
and Smith [35].
(16)(Page 28) These operators are usually called Koopman operators; Koopman [208] used
the then-recent development of functional analysis and Hilbert space by von Neumann [266]
and Stone [354] to use these operators in the setting of flows arising in classical Hamiltonian
mechanics.
(17)(Page 30) Even though this is not necessary here, we assume for simplicity that Hilbert
spaces are separable, and as a result that they have countable orthonormal bases. As
discussed in Section A.6, we only need the separable case.
(18)(Page 32) For a recent account of the history of the relationship between the two results
and the account of how they came to be published as and when they did, see Zund [394].
The issue has also been discussed by Ulam [364] and others. The note [25] by Bergelson
discusses both the history and how the two results relate to more recent developments.
(19)(Page 35) This result is simply one of many extensions and generalizations of the mean
ergodic theorem (Theorem 2.21) to other complete function spaces. It is a special instance of
the mean ergodic theorem for Banach spaces, due to Kakutani and Yosida [171], [390], [391].
(20)(Page 38) The maximal ergodic theorem is due to Wiener [381] and was also proved
by Yosida and Kakutani [391].
(21)(Page 40) Covering lemmas of this sort were introduced by Vitali [368], and later
became important tools in the proof of the Hardy–Littlewood maximal inequality, and
thence of the Lebesgue density and differentiation theorems (Theorems A.24 and A.25).
(22)(Page 44) Birkhoff based his proof on a weaker maximal inequality concerning the set

of points on which lim supn→∞
A

f
n > α, and initially formulated his result for indicator

functions in the setting of a closed analytic manifold with a finite invariant measure.
Khinchin [189] showed that Birkhoff’s result applies to integrable functions on abstract
finite measure spaces, but made clear that the idea of the proof is precisely that used by
Birkhoff. A natural question concerning Theorem 2.30, or indeed any convergence result, is
whether anything can be said about the rate of convergence. An important special case is
the law of the iterated logarithm due to Hartman and Wintner [141]: if ‖f‖2 = 1,

∫
f dµ = 0

and the functions f, UT f, U2
T f, . . . are all independent, then

lim sup
n→∞

A
f
n/
√

(2 log log n)/n = 1

almost everywhere (and lim inf = −1 by symmetry). It follows that

A
f
n = O

(
( 1

n
log log n)1/2

)

almost everywhere. However, the hypothesis of independence is essential: Krengel [210]
showed that for any ergodic Lebesgue measure-preserving transformation T of [0, 1] and
sequence (an) with an → 0 as n → ∞, there is a continuous function f : [0, 1] → R for
which

lim sup
n→∞

1

an

∣∣∣ A
f
n −

∫
f dm

∣∣∣ = ∞

almost everywhere, and
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limsup
n→∞

1

an

∥∥∥ A
f
n −

∫
f dm

∥∥∥
p

= ∞

for 1 6 p 6 ∞. An extensive treatment of ergodic theorems may be found in the monograph
of Krengel [211].

Despite the absence of any general rate bounds in the ergodic theorem, the construc-
tive approach to mathematics has produced rate results in a different sense, which may
lead to effective versions of results like the multiple recurrence theorem. Bishop’s work [36]
included a form of ergodic theorem, and Spitters [348] found constructive characterizations
of the ergodic theorem. As an application of ‘proof mining’, Avigad, Gerhardy and Tows-
ner [12] gave bounds on the rate of convergence that can be explicitly computed in terms
of the initial data (T and f) under a weak hypotheses, while earlier work of Simic and
Avigad [13], [346] showed that, in general, it is impossible to compute such a bound. An
overview of this area and its potential may be found in the survey [11] by Avigad.
(23)(Page 44) Despite the impressive result in Example 2.31, the numbers known to be
normal to every base have been constructed to meet the definition of normality (with

the remarkable exception of Chaitin’s constant [53]). Champernowne [54] showed that the
specific number 0.123456789101112131415 . . . is normal in base 10, and Sierpiński [345]
constructed a number normal to every base. Sierpiński’s construction was reformulated to
be recursive by Becher and Figueira [20], giving a computable number normal to every
base. The irrational numbers arising naturally in other fields, like π, e, ζ(3),

√
2, and so on,

are not known to be normal to any base.
(24)(Page 44) There are many proofs of the pointwise ergodic theorem; in addition to that
of Birkhoff [33] there is a more elementary (though intricate) argument due to Katznel-
son and Weiss [186], motivated by a paper of Kamae [177]. A different proof is given by
Jones [167].
(25)(Page 50) This conjectured result — the “Rokhlin problem” — has been shown in
important special cases by Host [158], Kalikow [176], King [193], Ryzhikov [328], del Junco
and Yassawi [68], [389] and others, but the general case is open.
(26)(Page 50) The definition used by Koopman and von Neumann is the spectral one that
will be given in Theorem 2.36(5), and was called by them the absence of “angle variables”;
they also considered flows (measure-preserving actions of R rather than actions of Z or N).
In physical terms, they characterized lack of ergodicity as barriers that are never passed,
and the presence of an angle variable as a clock that never changes, under the dynamics.
(27)(Page 50) Examples of such systems were constructed using Gaussian processes by
Maruyama [255]; Kakutani [174] gave a direct combinatorial construction of an example
(this example is described in detail in the book of Petersen [282, Sect. 4.5]). Other examples
were found by Chacon [51], [52] and Katok and Stepin [185]. Indeed, there is a reasonable
way of viewing the collection of all measure-preserving transformations of a fixed space in
which a typical transformation is weak-mixing but not mixing (see papers of Rokhlin [315]
and Halmos [135] or Halmos’ book [138, pp. 77–80]).
(28)(Page 52) This more subtle version of Exercise 2.7.1 appears in a paper of Halmos [136],
and is attributed to Ambrose, Halmos and Kakutani in Petersen’s book [282].
(29)(Page 54) This is shown in the notes of Halmos [138]. Ergodicity also makes sense for
transformations preserving an infinite measure; in that setting Kakutani and Parry [175]
used random walk examples of Gillis [115] to show that for any k > 1 there is an infinite
measure-preserving transformation T with T (k) ergodic and T (k+1) not ergodic.
(30)(Page 54) This is also known as exponential or effective rate of mixing or decay of
correlations; see Baladi [15] for an overview of dynamical settings where it is known.
(31)(Page 58) A more constructive proof of the difficult step in Theorem 2.36 (which
may be taken to be (5) =⇒ (1)) exploiting properties of almost-periodic functions on
compact groups, and giving more insight into the structure of ergodic measure-preserving
transformations that are not weak-mixing, may be found in Petersen [282, Sect. 4.1].
(32)(Page 59) This is an example of a Hilbert–Schmidt operator [331]; a convenient source
for this material is the book of Rudin [321] or Appendix B.
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(33)(Page 61) This way of viewing ergodic theorems lies at the start of a sophisticated
investigation of ergodic theorems along arithmetic sets of integers by Bourgain [41]. This
exercise already points at a relationship between ergodic theorems and equidistribution on
the circle.
(34)(Page 61) Notice that the assumption that (X, B, µ, T ) is invertible also implies that T
is forward measurable, that is T (A) ∈ B for any A ∈ B. Heinemann and Schmitt [146]
prove the Rokhlin lemma for an aperiodic measure-preserving transformation on a Borel
probability space using Exercise 5.3.2 and Poincaré recurrence instead of a Kakutani tower
(aperiodic is defined in Exercise 2.9.2; for Borel probability space see Definition 5.13). A
non-invertible Rokhlin lemma is also developed by Rosenthal [317] in his work on topo-
logical models for measure-preserving systems and by Hoffman and Rudolph [155] in their

extension of the Bernoulli theory to non-invertible systems.
(35)(Page 63) This short proof comes from a paper of Wright [388], in which Kac’s theorem
is extended to measurable transformations.
(36)(Page 65) The extension in Exercise 2.9.2 appears in the notes of Halmos [138, p. 71].
(37)(Page 65) Exercise 2.9.3 is taken from a paper of Keane and Michel [188]; they also
show that the supremum of µ

(⋃n
i=1 T ai(A)

)
over sets A for which

T a1(A), . . . , T an (A)

are disjoint is a rational number, and show how this can be computed from the inte-
gers a1, . . . , an.



Chapter 3

Continued Fractions

The continued fraction decomposition of real numbers grows naturally from
the Euclidean algorithm, and continued fractions have been used in some
form for thousands of years. One goal of this volume is to show how they
relate to a natural action on a homogeneous space. To start there would be
to willfully reverse their historical development: We start instead with their
basic properties(38) from an elementary point of view in Section 3.1, then
show how continued fractions are related to an explicit measure-preserving
transformation in Section 3.2. In Chapter 9 we will see how the continued
fraction map fits into the more general framework of actions on homogeneous
spaces.

Let us mention one result proved in this chapter. We will show that for
every irrational x ∈ R there is a sequence of ‘best rational approxima-

tions’ pn(x)
qn(x) ∈ Q, defined by the continued fraction expansion of x. Moreover,

for almost every x we have

lim
n→∞

1

n
log

∣∣∣∣x − pn(x)

qn(x)

∣∣∣∣ −→ − π2

6 log 2
,

which gives a precise description of the expected speed of approximation
along this sequence.

3.1 Elementary Properties

A (simple) continued fraction is a formal expression of the form

a0 +
1

a1 +
1

a2 +
1

a3 +
1

a4 + · · ·

(3.1)

69
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which we will also denote by

[a0; a1, a2, a3, . . . ]

with an ∈ N for n > 1 and a0 ∈ N0. Also write

[a0; a1, a2, . . . , an]

for the finite fraction

a0 +
1

a1 +
1

a2 + · · · + 1

an−1 +
1

an

.

Thus, for example

[a0; a1, a2, . . . , an] = a0 +
1

[a1; a2, . . . , an]
.

We will see later that the expression in equation (3.1) – when suitably inter-
preted – converges, and therefore defines a real number. The numbers an are
the partial quotients of the continued fraction. The following simple lemma is
crucial for many of the basic properties of the continued fraction expansion.

Lemma 3.1. Fix a sequence (an)n>0 with a0 ∈ N0 and an ∈ N for n > 1.
Then the rational numbers

pn

qn
= [a0; a1, a2, . . . , an] (3.2)

for n > 0 with coprime numerator pn > 1 and denominator qn > 1 can be
found recursively from the relation

(
pn pn−1

qn qn−1

)
=

(
a0 1
1 0

)(
a1 1
1 0

)
· · ·
(

an 1
1 0

)
for n > 0. (3.3)

In particular, we set p−1 = 1, q−1 = 0, p0 = a0, and q0 = 1.

Proof. Notice first that the sequence (an)n>0 defines the sequences (pn)n>−1

and (qn)n>−1. The claim of the lemma is proved by induction on n. Assume
that equation (3.3) holds for 0 6 n 6 k − 1 and pn, qn as defined by equa-
tion (3.2) for any sequence (a0, a1, . . . ). This is clear for n = 0. Thus, on
replacing the first k terms of the sequence (an)n>0 with the first k terms of
the sequence (an)n>1, we have

x

y
= [a1; a2, . . . , ak]
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as a fraction in lowest terms where x and y are defined by

(
x x′

y y′

)
=

(
a1 1
1 0

)
· · ·
(

ak 1
1 0

)
.

Then (
a0 1
1 0

)(
x x′

y y′

)
=

(
pk pk−1

qk qk−1

)
=

(
a0x + y a0x

′ + y′

x x′

)
,

so

pk

qk
=

a0x + y

x
= a0 +

y

x
= a0 +

1

[a1; a2, . . . , ak]
= [a0; a1, . . . , ak],

which shows that equation (3.2) holds for n = k also. �

An immediate consequence of Lemma 3.1 is a pair of recursive formulas

pn+1 = an+1pn + pn−1

and
qn+1 = an+1qn + qn−1 (3.4)

for any n > 1, since

(
pn+1 pn

qn+1 qn

)
=

(
pn pn−1

qn qn−1

)(
an+1 1

1 0

)
=

(
an+1pn + pn−1 pn

an+1qn + qn−1 qn

)
.

It follows that
1 = q0 6 q1 < q2 < · · · (3.5)

since an > 1 for all n > 1; by induction

qn > 2(n−2)/2 (3.6)

and similarly
pn > 2(n−2)/2 (3.7)

for all n > 1. Taking determinants in equation (3.3) shows that

pnqn−1 − pn−1qn = (−1)n+1 (3.8)

and hence p1

q1
= a0 + 1

q0q1
, p2

q2
= p1

q1
− 1

q1q2
= a0 + 1

q0q1
− 1

q1q2
and

pn

qn
=

pn−1

qn−1
+ (−1)n+1 1

qn−1qn

= a0 +
1

q0q1
− 1

q1q2
+ · · · + (−1)n+1 1

qn−1qn
(3.9)

for all n > 1 by induction.
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This shows that an infinite continued fraction is not just a formal object,
it in fact converges to a real number. Namely,

u = [a0; a1, a2, . . . ] = lim
n→∞

[a0; a1, . . . , an]

= lim
n→∞

pn

qn
= a0 +

∞∑

n=1

(−1)n+1

qn−1qn
, (3.10)

is always convergent (indeed, is absolutely convergent) by the inequality (3.6).
Moreover, an immediate consequence of equation (3.10) and equation (3.5)
is a sequence of inequalities describing how the continued fraction converges:
if an ∈ N for n > 1 then

p0

q0
<

p2

q2
< · · · <

p2n

q2n
< · · · < u < · · · <

p2m+1

q2m+1
< · · · <

p3

q3
<

p1

q1
. (3.11)

We say that [a0; a1, . . . ] is the continued fraction expansion for u. The name
suggests that the expansion is (almost) unique and that it always exists.
We will see that in fact any irrational number u has a continued fraction
expansion, and that it is unique (Lemmas 3.6 and 3.4).

The rational numbers pn

qn
are called the convergents of the continued frac-

tion for u and they provide very rapid rational approximations to u. Indeed,

u − pn

qn
= (−1)n

[
1

qnqn+1
− 1

qn+1qn+2
+ · · ·

]
(3.12)

so by equation (3.5) we have(39)

∣∣∣∣u − pn

qn

∣∣∣∣ <
1

qnqn+1
. (3.13)

By equation (3.4) we deduce that

∣∣∣∣u − pn

qn

∣∣∣∣ <
1

an+1q2
n

6
1

q2
n

. (3.14)

Recall from Section 1.5 that we write

〈t〉 = min
q∈Z

|t − q|

for the distance from t to the nearest integer. The inequality (3.14) gives one
explanation∗ for the comment made on p. 7: using the fact that any irrational
has a continued fraction expansion, it follows that for any real number u, there
is a sequence (qn) with qn → ∞ such that qn〈qnu〉 < 1.

∗ This can also be seen more directly as a consequence of the Dirichlet principle (see
Exercise 3.1.3).
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Lemma 3.2. Let an ∈ N for all n > 0. Then the limit in equation (3.10) is
irrational.

Proof. Suppose that u = a
b ∈ Q. Then, by equation (3.14),

|qna − bpn| <
b

an+1qn
6

b

qn
.

Since qn → ∞ by the inequality (3.6) and qna − bpn ∈ Z we see that

qna − bpn = 0

and hence u = a
b = pn

qn
for large enough n. However, by Lemma 3.1 pn and qn

are coprime, so this contradicts the fact that qn → ∞ as n → ∞. Thus u is
irrational. �

The continued fraction convergents to a given irrational not only provide
good rational approximants. In fact, they provide optimal rational approxi-
mants in the following sense (see Exercise 3.1.4).

Proposition 3.3. Let u = [a0; a1, . . . ] ∈ RrQ as in equation (3.10). For
any n > 1 and p, q with 0 < q 6 qn, if p

q 6= pn

qn
, then

|pn − qnu| < |p − qu|.

In particular, ∣∣∣∣
pn

qn
− u

∣∣∣∣ <
∣∣∣∣
p

q
− u

∣∣∣∣ .

Proof. Note that |pn − qnu| < |p − qu| and 0 < q 6 qn together imply that

1

q

∣∣∣∣
pn

qn
− u

∣∣∣∣ <
1

qn

∣∣∣∣
p

q
− u

∣∣∣∣ 6
1

q

∣∣∣∣
p

q
− u

∣∣∣∣ ,

giving the second statement of the proposition. It is enough therefore to prove
the first inequality. Recall from equation (3.13) that

∣∣∣∣u − pn

qn

∣∣∣∣ <
1

qnqn+1

and ∣∣∣∣u − pn+1

qn+1

∣∣∣∣ <
1

qn+1qn+2
.

By the alternating behavior of the convergents in equation (3.11), each of the
three bracketed expressions in the identity

(
u − pn

qn

)
=

(
pn+1

qn+1
− pn

qn

)
−
(

pn+1

qn+1
− u

)



74 3 Continued Fractions

is positive (if n is even) or negative (if n is odd). It follows that

∣∣∣∣u − pn

qn

∣∣∣∣ =

∣∣∣∣
pn+1

qn+1
− pn

qn

∣∣∣∣−
∣∣∣∣
pn+1

qn+1
− u

∣∣∣∣ ,

so ∣∣∣∣u − pn

qn

∣∣∣∣ >
1

qnqn+1
− 1

qn+1qn+2
=

qn+2 − qn

qnqn+1qn+2
=

an+2

qnqn+2

by equations (3.4) and (3.14). It follows that

1

qn+2
< |pn − qnu| <

1

qn+1
(3.15)

for n > 1.
By the inequalities (3.15),

|qnu − pn| <
1

qn+1
< |qn−1u − pn−1|

so we may assume that qn−1 < q 6 qn (if not, use downwards induction
on n).

If q = qn, then |pn

qn
− p

q | > 1
qn

, while

∣∣∣∣
pn

qn
− u

∣∣∣∣ <
1

qnqn+1
6

1

2qn
,

since qn+1 > 2 for all n > 1. Therefore,

∣∣∣∣
p

q
− u

∣∣∣∣ >
1

2qn
=

1

2q

and so |qnu − pn| < |qu − p|.
Assume now that qn−1 < q < qn and write

(
pn pn−1

qn qn−1

)(
a
b

)
=

(
p
q

)
,

so that a, b ∈ Z by equation (3.8). Clearly ab 6= 0 since otherwise q = qn−1

or q = qn. Now q = aqn + bqn−1 < qn, so ab < 0; by equation (3.11) we
also know that pn − qnu and pn−1 − qn−1u are of opposite signs. It follows
that a(pn − qnu) and b(pn−1 − qn−1u) are of the same sign, so the fact that

p − qu = a(pn − qnu) + b(pn−1 − qn−1u)

implies that
|p − qu| > |pn−1 − qn−1u| > |pn − qnu|

as required. �
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We end this section with the uniqueness of the continued fraction expan-
sion.

Lemma 3.4. The map that sends the sequence

(a0, a1, . . . ) ∈ N0 × NN

to the limit in equation (3.10) is injective.

Proof. Let u = (a0, a1, . . . ) ∈ N0 × NN be given. Then it is clear that

u = [a0; a1, . . . ]

is positive. Applying this to (a1, a2, . . . ) and the inductive relation

u = a0 +
1

[a1; a2, . . . ]

we see that
u ∈ (a0, a0 + 1

a1
) ⊆ (a0, a0 + 1).

It follows that u uniquely determines a0. Using the inductive relation again,
we have

[a1; a2, . . . ] =
1

u − a0
,

which by the argument above shows that u uniquely determines a1. Iterating
the procedure shows that all the terms in the continued fraction can be
reconstructed from u. �

The argument used in the proof of Lemma 3.4 also suggests a way to find
the continued fraction expansion of a given irrational number u ∈ RrQ. This
will be pursued further in the next section.

Exercises for Section 3.1

Exercise 3.1.1. Show that any positive rational number has exactly two
continued fraction expansions, both of which are finite.

Exercise 3.1.2. Show that a continued fraction in which some of the digits
are allowed to be zero (but that is not allowed to end with infinitely many
zeros) can always be rewritten with digits in N.

Exercise 3.1.3. [Dirichlet principle] For a given u ∈ R and n > 1 consider
the points 0, u, 2u, . . . , nu (mod 1) as elements of the circle T. Show that
for some k, 0 < k < n we have 〈ku〉 6 1

n , and deduce that there exists a
sequence qn → ∞ with qn〈qnu〉 < 1.
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Exercise 3.1.4. Extend Proposition 3.3 in the following way. Given u as in
equation (3.10), and the nth convergent pn

qn
, the (n + 1)th convergent pn+1

qn+1

is characterized by being the ratio of the unique pair of positive inte-
gers (pn+1, qn+1) for which |pn+1 − qn+1u| < |pn − qnu| with qn+1 > qn mini-

mal. Notice that the same cannot be said when using the expression
∣∣∣u − pn

qn

∣∣∣,
as becomes clear in the case where u > 1

3 is very close to 1
3 , in which case

the first approximation is not 1
2 .

Exercise 3.1.5. Let u = [a0; a1, . . . ] with convergents pn

qn
. Show that

1

2qn+1
6 |pn − qnu| <

1

qn+1
.

3.2 The Continued Fraction Map and the Gauss

Measure

Let Y = [0, 1]rQ, and define a map T : Y → Y by

T (x) =
1

x
−
⌊

1

x

⌋
,

where ⌊t⌋ denotes the greatest integer less than or equal to t. Thus T (x) is
the fractional part

{
1
x

}
of 1

x . The graph of this so-called continued fraction
or Gauss map is shown in Figure 3.1.

0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

1

Fig. 3.1: The Gauss map.
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Gauss observed in 1845 that T preserves(40) the probability measure given
by

µ(A) =
1

log 2

∫

A

1

1 + x
dx,

by showing that the Lebesgue measure of T−nI converges to µ(I) for each
interval I.

This map will be studied via a geometric model (for its invertible exten-
sion) in Chapter 9; in this section we assemble some basic facts from an
elementary point of view, showing that the Gauss measure is T -invariant and
ergodic. Since the measure defined in Lemma 3.5 is non-atomic, we may ex-
tend the map to include the points 0 and 1 in any way without affecting the
measurable structure of the system.

Lemma 3.5. The continued fraction map T (x) =
{

1
x

}
on (0, 1) preserves

the Gauss measure µ given by

µ(A) =
1

log 2

∫

A

1

1 + x
dx

for any Borel measurable set A ⊆ [0, 1].

A geometric and less formal proof of this will be given on page 93 using
basic properties of the invertible extension of the continued fraction map in
Proposition 3.15.

Proof of Lemma 3.5. It is sufficient to show that µ
(
T−1[0, s]

)
= µ ([0, s])

for every s > 0. Clearly

T−1[0, s] = {x | 0 6 T (x) 6 s} =

∞⊔

n=1

[
1

s + n
,
1

n

]

is a disjoint union. It follows that

µ
(
T−1[0, s]

)
=

1

log 2

∞∑

n=1

∫ 1/n

1/(s+n)

1

1 + x
dx

=
1

log 2

∞∑

n=1

(
log(1 + 1

n ) − log(1 + 1
s+n )

)

=
1

log 2

∞∑

n=1

(
log(1 + s

n ) − log(1 + s
n+1 )

)
(3.16)

=
1

log 2

∞∑

n=1

∫ s/n

s/(n+1)

1

1 + x
dx

= µ ([0, s]) ,

completing the proof. The identity used in equation (3.16) amounts to
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1 + s
n

1 + s
n+1

=
1 + 1

n

1 + 1
s+n

,

which may be seen by multiplying numerator and denominator of the left-
hand side by n+1

n+s , and the interchange of integral and sum is justified by
absolute convergence. �

Thus Lemma 3.5 shows that
(
[0, 1], B[0,1], µ, T

)
is a measure-preserving

system.
Define for x ∈ Y = [0, 1]rQ and n > 1 the sequence of natural num-

bers (an) = (an(x)) by

1

1 + an
< T n−1(x) <

1

an
, (3.17)

or equivalently by

an(x) =

⌊
1

T n−1x

⌋
∈ N. (3.18)

For any sequence (an)n>1 of natural numbers we define the continued
fraction [a1, a2, . . . ] just as in equation (3.1) with a0 = 0.

Lemma 3.6. For any irrational x ∈ [0, 1]rQ the sequence (an(x)) defined in
equation (3.18) gives the digits of the continued fraction expansion to x. That
is,

x = [a1(x), a2(x), . . . ].

Proof. Define an = an(x) and let u = [a1, a2, . . . ] be the limit as in equa-
tion (3.10) with a0 = 0. By equation (3.11) we have

p2n

q2n
< u <

p2n+1

q2n+1

and by equation (3.8) and the inequality (3.6) we have

p2n+1

q2n+1
− p2n

q2n
=

1

q2nq2n−1
6

1

22n−2
.

We now show by induction that

[a1, . . . , a2n] =
p2n

q2n
< x <

p2n+1

q2n+1
= [a1, . . . , a2n+1], (3.19)

which together with the above shows that u = x.
Recall that p0

q0
= 0 and p1

q1
= 1

a1
, so equation (3.19) holds for n = 0

because of the definition of a1 in equation (3.18). Now assume that the in-
equality (3.19) holds for a given n and all x ∈ [0, 1]. In particular, we may
apply it to T (x) to get

[a2, . . . , a2n+1] < T (x) < [a2, . . . , a2n+2].



3.2 The Continued Fraction Map and the Gauss Measure 79

Since T (x) = 1
x − a1 we get

a1 + [a2, . . . , a2n+1] <
1

x
< a1 + [a2, . . . , a2n+2]

and therefore

[a1, . . . , a2n+2] =
1

a1 + [a2, . . . , a2n+2]
< x,

x <
1

a1 + [a2, . . . , a2n+1]
= [a1, . . . , a2n+1]

as required. �

This gives a description of the continued fraction map as a shift map: the
list of digits in the continued fraction expansion of x ∈ [0, 1]rQ defines a
unique element of NN, and the diagram

NN σ−−−−→ NN

y
y

(0, 1) −−−−→
T

(0, 1)

commutes, where σ is the left shift and the vertical map sends a sequence of
digits (an)n>1 to the real irrational number defined by the continued fraction
expansion.

In Corollary 3.8 we will draw some easy consequences(41) of ergodicity
for the Gauss measure µ in terms of properties of the continued fraction ex-
pansion for almost every real number. Given a continued fraction expansion,

recall that the convergents are the terms of the sequence of rationals pn(x)
qn(x)

in lowest terms defined by

pn(x)

qn(x)
=

1

a1 +
1

a2 +
1

a3 + · · · + 1

an

.

Theorem 3.7. The continued fraction map T (x) = { 1
x} on (0, 1) is ergodic

with respect to the Gauss measure µ.

Before proving this(42) we develop some more of the basic identities for
continued fractions. Given a continued fraction expansion u = [a0; a1, . . . ] of
an irrational number u, we write un = [an; an+1, . . . ] for the nth tail of the
expansion. By Lemma 3.1 applied twice, we have
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(
pn+k

qn+k

)
=

(
a0 1
1 0

)
· · ·
(

an+k 1
1 0

)(
1
0

)

=

(
pn pn−1

qn qn−1

)(
an+1 1

1 0

)
· · ·
(

an+k 1
1 0

)(
1
0

)
.

Writing pk(un+1) and qk(un+1) for the numerator and denominator of the kth
convergents to un+1, we can apply Lemma 3.1 again to deduce that

(
pn+k

qn+k

)
=

(
pn pn−1

qn qn−1

)(
pk−1(un+1) pk−2(un+1)
qk−1(un+1) qk−2(un+1)

)(
1
0

)
,

so

pn+k

qn+k
=

pn
pk−1(un+1)
qk−1(un+1)

+ pn−1

qn
pk−1(un+1)
qk−1(un+1)

+ qn−1

,

which gives

u =
pnun+1 + pn−1

qnun+1 + qn−1
(3.20)

in the limit as k → ∞. Notice that the above formulas are derived for a general
positive irrational number u. If u = [a1, . . . ] ∈ (0, 1), then un+1 = (T n(u))−1

so that

u =
pn + pn−1T

n(u)

qn + qn−1T n(u)
. (3.21)

Proof of Theorem 3.7. The description of the continued fraction map as
a shift on the space NN described above suggests the method of proof: the
measure µ corresponds to a rather complicated measure on the shift space,
but if we can control the measure of cylinder sets (and their intersections)
well enough then we may prove ergodicity along the lines of the proof of
ergodicity for Bernoulli shifts in Proposition 2.15. For two expressions f, g
we write f ≍ g to mean that there are absolute constants C1, C2 > 0 such
that

C1f 6 g 6 C2f.

Given a vector a = (a1, . . . , an) ∈ Nn of length |a| = n, define a set

I(a) = {[x1, x2, . . . ] | xi = ai for 1 6 i 6 n}

(which may be thought of as an interval in (0, 1), or as a cylinder set in NN).
The main step towards the proof of the theorem is to show that

µ
(
T−nA ∩ I(a)

)
≍ µ(A)µ(I(a)) (3.22)

for any measurable set A. Notice that for the proof of equation (3.22) it is
sufficient to show it for any interval A = [d, e]; the case of a general Borel
set then follows by a standard approximation argument (the set of Borel sets



3.2 The Continued Fraction Map and the Gauss Measure 81

satisfying equation (3.22) with a fixed choice of constants is easily seen to be
a monotone class, so Theorem A.4 may be applied.)

Now define pn

qn
= [a1, . . . , an] and pn−1

qn−1
= [a1, . . . , an−1]. Then u ∈ I(a)

if and only if u = [a1, . . . , an, an+1(u), . . .], and so u ∈ I(a) ∩ T−nA if and
only if u can be written as in equation (3.21), with T n(u) ∈ A = [d, e].
As T n restricted to I(a) is continuous and monotone (increasing if n is even,
and decreasing if n is odd), it follows that I(a) ∩ T−nA is an interval with
endpoints given by

pn + pn−1d

qn + qn−1d

and
pn + pn−1e

qn + qn−1e
.

Thus the Lebesgue measure of I(a) ∩ T−nA,

∣∣∣∣
pn + pn−1d

qn + qn−1d
− pn + pn−1e

qn + qn−1e

∣∣∣∣ ,

expands to

∣∣∣∣
(pn + pn−1d)(qn + qn−1e) − (pn + pn−1e)(qn + qn−1d)

(qn + qn−1d)(qn + qn−1e)

∣∣∣∣

=

∣∣∣∣
pnqn−1e + pn−1qnd − pnqn−1d − pn−1qne

(qn + qn−1d)(qn + qn−1e)

∣∣∣∣

= (e − d)
|pnqn−1 − pn−1qn|

(qn + qn−1e)(qn + qn−1f)
= (e − d)

1

(qn + qn−1e)(qn + qn−1f)

by equation (3.8). On the other hand, the Lebesgue measure of I(a) is

∣∣∣∣
pn

qn
− pn + pn−1

qn + qn−1

∣∣∣∣ =
|pnqn−1 − pn−1qn|

qn(qn + qn−1)
=

1

qn(qn + qn−1)
(3.23)

again by equation (3.8), which implies that

m(I(a) ∩ T−nA) = m(A)m(I(a))
qn(qn + qn−1)

(qn + qn−1e)(qn + qn−1f)

≍ m(A)m(I(a)), (3.24)

where m denotes Lebesgue measure on (0, 1). Next notice that

m(B)

2 log 2
6 µ(B) 6

m(B)

log 2

for any Borel set B ⊆ (0, 1), which together with equation (3.24) gives equa-
tion (3.22).
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Now assume that A ⊆ (0, 1) is a Borel set with T−1A = A. For such a set,
the estimate in equation (3.22) reads as

µ(A ∩ I(a)) ≍ µ(A)µ(I(a))

for any interval I(a) defined by a = (a1, . . . , an) ∈ Nn and any n. However,
for a fixed n the intervals I(a) partition (0, 1) (as a varies in Nn), and by
equation (3.23)

diam(I(a)) =
1

qn(qn + qn−1)

6
1

2n−2
(by (3.6)),

so the lengths of the sets in this partition shrink to zero uniformly as n → ∞.
Therefore, the intervals I(a) generate the Borel σ-algebra, and so

µ(A ∩ B) ≍ µ(A)µ(B)

for any Borel subset B ⊆ (0, 1) (again by Theorem A.4). We apply this to the
set B = (0, 1)rA and obtain 0 ≍ µ(A)µ(B), which shows that either µ(A) = 0
or µ((0, 1)rA) = 0, as needed. �

We will use the ergodicity of the Gauss map in Corollary 3.8 to deduce
statements about the digits of the continued fraction expansion of a typical
real number. Just as Borel’s normal number theorem (Example 1.2) gives
precise statistical information about the decimal expansion of almost every
real number, ergodicity of the Gauss map gives precise statistical information
about the continued fraction digits of almost every real number. Of course
the form of the conclusion is necessarily different. For example, since there
are infinitely many different digits in the continued fraction expansion, they
cannot all occur with equal frequency, and equation (3.25) makes precise the
way in which small digits occur more frequently than large ones. We also
obtain information on the geometric and arithmetic mean of the digits an

in equations (3.26) and (3.27), the growth rate of the denominators qn in
equation (3.28), and the rate at which the convergents pn

qn
approximate a

typical real number in equation (3.29).
In particular, equations (3.28) and (3.29) together say that the digit an+1

appearing in the estimate (3.14) does not affect the logarithmic rate of ap-
proximation of an irrational by the continued fraction partial quotients sig-
nificantly.

Corollary 3.8. For almost every real number x = [a1, a2, . . . ] ∈ (0, 1), the
digit j appears in the continued fraction with density

2 log(1 + j) − log j − log(2 + j)

log 2
, (3.25)
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lim
n→∞

(a1a2 . . . an)
1/n

=

∞∏

a=1

(
(a + 1)2

a(a + 2)

)log a/ log 2

, (3.26)

lim
n→∞

1

n
(a1 + a2 + · · · + an) = ∞, (3.27)

lim
n→∞

1

n
log qn(x) =

π2

12 log 2
, (3.28)

and

lim
n→∞

1

n
log

∣∣∣∣x − pn(x)

qn(x)

∣∣∣∣ −→ − π2

6 log 2
. (3.29)

Proof. The digit j appears in the first N digits with frequency

1

N
|{i | i 6 N, ai = j}| =

1

N
|{i | i 6 N, T ix ∈ ( 1

j+1 , 1
j )}|

→ 1

log 2

∫ 1/j

1/(j+1)

1

1 + y
dy

=
2 log(1 + j) − log j − log(2 + j)

log 2
,

which proves equation (3.25).

Define a function f on (0, 1) by f(x) = log a for x ∈
(

1
a+1 , 1

a

)
. Then

∫ 1

0

f(x) dx =

∞∑

a=1

(
1

a
− 1

a + 1

)
log a

6

∞∑

a=1

1

a2
log a < ∞,

so
∫ 1

0
f dµ < ∞ also, since the density dµ

dx = 1
(1+x) log 2 is bounded on [0, 1]. By

the pointwise ergodic theorem (Theorem 2.30) we therefore have, for almost
every x,

1

n

n−1∑

j=0

log aj =
1

n

n−1∑

j=0

f(T jx) −→
∫

f(x) dµ.

This shows equation (3.26) since

∫ 1

0

f dµ =

∞∑

a=1

log a

log 2

∫ 1/a

1/(1+a)

1

1 + x
dx.

Now consider the function g(x) = ef(x) (so g(x) = a1 is the first digit in the
continued fraction expansion of x). We have
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1

n
(a1 + · · · + an) =

1

n

n−1∑

j=0

g(T jx),

but the pointwise ergodic theorem cannot be applied to g since
∫ 1

0
g dµ = ∞

(the result needed is Exercise 2.6.5(2); the argument here shows how to do
this exercise). However, for any fixed N the truncated function

gN (x) =

{
g(x) if g(x) 6 N ;

0 if not

is in L1
µ since

∫
gN dµ =

1

log 2

N∑

a=1

∫ 1/a

1/(a+1)

a dx =
1

log 2

N∑

a=1

1

a + 1
.

Notice that
∫ 1

0
gN dµ → ∞ as N → ∞. By the ergodic theorem,

lim inf
n→∞

1

n

n−1∑

j=0

g(T jx) > lim
n→∞

1

n

n−1∑

j=0

gN (T jx)

=

∫ 1

0

gN dµ → ∞

as N → ∞, showing equation (3.27).
The proofs of (3.25) and (3.26) were straightforward applications of the

ergodic theorem, and (3.27) only required a simple extension to measurable
functions. Proving (3.28) and (3.29) takes a little more effort.

First notice that

pn(x)

qn(x)
=

1

a1 + [a2, . . . , an]

=
1

a1 + pn−1(Tx)
qn−1(Tx)

=
qn−1(Tx)

pn−1(Tx) + qn−1(Tx)a1
,

so pn(x) = qn−1(Tx) since the convergents are in lowest terms. Recall that
we always have p1 = q0 = 1. It follows that

1

qn(x)
=

pn(x)

qn(x)
· pn−1(Tx)

qn−1(Tx)
· · · p1(T

n−1x)

q1(T n−1x)
,

so
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− 1

n
log qn(x) =

1

n

n−1∑

j=0

log

[
pn−j(T

jx)

qn−j(T jx)

]
.

Let h(x) = log x (so h ∈ L1
µ). Then

− 1

n
log qn(x) =

1

n

n−1∑

j=0

h(T jx)

︸ ︷︷ ︸
Sn

− 1

n

n−1∑

j=0

[
log(T jx) − log

(
pn−j(T

jx)

qn−j(T jx)

)]

︸ ︷︷ ︸
Rn

gives a splitting of − 1
n log qn(x) into an ergodic average Sn = A

n
h and a

remainder term Rn. By the ergodic theorem,

lim
n→∞

1

n
Sn =

1

log 2

∫ 1

0

log x

1 + x
dx = − π2

12 log 2
.

To complete the proof of equation (3.28), we need to show that 1
nRn → 0

as n → ∞. This will follow from the observation that
pn−j(T

jx)
qn−j(T jx) is a good

approximation to T jx if (n − j) is large enough. Recall from equations (3.7)
and (3.6) that

pk > 2(k−2)/2, qk > 2(k−1)/2,

so, by using the inequality (3.13),

∣∣∣∣
x

pk/qk
− 1

∣∣∣∣ =
qk

pk

∣∣∣∣x − pk

qk

∣∣∣∣ 6
1

pkqk+1
6

1

2k−1
.

By using this together with the fact that | log u| 6 2|u−1| whenever u ∈ [12 , 3
2 ]

(which applies in the sum below with j 6 n − 2), we get

|Rn| 6

n−1∑

j=0

∣∣∣∣log
T jx

pn−j(T jx)/qn−j(T jx)

∣∣∣∣

6 2
n−2∑

j=0

∣∣∣∣
T jx

pn−j(T jx)/qn−j(T jx)
− 1

∣∣∣∣
︸ ︷︷ ︸

Tn

+

∣∣∣∣log
T n−1x

p1(T n−1x)/q1(T n−1x)

∣∣∣∣
︸ ︷︷ ︸

Un

.

Now

Tn 6

n−2∑

j=0

2

2n−j−1
6 2

for all n. For the second term, notice that

Un =
∣∣log

[(
T n−1x

)
a1

(
T n−1x

)]∣∣ ,
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and by the inequality (3.17) we have

1 >
(
T n−1x

)
a1

(
T n−1x

)
>

a1

(
T n−1x

)

1 + a1 (T n−1x)
>

1

2

since a1(T
n−1x) > 1. Therefore,

| log
[(

T n−1x
)
a1

(
T n−1x

)]
| 6 log 2,

which completes the proof that

1

n
Rn → 0

as n → ∞, and hence shows equation (3.28).
Equation (3.29) follows from equation (3.28), since from the inequali-

ties (3.13) and (3.15) we have

log qn + log qn+1 6 − log

∣∣∣∣x − pn

qn

∣∣∣∣ 6 log qn + log qn+2.

�

Exercises for Section 3.2

Exercise 3.2.1. Use the idea in the proof of equation (3.27) to extend the
pointwise ergodic theorem (Theorem 2.30) to the case of a measurable func-
tion f > 0 with

∫
X f dµ = ∞ without the assumption of ergodicity.

Exercise 3.2.2. Show that the map from NN to [0, 1]rQ sending (a1, a2, . . . )
to [a1, a2, . . . ] is a homeomorphism with respect to the discrete topology on N
and the product topology on NN.

Exercise 3.2.3. Let p = (p1, p2, . . . ) be an infinite probability vector (this
means that pi > 0 for all i, and

∑
i pi = 1). Show that p gives rise to a σ-

invariant and ergodic probability measure pN on NN.

Exercise 3.2.4. Let φ : NN → (0, 1)rQ be the map discussed on page 79,
and let µ be the Gauss measure on [0, 1]. Show that φ−1

∗ µ is not of the form pN

for any infinite probability vector p.



3.3 Badly Approximable Numbers 87

3.3 Badly Approximable Numbers

While Corollary 3.8 gives precise information about the behavior of typical
real numbers, it does not say anything about the behavior of all real numbers.
In this section we discuss a special class of real numbers that behave very
differently to typical real numbers.

Definition 3.9. A real number u = [a1, a2, . . . ] ∈ (0, 1) is called badly ap-
proximable if there is some bound M with the property that an 6 M for
all n > 1.

Clearly a badly approximable number cannot satisfy equation (3.27). It
follows that the set of all badly approximable numbers in (0, 1) is a null
set with respect to the Gauss measure, and hence is a null set with respect
to Lebesgue measure(43). The next result explains the terminology: badly
approximable numbers cannot be approximated very well by rationals.

Proposition 3.10. A number u ∈ (0, 1) is badly approximable if and only if
there exists some ε > 0 with the property that

∣∣∣∣u − p

q

∣∣∣∣ >
ε

q2

for all rational numbers p
q .

Proof. If u is badly approximable, then equation (3.4) shows that

qn+1 6 (M + 1)qn

for all n > 0. For any q there is some n with q ∈ (qn−1, qn], and by Proposi-
tion 3.3 and equation (3.15) we therefore have

∣∣∣∣
p

q
− u

∣∣∣∣ >
∣∣∣∣
pn

qn
− u

∣∣∣∣ >
1

qnqn+2
>

1

(M + 1)4q2

as required.
Conversely, if ∣∣∣∣u − p

q

∣∣∣∣ >
ε

q2

for all rational numbers p
q then, in particular,

ε

q2
n

6

∣∣∣∣u − pn

qn

∣∣∣∣ <
1

qnqn+1

by equation (3.13). This implies that

an+1qn < an+1qn + qn−1 = qn+1 <
1

ε
qn,
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so an+1 6 1
ε for all n > 1. �

Example 3.11. Notice that 2√
5−1

=
√

5+1
2 ∈ (1, 2) and

√
5+1
2 − 1 =

√
5−1
2 . It

follows that if √
5 − 1

2
= [a1, a2, . . . ]

then a1 + [a2, a3, . . . ] ∈ (1, 2), so a1 = 1, and hence

[a2, a3, . . . ] =

√
5 + 1

2
− 1 =

√
5 − 1

2
= [a1, a2, . . . ].

We deduce by the uniqueness of the continued fraction digits that

√
5 − 1

2
= [1, 1, 1, . . . ],

so
√

5−1
2 is badly approximable.

Indeed, the specific number in Example 3.11 is, in a precise sense, the most
badly approximable real number in (0, 1). In the next section we generalize
this example to show that all quadratic irrationals are badly approximable.

3.3.1 Lagrange’s Theorem

The periodicity of the continued fraction expansion seen in Example 3.11
is a general property of quadratics. A real number u is called a quadratic
irrational if u /∈ Q and there are integers a, b, c with au2 + bu + c = 0. Notice
that u is a quadratic irrational if and only if Q(u) is a subfield of R of degree 2
over Q.

Definition 3.12. A continued fraction [a0; a1, . . . ] is eventually periodic if
there are numbers N > 0 and k > 1 with an+k = an for all n > N . Such a
continued fraction will be written

[a0; a1, . . . , aN−1, aN , . . . , aN+k].

The main result describing the special properties of quadratic irrationals
is Lagrange’s Theorem [218, Sect. 34].

Theorem 3.13 (Lagrange). Let u be an irrational positive real number.
Then the continued fraction expansion of u is eventually periodic if and only
if u is a quadratic irrational.

Proof. Assume first that u = [a0; a1, . . . , ak] has a strictly periodic continued
fraction expansion, so that uk+1 = u0 = u. Thus
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u =
upk + pk−1

uqk + qk−1

by equation (3.20), so

u2qk + u(qk−1 − pk) − pk−1 = 0

and u is a quadratic irrational (u cannot be rational, since it has an infinite
continued fraction; alternatively notice that the quadratic equation satisfied
by u has discriminant (qk−1 − pk)2 + 4qkpk−1 = (qk−1 + pk)2 − 4(−1)k by
equation (3.8), so cannot be a square).

Now assume that

u = [a0; . . . , aN−1, aN , . . . , aN+k].

Then, by equation (3.20),

u =
[aN ; aN+1, . . . , aN+k]pN−1 + pN−2

[aN ; aN+1, . . . , aN+k]qN−1 + qN−2
,

so Q(u) = Q([aN ; aN+1, . . . , aN+k]), and therefore u is a quadratic irrational.
The converse is more involved(44). Assume now that u is a quadratic irra-

tional, with
f0(u) = α0u

2 + β0u + γ0 = 0

for some α0, β0, γ0 ∈ Z and δ = β2
0 − 4α0γ0 not a square. We claim that for

each n > 0 there is a polynomial

fn(x) = αnx2 + βn + γn

with
β2

n − 4αnγn = δ

and with the property that fn(un) = 0. This claim again follows from the
fact that Q(u) = Q(un), but we will need specific properties of the num-
bers αn, βn, γn, so we proceed by induction.

Assume such a polynomial exists for some n > 0. Since un = an + 1
un+1

,

we therefore have

u2
n+1fn

(
an +

1

un+1

)
= 0.

The resulting relation for un+1 may be written in the form

fn+1(x) = αn+1x
2 + βn+1x + γn+1

where
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αn+1 = a2
nαn + anβn + γn,

βn+1 = 2anαn + βn, (3.30)

γn+1 = αn. (3.31)

It is clear that αn+1, βn+1, γn+1 ∈ Z, and a simple calculation shows that

β2
n+1 − 4αn+1γn+1 = β2

n − 4αnγn,

proving the claim.
Notice that all the polynomials fn have the same discriminant δ, which

is not a square, so αn 6= 0 for n > 0. If there is some N with αn > 0
for all n > N , then equation (3.30) shows that the sequence βN , βN+1, . . . is
increasing since an > 0 for n > 1. Thus for large enough n, by equation (3.31),
all three of αn, βn and γn are positive. This is impossible, since fn(un) = 0
and un > 0. A similar argument shows that there is no N with αn < 0 for
all n > N . We deduce that αn must change in sign infinitely often, so in
particular there is an infinite set A ⊆ N with the property that αnαn−1 < 0
for all n ∈ A. By equation (3.31), it follows that αnγn < 0 for all n ∈ A.
Now β2

n − 4αnγn = δ, so for n ∈ A we must have

|αn| 6 1
4δ,

|βn| <
√

δ,

and

|γn| 6 1
4δ.

It follows that as n runs through the infinite set A there are only finitely many
possibilities for the polynomials fn, so there must be some n0 < n1 < n2

with fn0 = fn1 = fn2 . Since a quadratic polynomial has only two zeros,
and un0 , un1 , un2 are all zeros of the same polynomial, we see that two of
them coincide so the continued fraction expansion of u is eventually periodic.

�

Corollary 3.14. Any quadratic irrational is badly approximable.

Proof. This is an immediate consequence of Theorem 3.13 and Defini-
tion 3.9. �

It is not known if any other algebraic numbers are badly approximable.

Exercises for Section 3.3

Exercise 3.3.1. (45) Show that Q(
√

5) contains infinitely many elements
with a uniform bound on their partial quotients, by checking that the
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numbers [1k+1, 4, 2, 1k, 3] for k > 0 all lie in Q(
√

5) (here 1k denotes the
string 1, 1, . . . , 1 of length k). Can you find a similar pattern in any real
quadratic field Q(

√
d)?

Exercise 3.3.2. A number u ∈ (0, 1) is called very well approximable if there
is some δ > 0 with the property that there are infinitely many rational
numbers p

q with gcd(p, q) = 1 for which

∣∣∣∣u − p

q

∣∣∣∣ 6
1

q2+δ
.

(a) Show that u is very well approximable if and only if there is some ε > 0
with the property that an+1 > qε

n for infinitely many values of n.
(b) Show that for any very well approximable number the convergence in
equation (3.28) fails.

Exercise 3.3.3. Prove Liouville’s Theorem(46): if u is a real algebraic number
of degree d > 2, then there is some constant c(u) > 0 with the property that

c(u)

qd
<

∣∣∣∣u − p

q

∣∣∣∣

for any rational number p
q .

Exercise 3.3.4. Use Liouville’s Theorem from Exercise 3.3.3 to show that
the number

u =

∞∑

n=1

10−n!

is transcendental (that is, u is not a zero of any integral polynomial)(47).

Exercise 3.3.5. Prove that the theorem of Margulis from p. 6 does not hold
for quadratic forms in 2 variables.

3.4 Invertible Extension of the Continued Fraction Map

We are interested in finding a geometrically convenient invertible extension
of the non-invertible map T , and in Section 9.6 will re-prove the ergodicity
of the Gauss measure in that context.

Define a set

Y = {(y, z) ∈ [0, 1)2 | 0 6 z 6
1

1 + y
}

(this set is illustrated in Figure 3.2) and a map T : Y → Y by

T (y, z) = (Ty, y(1 − yz)).
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The map T will also be called the Gauss map.

Proposition 3.15. The map T : Y → Y is an area-preserving bijection off
a null set. More precisely, there is a countable union N of lines and curves
in Y with the property that T |

YrN
: YrN → YrN is a bijection preserving

the Lebesgue measure.

Proof. The derivative of the map T is

( − 1
y2 0

1 − 2yz −y2

)
,

with determinant 1. It follows that T preserves area locally. To see that the
map is a bijection, define regions An and Bn in Y by

An = {(y, z) ∈ Y | 1

n + 1
< y <

1

n
}

and

Bn = {(y, z) ∈ Y | 1

n + 1 + y
< z <

1

n + y
and y > 0}.

These sets are shown in Figure 3.2. Both

{An | n = 1, 2, . . .}

and
{Bn | n = 1, 2, . . . }

define partitions of Y after removing countably many vertical lines (or curves
in the case of {Bn}). Since this is a Lebesgue null set, it is enough to show
that T |An : An → Bn is a bijection for each n > 1, for then

T |∪n>1An :
⋃

n>1

An −→
⋃

n>1

Bn

is also a bijection, and we can take for the null set N the set of all images
and pre-images of

(
Yr

⋃

n>1

An

)
∪
(

Yr
⋃

n>1

Bn

)
.

Notice that y > 0 and 0 < z < 1
1+y implies that

0 < yz <
y

1 + y
,

1

1 + y
< (1 − yz) < 1,
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B1
A1

.

..

. . .

1
2

1
2

A2

B2

1
3

1
3

YY

00 11

Fig. 3.2: The Gauss map is a bijection between Y and Y , sending the subset An ⊆ Y to
the subset Bn ⊆ Y for each n > 1.

and
y

1 + y
< y(1 − yz) < y. (3.32)

If now (y, z) ∈ An for some n > 1 then y = 1
n+y1

for T (y, z) = (y1, z1) and

the inequality (3.32) becomes

1

n + 1 + y1
=

y

1 + y
< z1 = y(1 − yz) < y =

1

n + y1
,

so that (y1, z1) ∈ Bn and therefore T (An) ⊆ Bn. To see that the restriction
to An is a bijection, fix (y1, z1) ∈ Bn. Then y = 1

n+y1
is uniquely determined,

and the equation z1 = y(1 − yz) then determines z uniquely. Clearly

y ∈
(

1

n + 1
,
1

n

)

since y1 ∈ (0, 1), and by reversing the argument above (or by a straightfor-
ward calculation) we see that

y

1 + y
=

1

n + 1 + y1
< z1 <

1

n + y1
= y

implies 0 < z < 1
1+y so that (y, z) ∈ An. �

Lemma 3.5 gives no indication of where the Gauss measure might have
came from. The invertible extension, which preserves Lebesgue measure, gives
an alternative proof that the Gauss measure is invariant, and gives one ex-
planation of where it might come from.

Second proof of Lemma 3.5. Let π : Y → Y be the projection

π(y, z) = y (3.33)

onto Y . The Gauss measure µ on Y is the measure defined∗ by

∗ This construction of µ from m is called the push-forward of m by π.
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µ(B) = m(π−1B)

where m is the normalized Lebesgue measure on Y . Since T : Y → Y pre-
serves m by Proposition 3.15 and π ◦T = T ◦π, the measure µ is T -invariant.

�

The projection map π : Y → Y defined in equation (3.33) shows that T
on Y is an invertible extension of the non-invertible map T on Y .

Notes to Chapter 3

(38)(Page 69) The material in Section 3.1 may be found in many places; a convenient
source for the path followed here using matrices is a note of van der Poorten [294].
(39)(Page 72) In particular, we have Dirichlet’s theorem: for any u ∈ R and Q ∈ N, there
exists a rational number p

q
with 0 < q 6 Q and |u − p

q
| 6 1

q(Q+1)
, which can also be seen

via the pigeon-hole principle.
(40)(Page 77) A broad overview of continued fractions from an ergodic perspective may
be found in the monograph of Iosifescu and Kraaikamp [161]. Kraaikamp and others have
suggested ways in which Gauss could have arrived at this measure; see also Keane [187].
Other approaches to the Gauss measure are described in the book of Khinchin [191]. The
ergodic approach to continued fractions has a long history. Knopp [205] showed that the

Gauss measure is ergodic (in different language); Kuz′min [217] found results on the rate of
mixing of the Gauss measure; Doeblin [71] showed ergodicity; Ryll-Nardzewski [326] also
showed this (that the Gauss measure is “indecomposable”) and used the ergodic theorem
to deduce results like equation (3.26). This had also been shown earlier by Khinchin [190].
Lévy [227] showed equation (3.25), an implicitly ergodic result, in 1936 (using the language
of probability rather than ergodic theory).
(41)(Page 79) These results are indeed easily seen given both the ergodic theorem and
the ergodicity of the Gauss map; their original proofs by other methods are not easy.
For other results on the continued fraction expansion from the ergodic perspective, see
Cornfeld, Fomin and Sinăı [60, Chap. 7] and from a number-theoretic perspective, see
Khinchin [191]. The limit in equation (3.26), approximately 2.685, is known as Khinchin’s
constant; the problem of estimating it numerically is considered by Bailey, Borwein and
Crandall [14]. Little is known about its arithmetical properties. The (exponential of the)
constant appearing in equation (3.28) is usually called the Khinchin–Lévy constant. Just
as in Example 2.31, it is a quite different problem to exhibit any specific number that
satisfies these almost everywhere results: Adler, Keane and Smorodinsky exhibit a normal
number for the continued fraction map in [2].
(42)(Page 79) This is proved here directly, using estimates for conditional measures on
cylinder sets; see Billingsley [31] for example. We will re-prove it in Proposition 9.25 on
p. 323 using a geometrical argument.
(43)(Page 87) Most of this section is devoted to quadratic irrationals, but it is clear there are
uncountably many badly approximable numbers; the survey of Shallit [340] describes some
of the many settings in which these numbers appear, gives other families of such numbers,
and has an extensive bibliography on these numbers (which are also called numbers of
constant type). For example, Kmošek [203] and Shallit [339] showed that if

∞∑

n=0

k−2n
= [a

(k)
1 , a

(k)
2 , . . . ],
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then supn>1{a
(2)
n } = 6 and supn>1{a

(k)
n } = n + 2 for k > 3.

(44)(Page 89) There are many ways to prove this; we follow the argument of Steinig [352]
here.
(45)(Page 90) This remarkable uniformity in Definition 3.9 was shown by Woods [387]
for Q(

√
5) and by Wilson [383] in general, who showed that any real quadratic field Q(

√
d)

contains infinitely many numbers of the form [a1, a2, . . . , ak] with 1 6 an 6 Md for
all n > 1. McMullen [259] has explained these phenomena in terms of closed geodesics; the
connection between continued fractions and closed geodesics will be developed in Chap-
ter 9. Exercise 3.3.1 shows that we may take M5 = 4, and the question is raised in [259]
of whether there is a tighter bound allowing Md to be taken equal to 2 for all d.
(46)(Page 91) Liouville’s Theorem [234], [236] (on Diophantine approximation; there are
several important results bearing his name) marked the start of an important series of
advances in Diophantine approximation, attempting to sharpen the lower bound. These
results may be summarized as follows. The statement that for any algebraic number u
of degree d there is a constant c(u) so that for all rationals p/q we have |u − p/q| >
c(u)/qλ(u) holds: for λ(u) = d (Liouville 1844); for any λ(u) > 1

2
d + 1 (Thue [360], 1909);

for any λ(u) > 2
√

d (Siegel [343], 1921); for any λ(u) >
√

2d (Dyson [77], 1947); finally,
and definitively, for any λ(u) > 2 (Roth [319], 1955).
(47)(Page 91) This observation of Liouville [235] dates from 1844 and seems to be the ear-
liest construction of a transcendental number; in 1874 Cantor [47] used set theory to show
that the set of algebraic numbers is countable, deducing that there are uncountably many
transcendental real numbers (as pointed out by Herstein and Kaplansky [150, p. 238], and
despite what is often taught, Cantor’s proof can be used to exhibit many explicit tran-
scendental numbers). In a different direction, many important constants were shown to be
transcendental. Examples include: e (Hermite [149], 1873); π (Lindemann [232], 1882); αβ

for α algebraic and not equal to 0 or 1 and β algebraic and irrational (Gelfond [113] and
Schneider [334], 1934).





Chapter 4

Invariant Measures for Continuous
Maps

One of the natural ways in which measure-preserving transformations arise
is from continuous maps on compact metric spaces. Let (X, d) be a compact
metric space, and let T : X → X be a continuous map. Recall that the dual
space C(X)∗ of continuous real functionals on the space C(X) of continuous
functions X → R can be naturally identified with the space of finite signed
measures on X equipped with the weak*-topology. Our main interest is in
the space M (X) of Borel probability measures on X . The main properties
of M (X) needed are described in Section B.5.

Any continuous map T : X → X induces a continuous map

T∗ : M (X) → M (X)

defined by T∗(µ)(A) = µ(T−1A) for any Borel set A ⊆ X . Each point x ∈ X
defines a measure δx by

δx(A) =

{
1 if x ∈ A;
0 if x /∈ A.

We claim that T∗(δx) = δT (x) for any x ∈ X . To see this, let A ⊆ X be any
measurable set, and notice that

(T∗δx) (A) = δx(T−1A) = δT (x)(A).

This suggests that we should think of the space of measures M (X) as gen-
eralized points, and the transformation T∗ : M (X) → M (X) as a natural
extension of the map T from the copy {δx | x ∈ X} of X to the larger
set M (X). For f ∈ C(X) and µ ∈ M (X),

∫

X

f d(T∗µ) =

∫

X

f ◦ T dµ,

and this property characterizes T∗ by equation (B.2) and Lemma B.12.

97
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The map T∗ is continuous and affine, so the set M T (X) of T -invariant
measures is a closed convex subset of M (X); in the next section(48) we will
see that it is always non-empty.

4.1 Existence of Invariant Measures

The connection between ergodic theory and the dynamics of continuous maps
on compact metric spaces begins with the next result, which shows that
invariant measures can always be found.

Theorem 4.1. Let T : X → X be a continuous map of a compact metric
space, and let (νn) be any sequence in M (X). Then any weak*-limit point of

the sequence (µn) defined by µn = 1
n

∑n−1
j=0 T j

∗νn is a member of M T (X).

An immediate consequence is the following important general statement,
which shows that measure-preserving transformations are ubiquitous. It is
known as the Kryloff–Bogoliouboff Theorem [214].

Corollary 4.2 (Kryloff–Bogoliouboff). Under the hypotheses of Theo-
rem 4.1, M T (X) is non-empty.

Proof. Since M (X) is weak*-compact, the sequence (µn) must have a limit
point. �

Write ‖f‖∞ = sup{|f(x)| | x ∈ X} as usual.

Proof of Theorem 4.1. Let µn(j) → µ be a convergent subsequence of (µn)
and let f ∈ C(X). Then, by applying the definition of T∗µn, we get

∣∣∣∣
∫

f ◦ T dµn(j) −
∫

f dµn(j)

∣∣∣∣ =
1

n(j)

∣∣∣∣∣∣

∫ n(j)−1∑

i=0

(
f ◦ T i+1 − f ◦ T i

)
dνn(j)

∣∣∣∣∣∣

=
1

n(j)

∣∣∣∣
∫ (

f ◦ T n(j)+1 − f
)

dνn(j)

∣∣∣∣

6
2

n(j)
‖f‖∞ −→ 0

as j → ∞, for all f ∈ C(X). It follows that
∫

f ◦ T dµ =
∫

f dµ, so µ is a
member of M T (X) by Lemma B.12. �

Thus M T (X) is a non-empty compact convex set, since convex combina-
tions of elements of M T (X) belong to M T (X). It follows that M T (X) is an
infinite set unless it comprises a single element. For many maps it is difficult
to describe the space of invariant measures. The next example has very few
ergodic invariant measures, and we shall see later many maps that have only
one invariant measure.
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Example 4.3 (North–South map). Define the stereographic projection π from
the circle X = {z ∈ C | |z − i| = 1} to the real axis by continuing the line
from 2i through a unique point on Xr{2i} until it meets the line ℑ(z) = 0
(see Figure 4.1).

z

π(z)π(z)/2

T (z)

2i

i

Fig. 4.1: The North-South map on the circle; for z 6= 2i, T nz → 0 as n → ∞.

The “North–South” map T : X → X is defined by

T (z) =

{
2i if z = 2i;

π−1(π(z)/2) if z 6= 2i

as shown in Figure 4.1. Using Poincaré recurrence (Theorem 2.11) it is easy
to show that M T (X) comprises the measures pδ2i + (1− p)δ0, p ∈ [0, 1] that
are supported on the two points 2i and 0. Only the measures corresponding
to p = 0 and p = 1 are ergodic.

It is in general difficult to identify measures with specific properties, but
the ergodic measures are readily characterized in terms of the geometry of
the space of invariant measures.

Theorem 4.4. Let X be a compact metric space and let T : X → X be a
measurable map. The ergodic elements of M T (X) are exactly the extreme
points of M T (X).

That is, T is ergodic with respect to an invariant probability measure if
and only if that measure cannot be expressed as a strict convex combination
of two different T -invariant probability measures. For any measurable set A,
define µ

∣∣
A

by µ
∣∣
A
(C) = µ(A∩C). If T is not assumed to be continuous, then

we do not know that M T (X) 6= ∅, so without the assumption of continuity
Theorem 4.4 may be true but vacuous (see Exercise 4.1.1).

Proof of Theorem 4.4. Let µ ∈ M T (X) be a non-ergodic measure. Then
there is a measurable set B with µ(B) ∈ (0, 1) and with T−1B = B. It follows
that
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1

µ(B)
µ
∣∣
B

,
1

µ(XrB)
µ
∣∣
XrB

∈ M
T (X),

so

µ = µ(B)

(
1

µ(B)
µ
∣∣
B

)
+ µ(XrB)

(
1

µ(XrB)
µ
∣∣
XrB

)

expresses µ as a strict convex combination of the invariant probability mea-
sures

1

µ(B)
µ
∣∣
B

and
1

µ(XrB)
µ
∣∣
XrB

,

which are different since they give different measures to the set B.
Conversely, let µ be an ergodic measure and assume that

µ = sν1 + (1 − s)ν2

expresses µ as a strict convex combination of the invariant measures ν1 and ν2.
Since s > 0, ν1 ≪ µ, so there is a positive function f ∈ L1

µ (f is the Radon–

Nikodym derivative dν1

dµ ; see Theorem A.15) with the property that

ν1(A) =

∫

A

f dµ (4.1)

for any measurable set A. The set B = {x ∈ X | f(x) < 1} is measurable
since f is measurable, and

∫

B∩T−1B

f dµ +

∫

BrT−1B

f dµ = ν1(B)

= ν1(T
−1B)

=

∫

B∩T−1B

f dµ +

∫

(T−1B)rB

f dµ,

so ∫

BrT−1B

f dµ =

∫

(T−1B)rB

f dµ. (4.2)

By definition, f(x) < 1 for x ∈ Br(T−1B) while f(x) > 1 for x ∈ T−1BrB.
On the other hand,

µ((T−1B)rB) = µ(T−1B) − µ((T−1B) ∩ B)

= µ(B) − µ((T−1B) ∩ B)

= µ(BrT−1B)
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so equation (4.2) implies that µ(BrT−1B) = 0 and µ((T−1B)rB) = 0.
Therefore µ((T−1B)△B) = 0, so by ergodicity of µ we must have µ(B) = 0
or 1. If µ(B) = 1 then

ν1(X) =

∫

X

f dµ < µ(B) = 1,

which is impossible. So µ(B) = 0.
A similar argument shows that µ({x ∈ X | f(x) > 1}) = 0, so f(x) = 1

almost everywhere with respect to µ. By equation (4.1), this shows that

ν1 = µ,

so µ is an extreme point in M T (X). �

Write E T (X) for the set of extreme points in M T (X) – by Theorem 4.4,
this is the set of ergodic measures for T .

Example 4.5. Let X = {1, . . . , r}Z and let T : X → X be the left shift
map. In Example 2.9 we defined for any probability vector p = (p1, . . . , pr)
a T -invariant probability measure µ = µp on X , and by Proposition 2.15
all these measures are ergodic. Thus for this example the space E T (X) of
ergodic invariant measures is uncountable. This collection of measures is an
inconceivably tiny subset of the set of all ergodic measures – there is no hope
of describing all of them.

Measures µ1 and µ2 are called mutually singular if there exist disjoint
measurable sets A and B with A∪B = X for which µ1(B) = µ2(A) = 0 (see
Section A.4).

Lemma 4.6. If µ1, µ2 ∈ E T (X) and µ1 6= µ2 then µ1 and µ2 are mutually
singular.

Proof. Let f ∈ C(X) be chosen with
∫

f dµ1 6=
∫

f dµ2 (such a function
exists by Theorem B.11). Then by the ergodic theorem (Theorem 2.30)

A
f
n(x) →

∫
f dµ1 (4.3)

for µ1-almost every x ∈ X , and

A
f
n(x) →

∫
f dµ2

for µ2-almost every x ∈ X . It follows that the set A = {x ∈ X | (4.3) holds}
is measurable and has µ1(A) = 1 but µ2(A) = 0. �

Some of the problems for this section make use of the topological analog
of Definition 2.7, which will be used later.
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Definition 4.7. Let T : X → X and S : Y → Y be continuous maps
of compact metric spaces (that is, topological dynamical systems). Then a
homeomorphism θ : X → Y with θ◦T = S◦θ is called a topological conjugacy,
and if there such a conjugacy then T and S are topologically conjugate. A
continuous surjective map φ : X → Y with φ◦T = S ◦φ is called a topological
factor map, and in this case S is said to be a factor of T .

Exercises for Section 4.1

Exercise 4.1.1. Let X = {0, 1
n | n > 1} with the compact topology inherited

from the reals. Since X is countable, there is a bijection θ : X → Z. Show
that the map T : X → X defined by T (x) = θ−1(θ(x) + 1) is measurable
with respect to the Borel σ-algebra on X but has no invariant probability
measures.

Exercise 4.1.2. Show that a weak*-limit of ergodic measures need not be
an ergodic measure by the following steps. Start with a point x in the full 2-
shift σ : X → X with the property that any finite block of symbols of
length ℓ appears in x with asymptotic frequency 1

2ℓ (such points certainly
exist; indeed the ergodic theorem says that almost every point with respect
to the (1/2, 1/2) Bernoulli measure will do). Write (x1 . . . xn0 . . . 0)∞ for the
point y ∈ {0, 1}Z determined by the two conditions

y|[0,2n−1] = x1 . . . xn0 . . . 0

and σ2n(y) = y. Now for each n construct an ergodic σ-invariant measure µn

supported on the orbit of the periodic point (x1 . . . xn0 . . . 0)∞ in which there
are n 0 symbols in every cycle of the periodic point under the shift. Show
that µn converges to some limit ν and use Theorem 4.4 to deduce that ν is
not ergodic.

Exercise 4.1.3. For a continuous map T : X → X of a compact metric
space (X, d), define the invertible extension T̃ : X̃ → X̃ as follows. Let

• X̃ = {x ∈ XZ | xk+1 = Txk for all k ∈ Z};
• (T̃ x)k = xk+1 for all k ∈ Z and x ∈ X̃ ;

with metric d̃(x, y) =
∑

k∈Z 2−|k|
d(xk, yk). Write π : X̃ → X for the map

sending x to x0. Prove the following.

(1) T̃ is a homeomorphism of a compact metric space, and π : X̃ → X is a
topological factor map.

(2) If (Y, S) is any homeomorphism of a compact metric space with the prop-

erty that there is a topological factor map (Y, S) → (X, T ), then (X̃, T̃ )
is a topological factor of (Y, S).
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(3) π∗M T̃ (X̃) = M T (X).

(4) π∗E T̃ (X̃) = E T (X).

Exercise 4.1.4. Show that the ergodic Bernoulli measures discussed in Ex-
ample 4.5 do not exhaust all ergodic measures for the full shift as follows.

(1) Show that any periodic orbit supports an ergodic measure which is not
a Bernoulli measure.

(2) Show that there are ergodic measures on the full shift that are neither
Bernoulli nor supported on a periodic orbit.

Exercise 4.1.5. Give a different proof of Lemma 4.6 using the Radon–
Nikodym derivative (Theorem A.15) and the Lebesgue decomposition the-
orem (Theorem A.14), instead of the pointwise ergodic theorem.

Exercise 4.1.6. Prove that the ergodic measures for the circle-doubling
map T2 : x 7→ 2x (mod 1) are dense in the space of all invariant measures.

4.2 Ergodic Decomposition

An important consequence of the fact that M T (X) is a compact convex set
is that the Choquet representation theorem may be applied(49) to it. This
generalizes the simple geometrical fact that in a finite-dimensional convex
simplex, every point is a unique convex combination of the extreme points,
to an infinite-dimensional result. In our setting, this gives a way to decompose
any invariant measure into ergodic components.

Theorem 4.8 (Ergodic decomposition). Let X be a compact metric space
and T : X → X a continuous map. Then for any µ ∈ M T (X) there is
a unique probability measure λ defined on the Borel subsets of the compact
metric space M T (X) with the properties that

(1) λ(E T (X)) = 1, and

(2)

∫

X

f dµ =

∫

E T (X)

(∫

X

f dν

)
dλ(ν) for any f ∈ C(X).

Proof. This follows from Choquet’s theorem [55] (see also the notes of
Phelps [283]). A different proof will be given later (cf. p. 154), and a non-
trivial example may be seen in Example 4.13. �

In fact Choquet’s theorem is more general than we need: in our setting, X
is a compact metric space so C(X) is separable, and hence M T (X) is metriz-
able (see equation (B.3) for an explicit metric on M (X) built from a dense
set of continuous functions). The picture of the space of invariant measures
given by this result is similar to the familiar picture of a finite-dimensional
simplex, but in fact few continuous maps(50) have a finite-dimensional space
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of invariant measures. Indeed, as we have seen in Exercise 4.1.2, the set of
ergodic measures is in general not a closed subset of the set of invariant
measures.

We will see some non-trivial examples of ergodic decompositions in Sec-
tion 4.3. The existence of the ergodic decomposition is one of the reasons
that ergodicity is such a powerful tool: any property that is preserved by
the integration in Theorem 4.8(2) which holds for ergodic systems holds for
any measure-preserving transformation. A particularly striking case of this
general principle will come up in connection with the ergodic proof of Sze-
merédi’s theorem (see Section 7.2.3). There is no real topological analog of
this decomposition (see Exercises 4.2.3 and 4.2.4).

Exercises for Section 4.2

Exercise 4.2.1. A homeomorphism T : X → X of a compact metric space
(a topological dynamical system or cascade) is called minimal if the only
non-empty closed T -invariant subset of X is X itself.
(a) Show that (X, T ) is minimal if and only if the orbit of each point in X is
dense.
(b) Show that (X, T ) is minimal if and only if

⋃
n∈Z T nO = X for every

non-empty open set O ⊆ X .
(c) Show that any topological dynamical system (X, T ) has a minimal set :
that is, a closed T -invariant set A with the property that T : A → A is
minimal.

Exercise 4.2.2. Use Exercise 4.2.1(c) to prove Birkhoff’s recurrence theo-
rem(51): every topological dynamical system (X, T ) contains a point x for
which there is a sequence nk → ∞ with T nkx → x as k → ∞. Such a point
is called recurrent under T .

Exercise 4.2.3. Show that in general a topological dynamical system is not
a disjoint union of closed minimal subsystems.

Exercise 4.2.4. A homeomorphism T : X → X of a compact metric space
is called topologically ergodic if every closed proper T -invariant subset of X
has empty interior. Show that the following properties are equivalent:

• (X, T ) is topologically ergodic;
• there is a point in X with a dense orbit;
• for any non-empty open sets O1 and O2 in X , there is some n > 0 for

which O1 ∩ T nO2 6= ∅.

Show that in general a topological dynamical system is not a disjoint union
of closed topologically ergodic subsystems.



4.3 Unique Ergodicity 105

Exercise 4.2.5. Let T : X → X be a continuous map on a compact metric
space. Show that the measures in E T (X) constrain all the ergodic averages
in the following sense. For f ∈ C(X), define

m(f) = inf
µ∈E T (X)

{∫
f dµ

}

and

M(f) = sup
µ∈E T (X)

{∫
f dµ

}
.

Prove that

m(f) 6 lim inf
N→∞

A
f
N (x) 6 lim sup

N→∞
A

f
N (x) 6 M(f)

for any x ∈ X .

4.3 Unique Ergodicity

A natural distinguished class of transformations are those for which there is
only one invariant Borel measure. This measure is automatically ergodic, and
the uniqueness of this measure has several powerful consequences.

Definition 4.9. Let X be a compact metric space and let T : X → X be a
continuous map. Then T is said to be uniquely ergodic if M T (X) comprises
a single measure.

Theorem 4.10. For a continuous map T : X → X on a compact metric
space, the following properties are equivalent.

(1) T is uniquely ergodic.
(2) |E T (X)| = 1.
(3) For every f ∈ C(X),

A
f
N =

1

N

N−1∑

n=0

f(T nx) −→ Cf , (4.4)

where Cf is a constant independent of x.
(4) For every f ∈ C(X), the convergence (4.4) is uniform across X.
(5) The convergence (4.4) holds for every f in a dense subset of C(X).

Under any of these assumptions, the constant Cf in (4.4) is
∫

X
f dµ, where µ

is the unique invariant measure.

We will make use of Theorem 4.8 for the equivalence of (1) and (2); the
equivalence between (1) and (3)–(5) is independent of it.
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Proof of Theorem 4.10. (1) ⇐⇒ (2): If T is uniquely ergodic and µ is
the only T -invariant probability measure on X , then µ must be ergodic by
Theorem 4.4. If there is only one ergodic invariant probability measure on X ,
then by Theorem 4.8, it is the only invariant probability measure on X .

(1) =⇒ (3): Let µ be the unique invariant measure for T , and apply
Theorem 4.1 to the constant sequence (δx). Since there is only one possible
limit point and M (X) is compact, we must have

1

N

N−1∑

n=0

δT nx −→ µ

in the weak*-topology, so for any f ∈ C(X)

1

N

N−1∑

n=0

f(T nx) −→
∫

X

f dµ.

(3) =⇒ (1): Let µ ∈ M T (X). Then by the dominated convergence
theorem, (4.4) implies that

∫

X

f dµ =

∫

X

lim
N→∞

1

N

N−1∑

n=0

f(T nx) dµ = Cf

for all f ∈ C(X). It follows that Cf is the integral of f with respect to any
measure in M T (X), so M T (X) can only contain a single measure.

Notice that this also shows Cf =
∫

X f dµ for the unique measure µ.
(1) =⇒ (4): Let µ ∈ M T (X), and notice that we must have Cf =

∫
f dµ

as above. If the convergence is not uniform, then there is a function g in C(X)
and an ε > 0 such that for every N0 there is an N > N0 and a point xj ∈ X
for which ∣∣∣∣∣

1

N

N−1∑

n=0

g(T nxj) − Cg

∣∣∣∣∣ > ε.

Let µN = 1
N

∑N−1
n=0 δT nxj , so that

∣∣∣∣
∫

X

g dµN − Cg

∣∣∣∣ > ε. (4.5)

By weak*-compactness the sequence (µN ) has a subsequence
(
µN(k)

)
with

µN(k) → ν

as k → ∞. Then ν ∈ M T (X) by Theorem 4.1, and

∣∣∣∣
∫

X

g dν − Cg

∣∣∣∣ > ε
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by equation (4.5). However, this shows that µ 6= ν, which contradicts (1).
(4) =⇒ (5): This is clear.
(5) =⇒ (1): If µ, ν ∈ E T (X) then, just as in the proof that (3) =⇒ (1),

∫

X

f dν = Cf =

∫

X

f dµ

for any function f in a dense subset of C(X), so ν = µ. �

The equivalence of (1) and (3) in Theorem 4.10 appeared first in the paper
of Kryloff and Bogoliouboff [214] in the context of uniquely ergodic flows.

Example 4.11. The circle rotation Rα : T → T is uniquely ergodic if and only
if α is irrational. The unique invariant measure in this case is the Lebesgue
measure mT. This may be proved using property (5) of Theorem 4.10 (or
using property (1); see Theorem 4.14). Assume first that α is irrational,
so e2πikα = 1 only if k = 0. If f(t) = e2πikt for some k ∈ Z, then

1

N

N−1∑

n=0

f(Rn
αt) =

1

N

N−1∑

n=0

e2πik(t+nα) =





1 if k = 0;
1

N
e2πikt e

2πiNkα − 1

e2πikα − 1
if k 6= 0.

(4.6)
Equation (4.6) shows that

1

N

N−1∑

n=0

f(Rn
αt) −→

∫
f dmT =

{
1 if k = 0;

0 if k 6= 0.

By linearity, the same convergence will hold for any trigonometric polynomial,
and therefore property (5) of Theorem 4.10 holds. For a curious application
of this result, see Example 1.3.

If α is rational, then Lebesgue measure is invariant but not ergodic, so
there must be other invariant measures.

Example 4.11 may be used to illustrate the ergodic decomposition of a
particularly simple dynamical system.

Example 4.12. Let X = {z ∈ C | |z| = 1 or 2}, let α be an irrational number,
and define a continuous map T : X → X by T (z) = e2πiαz. By unique
ergodicity on each circle, any invariant measure µ takes the form

µ = sm1 + (1 − s)m2,

where m1 and m2 denote Lebesgue measures on the two circles comprising X .
Thus M T (X) = {sm1+(1−s)m2 | s ∈ [0, 1]}, with the two ergodic measures
given by the extreme points s = 0 and s = 1. The decomposition of µ is
described by the measure ν = sδm1 + (1 − s)δm2 . A convenient notation for
this is µ =

∫
MT (X) m dν(m).



108 4 Invariant Measures for Continuous Maps

Example 4.13. A more sophisticated version of Example 4.12 is a rotation on
the disk. Let D = {z ∈ C | |z| 6 1}, let α be an irrational number, and define
a continuous map T : D → D by T (z) = e2πiαz. For each r ∈ (0, 1], let mr

denote the normalized Lebesgue measure on the circle {z ∈ C | |z| = r}
and let m0 = δ0 (these are the ergodic measures). Then the decomposition
of µ ∈ M T (X) is a measure ν on {mr | r ∈ [0, 1]}, and

µ(A) =

∫

MT (X)

mr(A) dν(mr).

Both Proposition 2.16 and Example 4.11 are special cases of the following
more general result about unique ergodicity for rotations on compact groups.

Theorem 4.14. Let X be a compact metrizable group and Rg(x) = gx the
rotation by a fixed element g ∈ X. Then the following are equivalent.

(1) Rg is uniquely ergodic (with the unique invariant measure being mX , the
Haar measure on X).

(2) Rg is ergodic with respect to mX .
(3) The subgroup {gn}n∈Z generated by g is dense in X.

(4) X is abelian, and χ(g) 6= 1 for any non-trivial character χ ∈ X̂.

Proof. (1) =⇒ (2): This is clear.
(2) =⇒ (3): Let Y denote the closure of the subgroup generated by g.

If Y 6= X then there is a continuous non-constant function on X that is
constant on each coset of Y : in fact if d is a bi-invariant metric on X giving
the topology, then

dY (x) = min{d(x, y) | y ∈ Y }
defines such a function (an invariant metric exists by Lemma C.2). Such a
function is invariant under Rg, showing that Rg is not ergodic.

(3) =⇒ (1): If Y = X then X is abelian (since it contains a dense abelian
subgroup), and any probability measure µ invariant under Rg is invariant
under translation by a dense subgroup. This implies that µ is invariant under
translation by any y ∈ X by the following argument. Let f ∈ C(X) be any
continuous function, and fix ε > 0. Then for every δ > 0 there is some n
with d(y, gn) < δ, so by an appropriate choice of δ we have

|f(gnx) − f(yx)| < ε

for all x ∈ X . Since
∫

f(x) dµ(x) =

∫
f(gnx) dµ(x),

it follows that
∣∣∣∣
∫

f(yx) dµ(x) −
∫

f(x) dµ(x)

∣∣∣∣ =

∣∣∣∣
∫

(f(yx) − f(gnx)) dµ(x)

∣∣∣∣ < ε



4.3 Unique Ergodicity 109

for all ε > 0, so Ry preserves µ. Since this holds for all y ∈ X , µ must be the
Haar measure. It follows that Rg is uniquely ergodic.

(4) =⇒ (2): Assume now that X is abelian and χ(g) 6= 1 for every non-

trivial character χ ∈ X̂. If f ∈ L2(X) is invariant under Rg, then the Fourier
series

f =
∑

χ∈X̂

cχχ

satisfies
f = URgf =

∑

χ∈X̂

cχχ(g)χ,

and so f is constant as required.
(2) =⇒ (4): By (3) it follows that X is abelian. If now χ ∈ X̂ is a

character with χ(g) = 1, then

χ(Rgx) = χ(g)χ(x) = χ(x)

is invariant, which by (2) implies that χ is itself a constant almost everywhere
and so is trivial. �

Corollary 4.15. Let X = Tℓ, and let g = (α1, α2, . . . , αℓ) ∈ Rℓ. Then the
toral rotation Rg : Tℓ → Tℓ given by Rg(x) = x+ g is uniquely ergodic if and
only if 1, α1, . . . , αℓ are linearly independent over Q.

Theorems 2.19 and 4.14 have been generalized to give characterizations of
ergodicity for affine maps on compact abelian groups by Hahn and Parry [131]
and Parry [278], and on non-abelian groups by Chu [57].

Exercises for Section 4.3

Exercise 4.3.1. Prove that (3) =⇒ (1) in Theorem 4.14 using Pontryagin
duality.

Exercise 4.3.2. Show that a surjective homomorphism T : X → X of a
compact group X is uniquely ergodic if and only if |X | = 1.

Exercise 4.3.3. Extend Theorem 4.14 by using the quotient space Y \X of a
compact group X to classify the probability measures on X invariant under
the rotation Rg when Y 6= X .

Exercise 4.3.4. Show that for any Riemann-integrable function f : T → R
and ε > 0 there are trigonometric polynomials p− and p+ such that

p−(t) < f(t) < p+(t)
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for all t ∈ T, and
∫ 1

0
(p+(t) − p−(t)) dt < ε. Use this to show that if α is

irrational then for any Riemann-integrable function f : T → R,

1

N

N−1∑

n=0

f(Rn
αt) →

∫
f dmT

for all t ∈ T.

Exercise 4.3.5. Prove Corollary 4.15
(a) using Theorem 4.14;
(b) using Theorem 4.10(5).

Exercise 4.3.6. (52) Let X be a compact metric space, and let T : X → X
be a continuous map. Assume that µ ∈ E T (X), and that for every x ∈ X
there exists a constant C = C(x) such that for every f ∈ C(X), f > 0,

lim sup
N→∞

1

N

N−1∑

n=0

f(T nx) 6 C

∫
f dµ.

Show that T is uniquely ergodic.

4.4 Measure Rigidity and Equidistribution

A natural question in number theory concerns how a sequence of real numbers
is distributed when reduced modulo 1. When the terms of the sequence are
generated by some dynamical process, then the expressions resemble ergodic
averages, and it is natural to expect that ergodic theory will have something
to offer.

4.4.1 Equidistribution on the Interval

Ergodic theorems give conditions under which all or most orbits in a dy-
namical system spend a proportion of time in a given set proportional to
the measure of the set. In this section we consider a more abstract notion of
equidistribution(53) in the specific setting of Lebesgue measure on the unit
interval.

Definition 4.16. A sequence (xn) with xn ∈ [0, 1] for all n is said to be
equidistributed or uniformly distributed if

lim
n→∞

1

n

n∑

k=1

f(xk) =

∫ 1

0

f(x) dx (4.7)
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for any f ∈ C([0, 1]).

A more intuitive formulation (developed in Lemma 4.17) of equidistribu-
tion requires that the terms of the sequence fall in an interval with the correct
frequency, just as the pointwise ergodic theorem (Theorem 2.30) says that
almost every orbit under an ergodic transformation falls in a measurable set
with the correct frequency.

Lemma 4.17. (54) For a sequence (xn) of elements of [0, 1], the following
properties are equivalent.

(1) The sequence (xn) is equidistributed.
(2) For any k 6= 0,

lim
n→∞

1

n

n∑

j=1

e2πikxj = 0.

(3) For any numbers a, b with 0 6 a < b 6 1,

1

n

∣∣{j | 1 6 j 6 n, xj ∈ [a, b]}
∣∣ −→ (b − a)

as n → ∞.

Proof. (1) ⇐⇒ (3): Assume (1) and fix a, b with 0 6 a < b 6 1. Given
a sufficiently small ε > 0, define continuous functions that approximate the
indicator function χ[a,b] by

f+(x) =





1 if a 6 x 6 b;(
x − (a − ε)

)
/ε if max{0, a− ε} 6 x < a;(

(b + ε) − x
)
/ε if b < x 6 min{b + ε, 1};

0 for other x,

and

f−(x) =





1 if a + ε 6 x 6 b − ε;

(x − a) /ε if a 6 x < a + ε;

(b − x) /ε if b − ε < x 6 b;
0 for other x.

Notice that f−(x) 6 χ[a,b](x) 6 f+(x) for all x ∈ [0, 1], and

∫ 1

0

(
f+(x) − f−(x)

)
dx 6 2ε.

For small ε and 0 < a < b < 1, these functions are illustrated in Figure 4.2.
It follows that

1

n

n∑

j=1

f−(xj) 6
1

n

n∑

j=1

χ[a,b](xj) 6
1

n

n∑

j=1

f+(xj).
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χ[a,b]

a ba − ε a + ε b − ε b + ε

f−

f+

Fig. 4.2: The function χ[a,b] and the approximations f− (dots) and f+ (dashes).

By equidistribution, this implies that

b − a − 2ε 6

∫ 1

0

f− dx 6 lim inf
n→∞

1

n

n∑

j=1

χ[a,b](xj)

6 lim sup
n→∞

1

n

n∑

j=1

χ[a,b](xj) 6

∫ 1

0

f+ dx 6 b − a + 2ε.

Thus

lim inf
n→∞

1

n

n∑

j=1

χ[a,b](xj) = lim sup
n→∞

1

n

n∑

j=1

χ[a,b](xj) = b − a

as required.
Conversely, if (3) holds then (1) holds since any continuous function may

be approximated uniformly by a finite linear combination of indicators of
intervals∗.

(1) ⇐⇒ (2): In one direction this is clear; to see that (2) implies (1) it is
enough to notice that finite trigonometric polynomials are dense in C([0, 1])
in the uniform metric. �

Notice that equidistribution of (xn) does not imply that equation (4.7)
holds for measurable functions (but see Exercise 4.4.7).

Example 4.18. (55) A consequence of Theorem 4.10 and Example 4.11 is
that for any irrational number α, and any initial point x ∈ T, the or-
bit x, Rαx, R2

αx, . . . under the circle rotation is an equidistributed sequence.
Note that this is proved in Example 4.11 by using property (2) of Lemma 4.17.

∗ We note that the two implications (3) =⇒ (1) and (2) =⇒ (1) rely on the same
argument, which will be explained in detail in the proof of Corollary 4.20.
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4.4.2 Equidistribution and Generic Points

Definition 4.19. If X is a compact metric space, and µ is a Borel probability
measure on X , then a sequence (xn) of elements of X is equidistributed with
respect to µ if for any f ∈ C(X),

lim
n→∞

1

n

n∑

j=1

f(xj) =

∫

X

f(x) dµ(x).

Equivalently, (xn) is equidistributed if

1

n

n∑

j=1

δxj −→ µ

in the weak*-topology.

For a continuous transformation T : X → X and an invariant measure µ
we say that x ∈ X is generic (with respect to µ and T ) if the sequence
of points along the orbit (T nx) is equidistributed with respect to µ. Notice
that if x is generic with respect to one invariant probability measure for T ,
then x cannot be generic with respect to any other invariant probability
measure for T . The following is an easy consequence of the ergodic theorem
(Theorem 2.30).

Corollary 4.20. Let X be a compact metric space, let T : X → X be a con-
tinuous map, and let µ be a T -invariant ergodic probability measure. Then µ-
almost every point in X is generic with respect to T and µ.

Proof. Recall that C(X) is a separable metric space with respect to the
uniform norm

‖f‖∞ = sup{|f(x)| | x ∈ X}
by Lemma B.8. Let (fn)n>1 be a dense sequence in C(X). By applying Theo-
rem 2.30 to each of these functions we obtain one set X ′ ⊆ X of full measure
with the property that

1

N

N−1∑

n=0

fi(T
nx) −→

∫

X

fi dµ

for all i > 1 and x ∈ X ′. Now let f ∈ C(X) be any function and fix ε > 0.
By the uniform density of the sequence, we may find an i ∈ N for which

|f(x) − fi(x)| < ε

for all x ∈ X . Then
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∫
f dµ − 2ε 6 lim inf

N→∞

1

N

N−1∑

n=0

f(T nx) 6 lim sup
N→∞

1

N

N−1∑

n=0

f(T nx) 6

∫
f dµ + 2ε,

showing convergence of the ergodic averages for f at any x ∈ X ′. The limit
must be

∫
f dµ since |

∫
f dµ −

∫
fi dµ| 6 ε, so x is a generic point. �

4.4.3 Equidistribution for Irrational Polynomials

Example 4.18 may be thought of as a statement in number theory: for an
irrational α, the values of the polynomial p(n) = x + αn, when reduced
modulo 1, form an equidistributed sequence for any value of x. Weyl [380]
generalized this to more general polynomials, and Furstenberg [98] found
that this result could also be understood using ergodic theory. We recall the
statement of Weyl’s polynomial equidistribution Theorem (Theorem 1.4 on
p. 4): Let p(n) = aknk + · · ·+a0 be a real polynomial with at least one coeffi-
cient among a1, . . . , ak irrational. Then the sequence (p(n)) is equidistributed
modulo 1.

As indicated in Example 4.18, the unique ergodicity of irrational circle
rotations proves Theorem 1.4 for k = 1. More generally, Theorem 4.10 shows
that the orbits of any transformation of the circle for which the Lebesgue mea-
sure is the unique invariant measure are equidistributed. In order to apply
this to the case of polynomials, we turn to a structural result of Fursten-
berg [99] that allows more complicated transformations to be built up from
simpler ones while preserving a dynamical property (in Chapter 7 a similar
approach will be used for another application of ergodic theory).

Notice that by Theorem 4.10, orbits of a uniquely ergodic transformation
are equidistributed with respect to the unique invariant measure.

Theorem 4.21 (Furstenberg). Let T : X → X be a uniquely ergodic home-
omorphism of a compact metric space with unique invariant measure µ. Let G
be a compact group∗ with Haar measure mG, and let c : X → G be a contin-
uous map. Define the skew-product map S on Y = X × G by

S(x, g) = (T (x), c(x)g).

If S is ergodic with respect to µ × mG, then it is uniquely ergodic.

Proof. To see that S preserves µ × mG, let f ∈ C(Y ). Then, by Fubini’s
theorem,

∗ The reader may replace G by a torus Tk with group operation written additively, together
with Lebesgue measure mTk . Notice that in any case the Haar measure is invariant under
multiplication on the right or the left since G is compact (see Section C.2).
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∫

Y

f ◦ S d(µ × mG) =

∫

X

∫

G

f(Tx, c(x)g) dmG(g) dµ(x)

=

∫

X

∫

G

f(Tx, g) dmG(g) dµ(x)

=

∫

X

∫

G

f(x, g) dmG(g) dµ(x) =

∫

Y

f d(µ × mG).

Assume that S is ergodic. Let

E = {(x, g) | (x, g) is generic w.r.t. µ × mG}.

By Corollary 4.20, µ × mG(E) = 1. We claim that E is invariant under the
map (x, g) 7→ (x, gh). To see this, notice that (x, g) ∈ E means that

1

N

N−1∑

n=0

f (Sn(x, g)) −→
∫

f d(µ × mG)

for all f ∈ C(X × G). Writing fh(·, g) = f(·, gh), it follows that

1

N

N−1∑

n=0

f (Sn(x, gh)) =
1

N

N−1∑

n=0

fh (Sn(x, g))

−→
∫

fh d(µ × mG) =

∫
f d(µ × mG)

since mG is invariant under multiplication on the right, so (x, gh) ∈ E also.
It follows that E = E1 × G for some set E1 ⊆ X, µ(E1) = 1. Now assume
that ν is an S-invariant ergodic measure on Y . Write π : Y → X for the
projection π(x, g) = x. Then π∗ν is a T -invariant measure, so by unique
ergodicity π∗ν = µ. In particular, ν(E) = ν(E1 × G) = µ(E1) = 1. By
Corollary 4.20, ν-almost every point is generic with respect to ν. Thus there
must be a point (x, g) ∈ E generic with respect to ν. By definition of E, it
follows that ν = µ × mG. �

Corollary 4.22. Let α be an irrational number. Then the map S : Tk → Tk

defined by

S :




x1

x2

...
xk


 7−→




x1 + α
x2 + x1

...
xk + xk−1




is uniquely ergodic.

Proof. Notice that the transformation S is built up from the irrational
circle map by taking (k − 1) skew-product extensions as in Theorem 4.21.
By Theorem 4.21, it is sufficient to prove that S is ergodic with respect to
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Lebesgue measure on Tk. Let f ∈ L2(Tk) be an S-invariant function, and
write

f(x) =
∑

n∈Zk

cne2πin·x

for the Fourier expansion of f . Then, since f(x) = f(Sx), we have

∑

n∈Zk

cne2πin·Sx =
∑

n∈Zk

cne2πin1αe2πiS′
n·x

where

S′ :




n1

n2

...
nk−1

nk




7−→




n1 + n2

n2 + n3

...
nk−1 + nk

nk




is an automorphism of Zk. By the uniqueness of Fourier coefficients,

cS′n = e2πiαn1cn, (4.8)

and in particular |cS′n| = |cn| for all n. Thus for each n ∈ Zk we either
have n, S′n, (S′)2n, . . . all distinct (in which case cn = 0 since

∑
n
|cn|2 < ∞)

or (S′)pn = (S′)qn for some p > q, so n2 = n3 = · · ·= nk = 0 (by downward
induction on k, for example). Now for n = (n1, 0, . . . , 0), equation (4.8) sim-
plifies to cn = e2πin1αcn, so n1 = 0 or cn = 0. We deduce that f is constant,
so S is ergodic. �

Proof of Theorem 1.4. Assume that Theorem 1.4 holds for all polynomials
of degree strictly less than k. If ak is rational, then qak ∈ Z for some integer q.
Then the quantities p(qn+j) modulo 1 for varying n and fixed j = 0, . . . , q−1,
coincide with the values of polynomials of degree strictly less than k satisfying
the hypothesis of the theorem. It follows that the values of each of those
polynomials are equidistributed, so the values of the original polynomial are
equidistributed modulo 1 by induction. Therefore, we may assume without
loss of generality that the leading coefficient ak is irrational.

A convenient description of the transformation S in Corollary 4.22 comes
from viewing Tk as {α} × Tk with a map defined by




1
1 1

1 1
. . .

1 1







α
x1

x2

...
xk




=




α
x1 + α
x2 + x1

...
xk + xk−1




.

Iterating this map gives
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


1
1 1

1 1
. . .

1 1




n


α
x1

x2

...
xk




=




1
n 1(
n
2

)
n 1

...
. . .

. . .(
n
k

)
. . . n 1







α
x1

x2

...
xk




=




α
nα + x1(

n
2

)
α + nx1 + x2

...(
n
k

)
α +

(
n

k−1

)
x1 + · · · + nxk−1 + xk




.

Now define α = k!ak, and choose points x1, . . . , xk so that

p(n) =

(
n

k

)
α +

(
n

k − 1

)
x1 + · · · + nxk−1 + xk.

Then by Corollary 4.22, the orbits of this map are equidistributed on Tk, so
the same holds for its last component, which coincides with the sequence of
values of p(n) reduced modulo 1 in T. �

An alternative approach in the quadratic case will be described in Exer-
cise 7.4.2.

Exercises for Section 4.4

Exercise 4.4.1. Consider the circle-doubling map T2 : x 7→ 2x (mod 1) on T
with Lebesgue measure mT.
(a) Construct a point that is generic for mT.
(b) Construct a point that is generic for a T2-invariant ergodic measure other
than mT.
(c) Construct a point that is generic for a non-ergodic T2-invariant measure.
(d) Construct a point that is not generic for any T2-invariant measure.

Exercise 4.4.2. Extend Lemma 4.17 to show that equation (4.7) holds for
Riemann-integrable functions (cf. Exercise 4.3.4). Could it hold for Lebesgue-
integrable functions?

Exercise 4.4.3. Use Exercise 4.3.4 to show that the fractional parts of the
sequence (nα) are uniformly distributed in [0, 1]. That is,

|{n | 0 6 n < N, nα − ⌊nα⌋ ∈ [a, b)}|
N

→ (b − a)

as N → ∞, for any 0 6 a < b 6 1.
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Exercise 4.4.4. Carry out the procedure used in the proof of Theorem 1.4

to prove that the sequence (xn) defined by xn =

(
α1n
α2n

2

)
is equidistributed

in T2 if and only if α1, α2 /∈ Q.

Exercise 4.4.5. A number α is called a Liouville number if there is an infi-
nite sequence (pn

qn
)n>1 of rationals with the property that

∣∣∣∣
pn

qn
− α

∣∣∣∣ <
1

qn
n

for all n > 1. Notice that Exercise 3.3.3 shows that algebraic numbers are
not Liouville numbers.
(a) Assuming that α is not a Liouville number, prove the following error rate
in the equidistribution of the sequence (x + nα)n>1 modulo 1:

∣∣∣∣∣
1

N

N−1∑

n=0

f(x + nα) −
∫ 1

0

f(x)dx

∣∣∣∣∣ 6 S(α, f)
1

N
,

for f ∈ C∞(T) and some constant S(α, f) depending on α and f .
(b) Formulate and prove a generalization to rotations of Td.

Exercise 4.4.6. Use the ideas from Exercise 2.8.4 to prove a mean ergodic
theorem along the squares: for a measure-preserving system (X, B, µ, T )
and f ∈ L2

µ, show that

1

N

N−1∑

n=0

Un2

T f

converges in L2
µ. Under the assumption that T is totally ergodic (see Exer-

cise 2.5.6), show that the limit is
∫

f dµ.

Exercise 4.4.7. Let X be a compact metric space, and assume that νn → µ
in the weak*-topology on M (X). Show that for a Borel set B with µ(∂B) = 0,

lim
n→∞

νn(B) = µ(B).

Notes to Chapter 4

(48)(Page 98) The fact that M T (X) is non-empty may also be seen as a result of vari-
ous fixed-point theorems that generalize the Brouwer fixed point theorem to an infinite-
dimensional setting; the argument used in Section 4.1 is attractive because it is elementary
and is connected directly to the dynamics.
(49)(Page 103) A convenient source for the Choquet representation theorem is the updated
lecture notes by Phelps [283]; the original papers are those of Choquet [55], [56].
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(50)(Page 103) Notice that the space of invariant measures for a given continuous map is
a topological attribute rather than a measurable one: measurably isomorphic systems may
have entirely unrelated spaces of invariant measures. In particular, the Jewett–Krieger the-
orem shows that any ergodic measure-preserving system (X, B, µ, T ) on a Lebesgue space
is measurably isomorphic to a minimal, uniquely ergodic homeomorphism on a compact
metric space (a continuous map on a compact metric space is called minimal if every
point has a dense orbit; see Exercise 4.2.1). This deep result was found by Jewett [166]
for weakly-mixing transformations, and was extended to ergodic systems by Krieger [213]
using his proof of the existence of generators [212]. Thus having a model (up to measurable
isomorphism) as a uniquely ergodic map on a compact metric space carries no information
about a given measurable dynamical system. Among the many extensions and modifica-

tions of this important result, Bellow and Furstenberg [22], Hansel and Raoult [140] and
Denker [69] gave different proofs; Jakobs [164] and Denker and Eberlein [70] extended the
result to flows; Lind and Thouvenot [231] showed that any finite entropy ergodic transfor-
mation is isomorphic to a homeomorphism of the torus T2 preserving Lebesgue measure;
Lehrer [222] showed that the homeomorphism can always be chosen to be topologically
mixing (a homeomorphism S : Y → Y of a compact metric space is topologically mixing
if for any open sets U, V ⊆ Y , there is an N = N(U, V ) with U ∩ SnV 6= ∅ for n > N);
Weiss [378] extended to certain group actions and to diagrams of measure-preserving sys-
tems; Rosenthal [317] removed the assumption of invertibility. In a different direction,
Downarowicz [74] has shown that every possible Choquet simplex arises as the space of
invariant measures of a map even in a highly restricted class of continuous maps.
(51)(Page 104) Birkhoff’s recurrence theorem may be thought of as a topological analog
of Poincaré recurrence (Theorem 2.11), with the essential hypothesis of finite measure
replaced by compactness. Furstenberg and Weiss [109] showed that there is also a topolog-
ical analog of the ergodic multiple recurrence theorem (Theorem 7.4): if (X, T ) is minimal
and U ⊆ X is open and non-empty, then for any k > 1 there is some n > 1 with

U ∩ T nU ∩ · · · ∩ T (k−1)nU 6= ∅.

(52)(Page 110) This characterization is due to Pjateckĭı-Šapiro [285], who showed it as a
property characterizing normality for orbits under the map x 7→ ax (mod 1).
(53)(Page 110) The theory of equidistribution from the viewpoint of number theory is a
large and sophisticated one. Extensive overviews of this theory in three different decades
may be found in the monographs of Kuipers and Niederreiter [215], Hlawka [154], and
Drmota and Tichy [75].
(54)(Page 111) The formulation in (2) is the Weyl criterion for equidistribution; it appears
in his paper [380]. Weyl really established the principle that equidistribution can be shown
using a sufficiently rich set of test functions; in particular on a compact group it is sufficient
to use an appropriate orthonormal basis of L2. Thus a more general formulation of the
Weyl criterion is as follows. Let G be a compact metrizable group and let G♯ denote the
set of conjugacy classes in G. Then a sequence (gn) of elements of G♯ is equidistributed
with respect to Haar measure if and only if

n∑

j=1

tr (π(gj)) = o(n)

as n → ∞, for any non-trivial irreducible unitary representation π : G → GLk(C). For
more about equidistribution in the number-theoretic context, see the monograph of Iwaniec
and Kowalski [162, Ch. 21].
(55)(Page 112) This equidistribution result was proved independently by several people,
including Weyl [379], Bohl [39] and Sierpiński [344].
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Complete treatments of the results stated in this appendix may be found in
any measure theory book; see for example Parthasarathy [280], Royden [320]
or Kingman and Taylor [195]. A similar summary of measure theory without
proofs may be found in Walters [373, Chap. 0]. Some of this appendix will
use terminology from Appendix B.

A.1 Measure Spaces

Let X be a set, which will usually be infinite, and denote by P(X) the col-
lection of all subsets of X .

Definition A.1. A set S ⊆ P(X) is called a semi-algebra if

(1) ∅ ∈ S ,
(2) A, B ∈ S implies that A ∩ B ∈ S , and
(3) if A ∈ S then the complement XrA is a finite union of pairwise disjoint

elements in S ;

if in addition

(4) A ∈ S implies that XrA ∈ S ,

then it is called an algebra. If S satisfies the additional property

(5) A1, A2, · · · ∈ S implies that
⋃∞

n=1 An ∈ S ,

then S is called a σ-algebra. For any collection of sets A , write σ(A ) for
the smallest σ-algebra containing A (this is possible since the intersection
of σ-algebras is a σ-algebra).

Example A.2. The collection of intervals in [0, 1] forms a semi-algebra.

403



404 Appendix A: Measure Theory

Definition A.3. A collection M ⊆ P(X) is called a monotone class if

A1 ⊆ A2 ⊆ · · · and An ∈ M for all n > 1 =⇒
∞⋃

n=1

An ∈ M

and

B1 ⊇ B2 ⊇ · · · and Bn ∈ M for all n > 1 =⇒
∞⋂

n=1

Bn ∈ M .

The intersection of two monotone classes is a monotone class, so there is a
well-defined smallest monotone class M (A ) containing any given collection of
sets A . This gives an alternative characterization of the σ-algebra generated
by an algebra.

Theorem A.4. Let A be an algebra. Then the smallest monotone class con-
taining A is σ(A ).

A function µ : S → R>0 ∪ {∞} is finitely additive if µ(∅) = 0 and∗

µ(A ∪ B) = µ(A) + µ(B) (A.1)

for any disjoint elements A and B of S with A ⊔ B ∈ S , and is countably
additive if

µ

( ∞⋃

n=1

An

)
=

∞∑

n=1

µ(An)

if {An} is a collection of disjoint elements of S with
⊔∞

n=1 An ∈ S .
The main structure of interest in ergodic theory is that of a probability

space or finite measure space.

Definition A.5. A triple (X, B, µ) is called a finite measure space if B is a σ-
algebra and µ is a countably additive measure defined on B with µ(X) < ∞.
A triple (X, B, µ) is called a σ-finite measure space if X is a countable union
of elements of B of finite measure. If µ(X) = 1 then a finite measure space
is called a probability space.

A probability measure µ is said to be concentrated on a measurable set A
if µ(A) = 1.

Theorem A.6. If µ : S → R>0 is a countably additive measure defined
on a semi-algebra, then there is a unique countably additive measure defined
on σ(S ) which extends µ.

∗ The conventions concerning the symbol ∞ in this setting are that ∞ + c = ∞ for any c
in R>0 ∪ {∞}, c · ∞ = ∞ for any c > 0, and 0 · ∞ = 0.
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Theorem A.7. Let A ⊆ B be an algebra in a probability space (X, B, µ).
Then the collection of sets B with the property that for any ε > 0 there is
an A ∈ A with µ(A△B) < ε is a σ-algebra.

As discussed in Section 2.1, the basic objects of ergodic theory are measure-
preserving maps (see Definition 2.1). The next result gives a convenient way
to check whether a transformation is measure-preserving.

Theorem A.8. Let (X, BX , µ) and (Y, BY , ν) be probability spaces, and
let S be a semi-algebra which generates BY . A measurable map φ : X → Y
is measure-preserving if and only if

µ(φ−1B) = ν(B)

for all B ∈ S .

Proof. Let

S
′ = {B ∈ BY | φ−1(B) ∈ BX , µ(φ−1B) = ν(B)}.

Then S ⊆ S ′, and (since each member of the algebra generated by S is a
finite disjoint union of elements of S ) the algebra generated by S lies in S ′.
It is clear that S ′ is a monotone class, so Theorem A.4 shows that S ′ = BY

as required. �

The next result is an important lemma from probability; what it means is
that if the sum of the probabilities of a sequence of events is finite, then the
probability that infinitely many of them occur is zero.

Theorem A.9 (Borel–Cantelli(102)). Let (X, B, µ) be a probability space,
and let (An)n>1 be a sequence of measurable sets with

∑∞
n=1 µ(An) < ∞.

Then

µ

(
lim sup

n→∞
An

)
= µ

( ∞⋂

n=1

( ∞⋃

m=n

Am

))
= 0.

If the sequence of sets are pairwise independent, that is if

µ(Ai ∩ Aj) = µ(Ai)µ(Aj)

for all i 6= j, then
∑∞

n=1 µ(An) = ∞ implies that

µ

(
lim sup

n→∞
An

)
= µ

( ∞⋂

n=1

( ∞⋃

m=n

Am

))
= 1.

The elements of a σ-algebra are typically very complex, and it is often
enough to approximate sets by a convenient smaller collection of sets.

Theorem A.10. If (X, B, µ) is a probability space and A is an algebra which
generates B (that is, with σ(A ) = B), then for any B ∈ B and ε > 0 there
is an A ∈ A with µ(A△B) < ε.
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A measure space is called complete if any subset of a null set is measurable.
If X is a topological space, then there is a distinguished collection of sets

to start with, namely the open sets. The σ-algebra generated by the open
sets is called the Borel σ-algebra. If the space is second countable, then the
support of a measure is the largest closed set with the property that every
open neighborhood of every point in the set has positive measure; equivalently
the support of a measure is the complement of the largest open set of zero
measure.

If X is a metric space, then any Borel probability measure µ on X (that
is, any probability measure defined on the Borel σ-algebra B of X) is reg-
ular (103): for any Borel set B ⊆ X and ε > 0 there is an open set O and a
closed set C with C ⊆ B ⊆ O and µ(OrC) < ε.

A.2 Product Spaces

Let I ⊆ Z and assume that for each i ∈ I a probability space Xi = (Xi, Bi, µi)
is given. Then the product space X =

∏
i∈I Xi may be given the structure

of a probability space (X, B, µ) as follows. Any set of the form

∏

i∈I,i<min(F )

Xi ×
∏

i∈F

Ai ×
∏

i∈I,i>max(F )

Xi,

or equivalently of the form

{x = (xi)i∈I ∈ X | xi ∈ Ai for i ∈ F},

for some finite set F ⊆ I, is called a measurable rectangle. The collection of
all measurable rectangles forms a semi-algebra S , and the product σ-algebra
is B = σ(S ). The product measure µ is obtained by defining the measure of
the measurable rectangle above to be

∏
i∈F µi(Ai) and then extending to B.

The main extension result in this setting is the Kolmogorov consistency
theorem, which allows measures on infinite product spaces to be built up
from measures on finite product spaces.

Theorem A.11. Let X =
∏

i∈I Xi with I ⊆ Z and each Xi a probability
space. Suppose that for every finite subset F ⊆ I there is a probability mea-
sure µF defined on XF =

∏
i∈F Xi, and that these measures are consistent

in the sense that if E ⊆ F then the projection map

(
∏

i∈F

Xi, µF

)
−→

(
∏

i∈E

Xi, µE

)

is measure-preserving. Then there is a unique probability measure µ on the
probability space

∏
i∈I Xi with the property that for any F ⊆ I the projection
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map (
∏

i∈I

Xi, µ

)
−→

(
∏

i∈F

Xi, µF

)

is measure-preserving.

In the construction of an infinite product
∏

i∈I µi of probability measures
above, the finite products µF =

∏
i∈F µi satisfy the compatibility conditions

needed in Theorem A.11.
In many situations each Xi = (Xi, di) is a fixed compact metric space

with 0 < diam(Xi) < ∞. In this case the product space X =
∏

n∈Z Xn is
also a compact metric space with respect to the metric

d(x, y) =
∑

n∈Z

dn(xn, yn)

2n diam(Xn)
,

and the Borel σ-algebra of X coincides with the product σ-algebra defined
above.

A.3 Measurable Functions

Let (X, B, µ) be a probability space. Natural classes of measurable functions
on X are built up from simpler functions, just as the σ-algebra B may be
built up from simpler collections of sets.

A function f : X → R is called simple if

f(x) =

m∑

j=1

cjχAj (x)

for constants cj ∈ R and disjoint sets Aj ∈ B. The integral of f is then
defined to be ∫

f dµ =

m∑

j=1

cjµ(Aj).

A function g : X → R is called measurable if g−1(A) ∈ B for any (Borel)
measurable set A ⊆ R. The basic approximation result states that for any
measurable function g : X → R>0 there is a pointwise increasing sequence of
simple functions (fn)n>1 with fn(x) ր g(x) for each x ∈ X . This allows us
to define ∫

g dµ = lim
n→∞

∫
fn dµ,

which is guaranteed to exist since

fn(x) 6 fn+1(x)
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for all n > 1 and x ∈ X (in contrast to the usual terminology from calculus,
we include the possibility that the integral and the limit are infinite). It may
be shown that this is well-defined (independent of the choice of the sequence
of simple functions).

A measurable function g : X → R>0 is integrable if
∫

g dµ < ∞. In general,
a measurable function g : X → R has a unique decomposition into g =
g+ − g− with g+(x) = max{g(x), 0}; both g+ and g− are measurable. The
function g is said to be integrable if both g+ and g− are integrable, and the
integral is defined by

∫
g dµ =

∫
g+ dµ −

∫
g− dµ. If f is integrable and g is

measurable with |g| 6 f , then g is integrable. The integral of an integrable
function f over a measurable set A is defined by

∫

A

f dµ =

∫
fχA dµ.

For 1 6 p < ∞, the space L p
µ (or L p(X), L p(X, µ) and so on) comprises

the measurable functions f : X → R with
∫
|f |p dµ < ∞. Define an equiva-

lence relation on L p
µ by f ∼ g if

∫
|f − g|p dµ = 0 and write Lp

µ = L p
µ /∼ for

the space of equivalence classes. Elements of Lp
µ will be described as functions

rather than equivalence classes, but it is important to remember that this is
an abuse of notation (for example, in the construction of conditional mea-
sures on page 138). In particular the value of an element of Lp

µ at a specific
point does not make sense, unless that point itself has positive µ-measure.
The function ‖ · ‖p defined by

‖f‖p =
(∫

|f |p dµ
)1/p

is a norm (see Appendix B), and under this norm Lp is a Banach space.
The case p = ∞ is distinguished: the essential supremum is the general-

ization to measurable functions of the supremum of a continuous function,
and is defined by

‖f‖∞ = inf
{
α | µ ({x ∈ X | f(x) > α}) = 0

}
.

The space L ∞
µ is then defined to be the space of measurable functions f

with ‖f‖∞ < ∞, and once again L∞
µ is defined to be L ∞

µ /∼. The norm ‖·‖∞
makes L∞

µ into a Banach space. For 1 6 p < q 6 ∞ we have Lp ⊇ Lq for any
finite measure space, with strict inclusion except in some degenerate cases.

In practice we will more often use L ∞, which denotes the bounded func-
tions.

An important consequences of the Borel–Cantelli lemma is that norm con-
vergence in Lp forces pointwise convergence along a subsequence.

Corollary A.12. If (fn) is a sequence convergent in Lp
µ (1 6 p 6 ∞) to f ,

then there is a subsequence (fnk
) converging pointwise almost everywhere

to f .
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Proof. Choose the sequence (nk) so that

‖fnk
− f‖p

p <
1

k2+p

for all k > 1. Then

µ

({
x ∈ X |fnk

(x) − f(x)| >
1

k

})
<

1

k2
.

It follows by Theorem A.9 that for almost every x, |fnk
(x) − f(x)| > 1

k for
only finitely many k, so fnk

(x) → f(x) for almost every x. �

Finally we turn to integration of functions of several variables; a measure
space (X, B, µ) is called σ-finite if there is a sequence A1, A2, . . . of measur-
able sets with µ(An) < ∞ for all n > 1 and with X =

⋃
n>1 An.

Theorem A.13 (Fubini–Tonelli(104)). Let f be a non-negative integrable
function on the product of two σ-finite measure spaces (X, B, µ) and (Y, C , ν).
Then, for almost every x ∈ X and y ∈ Y , the functions

h(x) =

∫

Y

f(x, y) dν, g(y) =

∫

X

f(x, y) dµ

are integrable, and

∫

X×Y

f d(µ × ν) =

∫

X

h dµ =

∫

Y

g dν. (A.2)

This may also be written in a more familiar form as

∫

X×Y

f(x, y) d(µ × ν)(x, y) =

∫

X

(∫

Y

f(x, y) dν(y)

)
dµ(x)

=

∫

Y

(∫

X

f(x, y) dµ(x)

)
dν(y).

We note that integration makes sense for functions taking values in some
other spaces as well, and this will be discussed further in Section B.7.

A.4 Radon–Nikodym Derivatives

One of the fundamental ideas in measure theory concerns the properties of
a probability measure viewed from the perspective of a given measure. Fix
a σ-finite measure space (X, B, µ) and some measure ν defined on B.

• The measure ν is absolutely continuous with respect to µ, written ν ≪ µ,
if µ(A) = 0 =⇒ ν(A) = 0 for any A ∈ B.
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• If ν ≪ µ and µ ≪ ν then µ and ν are said to be equivalent.
• The measures µ and ν are mutually singular, written µ ⊥ ν, if there exist

disjoint sets A and B in B with A ∪ B = X and with µ(A) = ν(B) = 0.

These notions are related by two important theorems.

Theorem A.14 (Lebesgue decomposition). Given σ-finite measures µ
and ν on (X, B), there are measures ν0 and ν1 with the properties that

(1) ν = ν0 + ν1;
(2) ν0 ≪ µ; and
(3) ν1 ⊥ µ.

The measures ν0 and ν1 are uniquely determined by these properties.

Theorem A.15 (Radon–Nikodym derivative(105)). If ν ≪ µ then there
is a measurable function f > 0 on X with the property that

ν(A) =

∫

A

f dµ

for any set A ∈ B.

By analogy with the fundamental theorem of calculus (Theorem A.25),
the function f is written dν

dµ and is called the Radon–Nikodym derivative of ν
with respect to µ. Notice that for any two measures µ1, µ2 we can form a
new measure µ1 + µ2 simply by defining (µ1 + µ2)(A) = µ1(A) + µ2(A) for
any measurable set A. Then µi ≪ µ1 + µ2, so there is a Radon–Nikodym
derivative of µi with respect to µ1 + µ2 for i = 1, 2.

A.5 Convergence Theorems

The most important distinction between integration on Lp spaces as defined
above and Riemann integration on bounded Riemann-integrable functions is
that the Lp functions are closed under several natural limiting operations,
allowing for the following important convergence theorems.

Theorem A.16 (Monotone Convergence Theorem). If f1 6 f2 6 · · ·
is a pointwise increasing sequence of integrable functions on the probability
space (X, B, µ), then f = limn→∞ fn satisfies

∫
f dµ = lim

n→∞

∫
fn dµ.

In particular, if limn→∞
∫

fn dµ < ∞, then f is finite almost everywhere.
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Theorem A.17 (Fatou’s Lemma). Let (fn)n>1 be a sequence of measur-
able real-valued functions on a probability space, all bounded below by some
integrable function. If lim infn→∞

∫
fn dµ < ∞ then lim infn→∞ fn is inte-

grable, and ∫
lim inf
n→∞

fn dµ 6 lim inf
n→∞

∫
fn dµ.

Theorem A.18 (Dominated Convergence Theorem). If h : X → R
is an integrable function and (fn)n>1 is a sequence of measurable real-valued
functions which are dominated by h in the sense that |fn| 6 h for all n > 1,
and limn→∞ fn = f exists almost everywhere, then f is integrable and

∫
f dµ = lim

n→∞

∫
fn dµ.

A.6 Well-behaved Measure Spaces

It is convenient to slightly extend the notion of a Borel probability space as
follows (cf. Definition 5.13).

Definition A.19. Let X be a dense Borel subset of a compact metric
space X, with a probability measure µ defined on the restriction of the
Borel σ-algebra B to X . The resulting probability space (X, B, µ) is a Borel
probability space∗.

For our purposes, this is the most convenient notion of a measure space
that is on the one hand sufficiently general for the applications needed, while
on the other has enough structure to permit explicit and convenient proofs.

A circle of results called Lusin’s theorem [237] (or Luzin’s theorem) show
that measurable functions are continuous off a small set. These results are
true in almost any context where continuity makes sense, but we state a form
of the result here in the setting needed.

Theorem A.20 (Lusin). Let (X, B, µ) be a Borel probability space and
let f : X → R be a measurable function. Then, for any ε > 0, there is a
continuous function g : X → R with the property that

µ ({x ∈ X | f(x) 6= g(x)}) < ε.

As mentioned in the endnote to Definition 5.13, there is a slightly different
formulation of the standard setting for ergodic theory, in terms of Lebesgue
spaces.

∗ Commonly the σ-algebra B is enlarged to its completion Bµ, which is the smallest σ-
algebra containing both B and all subsets of null sets with respect to µ. It is also standard
to allow any probability space that is isomorphic to (X, Bµ, µ) in Definition A.19 as a
measure space to be called a Lebesgue space.
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Definition A.21. A probability space is a Lebesgue space if it is isomorphic
as a measure space to

(
[0, s] ⊔ A, B, m[0,s] +

∑

a∈A

paδa

)

for some countable set A of atoms and numbers s, pa > 0 with

s +
∑

a∈A

pa = 1,

where B comprises unions of Lebesgue measurable sets in [0, s] and arbitrary
subsets of A, m[0,s] is the Lebesgue measure on [0, s], and δa is the Dirac
measure defined by δa(B) = χB(a).

The next result shows, inter alia, that this notion agrees with that
used in Definition A.19 (a proof of this may be found in the book of
Parthasarathy [280, Chap. V]) up to completion of the measure space (a
measure space is complete if all subsets of a null set are measurable and
null). We will not use this result here.

Theorem A.22. A probability space is a Lebesgue space in the sense of Def-
inition A.21 if and only if it is isomorphic to (X, Bµ, µ) for some probability
measure µ on the completion Bµ of the Borel σ-algebra B of a complete
separable metric space X.

The function spaces from Section A.3 are particularly well-behaved for
Lebesgue spaces.

Theorem A.23 (Riesz–Fischer(106)). Let (X, B, µ) be a Lebesgue space.
For any p, 1 6 p < ∞, the space Lp

µ is a separable Banach space with respect
to the ‖ · ‖p-norm. In particular, L2

µ is a separable Hilbert space.

A.7 Lebesgue Density Theorem

The space R together with the usual metric and Lebesgue measure mR is a
particularly important and well-behaved special case, and here it is possible
to say that a set of positive measure is thick in a precise sense.

Theorem A.24 (Lebesgue(107)). If A ⊆ R is a measurable set, then

lim
ε→0

1

2ε
mR (A ∩ (a − ε, a + ε)) = 1

for mR-almost every a ∈ A.
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A point a with this property is said to be a Lebesgue density point or a
point with Lebesgue density 1. An equivalent and more familiar formulation
of the result is a form of the fundamental theorem of calculus.

Theorem A.25. If f : R → R is an integrable function then

lim
ε→0

1

ε

∫ s+ε

s

f(t) dt = f(s)

for mR-almost every s ∈ [0,∞).

The equivalence of Theorem A.24 and A.25 may be seen by approximating
an integrable function with simple functions.

A.8 Substitution Rule

Let O ⊆ Rn be an open set, and let φ : O → Rn be a C1-map with Jaco-
bian Jφ = | detDφ|. Then for any measurable function f > 0 (or for any
integrable function f) defined on φ(O) ⊆ Rn we have(108).

∫

O

f(φ(x))Jφ(x) dmRn(x) =

∫

φ(O)

f(y) dmRn(y). (A.3)

We recall the definition of the push-forward of a measure. Let (X, BX)
and (Y, BY ) be two spaces equipped with σ-algebras. Let µ be a measure
on X defined on BX , and let φ : X → Y be measurable. Then the push-
forward φ∗µ is the measure on (Y, BY ) defined by (φ∗µ)(B) = µ(φ−1(B)) for
all B ∈ BY .

The substitution rule allows us to calculate the push-forward of the
Lebesgue measure under smooth maps as follows.

Lemma A.26. Let O ⊆ Rn be open, let φ : O → Rn be a smooth in-
jective map with non-vanishing Jacobian Jφ = | detDφ|. Then the push-
forward φ∗mO of the Lebesgue measure mO = mRn |O restricted to O is ab-
solutely continuous with respect to mRn and is given by

dφ∗mO = J−1
φ ◦ φ−1 dmφ(O).

Moreover, if we consider a measure dµ = F dmO absolutely continuous with
respect to mO, then similarly

dφ∗µ = F ◦ φ−1J−1
φ ◦ φ−1 dmφ(O).

Proof. Recall that under the assumptions of the lemma, φ−1 is smooth
and Jφ−1 = J−1

φ ◦φ−1. Therefore, by equation (A.3) and the definition of the
push-forward,
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∫

φ(O)

f(x)J−1
φ

(
φ−1(x)

)
dmRn(x) =

∫

φ(O)

f
(
φ(φ−1(x))

)
Jφ−1(x) dmRn(x)

=

∫

O

f(φ(y)) dmRn(y)

=

∫

φ(O)

f(x) dφ∗mO(x)

for any characteristic function f = χB of a measurable set B ⊆ φ(O). This
implies the first claim. Moreover, for any measurable functions f > 0, F > 0
defined on φ(O), O respectively,

∫

φ(O)

f(x)F (φ−1(x))J−1
φ (φ−1(x)) dmRn(x) =

∫

O

f(φ(y))F (y) dmRn ,

which implies the second claim. �

Notes to Appendix A

(102)(Page 405) This result was stated by Borel [40, p. 252] for independent events as part
of his study of normal numbers, but as pointed out by Barone and Novikoff [18] there
are some problems with the proofs. Cantelli [46] noticed that half of the theorem holds
without independence; this had also been noted by Hausdorff [142] in a special case. Erdős
and Rényi [84] showed that the result holds under the much weaker assumption of pairwise
independence.
(103)(Page 406) This is shown, for example, in Parthasarathy [280, Th. 1.2]: defining a
Borel set A to be regular if, for any ε > 0, there is an open set Oε and a closed set Cε

with Cε ⊆ A ⊆ Oε and µ(OεrCε) < ε, it may be shown that the collection of all regular
sets forms a σ-algebra and contains the closed sets.
(104)(Page 409) A form of this theorem goes back to Cauchy for continuous functions on
the reals, and this was extended by Lebesgue [220] to bounded measurable functions.
Fubini [97] extended this to integrable functions, showing that if f : [a, b] × [c, d] → R is
integrable then y 7→ f(x, y) is integrable for almost every x, and proving equation (A.2).
Tonelli [362] gave the formulation here, for non-negative functions on products of σ-finite
spaces. Complete proofs may be found in Royden [320] or Lieb and Loss [229, Th. 1.12].
While the result is robust and of central importance, some hypotheses are needed: if the
function is not integrable or the spaces are not σ-finite, the integrals may have different
values. A detailed treatment of the minimal hypotheses needed for a theorem of Fubini
type, along with counterexamples and applications, is given by Fremlin [96, Sect. 252].
(105)(Page 410) This result is due to Radon [297] when µ is Lebesgue measure on Rn, and
to Nikodym [272] in the general case.
(106)(Page 412) This result emerged in several notes of Riesz and two notes of Fis-
cher [91], [92], with a full treatment of the result that L2(R) is complete appearing in
a paper of Riesz [311].
(107)(Page 412) This is due to Lebesgue [220], and a convenient source for the proof is
the monograph of Oxtoby [276]. Notice that Theorem A.24 expresses how constrained
measurable sets are: it is impossible, for example, to find a measurable subset A of [0, 1]
with the property that mR(A ∩ [a, b]) = 1

2
(b − a) for all b > a. While a measurable subset
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of measure 1
2

may have an intricate structure, it cannot occupy only half of the space on
all possible scales.
(108)(Page 413) The usual hypotheses are that the map φ is injective and the Jacobian
non-vanishing; these may be relaxed considerably, and the theorem holds in very general
settings both measurable (see Hewitt and Stromberg [152]) and smooth (see Spivak [349]).
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Functional analysis abstracts the basic ideas of real and complex analysis
in order to study spaces of functions and operators between them(109). A
normed space is a vector space E over a field F (either R or C) equipped with
a map ‖ · ‖ from E → R satisfying the properties

• ‖x‖ > 0 for all x ∈ E and ‖x‖ = 0 if and only if x = 0;
• ‖λx‖ = |λ|‖x‖ for all x ∈ E and λ ∈ F; and
• ‖x + y‖ 6 ‖x‖ + ‖y‖.
If (E, ‖ · ‖) is a normed space, then d(x, y) = ‖x − y‖ defines a metric on E.
A semi-norm is a map with the first property weakened to

• ‖x‖ > 0 for all x ∈ E.

A normed space is a Banach space if it is complete as a metric space:
that is, the condition that the sequence (xn) is Cauchy (for all ε > 0 there
is some N for which m > n > N implies ‖xm − xn‖ < ε) is equivalent
to the condition that the sequence (xn) converges (there is some y ∈ E
with the property that for all ε > 0 there is some N for which n > N
implies ‖xn − y‖ < ε).

As discussed in Section A.3, for any probability space (X, B, µ), the
norm ‖ · ‖p makes the space Lp

µ into a Banach space.

B.1 Sequence Spaces

For 1 6 p < ∞ and a countable set Γ (in practice this will be N or Z) we
denote by ℓp(Γ ) the space

{x = (xγ) ∈ RΓ |
∑

γ∈Γ

|xγ |p < ∞},

and for p = ∞ write

417
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ℓ∞(Γ ) = {x = (xγ) ∈ RΓ | sup
γ∈Γ

|xγ | < ∞}.

The norms ‖x‖p =
(∑

γ∈Γ |xγ |p
)1/p

and ‖x‖∞ = supγ∈Γ |xγ | make ℓp(Γ )

into a complete space for 1 6 p 6 ∞.

B.2 Linear Functionals

A vector space V over a normed field F, equipped with a topology τ , and with
the property that each point of V is closed and the vector space operations
(addition of vectors and multiplication by scalars) are continuous is called a
topological vector space. Any topological vector space is Hausdorff. If 0 ∈ V
has an open neighborhood with compact closure, then V is said to be locally
compact.

Let λ : V → W be a linear map between topological vector spaces. Then
the following properties are equivalent:

(1) λ is continuous;
(2) λ is continuous at 0 ∈ V ;
(3) λ is uniformly continuous in the sense that for any neighborhood OW

of 0 ∈ W there is a neighborhood OV of 0 ∈ V for which v − v′ ∈ OV

implies λ(v) − λ(v′) ∈ OW for all v, v′ ∈ V .

Of particular importance are linear maps into the ground field. For a linear
map λ : V → F, the following properties are equivalent:

(1) λ is continuous;
(2) the kernel ker(λ) = {v ∈ V | λ(v) = 0} is a closed subset of V ;
(3) ker(λ) is not dense in V ;
(4) λ is bounded on some neighborhood of 0 ∈ V .

Continuous linear maps λ : V → F are particularly important: they are called
linear functionals and the collection of all linear functionals is denoted V ∗.
If V has a norm ‖ · ‖ defining the topology τ , then V ∗ is a normed space
under the norm

‖λ‖operator = sup
‖v‖=1

{|λ(v)|F}

where | · |F is the norm on the ground field F. The normed space V ∗ is
complete if F is complete. The next result asserts that there are many linear
functionals, and allows them to be constructed in a flexible and controlled
way.

Theorem B.1 (Hahn–Banach(110)). Let λ : U → F be a linear functional
defined on a subspace U ⊆ V of a normed linear space and let

p : V → R>0
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be a semi-norm. If |f(u)| 6 p(u) for u ∈ U , then there is a linear func-
tional λ′ : V → F that extends λ in the sense that λ′(u) = λ(u) for all u ∈ U ,
and |λ′(v)| 6 p(v) for all v ∈ V .

B.3 Linear Operators

It is conventional to call maps between normed spaces operators, because in
many of the applications the elements of the normed spaces are themselves
functions. A map f : E → F between normed vector spaces (E, ‖ · ‖E)
and (F, ‖ · ‖F ) is continuous at a if for any ε > 0 there is some δ > 0 for
which

‖x − a‖E < δ =⇒ ‖f(x) − f(a)‖F < ε,

is continuous if it is continuous at every point, and is bounded if there is
some R with ‖f(x)‖F 6 R‖x‖E for all x ∈ E. If f : E → F is linear, then
the following are equivalent:

• f is continuous;
• f is bounded;
• f is continuous at 0 ∈ E.

A linear map f : E → F is an isometry if ‖f(x)‖F = ‖x‖E for all x ∈ E,
and is an isomorphism of normed spaces if f is a bijection and both f and f−1

are continuous.
Norms ‖ · ‖1 and ‖ · ‖2 on E are equivalent if the identity map

(E, ‖ · ‖1) → (E, ‖ · ‖2)

is an isomorphism of normed spaces; equivalently, if there are positive con-
stants r, R for which

r‖x‖1 6 ‖x‖2 6 R‖x‖1

for all x ∈ E. If E, F are finite-dimensional, then all norms on E are equiva-
lent and all linear maps E → F are continuous.

Theorem B.2 (Open Mapping Theorem). If f : E → F is a continuous
bijection of Banach spaces, then f is an isomorphism.

The space of all bounded linear maps from E to F is denoted B(E, F );
this is clearly a vector space. Defining

‖f‖operator = sup
‖x‖E61

{‖f(x)‖F}

makes B(E, F ) into a normed space, and if F is a Banach space then B(E, F )
is a Banach space. An important special case is the space of linear function-
als, E∗ = B(E, F).
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Assume now that E and F are Banach spaces. An operator f : E → F is
compact if the image f(U) of the open unit ball U = {x ∈ E | ‖x‖E < 1}
has compact closure in F . Equivalently, an operator is compact if and only
if every bounded sequence (xn) in E contains a subsequence (xnj ) with the
property that

(
f(xnj )

)
converges in F . Many operators that arise naturally

in the study of integral equations, for example the Hilbert–Schmidt integral
operators T defined on L2

µ(X) by

(Tf)(s) =

∫

X

K(s, t) dµ(t)

for some kernel K ∈ L2
µ×µ(X × X), are compact operators.

Now assume that E is a Banach space. Then B(E) = B(E, E) is not
only a Banach space but also an algebra: if S, T ∈ B(E) then ST ∈ B(E)
where (ST )(x) = S(T (x)), and ‖ST ‖ 6 ‖S‖‖T ‖. Write I for the identity
operator, and define the spectrum of an operator T ∈ B(E) to be

σoperator(T ) = {λ ∈ F | (T − λI) does not have a continuous inverse}.

Theorem B.3. Let E and F be Banach spaces.

(1) If T ∈ B(E, E) is compact and λ 6= 0, then the kernel of T − λI is
finite-dimensional.

(2) If E is not finite-dimensional and T ∈ B(E) is compact, then σoperator(T )
contains 0.

(3) If S, T ∈ B(E) and T is compact, then ST and TS are compact.

Functional analysis on Hilbert space is particularly useful in ergodic the-
ory, because each measure-preserving system (X, B, µ, T ) has an associated
Koopman operator UT : L2

µ → L2
µ defined by UT (f) = f ◦ T .

An invertible measure-preserving transformation T is said to have contin-
uous spectrum if 1 is the only eigenvalue of UT and any eigenfunction of UT

is a constant.

Theorem B.4 (Spectral Theorem). Let U be a unitary operator on a
complex Hilbert space H .

(1) For each element f ∈ H there is a unique finite Borel measure µf on S1

with the property that

〈Unf, f〉 =

∫

S1

zn dµf (z) (B.1)

for all n ∈ Z.
(2) The map

N∑

n=−N

cnzn 7→
N∑

n=−N

cnUnf
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extends by continuity to a unitary isomorphism between L2(S1, µf ) and
the smallest U -invariant subspace in H containing f .

(3) If T has continuous spectrum and f ∈ L2
µ has

∫
X f dµ = 0, then the

spectral measure µf associated to the unitary operator UT is non-atomic.

We will also need two fundamental compactness results due to Alaoglu,
Banach and Tychonoff(111).

Theorem B.5 (Tychonoff). If {Xγ}γ∈Γ is a collection of compact topologi-
cal spaces, then the product space

∏
γ∈Γ Xγ endowed with the product topology

is itself a compact space.

Theorem B.6 (Alaoglu). Let X be a topological vector space with U a
neighborhood of 0 in X. Then the set of linear operators x∗ : X → R
with supx∈U |x∗(x)| 6 1 is weak*-compact.

B.4 Continuous Functions

Let (X, d) be a compact metric space. The space CC(X) of continuous func-
tions f : X → C is a metric space with respect to the uniform metric

d(f, g) = sup
x∈X

|f(x) − g(x)|;

defining ‖f‖∞ = supx∈X |f(x)| makes CC(X) into a normed space.
It is often important to know when a subspace of a normed space of func-

tions is dense.

Theorem B.7 (Stone–Weierstrass Theorem(112)). Let (X, d) be a com-
pact metric space, and let A ⊆ CC(X) be a linear subspace with the following
properties:

• A is closed under multiplication (that is, A is a subalgebra);
• A contains the constant functions;
• A separates points (for x 6= y there is a function f ∈ A with f(x) 6= f(y));

and
• for any f ∈ A , the complex conjugate f ∈ A .

Then A is dense in CC(X).

Lemma B.8. The spaces CC(X) and C(X) are separable metric spaces with
respect to the metric induced by the uniform norm.

Proof. Let {x1, x2, . . . } be a dense set in X , and define a set

F = {f1, f2, . . . }
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of continuous functions by fn(x) = d(x, xn) where d is the given metric on X .
The set F separates points since the set {x1, x2, . . . } is dense. It follows
that the algebra generated by F is dense in C(X) by the Stone–Weierstrass
Theorem (Theorem B.7). The same holds for the Q-algebra generated by F
(that is, for the set of finite linear combinations

∑m
i=1 cihi with ci ∈ Q

and hi =
∏Ki

k=1 gk,i with gk,i ∈ F and Ki ∈ N). However, this set is countable,
which shows the lemma for real-valued functions. The same argument using
the Q(i)-algebra gives the complex case. �

The next lemma is a simple instance of a more general result of Urysohn
that characterizes normal spaces(113).

Theorem B.9 (Tietze–Urysohn extension). Any continuous real-valued
function on a closed subspace of a normal topological space may be extended
to a continuous real-valued function on the entire space.

We will only need this in the metric setting, and any metric space is normal
as a topological space.

Corollary B.10. If (X, d) is a metric space, then for any non-empty closed
sets A, B ⊆ X with A∩B = ∅, there is a continuous function f : X → [0, 1]
with f(A) = {0} and f(B) = {1}.

B.5 Measures on Compact Metric Spaces

The material in this section deals with measures and linear operators. It is
standard; a convenient source is Parthasarathy [280].

Let (X, d) be a compact metric space, with Borel σ-algebra B. De-
note by M (X) the space of Borel probability measures on X . The dual
space C(X)∗ of continuous real functionals on the space C(X) of continuous
functions X → R can be naturally identified with the space of finite signed
measures on X . A functional F : C(X) → C is called positive if f > 0 im-
plies that F (f) > 0, and the Riesz representation theorem states that any
continuous positive functional F is defined by a unique measure µ ∈ M (X)
via

F (f) =

∫

X

f dµ.

The main properties of M (X) needed are the following. Recall that a
set M of measures is said to be convex if the convex combination

sµ1 + (1 − s)µ2

lies in M for any µ1, µ2 ∈ M (X) and s ∈ [0, 1].

Theorem B.11. (1) M (X) is convex.
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(2) For µ1, µ2 ∈ M (X), ∫
f dµ1 =

∫
f dµ2 (B.2)

for all f ∈ C(X) if and only if µ1 = µ2.
(3) The weak*-topology on M (X) is the weakest topology making each of the

evaluation maps

µ 7→
∫

f dµ

continuous for any f ∈ C(X); this topology is metrizable and in this
topology M (X) is compact.

(4) In the weak*-topology, µn → µ if and only if any of the following condi-
tions hold:

•
∫

f dµn →
∫

f dµ for every f ∈ C(X);
• for every closed set C ⊆ X, lim supn→∞ µn(C) 6 µ(C);
• for every open set O ⊆ X, lim infn→∞ µn(O) > µ(O);
• for every Borel set A with µ (∂(A)) = 0, µn(A) → µ(A).

Proof of part (3). Recall that by the Riesz representation theorem the
dual space C(X)∗ of continuous linear real functionals C(X) → R with the
operator norm coincides with the space of finite signed measures, with the
functional being given by integration with respect to the measure. Moreover,
by the Banach–Alaoglu theorem the unit ball B1 in C(X)∗ is compact in the
weak*-topology. It follows that

M (X) =

{
µ ∈ C(X) |

∫
1 dµ = 1,

∫
f dµ > 0 for f ∈ C(X) with f > 0

}

is a weak*-closed subset of B1 and is therefore compact in the weak*-topology.
To show that the weak*-topology is metrizable on M (X) we use the fact

that C(X) is separable by Lemma B.8. Suppose that {f1, f2, . . . } is a dense
set in C(X). Then the weak*-topology on M (X) is generated by the inter-
sections of the open neighborhoods of µ ∈ M (X) defined by

Vε,n(µ) =

{
ν ∈ M (X) |

∣∣∣∣
∫

fn dν −
∫

fn dµ

∣∣∣∣ < ε

}
.

This holds since for any f ∈ C(X) and neighborhood

Vε,f (µ) =

{
ν ∈ M (X) |

∣∣∣∣
∫

f dν −
∫

f dµ

∣∣∣∣ < ε

}

we can find some n with ‖fn − f‖ < ε
3 and it is easily checked that

Vε/3,n(µ) ⊆ Vε,f (µ).

Define
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dM (µ, ν) =
∞∑

n=1

1

2n

|
∫

fn dµ −
∫

fn dν|
1 + |

∫
fn dµ −

∫
fn dν| (B.3)

for µ, ν ∈ M (X). A calculation shows that dM is a metric on M (X).
We finish the proof by comparing the metric neighborhoods Bδ(µ) de-

fined by dM with the neighborhoods Vε,n(µ). Fix δ > 0 and choose K such
that

∑∞
n=K+1

1
2n < δ

2 . Then, for sufficiently small ε > 0, any measure

ν ∈ Vε,f1 (µ) ∩ · · · ∩ Vε,fK (µ)

will satisfy
K∑

n=1

1

2n

|
∫

fn dµ −
∫

fn dν|
1 + |

∫
fn dµ −

∫
fn dν| <

δ

2
,

showing that ν ∈ Bδ(µ). Similarly, if n > 1 and ε > 0 are given, we may
choose δ small enough to ensure that 1

2n
s

1+s < δ implies that s < ε. Then for
any ν ∈ Bδ(µ) we will have ν ∈ Vε,n. It follows that the metric neighborhoods
give the weak*-topology. �

A continuous map T : X → X induces a map T∗ : M (X) → M (X)
defined by T∗(µ)(A) = µ(T−1A) for any Borel set A ⊆ X . Each x ∈ X
defines a measure δx by

δx(A) =

{
1 if x ∈ A;
0 if x /∈ A.

,

and T∗(δx) = δT (x) for any x ∈ X .
For f > 0 a measurable map and µ ∈ M (X),

∫
f dT∗µ =

∫
f ◦ T dµ. (B.4)

This may be seen by the argument used in the first part of the proof of
Lemma 2.6. In particular, equation (B.4) holds for all f ∈ C(X), and from
this it is easy to check that the map T∗ : M (X) → M (X) is continuous with
respect to the weak*-topology on M (X).

Lemma B.12. Let µ be a measure in M (X). Then µ ∈ M T (X) if and only
if
∫

f ◦ T dµ =
∫

f dµ for all f ∈ C(X).

The map T∗ is continuous and affine, so the set M T (X) of T -invariant
measures is a closed convex subset of M (X).
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B.6 Measures on Other Spaces

Our emphasis is on compact metric spaces and finite measure spaces, but
we are sometimes forced to consider larger spaces. As mentioned in Defi-
nition A.5, a measure space is called σ-finite if it is a countable union of
measurable sets with finite measure. Similarly, a metric space is called σ-
compact if it is a countable union of compact subsets. A measure defined on
the Borel sets of a metric space is called locally finite if every point of the
space has an open neighborhood of finite measure.

Theorem B.13. Let µ be a locally finite measure on the Borel sets of a σ-
compact metric space. Then µ is regular, meaning that

µ(B) = sup{µ(K) | K ⊆ B, K compact} = inf{U | B ⊆ U, U open}

for any Borel set B.

B.7 Vector-valued Integration

It is often useful to integrate functions taking values in the space of measures
(for example, in Theorem 6.2, in Section 6.5, and in Theorem 8.10). It is also
useful to integrate functions f : X → V defined on a measure space (X, B, µ)
and taking values in a topological vector space V . The goal is to define

∫
X

f dµ
as an element of V that behaves like an integral: for example, if λ : V → R
is a continuous linear functional on V , then we would like

λ

(∫

X

f dµ

)
=

∫

X

(λf) dµ (B.5)

to hold whenever
∫

X
f dµ is defined. One (of many(114)) approaches to defin-

ing integration in this setting is to use the property in equation (B.5) to
characterize the integral; in order for this to work we need to restrict atten-
tion to topological vector spaces in which there are enough functionals. We
say that V ∗ separates points in V if for any v 6= v′ in V there is a λ ∈ V ∗

with λ(v) 6= λ(v′).

Definition B.14. Let V be a topological vector space on which V ∗ separates
points, and let f : X → V be a function defined on a measure space (X, B, µ)
with the property that the scalar functions λ(f) : X → F lie in L1

µ(X) for
every λ ∈ V ∗. If there is an element v ∈ V for which

λ(v) =

∫

X

(λf) dµ

for every λ ∈ V ∗, then we define
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∫

X

f dµ = v.

We start with the simplest example of integration for functions taking
values in a Hilbert space.

Example B.15. If V is a Hilbert space H then the characterization in Defi-
nition B.14 takes the form

〈∫

X

f dµ, h

〉
=

∫

X

〈f(x), h〉 dµ(x) (B.6)

for all h ∈ V . Note that in this setting the right-hand side of equa-
tion (B.6) defines a continuous linear functional on H . It follows that the
integral

∫
X

f dµ exists by the Riesz representation theorem (see p. 422).

We now describe two more situations in which the existence of the integral
can be established quite easily.

Example B.16. Let V = Lp
ν(Y ) for a probability space (Y, ν) with 1 6 p < ∞,

and let F : X ×Y → C be an element of Lp
µ×ν(X ×Y ). In this case we define

f : (X, µ) → V

by defining f(x) to be the equivalence class of the function

F (x, ·) : y 7−→ F (x, y).

We claim that v =
∫

X f dµ exists and is given by the equivalence class of

ν(y) =

∫
F (x, y) dµ(x),

which is well-defined by the Fubini–Tonelli Theorem (Theorem A.13), since

Lp
µ×ν(X × Y ) ⊆ L1

µ×ν(X × Y ).

To see this claim, recall that V ∗ = Lq
ν(Y ) where 1

p + 1
q = 1, and let w ∈ Lq

ν(Y ).

Then Fw ∈ L1
µ×ν(X × Y ) and so

∫

X

〈f(x), w)〉 dµ =

∫

X

∫

Y

F (x, y)w(y) dν dµ

=

∫

Y

∫

X

F (x, y) dµ · w(y) dν = 〈v, w〉

by Fubini, as required (notice that the last equation also implies that v lies
in Lp

ν(Y )).

Example B.17. Suppose now that V is a Banach space, and that f : X → V ∗

takes values in the dual space V ∗ of V . Assume moreover that ‖f(x)‖ is
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integrable and for any v ∈ V the map x 7→ 〈v, f(x)〉 is measurable (and
hence automatically integrable, since | 〈v, f(x)〉 | 6 ‖v‖ · ‖f(x)‖). Then

∫

X

f(x) dµ(x) ∈ V ∗

exists if we equip V ∗ with the weak*-topology: In fact, we may let
∫

X f dµ
be the map

V ∋ v 7−→
∫

X

〈v, f(x)〉 dµ,

which depends linearly and continuously on v. Moreover, with respect to the
weak*-topology on V ∗ all continuous functionals on V ∗ are evaluation maps
on V .

The last example includes (and generalizes) the first two examples above,
but also includes another important case. A similar construction is used in
Section 5.3, in the construction of conditional measures.

Example B.18. Let V = C(Y ) for a compact metric space Y , so that V ∗ is
the space of signed finite measures on Y . Hence, for any probability-valued
function

Θ : X → M (Y )

with the property that
∫

f(y) dΘx(y) depends measurably on x ∈ X , there
exists a measure

∫
X

Θx dµ(x) on Y .

The next result gives a general criterion that guarantees existence of inte-
grals in this sense (see Folland [94, App. A]).

Theorem B.19. If (X, B, µ) is a Borel probability space, V ∗ separates points
of V , f : X → V is measurable, and the smallest closed convex subset I
of V containing f(X) is compact, then the integral

∫
X

f dµ in the sense of
Definition B.14 exists, and lies in I.

A second approach is to generalize Riemann integration to allow contin-
uous functions defined on a compact metric space equipped with a Borel
probability measure and taking values in a Banach space. If V is a Banach
space with norm ‖ · ‖, (X, d) is a compact metric space with a finite Borel
measure µ, and f : X → V is continuous, then f is uniformly continuous
since X is compact. Given a finite partition ξ of X into Borel sets and a
choice xP ∈ X of a point xP ∈ P ∈ ξ for each atom P of ξ, define the
associated Riemann sum

Rξ(f) =
∑

P∈ξ

f(gP )µ(P ).

It is readily checked that Rξ(f) converges as
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diam(ξ) = max
P∈ξ

diam(P ) → 0,

and we define ∫

X

f dµ = lim
diam(ξ)→0

Rξ(f)

to be the (Riemann) integral of f with respect to µ. It is clear from the
definition that ∥∥∥∥

∫

X

f dµ

∥∥∥∥ 6

∫

X

‖f‖ dµ,

where the integral on the right-hand side has the same definition for the
continuous function x 7→ ‖f(x)‖ taking values in R (and therefore coincides
with the Lebesgue integral).

Notes to Appendix B

(109)(Page 417) Convenient sources for most of the material described here include Rudin [321]
and Folland [94]; many of the ideas go back to Banach’s monograph [17], originally pub-
lished in 1932.
(110)(Page 418) The Hahn–Banach theorem is usually proved using the Axiom of Choice
(though it is not equivalent to it), and is often the most convenient form of the Ax-
iom of Choice for functional analysis arguments. Significant special cases were found by
Riesz [312], [313] in connection with extending linear functionals on Lq, and by Helly [147]

who gave a more abstract formulation in terms of operators on normed sequence spaces.
Hahn [132] and Banach [16] formulated the theorem as it is used today, using transfinite
induction in a way that became a central tool in analysis.
(111)(Page 421) Tychonoff’s original proof appeared in 1929 [363]; the result requires and
implies the Axiom of Choice. Alaoglu’s theorem appeared in 1940 [4], clarifying the treat-
ment of weak topologies by Banach [17].
(112)(Page 421) Weierstrass proved that the polynomials are dense in C[a, b] (corresponding
to the algebra of real functions generated by the constants and the function f(t) = t).
Stone [355] proved the result in great generality.
(113)(Page 422) Urysohn [365] shows that a topological space is normal (that is, Hausdorff
and with the property that disjoint closed sets have disjoint open neighborhoods) if and
only if it has the extension property in Theorem B.9. A simple example of a non-normal
topological space is the space of all functions R → R with the topology of pointwise
convergence. Earlier, Tietze [361] had shown the same extension theorem for metric spaces,
and in particular Corollary B.10, which for normal spaces is usually called Urysohn’s
lemma.
(114)(Page 425) Integration can also be defined by emulating the real-valued case using
partitions of the domain to produce a theory of vector-valued Riemann integration, or by
using the Borel σ-algebra in V to produce a theory of vector-valued Lebesgue integration:
the article of Hildebrandt [153] gives an overview.
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Many groups arising naturally in mathematics have a topology with respect to
which the group operations are continuous. Abstracting this observation has
given rise to the important theory described here. We give a brief overview,
but note that most of the discussions and examples in this volume concern
concrete groups, so knowledge of the general theory summarized in this ap-
pendix is useful but often not strictly necessary.

C.1 General Definitions

Definition C.1. A topological group is a group G that carries a topology
with respect to which the maps (g, h) 7→ gh and g 7→ g−1 are continuous as
maps G × G → G and G → G respectively.

Any topological group can be viewed as a uniform space in two ways:
the left uniformity renders each left multiplication g 7→ hg into a uniformly
continuous map while the right uniformity renders each right multiplica-
tion g 7→ gh into a uniformly continuous map. As a uniform space, any topo-
logical group is completely regular, and hence(115) is Hausdorff if it is T0.

Since the topological groups we need usually have a natural metric giving
the topology, we will not need to develop this further.

The topological and algebraic structure on a topological group interact in
many ways. For example, in any topological group G:

• the connected component of the identity is a closed normal subgroup;
• the inverse map g 7→ g−1 is a homeomorphism;
• for any h ∈ G the left multiplication map g 7→ hg and the right multipli-

cation map g 7→ gh are homeomorphisms;
• if H is a subgroup of G then the closure of H is also a subgroup;
• if H is a normal subgroup of G, then the closure of H is also a normal

subgroup.

429
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A topological group is called monothetic if it is Hausdorff and has a dense
cyclic subgroup; a monothetic group is automatically abelian. Any generator
of a dense subgroup is called a topological generator. Monothetic groups arise
in many parts of dynamics.

A subgroup of a topological group is itself a topological group in the sub-
space topology. If H is a subgroup of a topological group G then the set of
left (or right) cosets G/H (or H\G) is a topological space in the quotient
topology (the smallest topology which makes the natural projection g 7→ gH
or Hg continuous). The quotient map is always open. If H is a normal sub-
group of G, then the quotient group becomes a topological group. However,
if H is not closed in G, then the quotient group will not be T0 even if G
is. It is therefore natural to restrict attention to the category of Hausdorff
topological groups, continuous homomorphisms and closed subgroups, which
is closed under many natural group-theoretic operations.

If the topology on a topological group is metrizable(116), then there is a
compatible metric defining the topology that is invariant under each of the
maps g 7→ hg (a left-invariant metric) and there is similarly a right-invariant
metric.

Lemma C.2. If G is compact and metrizable, then G has a compatible metric
invariant under all translations (that is, a bi-invariant metric).

Proof. Choose a basis {Un}n>1 of open neighborhoods of the identity e ∈ G,
with ∩n>1Un = {e}, and for each n > 1 choose (by Theorem B.9) a continu-
ous function fn : G → [0, 1] with ‖fn‖ = 1, fn(e) = 1 and fn(GrUn) = {0}.
Let

f(g) =
∞∑

n=1

fn(g)/2n,

so that f is continuous, f−1({1}) = e, and define

d(x, y) = sup
a,b∈G

{|f(axb) − f(ayb)|}.

Then d is bi-invariant and compatible with the topology on G. �

Example C.3. (117) The group GLn(C) carries a natural norm

‖x‖ = max

{ (
n∑

i=1

∣∣∣
n∑

j=1

xijvj

∣∣∣
2
)1/2

|
n∑

i=1

|vi|2 = 1

}

from viewing a matrix x = (xij)16i,j6n ∈ GLn(C) as a linear operator on Cn.
Then the function

d(x, y) = log
(
1 + ‖x−1y − In‖ + ‖y−1x − In‖

)
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is a left-invariant metric compatible with the topology. For n > 2, there is
no bi-invariant metric on GLn(C). To see this, notice that for such a metric
conjugation would be an isometry, while

(
m 1
0 1

)(
1
m

1
m2

0 1

)
=

(
1 1 + 1

m
0 1

)
−→

(
1 1
0 1

)

as m → ∞, and

(
1
m

1
m2

0 1

)(
m 1
0 1

)
=

(
1 1

m + 1
m2

0 1

)
−→

(
1 0
0 1

)

as m → ∞.

C.2 Haar Measure on Locally Compact Groups

Further specializing to locally compact topological groups (that is, topolog-
ical groups in which every point has a neighborhood containing a compact
neighborhood) produces a class of particular importance in ergodic theory
for the following reason.

Theorem C.4 (Haar(118)). Let G be a locally compact group.

(1) There is a measure mG defined on the Borel subsets of G that is invariant
under left translation, is positive on non-empty open sets, and is finite
on compact sets.

(2) The measure mG is unique in the following sense: if µ is any measure
with the properties of (1) then there is a constant C with µ(A) = CmG(A)
for all Borel sets A.

(3) mG(G) < ∞ if and only if G is compact.

The measure mG is called (a) left Haar measure on G; if G is compact
it is usually normalized to have mG(G) = 1. There is a similar right Haar
measure. If mG is a left Haar measure on G, then for any g ∈ G the measure
defined by A 7→ mG(Ag) is also a left Haar measure. By Theorem C.4, there
must therefore be a unique function mod, called the modular function or
modular character with the property that

mG(Ag) = mod(g)mG(A)

for all Borel sets A. The modular function is the continuous homomor-
phism mod : G → R>0. A group in which the left and right Haar measures
coincide (equivalently, whose modular function is identically 1) is called uni-
modular : examples include all abelian groups, all compact groups (since there
are no non-trivial compact subgroups of R>0), and semi-simple Lie groups.
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There are several different proofs of Theorem C.4. For compact groups,
it may be shown using fixed-point theorems from functional analysis. A par-
ticularly intuitive construction, due to von Neumann, starts by assigning
measure one to some fixed compact set K with non-empty interior, then uses
translates of some small open set to efficiently cover K and any other com-
pact set L. The Haar measure of L is then approximately the number of
translates needed to cover L divided by the number needed to cover K (see
Section 8.3 for more details). Remarkably, Theorem C.4 has a converse: un-
der some technical hypotheses, a group with a Haar measure must be locally
compact(119).

Haar measure produces an important class of examples for ergodic theory:
if φ : G → G is a surjective homomorphism and G is compact, then φ
preserves(120) the Haar measure on G. Haar measure also connects(121) the
topology and the algebraic structure of locally compact groups.

Example C.5. In many situations, the Haar measure is readily described.

(1) The Lebesgue measure λ on Rn, characterized by the property that

λ ([a1, b1] × · · · × [an, bn]) =
n∏

i=1

(bi − ai)

for ai < bi, is translation invariant and so is a Haar measure for Rn

(unique up to multiplication by a scalar).
(2) The Lebesgue measure λ on Tn, characterized in the same way by the

measure it gives to rectangles, is a Haar measure (unique if we choose to
normalize so that the measure of the whole group Tn is 1).

As we have seen, a measure can be described in terms of how it integrates
integrable functions. For the remaining examples, we will describe a Haar
measure mG by giving a ‘formula’ for

∫
f dmG. Thus the statement about

the Haar measure mRn in (1) above could be written somewhat cryptically
as ∫

Rn

f(x) dmRn(x) =

∫

Rn

f(x) dx1 . . . dxn

for all functions f for which the right-hand side is finite. Evaluating a Haar
measure on a group with explicit coordinates often amounts to computing a
Jacobian.

(3) Let G = Rr{0} = GL1(R), the real multiplicative group. The transfor-
mation x 7→ ax has Jacobian a: it can be readily checked that

∫
f(ax)

dx

|x| =

∫
f(x)

dx

|x|

for any integrable f and a 6= 0. Hence a Haar measure mG is defined by
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∫

G

f(x) dmG(x) =

∫

G

f(x)

|x| dx

for any integrable f . Similarly, if G = Cr{0} = GL1(C), then

∫

Cr{0}
f(z) dmG(z) =

∫∫

R2r{(0,0)}

f(x + iy)

x2 + y2
dxdy.

(4) Let G =

{(
a b
0 1

)
| a ∈ Rr{0}, b ∈ R

}
, and identify elements of G with

pairs (a, b). Then

∫

G

f(a, b) dm
(ℓ)
G =

∫

R

∫

Rr{0}

f(a, b)

a2
da db

defines a left Haar measure, while

∫

G

f(a, b) dm
(r)
G =

∫

R

∫

Rr{0}

f(a, b)

|a| da db

defines a right Haar measure. As G is isomorphic to the group of affine
transformations x 7→ ax + b under composition, it is called the ‘ax + b’
group. It is an example of a non-unimodular group, with mod(a, b) = 1

|a| .

(5) Let G = GL2(R), and identify the element (xij)16i,j62 with

(x11, x12, x21, x22) ∈ A = {x ∈ R4 | x11x22 − x12x21 6= 0}.

Then
∫

G

f dmG =

∫∫∫∫

A

f(x11, x12, x21, x22)

(x11x22 − x12x21)2
dx11 dx12 dx21 dx22

defines a left and a right Haar measure on G, which is therefore unimod-
ular.

C.3 Pontryagin Duality

Specializing yet further brings us to the class of locally compact abelian groups
(LCA groups) which have a very powerful theory(122) generalizing Fourier
analysis on the circle. Throughout this section, Lp(G) denotes Lp

mG
(G) for

some Haar measure mG on G.
A character on a LCA group G is a continuous homomorphism

χ : G → S1 = {z ∈ C | |z| = 1}.
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The set of all continuous characters on G forms a group under pointwise
multiplication, denoted Ĝ (this means the operation on Ĝ is defined by

(χ1 + χ2)(g) = χ1(g)χ2(g)

for all g ∈ G, and the trivial character χ(g) = 1 is the identity). The image

of g ∈ G under χ ∈ Ĝ will also be written 〈g, χ〉 to emphasize that this is a

pairing between G and Ĝ. For compact K ⊆ G and ε > 0 the sets

N(K, ε) = {χ | |χ(g) − 1| < ε for g ∈ K}

and their translates form a basis for a topology on Ĝ, the topology of uniform
convergence on compact sets.

Theorem C.6. In the topology described above, the character group of a LCA
group is itself a LCA group. A subgroup of the character group that separates
points is dense.

A subset E ⊆ Ĝ is said to separate points if for g 6= h in G there is
some χ ∈ E with χ(g) 6= χ(h).

Using the Haar measure on G the usual Lp function spaces may be defined.
For f ∈ L1(G) the Fourier transform of f , denoted f̂ is the function on Ĝ
given by

f̂(χ) =

∫

G

f(g)〈g, χ〉dmG.

Some of the basic properties of the Fourier transform are as follows.

• The image of the map f 7→ f̂ is a separating self-adjoint algebra in C0(Ĝ)
(the continuous complex functions vanishing at infinity) and hence is dense

in C0(Ĝ) in the uniform metric.

• The Fourier transform of the convolution f ∗ g is the product f̂ · ĝ.
• The Fourier transform satisfies ‖f̂‖∞ 6 ‖f‖1 and so is a continuous oper-

ator from L1(G) to L∞(Ĝ).

Lemma C.7. If G is discrete, then Ĝ is compact, and if G is compact then Ĝ
is discrete.

We prove the second part of this lemma to illustrate how Fourier analysis
may be used to study these groups. Assume that G is compact, so that the
constant function χ0 ≡ 1 is in L1(G).

Also under the assumption of compactness of G, we have the following
orthogonality relations. Let χ 6= η be characters on G. Then we may find an
element h ∈ G with (χη−1)(h) 6= 1. On the other hand,

∫

G

(χη−1)(g) dmG =

∫

G

(χη−1)(g + h) dmG = (χη−1)(h)

∫
(χη−1)(g) dmG,
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so
∫

G
(χη−1)(g) dmG = 0 and the characters χ and η are orthogonal with

respect to the inner-product

〈f1, f2〉 =

∫

G

f1f2 dmG

on Ĝ. Thus distinct characters are orthogonal as elements of L2(G).
Finally, note that the Fourier transform of any L1 function is continuous

on the dual group, and the orthogonality relations mean that χ̂0(χ) = 1 if χ
is the trivial character χ0, and χ̂0(χ) = 0 if not. It follows that {χ0} is an

open subset of Ĝ, so Ĝ is discrete.
The Fourier transform is defined on L1(G)∩L2(G), and maps into a dense

linear subspace of L2(Ĝ) as an L2 isometry. It therefore extends uniquely to

an isometry L2(G) → L2(Ĝ), known as the Fourier or Plancherel transform

and also denoted by f 7→ f̂ . We note that this map is surjective.
Recall that there is a natural inner-product structure on L2(G).

Theorem C.8 (Parseval Formula). Let f and g be functions in L2(G).
Then

〈f, g〉G =

∫

G

f(x)g(x) dmG =

∫

Ĝ

f̂(χ)ĝ(χ) dmĜ = 〈 f̂ , ĝ 〉Ĝ .

Given a finite Borel measure µ on the dual group Ĝ of a locally compact
abelian group G, the inverse Fourier transform of µ is the function µ̌ : G → C
defined by

µ̌(x) =

∫

Ĝ

χ(x) dµ(χ).

A function f : G → C is called positive-definite if for any a1, . . . , ar ∈ C
and x1, . . . , xr ∈ G,

r∑

i=1

r∑

j=1

aiajf(xix
−1
j ) > 0. (C.1)

Theorem C.9 (Herglotz–Bochner(123)). Let G be an abelian locally com-
pact group. A function f : G → C is positive-definite if and only if it is the
Fourier transform of a finite positive Borel measure.

Denote by B(G) the set of all functions f on G which have a representation
in the form

f(x) =

∫

Ĝ

〈x, χ〉 dµ(χ)

for x ∈ G and a finite positive Borel measure µ on Ĝ. A consequence of the
Herglotz–Bochner theorem (Theorem C.9) is that B(G) coincides with the
set of finite linear combinations of continuous positive-definite functions on G
(see equation (C.1)).
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Theorem C.10 (Inversion Theorem). Let G be a locally compact group.

If f ∈ L1(G)∩B(G), then f̂ ∈ L1(Ĝ). Having chosen a Haar measure on G,

the Haar measure mĜ on Ĝ may be normalized to make

f(g) =

∫

Ĝ

f̂(χ)〈g, χ〉dmĜ (C.2)

for g ∈ G and any f ∈ L1(G) ∩ B(G).

We will usually use Theorem C.10 for a compact metric abelian group G.
In this case the Haar measure is normalized to make m(G) = 1, and the

measure on the discrete countable group Ĝ is simply counting measure, so
that the right-hand side of equation (C.2) is a series.

In particular, for the case G = T = R/Z we find Ĝ = {χk | k ∈ Z}
where χk(t) = e2πikt. Theorem C.10 then says that for any f ∈ L2(T) we
have the Fourier expansion

f(t) =
∑

k∈Z

f̂(χk)e2πikt

for almost every t.
Similarly, for any compact G, the set of characters of G forms an orthonor-

mal basis of L2(G). We already showed the orthonormality property in the
discussion after Lemma C.7; here we indicate briefly how the completeness
of the set of characters can be established, both for concrete groups and in
general.

Let A denote the set of finite linear combinations of the form

p(g) =
n∑

i=1

ciχi

with ci ∈ C. Then A is a subalgebra of CC(X) which is closed under con-
jugation. If we know in addition that A separates points in G, then by
the Stone–Weierstrass Theorem (Theorem B.7) we have that A is dense
in CC(X). Moreover, in that case A is also dense in L2(G), and so the set of
characters forms an orthonormal basis for L2(G). That A separates points
can be checked explicitly for many compact abelian groups; in particular
for G = Rd/Zd the characters are of the form

χn(x) = e2πi(n1x1+···+ndxd) (C.3)

with n ∈ Zd, and this explicit presentation may be used to show that the set
of characters separates points on the d-torus. In general, one can prove that Ĝ
separates points by showing that the functions in B(G) separate points, and
then applying the Herglotz–Bochner theorem (Theorem C.9).
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Theorem C.11. For any compact abelian group G, the set of characters sep-
arates points and therefore forms a complete orthonormal basis for L2(G).

The highlight of this theory is Pontryagin duality, which directly links
the algebraic structure of LCA groups to their (Fourier-)analytic structure.

If G is an LCA group, then Γ = Ĝ is also an LCA group, which therefore
has a character group Γ̂ , which is again LCA. Any element g ∈ G defines a
character χ 7→ χ(g) on Γ .

Theorem C.12 (Pontryagin Duality). The map α : G → Γ̂ defined by

〈g, χ〉 = 〈χ, α(g)〉

is a continuous isomorphism of LCA groups.

The Pontryagin duality theorem relates to the subgroup structure of an
LCA group as follows.

Theorem C.13. If H ⊆ G is a closed subgroup, then G/H is also an LCA
group. The set

H⊥ = {χ ∈ Ĝ | χ(h) = 1 for all h ∈ H},

the annihilator of H, is a closed subgroup of Ĝ. Moreover,

• Ĝ/H ∼= H⊥;

• Ĝ/H⊥ ∼= Ĥ;
• if H1, H2 are closed subgroups of G then

H⊥
1 + H⊥

2
∼= X̂

where X = G/(H1 ∩ H2);
• H⊥⊥ ∼= H.

The dual of a continuous homomorphism θ : G → H is a homomorphism

θ̂ : Ĥ → Ĝ

defined by θ̂(χ)(g) = χ(θ(g)). There are simple dualities for homomorphisms,

for example θ has dense image if and only if θ̂ is injective.
Pontryagin duality expresses topological properties in algebraic terms. For

example, if G is compact then Ĝ is torsion if and only if G is zero-dimensional
(that is, has a basis for the topology comprising sets that are both closed and

open), and Ĝ is torsion-free if and only if G is connected. Duality also gives
a description of monothetic groups: if G is a compact abelian group with
a countable basis for its topology then G is monothetic if and only if the
dual group Ĝ is isomorphic as an abstract group to a countable subgroup
of S1. If G is monothetic, then any such isomorphism is given by choosing a
topological generator g ∈ G and then sending χ ∈ Ĝ to χ(g) ∈ S1.
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Example C.14. As in the case of Haar measure in Example C.5, the character
group of many groups can be written down in a simple way.

(1) If G = Z with the discrete topology, then any character χ ∈ Ẑ is deter-
mined by the value χ(1) ∈ S1, and any choice of χ(1) defines a character.
It follows that the map z 7→ χz, where χ is the unique character on Z
with χz(1) = z, is an isomorphism S1 → Ẑ.

(2) Consider the group R with the usual topology. Then for any s ∈ R the
map χs : t 7→ eist is a character on R, and any character has this form.
In other words, the map s 7→ χs is an isomorphism R → R̂.

(3) More generally, let K be any locally compact non-discrete field, and as-
sume that χ0 : K → S1 is a non-trivial character on the additive group
structure of K. Then the map a 7→ χa, where χa(x) = χ0(ax), defines an

isomorphism K → K̂.
(4) An important example of (3) concerns the field of p-adic numbers Qp.

For each prime number p, the field Qp is the set of formal power se-
ries

∑
n>k anpn where an ∈ {0, 1, . . . , p − 1} and k ∈ Z and we always

choose ak 6= 0, with the usual addition and multiplication. The met-
ric d(x, y) = |x− y|p, where |

∑
n>k anpn|p = p−k and |0|p = 0, makes Qp

into a non-discrete locally compact field. By (3) an isomorphism Q̂p → Qp

is determined by any non-trivial character on Qp, for example the map

∑

n>k

anpn 7→ exp
(

2πi

−1∑

n=k

anp−n
)
.

(5) Consider the additive group Q with the discrete topology. Then the group

of characters is compact. Any element of R̂ restricts to a character of Q, so
there is an embedding R →֒ Q̂ (injective because a continuous character

on R is defined by its values on the dense set Q). The group Q̂ is an
example of a solenoid, and there is a detailed account of its structure in
terms of adeles in the monograph of Weil [377].

Lemma C.15 (Riemmann–Lebesgue(124)). Let G be a locally compact
abelian group, and let µ be a measure on G absolutely continuous with respect
to Haar measure mG. Then

µ̂(χ) =

∫

G

χ(g) dµ(t) → 0

as χ → ∞∗.

∗ A sequence χn → ∞ if for any compact set K ⊆ Ĝ there exists N = N(K) for which

n > N =⇒ χn /∈ K.



NOTES TO APPENDIX C 439

The Riemann–Lebesgue lemma generalizes to absolutely continuous mea-
sures with respect to any sufficiently smooth measure.

Lemma C.16. Let ν be a finite measure on S1, and assume that

∫
e2πint dν(t) → 0

as |n| → ∞. Then for any finite measure µ that is absolutely continuous with
respect to ν, ∫

e2πint dµ

dν
dν(t) → 0

as |n| → ∞.

Notes to Appendix C

(115)(Page 429) Given a topological space (X, T ), points x and y are said to be topolog-
ically indistinguishable if for any open set U ∈ T we have x ∈ U if and only if y ∈ U
(they have the same neighborhoods). The space is said to be T0 or Kolmogorov if distinct
points are always topologically distinguishable. This is the weakest of a hierarchy of topo-
logical separation axioms; for topological groups many of these collapse to the following
natural property: the space is T2 or Hausdorff if distinct points always have some distinct
neighborhoods.
(116)(Page 430) A topological group is metrizable if and only if every point has a countable

basis of neighborhoods (this was shown by Kakutani [170] and Birkhoff [34]) and has a
metric invariant under all translations if there is a countable basis {Vn} at the identity
with xVnx−1 = Vn for all n (see Hewitt and Ross [151, p. 79]).
(117)(Page 430) This explicit construction of a left-invariant metric on GLn(C) is due to
Kakutani [170] and von Dantzig [64].
(118)(Page 431) Haar’s original proof appears in his paper [130]; more accessible treatments
may be found in the books of Folland [94], Weil [376] or Hewitt and Ross [151]. The
important lecture notes of von Neumann from 1940-41, when he developed much of the
theory from a new perspective, have now been edited and made available by the American
Mathematical Society [269].
(119)(Page 432) This result was announced in part in a note by Weil [375] and then complete
proofs were given by Kodaira [206]; these results were later sharpened by Mackey [239].
(120)(Page 432) This observation is due to Halmos [134], who determined when Haar mea-
sure is ergodic, and accounts for the special role of compact group automorphisms as dis-
tinguished examples of measure-preserving transformations in ergodic theory. The proof is
straightforward: the measure defined by µ(A) = mG(φ−1A) is also a translation-invariant
probability measure defined on the Borel sets, so µ = mG.
(121)(Page 432) For example, if G and H are locally compact groups and G has a countable
basis for its topology then any measurable homomorphism φ : H → G is continuous
(Mackey [240]); in any locally compact group, for any compact set A with positive Haar
measure, the set AA−1 contains a neighborhood of the identity; if H ⊆ G is closed under
multiplication and conull then H = G.
(122)(Page 433) The theory described in this section is normally called Pontryagin duality or
Pontryagin–von Kampen duality; the original sources are the book of Pontryagin [293] and
the papers of van Kampen [181]. More accessible treatments may be found in Folland [94],
Weil [376], Rudin [322] or Hewitt and Ross [151].
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(123)(Page 435) This result is due to Herglotz [148] for functions on Z, to Bochner [37]
for R, and to Weil [376] for locally compact abelian groups; accessible sources include the
later translation [38] and Folland [94].
(124)(Page 438) Riemann [310] proved that the Fourier coefficients of a Riemann integrable
periodic function converge to zero, and this was extended by Lebesgue [219]. The finite
Borel measures on T with µ̂(n) → 0 as |n| → ∞ are the Rajchman measures; all absolutely
continuous measures are Rajchman measures but not conversely. Menshov, in his con-
struction of a Lebesgue null set of multiplicity, constructed a singular Rajchman measure
in 1916 by modifying the natural measure on the Cantor middle-third set (though notice
that the Cantor–Lebesgue measure ν on the middle-third Cantor set has ν̂(n) = ν̂(3n),
so is a continuous measure that is not Rajchman). Riesz raised the question of whether

a Rajchman measure must be continuous, and this was proved by Neder in 1920. Wiener
gave a complete characterization of continuous measures by showing that ν is continuous
if and only if 1

2n+1

∑n
k=−n |µ̂(k)| → 0 as n → ∞. A convenient account is the survey by

Lyons [238].


