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All orbits are periodic.

Orbit representing curves develop some
“thickness”, but remain stable. Why?

In the chaotic regions the map is conjectured
to behave like a random permutation.







Features and stability of the
orbits are unexplained.
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Lattice versions of symplectic maps have been introduced for many
reasons:

Study numerical orbits rigorously.

Mimic quantum effects.

To perform delicate computations.

Natural restrictions to lattices of maps on manifolds.

Shift radix systems.

The observed stability of the orbits results from:

Existence of bounding invariant sets.
Renormalization.

Not known.

Few rigorous results; no general theory/framework.
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Stability from bounding invariant sets

Some dynamical systems featuring bounding invariant sets, also
restrict to Invariant lattices.

Invariant polygons of Devaney's map: (x,y) — (1-y+]|xl,x)

Invariant lattices: 122, n>1
n

Invariant necklaces of outer
billiards of rational polygons.

Infinitely many invariant lattices.
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Linear rotations on lattices

floor function

/

F:7%— 72 (z,y) — (| Mz]| — vy, x) A < 2

The map F’ describes linear planar rotations subject to round-off.

rotation number

RS A =2cos(2mV)
F(z) \\
\\ rational (irrational)
N\ rotation number:
\ without round-off, all orbits
\Z are periodic (quasi-periodic).

|

Conjecture (Blank, Akiyama et al): For all parameter values, all orbits of F are periodic.

Proved for only eight (non-trivial) values of the parameter.
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Stability from renormalisation Rational rotations:
A =2cos(2mv) veQ

If v = p/q, then the map FY is close to the identity on Z=2.

A discrete vector field on a lattice,
assuming finitely many values.

We embed the lattice into a torus
In such a way that the dynamics
extends to a piecewise isometry.

B — z
— zero entropy

If X is quadratic (eight values of v in all), PERIODICITY PROOFS:

.. Lowenstein, Hatjispyros & fv (1997),
then we have exact renormalisation: 7P (1097)

_ Koupstov, Lowenstein & fv (2002),
fractal walks on lattices. Akiyama, Brunotte, Petho & Steiner (2008).
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The stability problem remains open, for

all parameters.
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The stability problem remains open, for , y
all parameters. gﬁfﬂgﬁjig%&f%%ﬁ%ﬂ%n%mnfﬂ%%
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Orbits feature irregular fluctuations " B8

around ellipses. | “Chd
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period vs radius

l 0()
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10*
T(r)

The period of orbits is difficult to
compute (non-polynomial time).

10

10° Very large fluctuations, with some

- structure.
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What do we know?

If A is rational with a single prime divisor p at denominator, then the round-

off map may be embedded into a positive-entropy map of the ring of p-
adic integers. [Bosio, fv]

The departure of round-off orbits from exact orbits obeys a central limit
theorem. [Vladimirov, fv]

There are infinitely many periodic points on the symmetry axis. [Akiyama]
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The simplest near-rational case:

The dynamics at the limit is trivial (rotation by m/2).

small A

0 T | — T
0 10 20 30 40 50 60 70
X

surrogate near-integrable dynamics

very small A

)\—>0,1/—>1/4

oy 00000000

........ M, 000000O0O

''''''' ™., |lo0000000

200 -+ loooo0o0o000

......... 00000000

------ 00000000

- ood-,goooo

_ hn.“_‘ 00000000
150 - " \
| \
\

'\‘\

e “

100 - )

50 -

0 T L - - LI | T
0 50 100 150 200

limit integrable system?

Scaling will be needed for convergence:

7% s )72

1/A






The integrable system

H(x,y) = P(x)+ P(y)
P(x) = [x]* + (2|x) + 1){x}

AN




The integrable system

H(x,y) = P(x)+ P(y)
P(x) = [x]* + (2|x) + 1){x}

0 1 2 3

Level sets are polygons, not circles



The integrable system

H(x,y) = P(x)+ P(y)
P(x) = [x]* + (2|x) + 1){x}

polygon classes

0 1 2 3
X

Level sets are polygons, not circles



The integrable system

H(x,y) = P(x)+ P(y)
P(x) = [x]* + (2|x) + 1){x}

polygon classes

1£

H(x,y) is the sum
of two squares

0 1 2 3
X

Level sets are polygons, not circles
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Geometric discretization: strip maps

strip

A flow with a piecewise-constant
vector field is diffracted by a line

A lattice generated
by the two vectors is
iInvariant under the
map

v

replace the flow by
a map, using the
same vectors
(Euler integration)

flow and map differ
within a strip
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e

plecewise-constant
vector field

X 9,
/ .\5 (I)

perturbed
orbit
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Linked strip maps: the A—=0 round-off problem

A discrete vector field on A Z>

We scale the integrable field,

to make it coincide with v
through most of the lattice.

Flow and Euler map differ in
strips.

In some strips, the two fields
may also differ.

The integrable and perturbed
orbits differ.

strips

/ \
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Thickness is determined by vector field symmetry axis

f Irregular domains

1— ; near integer points.

o f * Thickness of strips,
sections, and irregular

domains vanishes with A.

A
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The local map for an island

Z - Zz N Zz Yi+1 YVt — Sign(-xt) 0 < <o
X1 = X +ay1+p P

The parameters o and 3 are determined by the rotation number of the island
(o0 is the denominator of the rotation number).

The map describes the exact dynamics inside
the islands, for sufficiently large N and
sufficiently close to the centre of the island.

two overlapping orbits

As the amplitude increases, the rotational
period increases without bound.

Observation. Depending on the parameter
values, all orbits have the same character:
they are either all periodic, or all unbounded.
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F is the first-return map to the non-negative integer abscissa axis £2.

Poincaré section

= F(x)

a=19 B=5

18

Observation. If the orbits are periodic, then,
close to the origin, their period depends
nontrivially on the initial condition.

167

14-

period "

101

Far from the origin, the periods appear to stabilise. 3]
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Theorem. [Alwani, fv] Let o’'=0/gcd(a,2B), and let P be the set of
periodic points of the Poincare” map F.

¢ If o’ is odd, then P has natural density 1 in e R e G e
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Only islands of odd order can
exist, if N is large enough.

It suffices to consider co-prime pairs (a.,f3) with o>2p.

The dynamics for non-coprime pairs can be reduced to that of coprime pairs.
Trivial pairs: (0,0), (2B,B)
Conjugate pairs: (o,3), (o,0—2p)
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The Poincaré return map is an interval-exchange transformation over
the integers, with infinitely many intervals Ay, n=1,2,3,...

Combinatorial data: o©(1,2,3,4,5,6,7,8,...)=(3,1,5,2,7,4,9,6,...)
Metric data: |Aom| ~ 2Bm |Aom—1] ~ (0—2)m

Symbolic dynamics: the sequence of labels of the intervals A.

Far from the origin:

™ The combinatorics is regular: c(2m)=2(m—1), oc(2m—1)=2m+1

" The size of many cylinder sets appears to grow linearly with the
order of the intervals.



Scaling the interval lengths, we to obtain the reduced system F’,



Scaling the interval lengths, we to obtain the reduced system F’,

an approximation to the dynamics of cylinder sets of the Poincare' map.



Scaling the interval lengths, we to obtain the reduced system F,

an approximation to the dynamics of cylinder sets of the Poincare’ map.

«— O —>



Scaling the interval lengths, we to obtain the reduced system F,

an approximation to the dynamics of cylinder sets of the Poincare’ map.

«— O —>

o-2 2P

Ton=—2(0—2p3) — —— Tonr1=4[3



Scaling the interval lengths, we to obtain the reduced system F’,

an approximation to the dynamics of cylinder sets of the Poincare’ map.

«— O —>

o-2 2P

Ton=—2(0-2p) —] ————> 1.=4p

W Spatially periodic: the basic
periodic structure is a block.



Scaling the interval lengths, we to obtain the reduced system F’,

an approximation to the dynamics of cylinder sets of the Poincare’ map.

«— O —>

o-2 2P

Ton=—2(0—2p3) — —— Tonr1=4[3

W Spatially periodic: the basic
periodic structure is a block.



Scaling the interval lengths, we to obtain the reduced system F’,

an approximation to the dynamics of cylinder sets of the Poincare’ map.

«— O —>

o-2 2P

Ton=—2(0-2p) *—"] F— 1.=4p

W Spatially periodic: the basic
periodic structure is a block.

» The centre of mass of a block is
preserved under iteration.
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Transitions between blocks transition regions
0: remain in block / / l
+1: move to next block on the right
-1: move to next block on the left 0 | +1 | —1

+1 regions have the same length > o

>

Dynamics modulo o:  zr+1 = z + 4B (mod o)

The reduced Poincare” map is a skew system, a walk on the integers driven by
a rotation.

There are at most four orbits modulo o, of period dividing o.

If o’=0/gcd(o,2P) is odd, then the sum of the transition coefficients
over a period is zero (all orbits are periodic).

If o’ is even, then the sum is =« (all orbits escape at constant speed).

The conjecture holds for the reduced system.
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ShadQWi ng " o-code: a symbolic code of length a.

® A point of the Poincare' map F is regular if
its a-code is also an a-code of some point
of the reduced map F".

How many points are regular?

: Choose a block
Compute max discrepancy

over a range of 2o blocks. *

Stretch the reduced
IET, to match size

_ Lemma. The set of regular points of

the Poincare’'map F has full natural
\ / / density in Q.

non-regular points
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From the reduced IET to the original IET
- 1Is I

Total translation for a regular point x of F, after o iterates:

To compute it, we must evaluate the following sum:

S:7— 7 S(x) J Zc £Zc

CEC() CECl
-

translation

/
Z 7(c
ceC(x

\

regular o-code

A2m— 1 A2m
- In



From the reduced IET to the original IET

o Y o iransiation

/

Total translation for a regular point x of F, after o iterates: Z T(C
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From the reduced IET to the original IET translation

/

Total translation for a regular point x of F, after o iterates: Z T(C
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To compute it, we must evaluate the following sum:

S: 7 —7 S(x) E Zc £Zc Aom-1 Ao

ceQly el N
_ _

The function S, which behaves like a variance, expresses a property
of the reduced system F".

The computation of S is non-trivial, involving the evolution of the
uniform probability measure on blocks.

We find that the total translation is what it should be (zero if o is
odd, and equal to the block length if o” is even).
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Non-regular points

“ In the unbounded regime, non-regular points must exist.

™ They correspond to orbits inverting the direction of travel.

A——

.

= In the periodic regime, we believe that all points are regular.



Thank you for your attention




