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“thickness”, but remain stable.
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to behave like a random permutation.

x

t+1

= x

t

+ y

t

+
m

2p

✓
1� cos

2p
m

y

t

◆
(mod m)

y

t+1

= y

t

� lm

2p

✓
sin

2p
m

x

t+1

+1� cos

2p
m

x

t+1

◆
(mod m)

1

First study of an invertible lattice map on the torus

rounding to 
nearest integer

F. Rannou (1974)

lattice size



Early investigations:

All orbits are periodic.

Orbit representing curves develop some 
“thickness”, but remain stable.

In the chaotic regions the map is conjectured 
to behave like a random permutation.

x

t+1

= x

t

+ y

t

+
m

2p

✓
1� cos

2p
m

y

t

◆
(mod m)

y

t+1

= y

t

� lm

2p

✓
sin

2p
m

x

t+1

+1� cos

2p
m

x

t+1

◆
(mod m)

1

First study of an invertible lattice map on the torus

rounding to 
nearest integer

F. Rannou (1974)

lattice size

why?





Features and stability of the 
orbits are unexplained.
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Stability of rotational orbits on lattices

Existence of bounding invariant sets.

Renormalization.

Not known.

Lattice versions of symplectic maps have been introduced for many 
reasons:

Study numerical orbits rigorously.

Mimic quantum effects.

To perform delicate computations.

Natural restrictions to lattices of maps on manifolds.

Shift radix systems.

The observed stability of the orbits results from:

Few rigorous results; no general theory/framework.
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Stability from bounding invariant sets

Invariant polygons of Devaney's map: (x,y) 1 (1-y+|x|,x)

Some dynamical systems featuring bounding invariant sets, also 
restrict to invariant lattices.

Invariant lattices:    

l = 2cos(2pn) n 2Q n 62Q
1

n
Z2, n > 1 zt+1

⌘ zt +4b (mod a)

1

Infinitely many invariant lattices.   
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Linear rotations on lattices

The map F describes linear planar rotations subject to round-off.

floor function

l = 2cos(2pn) n 2Q n 62Q

1

rational (irrational) 
rotation number:

without round-off, all orbits 
are periodic (quasi-periodic).

rotation number

z

F(z)

Conjecture (Blank, Akiyama et al):  For all parameter values, all orbits of F are periodic.

Proved for only eight (non-trivial) values of the parameter.
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 Linear irrational rotations on a lattice

The stability problem remains open, for 
all parameters.

Orbits feature irregular fluctuations 
around ellipses.

orbits overlap

l = 2cos(2pn) n 2Q n 62Q

1

l = 2cos(2pn) n 2Q n 62Q

1

The period of orbits is difficult to 
compute (non-polynomial time).
Very large fluctuations, with some 
structure.

r6/5

r3/5

period vs radius
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What do we know?

If l is rational with a single prime divisor p at denominator, then the round-
off map may be embedded into a positive-entropy map of the ring of p-
adic integers. [Bosio, fv]

The departure of round-off orbits from exact orbits obeys a central limit 
theorem. [Vladimirov, fv]

There are infinitely many periodic points on the symmetry axis. [Akiyama]
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Scaling will be needed for convergence:

surrogate near-integrable dynamics

small l very small l
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H(x,y) is the sum 
of two squares
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Geometric discretization: strip maps

strip

A flow with a piecewise-constant 
vector field is diffracted by a line

replace the flow by 
a map, using the 

same vectors 
(Euler integration)

flow and map differ 
within a strip

A lattice generated 
by the two vectors is 
invariant under the 

map
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integrable 
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Linked strip maps: outer billiards of polygons

perturbed 
orbit

piecewise-constant 
vector field
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We scale the integrable field, 
to make it coincide with v 
through most of the lattice.
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The local map for an island

A NONLINEAR RESONANCE ON A DISCRETE SPACE

1. INTRODUCTION

Regular motions in two-dimensional symplectic maps are rotations on smooth
invariant curves. If the space is discrete, then lack of smoothness is commonplace,
and new phenomena arise. These phenomena have attracted the attention of re-
searchers for many years, but the present developments do not form a coherent
body of knowledge, let alone a mathematical theory.

Following the pioneering work of Rannou [?], the space has been discretised for
the most varied reasons: to achieve invertibility in a delicate numerical experiment
[?], to mimic quantum effects in classical systems [?], to characterize chaotic orbits
arithmetically [?, ?, ?, ?], to explore the structure of numerical orbits [?, ?, ?, ?, ?,
?, ?, ?, ?, ?, ?, ?, ?, ?, ?]. Discrete spaces emerge naturally in the study study of
piecewise isometric systems [?, ?], and in shift-radix systems in arithmetic [?, ?].

The stability problem remains in centre stage, but it assumes different connota-
tions. The main difficulty is lack of smoothness: there are no invariant ‘circles’
to confine orbits, and standard methods of Hamiltonian perturbation theory do not
apply. Many of the systems mentioned above are found to be globally stable, even
though this result has been established only in few cases.

In this work we investigate a prototypical parametrised family of twist maps on a
lattice, given by [?]

(1) F : Z2 ! Z2 yt+1 = yt � sign(xt)
xt+1 = xt +ayt+1 +b 0 6 b < a

where a and b are integers and

sign(x) =

(
1 if x > 0
�1 if x < 0.

This map is chosen for two reasons: it features nonlinear oscillations in skeletal
form; its dynamics have an immediate arithmetical interpretation. The latter results
from the fact that the first-return map F to the ray {(x,0)2Z2 : x> 0} is an interval-
exchange transformation over infinitely many intervals. At large amplitudes, this
map admits a weak form of translational invariance. As a result, the orbits are either
all periodic, or they all escape to infinity, depending on the choice of parameters.

The map F will be constructed in section ??, where we also establish a sym-
metry that allows us to restrict the parameters to the range a > 2b (propositions
?? and ??). In section ?? we show that F is an interval-exchange transformation
over infinitely many intervals. The main result of this section establishes that the

1
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The parameters a and b are determined by the rotation number of the island

(a is the denominator of the rotation number).
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The map describes the exact dynamics inside 
the islands, for sufficiently large N and 
sufficiently close to the centre of the island.

The parameters a and b are determined by the rotation number of the island

(a is the denominator of the rotation number).
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As the amplitude increases, the rotational 
period increases without bound.
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all periodic, or they all escape to infinity, depending on the choice of parameters.

The map F will be constructed in section ??, where we also establish a sym-
metry that allows us to restrict the parameters to the range a > 2b (propositions
?? and ??). In section ?? we show that F is an interval-exchange transformation
over infinitely many intervals. The main result of this section establishes that the

1

The map describes the exact dynamics inside 
the islands, for sufficiently large N and 
sufficiently close to the centre of the island.

two overlapping orbits

The parameters a and b are determined by the rotation number of the island

(a is the denominator of the rotation number).

As the amplitude increases, the rotational 
period increases without bound.

Observation. Depending on the parameter 
values, all orbits have the same character: 
they are either all periodic, or all unbounded.
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F is the first-return map to the non-negative integer abscissa axis W.

W

Observation. If the orbits are periodic, then, 
close to the origin, their period depends 
nontrivially on the initial condition.

period

initial condition

x

F(x)

Far from the origin, the periods appear to stabilise.
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(a,0),   (2b,b)Trivial pairs:
(a,b),   (a,a-2b)Conjugate pairs:

The dynamics for non-coprime pairs can be reduced to that of coprime pairs.

It suffices to consider co-prime pairs (a,b) with a>2b.
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The Poincaré return map is an interval-exchange transformation over 
the integers, with infinitely many intervals  Dn, n=1,2,3,…

1 2 3 4 5 6 7 8

2 4 1 6 3 8 5 10 7

Combinatorial data:

Metric data:

s(1,2,3,4,5,6,7,8,…)=(3,1,5,2,7,4,9,6,…)

|D2m| ~ 2bm           |D2m-1| ~ (a-2b)m

Far from the origin:

The combinatorics is regular:  s(2m)=2(m-1),     s(2m-1)=2m+1
The size of many cylinder sets appears to grow linearly with the 
order of the intervals.

Symbolic dynamics:  the sequence of labels of the intervals Dn.
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a-2b 2b
a

Spatially periodic: the basic 
periodic structure is a block.

The centre of mass of a block is 
preserved under iteration.

a

Scaling the interval lengths, we to obtain the reduced system F´,

t2n+1=4bt2n=-2(a-2b)

an approximation to the dynamics of cylinder sets of the Poincare´map.



Transitions between blocks



Transitions between blocks transition regions

0 +1 -1

a



Transitions between blocks transition regions

 0:  remain in block
+1: move to next block on the right
-1: move to next block on the left 0 +1 -1

a



Transitions between blocks transition regions

 0:  remain in block
+1: move to next block on the right
-1: move to next block on the left 0 +1 -1

a±1 regions have the same length 



Transitions between blocks transition regions

 0:  remain in block
+1: move to next block on the right
-1: move to next block on the left

Dynamics modulo a:
l = 2cos(2pn) n 2Q n 62Q

zt+1

⌘ zt +4b (mod a)

1

0 +1 -1

a±1 regions have the same length 



Transitions between blocks transition regions

 0:  remain in block
+1: move to next block on the right
-1: move to next block on the left

Dynamics modulo a:
l = 2cos(2pn) n 2Q n 62Q

zt+1

⌘ zt +4b (mod a)

1

The reduced Poincare´ map is a skew system, a walk on the integers driven by 
a rotation.

0 +1 -1

a±1 regions have the same length 



There are at most four orbits modulo a, of period dividing a.

Transitions between blocks transition regions

 0:  remain in block
+1: move to next block on the right
-1: move to next block on the left

Dynamics modulo a:
l = 2cos(2pn) n 2Q n 62Q

zt+1

⌘ zt +4b (mod a)

1

The reduced Poincare´ map is a skew system, a walk on the integers driven by 
a rotation.

0 +1 -1

a±1 regions have the same length 



There are at most four orbits modulo a, of period dividing a.

If a’=a/gcd(a,2b) is odd, then the sum of the transition coefficients 
over a period is zero (all orbits are periodic).

Transitions between blocks transition regions

 0:  remain in block
+1: move to next block on the right
-1: move to next block on the left

Dynamics modulo a:
l = 2cos(2pn) n 2Q n 62Q

zt+1

⌘ zt +4b (mod a)

1

The reduced Poincare´ map is a skew system, a walk on the integers driven by 
a rotation.

0 +1 -1

a±1 regions have the same length 



There are at most four orbits modulo a, of period dividing a.

If a’=a/gcd(a,2b) is odd, then the sum of the transition coefficients 
over a period is zero (all orbits are periodic).
If a’ is even, then the sum is ±a (all orbits escape at constant speed).

Transitions between blocks transition regions

 0:  remain in block
+1: move to next block on the right
-1: move to next block on the left

Dynamics modulo a:
l = 2cos(2pn) n 2Q n 62Q

zt+1

⌘ zt +4b (mod a)

1

The reduced Poincare´ map is a skew system, a walk on the integers driven by 
a rotation.

0 +1 -1

a±1 regions have the same length 



There are at most four orbits modulo a, of period dividing a.

If a’=a/gcd(a,2b) is odd, then the sum of the transition coefficients 
over a period is zero (all orbits are periodic).
If a’ is even, then the sum is ±a (all orbits escape at constant speed).

Transitions between blocks transition regions

 0:  remain in block
+1: move to next block on the right
-1: move to next block on the left

Dynamics modulo a:
l = 2cos(2pn) n 2Q n 62Q

zt+1

⌘ zt +4b (mod a)

1

The reduced Poincare´ map is a skew system, a walk on the integers driven by 
a rotation.

0 +1 -1

a

The conjecture holds for the reduced system.

±1 regions have the same length 
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Shadowing a-code:  a symbolic code of length a.

A point of the Poincare´map F is regular if 
its a-code is also an a-code of some point 
of the reduced map F´.

Choose a block

Stretch the reduced 
IET, to match size

How many points are regular?

Compute max discrepancy 
over a range of 2a blocks.

non-regular points

Lemma.  The set of regular points of 
the Poincare´map F has full natural 
density in W.
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Total translation for a regular point x of F, after a iterates:

To compute it, we must evaluate the following sum:

The function S, which behaves like a variance, expresses a property 
of the reduced system F´.
The computation of S is non-trivial, involving the evolution of the 
uniform probability measure on blocks.
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From the reduced IET to the original IET

Total translation for a regular point x of F, after a iterates:

To compute it, we must evaluate the following sum:

The function S, which behaves like a variance, expresses a property 
of the reduced system F´.
The computation of S is non-trivial, involving the evolution of the 
uniform probability measure on blocks.
We find that the total translation is what it should be (zero if a´ is 
odd, and equal to the block length if a´ is even).
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In the unbounded regime, non-regular points must exist.
They correspond to orbits inverting the direction of travel.

Non-regular points

In the periodic regime, we believe that all points are regular.



Thank you for your attention


