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Abstract

We consider two one-parameter families of piecewise isometries of a
rhombus. The rotational component is fixed, and its coefficients belong
to a quadratic number field Q(v/d). The translations depend on a pa-
rameter s which is allowed to vary in an interval. We investigate renor-
malizability, and show that recursive constructions of first-return maps
on a suitable sub-domain eventually produce a scaled-down replica of
this domain, but with a renormalized parameter 7(s).

We treat two quadratic fields: d = 5,2. In the first case the renor-
malization map 7 is of Liiroth type (a piecewise-affine version of Gauss’
map), whereas in the second case it is the second iterate of a map f of
this type. We show that exact self-similarity corresponds to the even-
tually periodic points of r (resp. f), and that such parameter values
are precisely the elements of the quadratic field that lie in the given
interval.

The renormalizability proof for Q(v/5) is based on a straightfor-
ward application of return-map analysis. The octagonal case Q(v/2) is
far more challenging. The proof is organized by a graph analogous to
those used to construct renormalizable interval-exchange transforma-
tions. There are ten distinct renormalization scenarios corresponding
to as many closed circuits in the graph. The process of induction along
some of these circuits involves intermediate maps undergoing, as the
parameter varies, infinitely many bifurcations.

Our proofs rely on computer-assistance.

January 22, 2016



Part 1
Preliminaries

1 Introduction

In piecewise isometries (PWI), renormalizability is a key for a complete
description of the dynamics. The phase space of these systems is partitioned
into domains, called atoms, over each of which the dynamics is an isometry.
By choosing a sub-domain of the original space —typically an atom or a
union of atoms— and considering the first-return map to it, one constructs
a new system, the induced PWI on the chosen domain. If this process is
repeated, then it may happen that an induced system is conjugate to the
original system. This circumstance usually leads to a detailed understanding
of the dynamics and associated fractal geometry.

In one-dimension there is a satisfactory theory of renormalization for
interval-exchange transformations (IET). Rauzy induction gives a criterion
for selecting an interval (not one of the atoms) over which to induce, resulting
in a new IET with the same number of atoms [23,26]. This induction process
is a dynamical system over a finite-dimensional space of IETSs, related to
the continued fractions algorithm, which affords a good description of the
parameter space of IETs [27].

An important connection with Diophantine arithmetic is provided by
the Boshernitzan-Carroll theorem [4]; it states that in any IET defined over
a quadratic number field (meaning that all interval lengths have the form
r + sv/D where r, s are rational and D is a fixed integer, not a square),
inducing on any of the atoms results in only finitely many distinct IETSs,
up to scaling. For a two-interval exchange, this finiteness result reduces to
Lagrange’s theorem on the eventual periodicity of the continued fractions
expansions of quadratic surds [11, theorems 176, 177]. Furthermore, if a
(uniquely ergodic) IET is renormalizable, then the scaling constant involved
in renormalization is a unit (an invertible element) in a distinguished ring
of algebraic integers [22].

In two dimensions general results are scarce [20,21]. Until recently de-
tailed results on renormalization were limited to special cases, defined over
quadratic number fields (meaning that all rotation matrices and transla-
tion vectors have entries in such fields) [1,2,14,16,24]. These results point
consistently towards the existence of a two-dimensional analogue of the
Boshernitzan-Carroll theorem. A more intricate form of renormalization
has also been found in a handful of cubic cases [10,17]. In all cases, the



Figure 1: Our model: a rhombus R with vertex angle 6 is rotated clockwise
by € about a parameter-dependent fixed point P located on the short diagonal.
This leaves two triangular pieces outside the boundary of R. These are translated
vertically back into R to complete the piecewise isometry.

renormalization constants are units in the ring of integers of the field of
definition of the PWI.

More recently, renormalization has been studied in parametrised families.
Hooper considered a two-parameter family of rectangle exchange transfor-
mations, and used techniques connected to the renormalization of Truchet
tilings to establish results on the measure of the periodic and aperiodic sets
of the map [13]. In a substantial monograph [25], Schwartz determined
the renormalization group of a one-parameter family of polygon-exchange
transformations, where the exchange is achieved by translations only. In this
model, inducing on suitable domains leads to a conjugacy of the map to its
inverse, accompanied by a change of parameter given by a piecewise-M0&bius
map (a variant of Gauss’ map). Metric and topological properties of the
limit set are also established.

In the present work we consider parametric piecewise isometries (PPWTI)
of a rhombus R with rotation angle 6 and a fixed point P which is allowed
to vary along the short diagonal, controlled by a real parameter s (see figure
1). Restricting P to lie on the short diagonal is a crucial simplifying assump-
tion, particularly in the intricate octagonal model —see below. It should
be noted, however, that our recent investigations [18] show the possibility
of constructing renormalizable two-parameter rhombus maps for which the



rotation centre is allowed to vary continuously within a carefully chosen
convex polygonal domain.

The choice of rotation angle determines the relevant quadratic number
field K = Q(\/T)) Some special parameter values have received much at-
tention [1,2,14]; they correspond to P being the centre or a vertex of the
rhombus. These PWIs show exact self-similarity, and, as a result, their
dynamics is well-understood.

For all maps in our family, the atoms are defined by linear inequalities
with coefficients in K+ Ks, which is a two-dimensional vector space over K.
In this context the quantity s, which accounts for parametric dependence, is
an indeterminate. The same is true of the first-return map induced on any
of the atoms, and recursively, of any higher-level induced return map. This
arithmetical environment will have a profound effect on the renormalization.

Allowing the rotation centre of the rhombus map to vary continuously
over an interval can complicate the investigation of renormalizability con-
siderably, as we shall see later in the octagonal case K = Q(v/2). The
pentagonal model with K = Q(\/g), on the other hand, allows an elegant
and straightforward treatment. Our two main results for that model are
stated in Part II. In the first of these (theorem 1), we prove that the rhom-
bus map with parameter s restricted to a particular interval, induces on a
sub-triangle a renormalizable three-atom PPWI, i.e., one which, after re-
peated inductions, recurs at smaller scales with a piecewise affine change of
parameter. The latter is expressed as a mapping t — 7(t), where the new
parameter ¢ € I = [0, 1] is related to s by an affine transformation over K.
The function r, shown in figure 2, is a Liiroth map [19], a piecewise affine
version of Gauss’ map for continued fractions [6, section 3.2]. [We remark
that the accumulation point of the discontinuities of r, located at the origin
(see figure 2) may be removed by adopting an alternative induction strat-
egy [18].] We also show that the spatial scale factors associated with the
renormalization are units in the ring of integers of the field K.

Exact self-similarity is achieved if iteration of the induction process even-
tually reproduces a value of ¢ which has already been encountered, i.e., if £ is
an eventually periodic point of r. In theorem 2 we prove that these param-
eter values are precisely the elements of Q(v/5) N I. Note that, unlike the
classic case of continued fractions, where the eventually periodic points are
all the quadratic irrationals in the unit interval, here eventual periodicity
is associated with a single quadratic field. This arithmetical characterisa-
tion of renormalizability provides additional evidence for the existence of an
analogue of the Boshernitzan-Carroll theorem for interval-exchange trans-
formations.



Figure 2: The piecewise-affine renormalization function r which controls the renor-
malization of the piecewise isometry of the pentagonal model discussed in Part II.
Here [ is the inverse of the golden mean and the function » maps the parametric
interval I = [0, 1] into itself.

In the octagonal case, our main results (theorems 3 and 4) parallel those
of the pentagonal model, but the multilevel induction process needed to
prove renormalizability is far more complicated. Once again we have a
rhombus map with parameter s € I = [0, v/2] controlling the position of the
fixed point on a segment of the short diagonal. This map induces on one of
its triangular atoms a 5-atom PPWI which recurs at smaller scales with a
parameter transformation s — r(s), where this time r is the second iterate
of a modified Liiroth map f, shown in figure 3.

The discontinuities of the function r accumulate at the infinitely many
zeros of f (see figure 16). As a result, the return-map dynamics is highly
non-uniform, with ever-increasing return times as s approaches any of the
accumulation points. The number of qualitatively distinct renormalization
scenarios can be reduced to ten. The simplest of these involves a single
induction, and it applies to the case in which both s and f(s) are in the
middle of the interval I .

At the opposite extreme are, among others, those parts of I for which
both s and v/2 — f(s) are small. As a preview of renormalization dynamics,
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Figure 3: The piecewise-affine function f whose second iterate r controls the
renormalization of the octagonal model. Here o = v/2, 3 = a — 1.

let us briefly sketch this scenario, represented schematically in figure 4. In
this scheme, the number of inductions remains fixed at six, and it involves the
same types of induced PPWIs (the pencil, the fringed triangle, and the double
strip). For either s or f(s) approaching zero or v/2, the numbers of atoms
increases without bounds, but in a tightly controlled manner (the complexity
increases logarithmically). The return times are are also unbounded.

The map f is intimately related to the evolution of the pencil with
decreasing s, with two new atoms emerging at the boundary whenever f(s)
passes through unity. Analogously, bifurcations of the double strip occur at
the zeros of r(s). The spatial scaling accompanying the renormalization is
governed by the successive narrowing of the widths of the pencil and the
double strip.

Of the six induction steps, two are ‘shortenings’, exploiting the repet-
itive, quasi-one-dimensional structures of pencils and double strips. Steps
1, 3, and 4 appear to be more complicated, but in fact are all grounded in
one simple dynamical sub-system, the arrowhead. Once we have formulated
that underlying dynamics in the Arrowhead Lemma of section 14, all afore-
mentioned induction steps can be split into two manageable parts: the first,
with short, fixed-length return orbits which can be constructed by explicit
iteration, and the second, in which the Arrowhead Lemma accounts for all
of the s-dependent bifurcations.
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Figure 4: Sketch of the renormalization scenario for s close to 0 and f(s) close to
V2. In the figure, the relative sizes of the various objects are greatly distorted in
order to reveal their structure.



Many steps in the renormalization proofs, in both the pentagonal and
octagonal cases, involve computer assistance, invariably to verify statements
concerning finite orbits of PPWIs. This requires geometrical transformations
of polygons (translations, rotations, reflections, etc.), polygon inclusion and
disjointness tests, plus a fair amount of book-keeping. All arithmetic is per-
formed exactly in K and K+Ks. The complexity of the computation remains
manageable even in the octagonal case, because all of the heavy lifting is
taken care of by the Arrowhead and Shortening lemmas, which are proved
analytically. A complete description and listing of our procedures, in the
form of Mathematica®functions, together with all of the calculations par-
ticipating in the proofs of renormalizability, may be found in the Electronic
Supplement [7].

This article is divided into three parts. The first part includes, in ad-
dition to the introduction, a section which lays out the general definitions
and notation relevant to parametric piecewise isometries and their renor-
malizability. The second part focuses on the simpler of our two examples,
the pentagonal case. After defining the original rhombus map with variable
fixed point, as well as the induced PPWI on a triangular sub-domain, we
prove the renormalizability of the latter, the associated symbolic dynamics
and Liiroth expansion, and the srithmetical selection criterion for strict dy-
namical self-similarity. The same structural properties will be proved for
the octagonal model in part III, but with a much more elaborate analysis
of the return-map dynamics.

As a by-product of our proof of renormalizability, we have obtained,
in both the pentagonal and octagonal cases, incidence matrices which de-
termine how return times evolve under renormalization. The aysmptotic
temporal scale factors obtained by diagonalising the incidence matrices are
essential to the determination of the Hausdorff dimension of the exceptional
set. These issues are dealt in section 7 for the pentagonal case, while the
more complicated discussion of the octagonal case appears in section 16 and
Appendices C-F.

ACKNOWLEDGEMENTS: JHL and FV would like to thank, respectively, the
School of Mathematical Sciences at Queen Mary, University of London, and
the Department of Physics of New York University, for their hospitality.

2 Definitions and notation

In parts IT and III of this article we adopt the notation « for /5 and v/2,
respectively. The arithmetical environment is the quadratic number field



K = Q(«), given by

Qa) ={z+ya : z,y € Q}. (1)

(For background on quadratic fields, see [5].) Scaling will be determined
by units in the ring of integers of Q(«) These units are powers of the so-
called fundamental unit w. We have w = 1 ++/2 and w = (1 + v/5)/2,
respectively [5, chapter 6].

Our system depends on a parameter s, and to represent parameter de-
pendence we consider the set

S = Q(a) + Q(a)s, (2)

which consists of expressions of the type & + &2s, with & € Q(«). Here,
and below, s is regarded as an indeterminate; hence the set S is a two-
dimensional vector space over Q(a) (a Q(«)-module, see [12, chapter 5])
whose elements are degree-one polynomials in s.

2.1 Planar objects

A tile is an open convex polygon whose edges have normal vectors of the
form
u,, = (cos2mm /M, sin2mm /M) m=0,...,M—1, (3)

with M = 5 and 8 in the pentagonal and octagonal cases, respectively. An
n-sided tile is specified by n half-plane conditions

€Um,; * (l',y) < Eibia i=1,...,n, (4)

where ¢; € {—1,1} and the half-plane coordinates b; belong to S. The
parameter s allows for the continuous deformation of tiles.

We represent an n-sided tile X with edge orientations my, ..., m,, signs
€1,-..,€n, and half-plane coordinates by, ..., b, with the bracket notation
X =[(m1,...,mp), (€1,...,€n), (b1,...,bp)]. (5)

Tile names will always be capital italic letters.

In some computations we need coordinates of vertices of relevant poly-
gons. In the pentagonal model such coordinates are not always in Q(v/5) +
Q(v/5)s, and they involve the sine function. To avoid using a larger field,
we resort to a non-Euclidean metric, for which the rhombus R becomes a
square and the clockwise rotation by 27 /5 is represented by the matrix

0 1 V5 —1
(5s) =5
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With this metric, the basis vectors u,, of equation (3) become

(170)7 (07 1>a (_L ﬁ)a (_ﬁv _ﬂ)v (67 _1) S Q(a>2'

In the octagonal case, the basis vectors are arranged in oppositely ori-
ented pairs, i.e.,

Um = —U(m+4) mod 8 m=0,...,7,

so that without loss of generality we can assume all ¢; take the value +1 and
use the more concise notation

X =[(my,...,my), (b1,...,bn)] (6)
A tiling X is a set of tiles:
X={Xy,...,Xn}
A tiling X is always associated with a domain X, the span of X:
X = span(X) dof Int(U?_, X;).

Such domains, which need not be convex, or even connected, will always be
denoted by capital Roman letters.

2.2 Isometry group

We employ a group & of transformations of planar objects, to specify their

locations and orientations, and to describe their dynamical evolution. The

group includes the rotations and reflections of the symmetry group of the

regular M-gon (the dihedral group D)) together with translations in S2.
We adopt the following notation:

U,,: reflection about the line generated by u,,.
R,,: rotation by the angle 2n7 /M, M =5,8.
Tq: translation by d € S2.

Here we find it useful to generalize the basis vectors (3) to include all
half-integer n between 0 and M — 1/2, with R,, and U,, defined accordingly.
This ensures, among other things, that the group of transformations always
contains the inversion (rotation by ), Rys /2

10



Thanks to the product formulae
TqTe = Tdte;  RmBn =Rmin,  UnUn = Ro(m_n), (7)
and commutation relations
Ry Ta = Tg,.dRn, RyUm = UpgnRa, U,Ta = Ty,,dUn, (8)
we can write an arbitrary element G of & in the canonical form
Gp.n.d = TaRpUD, 9)

with
pef{0,1}, ne{0,1/2,1,...,.M —1/2}, de§S>

We define & to be the subgroup of & generated by the rotations R, n €
Z, and translations Tq, d € S?.

In general, we will write X ~ ) to indicate that X = G())) for some
G € 8. As & is a group, this is an equivalence relation. Planar objects in
the same equivalence class are said to be congruent.

2.3 Dressed domains and subdomains

We define a dressed domain to be a triple
X =(X,X,p), (10)

where X is a tiling with span X, and p is a mapping which acts on each
element of X as an isometry in &;. We will describe p as a piecewise
isometry or domain map acting on X, with X comprising the set of its
atoms. Dressed domains will always be denoted by capital script letters.
Under the action of an isometry G € &, a dressed domain transforms as

G(X) = G(X, X, p) = (G(X), {G(X1),G(X2),...},GopoGh).

To emphasize the association of a mapping p with a particular dressed do-
main X, we will use the notation p,,.

Let & = (X, X, p,.) be a dressed domain, and let Y be a sub-domain of
X. We denote by Py the first-refurn map on Y induced by p,. We call the
resulting dressed domain ) = (Y,Y, py) a dressed subdomain of X, writing

X — ). (11)
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A prototype is a canonical representative of an equivalence class of dressed
domains. If X is a prototype and Y ~ X, then the parity w()) of Y is the
Jacobian determinant of the isometry in & relating X to ).

The dressed subdomain relation (11) enjoys the important property of
scale invariance, namely invariance under an homothety. Indeed if S, de-
notes scaling by a factor w, then in the data (5) specifying a tile, the orien-
tations my remain unchanged, while the octagonal coordinates by scale by
w. Moreover, the identity

SuTaRn = TuaRnSw

shows that the piecewise isometries p scale in the same way. We conclude
that the relation (11) is preserved if the dressed domain parameters are
scaled by the same factor for both members.

We shall be dealing with renormalizability of dressed domains depending
on a parameter s —the parametric dressed domains. The parameter s,
ranging over an interval I, controls the ‘shape’ of the domain. For reasons
that will become clear below, it is useful to re-parametrise the system with
a pair (I,h) where [ is a ‘size’ parameter ranging over the positive real
numbers, and h = sl. So we shall write X = X' ([, h). Note that a parametric
dressed domain need not have a fixed number of atoms. Indeed many of
the parametric dressed domains introduced in section 13 feature an infinite
sequence of bifurcations, each producing a change in the number and shapes
of its atoms.

2.4 Renormalizability of dressed domains

A dressed domain X = (X, X, p,,) is strictly renormalizable if i) there exists
a dressed subdomain ) of X’ and a dressed subdomain )* of ), such that Y*
differs from ) by a contracting scale transformation (homothety) composed
with an isometry from &; i) the domain X has the recursive tiling property,
namely it is completely tiled (ignoring sets of zero measure) by the return
orbits of the atoms of V*, together with the periodic orbits of a finite set of
tiles.

This is the simplest version of renormalizability. Its implications for a
planar piecewise isometry are well-known (see, for example, [21], [15, chapter
2]). Thus one can iterate the process at will, and with each iteration more
and more periodic domains of finer and finer scales are revealed, leading
to a full measure of periodic tiles in the limit. Simultaneously, the return
orbits of the rescaled copies of ), provide finer and finer coverings of the
exceptional set complementary to all periodic tiles. While the latter has
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vanishing measure, its dimension is not trivial. Standard arguments [8,15]
show that the Hausdorff dimension of the exceptional set is given by dg =
—log 7/logo, where o and 7 are, respectively, the asymptotic spatial and
temporal scale factors associated with the renormalization. The asymptotic
spatial scaling is known, since each renormalization step is accompanied by
multiplication by the same . The temporal scaling is more subtle, requiring
construction and diagonalization of the stepwise incidence matriz M, whose
i, jth component gives —in the above notation— the number of times that
the return orbit of atom Y;* visits atom Y;. The scale factor 7 governing
the asymptotic increase in length of the return orbits is given by the largest
eigenvalue of M.

A parametric dressed domain Y(I,h), | € Ry, s = h/l € I, is said to
be renormalizable if there exist a piecewise smooth renormalization map
r: I — I, and an auxiliary scaling function x : Ry — (0,1) such that for
every choice of [ and h, the dressed domain )(I, h) has a dressed subdomain
congruent to Y(I',h’) with (I';n') = (k(s)l,r(s)k(s)l), and moreover the
recursive tiling property is satisfied. In the present work, the renormalization
map is piecewise-affine (as opposed to the piecewise-Mdbius map of [25] and
Gauss’ map) with derivative equal to 1/k. Furthermore, all values assumed
by k are units in the ring of integers of Q(«). Note that r and k depend only
on s, a requirement of scale invariance. A parametric dressed domain which,
for all valid parameter values, has a renormalizable parametric dressed sub-
domain, with recursive tiling, will also be regarded as renormalizable.

If a parametric dressed domain Y(I, h) is renormalizable, we can consider
those parameter values for which ) is strictly renormalizable. Because of
scale invariance, if Y(I, h(l, s)) is strictly renormalizable for s = sy and some
[, then it is so for any [. It then follows that the s-values of strict renor-
malizability are precisely the eventually periodic points of the function r. A
virtue of our model is an arithmetical characterization of these parameter
values: they are precisely the elements of the quadratic number field Q(«).

The above definition of renormalizability is tailored to our model and it is
conceivable that in more general situations the recursive tiling property may
require participation of more than one renormalizable parametric dressed
sub-domain.

2.5 Computations

All computations reported in this work are exact, employing integer and
polynomial arithmetic with Mathematica®. For fixed parameter value, the
computations take place in the algebraic number field Q(a) —see (1)—
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whereas the parametric dependence requires computations in the module S
defined in (2).

All relevant objects are represented by data structures of elements of
these two arithmetic sets. In particular, we shall be concerned with finite
orbits of polygonal domains under the domain map of a dressed domain,
which is an isometry in &. To perform these computations we employ the
procedures of our CAP Toolbox, available in the Electronic Supplement [7].

In such processes, one must determine membership of points to polygons
and intersections of polygons, which requires the evaluation of inequalities.
Since the latter are expressed by affine functions of s, it suffices to check
the inequalities at the endpoints of the assumed s-interval. All these bound-
ary values belong in the field Q(«), and the inequalities are evaluated by
estimating « via a pair of sufficiently close convergents in its continued frac-
tion expansion. In this way we are able to establish statements valid over
intervals of parameters.

Typically we are given a one-parameter family of piecewise isometries
p(s) of a dressed domain R(s), which we use to move each tile in the domain
from an initial position to a pre-assigned destination, checking at each step
that no tile arrives at the wrong destination. Each iteration involves testing
a number of half-plane inequalities to determine which atom R;(s) of p(s)
contains a particular tile, followed by application of the relevant isometry
pi(s) to map the tile forward. When constructing a finite orbit (typically a
return orbit), we keep track of the atoms visited, obtaining at the end the
symbolic paths and incidence matrices of the orbits. The recursive tiling
property defined in section 2.4 is established by adding up the areas of the
tiles of all the orbits, and comparing it with the total area of the parent
domain.

Henceforth we will refer to this technique as direct iteration.
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Part 11
Pentagonal model

In this part, we study a particularly simple example of a parametric piece-
wise isometry (PPWI), defined on a rhombus with small angle 27/5 and a
variable rotation center on the short diagonal. Throughout, we will adopt
the following notation:

a=V5 = B=(a-1)/2,  w="1=(a+1)/2

The number w —the golden mean— is the fundamental unit in the ring of
integers Z[f] of the field Q(«), given by

ZBl={m+np : m,n € Z}. (12)

One checks that Z[(] = Z[w].

3 Rhombus map and base triangle

Our starting point is the parametric dressed domain R(s) = (R, R, p) with
spanning polygon (see section 2.1)

R =1(0,1,0,1),(-1,-1,1,1),(s,s,1 + 8,1 + s)]
and tiling R = (Ry, R, R3), with

Ry = [(1,0,2),(-1,1,1),(s,1 + s, )],
Ry = [(0,1,2,0,1,2),(—1,—-1,-1,1,1,1),(s,s,8,1 + 8,14+ 5,1+ s)],
Rs = (0,2,1),(-1,-1,1),(s,1 +s,1+ s)].

The PWI p acts on the respective R; as Tq, R4, where
uo-di:(), i:1,2,3,

ul-dlzl, ul-d2:0, ul'dgz—l.

The PPWI is illustrated in figure 5 for the two choices of pentagonal basis
which we will be using. The isotropic basis (Euclidean metric) clearly aids
geometric intuition, especially when considering reflection symmetry. On the
other hand, the arithmetic is cumbersome, since vertices and components of
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Figure 5: Parametric piecewise isometry of the rhombus, as viewed (a) with Eu-
clidean metric, and (b) with the skew metric. The reflection symmetry of the atoms
is apparent only in (a); the arithmetic is easier in (b).

the rotation matrices involve not only elements of the field Q(«), but also
their square-roots (that is, a bi-quadratic field).

By contrast, the skew basis, in which the rhombus becomes a square,
hides from view geometric properties, but it has the computational advan-
tage that all relevant quantities can be represented in the field Q(«) or the
module Q(v/5) + Q(+/5)s (to describe parameter-dependence).

Thus, in the remainder of Part II we will consistently define polygons,
dressed domains, etc., in a basis-independent way, use the Euclidean metric
to describe geometrical relations and transformations in both text and the
figures, and rely on the skew basis for our behind-the-scenes calculations,
mainly relegated to the Electronic Supplement [7].

As we shall see, the renormalizability of R(s) follows from that of the
PPWI induced on one of its atoms, R;. The corresponding parametric
dressed domain is a base triangle congruent to the prototype B (I, h), defined

16



as follows

B(l,h) = (B, (B1, B2, Bs), (p1. p2. p3))  L€Ry, 0<h/l<p.

The parameters [ and h are the lengths of the bases of the isosceles triangles
B and B, respectively. Using scale invariance, it is sufficient to specify the
coordinates of the dressed domain for fixed

[+ h=p%sec— 13
+ ﬁsec10 (13)

The remaining parameter can then be taken to be the same s encountered
in the definition of the rhombus map, with

I =(1+ afs)sec 1, h = —(26? + afs) sec — (14)
10 10

Choosing the origin of coordinates at the common vertex of B and B,

we have
B=1(1,0,2),(-1,1,1),(0,1 — aBs,0)],

Bl - [(17372)7<_17171)7(07 _2ﬁ2_aﬁ870)]7
BQ = [(170747 273)7 (_17 17 _la 17 1)7 (Oa 1- 04687 2/8 + OéS,O, 2/82 + 0458)],
By = [(0,2,4),(1,1,1),(1+ aBs,0,23 + as)).

The isometries of the three atoms are

ﬁi = TdiR'37 i = 17 2737

with
uy-dy =1-—agfs, u - d; = —28% — afs,
U_Q'dQZCM—Q, U_l'dg:—Qﬂ—OéS,
110'd3:1—05ﬁ8, u1-d3:—ﬂ2—aﬁs.

The parametric dressed domain is deformed continuously over the interval
—0 < s < —2f/a, and can be extended by continuity to the endpoints,
provided that one deletes atom Bj for s = =23/« and atom Bs for s = —f.

The base triangle for s = —3/5 is illustrated in figure 6. We note that
the range —3 < s < —23/a corresponds to the desired interval 0 < h/l < 3.
To normalize this relation we introduce a new parameter

t=—awl(s +283/a), (15)
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Figure 6: Piecewise isometry of the base triangle, for s = —3/5.
so that, from (14) and (15),
s = % te[0,1]. (16)

In the next section we will prove the renormalizability of the base tri-
angle. This will immediately imply the renormalizability of the original
rhombus map, thanks to the following proposition.

Proposition 1 Let R(s) be the parametric dressed domain of the rhom-
bus map, defined above. For s in the interval [—(3,—20/a], the atom Ry,
equipped with its induced return map, is a parametric dressed domain B con-
gruent to B(l, h), with | and h given by (14). The return orbits of the atoms
of B, together with those of three periodic pentagons, tile the rhombus R,
apart from a set of measure zero.

PrRoOOF. We introduce the following three pentagonal tiles (suggested by a
computer inspection)

IL;, = [(0,1,2,3,4),(1,1,1,1,1),(1 +s,1 +s,14+s,1+ 5,1+ 5)],
Hiz = [(Oa1323334)’(_17_17_13_17_1)a(S,ﬁ+5,1+57ﬁ+S,S)]v
I, = [(0,1,2,3,4),(-1,-1,-1,—-1,—1,-1),(s,8* + 5,14+ 5,1 + 5,6 + 5)].

We then verify the complete tiling of the rhombus by direct iteration of the
rhombus map p, verifying that the six return orbits are mutually disjoint and
that the total area covered by those orbits is equal to that of the rhombus.
O
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s =-.618034...

base /

triangle

s =-.552786...

Figure 7: Tiling of the rhombus by return orbits of the base triangle, for five values
of s in the interval [—8, —25/a].

The tiling of R is illustrated in figure 7 for selected values of s in the
interval [—3, —2(/a]. Note the lack of bifurcations in the interior of the
interval, as well as the simplified tilings at the endpoints.

4 Renormalization theorem

We are now in a position to state our main renormalization result for base
triangles. We first let

12[071] In:(/@n—‘rl?/gn]? n:O7]"2""'
and then we define the renormalization function r as follows (see Fig. 2)

0, t=0,

r:l —1T r(t):{aﬂ(l—w”t) tEIn, n:O,l,Q,---- (17)

We have following theorem
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Theorem 1 Let B be a base triangle congruent to B(l, h), with h/l = k(t)
for some t € I. Then there exists a base sub-triangle B* congruent to
B(l', 1), with

l n , ,

7 = k(t), 7 = k(t"), t'=r(t)
where the functions k and r are defined in (16) and (17), respectively. For
each n, the return paths are constant on I,, as are the incidence matrices
given in (18),(19), and (20), and the parity 7(B*) = (—1)". In each case,
the recursive tiling property is satisfied.

PROOF. Our proof strategy is a recursive one. For t € Iy, I, I def {0},

the statement of the theorem is verified by direct iteration of the piecewise
isometry p,, using the skew metric and exact arithmetic in the module
Q(a) + Q(a)s. Then, for t € I,,, n > 1, we shall prove the existence of a
base sub-triangle with ¢’ = w?t € I,,_5 and a change of parity. Both stages
of the proof require computer assistance (see [7]). Repeated application of
this recursion relation always terminates in either Iy or I, and this —as we
shall see below— is sufficient to complete the proof of the theorem. The
proof of the theorem involves four cases.

(a) For t = 0, we have the following tiles (see figure 8)

B = [(1,0,4),(=1,1,—1),(0,1+ afs,28 + as)]

By = [(1,0,2),(=1,1,1),(0,1+ afs, (=7 + 30)/2)],

By = [(1,2,4),(=1,—1,—1),(0, (=7 + 30)/2,28 + )],

I = [(0,1,2,3,4),(1,1,1,1,1), (1 + afBs,a — 2,0, 5 + afs, 20 + as)).

The atom isometries are p; = Tq,Ry,;, ¢ = 1,2, with

v = 3, up-d; = (9 —3a)/2 + afs, u; -d; = =5+ 2a — afs,
1/2:2 110-(312:0[—2, u1~d2:—2ﬁ—as.

We prove the tiling by direct iteration [7]. The incidence matrix is
0 2
- (02). "

(b) For t € Iy, we have the following tiles (see figure 9)

B = [(1,3,2),(—1,—1,1),(0,23% + a8s,0)]

20



B

Figure 8: On the left is shown the tiling B of a base triangle by its two atoms, for
t = 0. On the right is the tiling of the triangle by the return orbits of the atoms of
Bi. The white pentagon is a periodic tile.

By = [(3,2,4),(—1,1,1),(28% + afs,0, (=13 + 7a) /2 + as)],
By = [(1,0,3,4,2),(-1,1,-1,—1,1),(0, (13 — 5a) /2 + afs,
23% 4+ afs, (=13 4+ 7a)/2 4+ as,0)]
By = [(0,1,3),(-1,-1,-1),((13 — 5a)/2 + afs,0,23* + afBs)],
I, = [(0,1,2,3,4),(1,1,1,1,1), (1 + afs,a — 2,0, 5 + afs,20 + as)],
I, = [(0,1,2,3,4),(1,1,1,1,1), (1 + afs, (7 — 3a)/2,0,26% + afs, af + as)].

The atom isometries are p; = Tq,Ry,;, ¢ = 1,2, with

vy =3 up-d; = (9—3a)/2+ afs, u; -dy = -5+ 2a — afls,
vy =2 uy-do =a—2, u -do = 20 — as,
I/3:3 uo-dgza—Z, u1-d3:—2ﬁ—as.

We prove the tiling by direct iteration [7]. We verify that there is no
change of parity, and that the renormalization function takes the form

r(t) =w?(1 —t), tel,.

The incidence matrix is

My

Il
O =
DO — DO
o= o
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Figure 9: On the left is shown the tiling Bofa prototype base triangle by its three
atoms, for t € Iy = (3,1]. On the right is the tiling of the triangle by the return
orbits of the atoms of B;. The white pentagon is a periodic tile.

(c) For t € I, we have the data (see figure 10)

B = [(1,3,2),(-12,— =12,-1),(0,26% + af8s,0)],

B, = [(102)( 1,1,1) (0,12 — 5a + a3s, 0)],

By = [(0,1,4,3,2),(—1,-1,1,-1,1), (12 = 5a + afs,0, (=13 + 7a) /2 + as,
2ﬁ2+aﬁs 0)]

By = [(1,3,4),(—1,-1,-1),(28% + aBs, (=13 + Ta) /2 + as)],

o, = [(0,1,234) (11 ,1,1), (14 afs,a —2,0,8+ afs, 28 + as)],

I, = 1[0,1,2,3,4),(1,1,1 11),(1+aﬂs7 30,0,5 — 2a + afds, 36% + as)],

I3 = [(0,3,1,4,2,0,3,1,4,2),(-1,1,-1,1,-1,1,-1,1,—1,1), (=5 + 3) /2 + afs,

232 —i—OtﬁS,0,0éﬁ—I-CES,(’ 7+3a)/2, 1+ afs, B+ afs, (7T —3a)/2,26 + as,0)].

The atom isometries are p; = Tq,Ry,;, ¢ = 1,2, 3, with

v =3 up - d; = (—29 + 13a))/2, u; - d; = —(31 —15a)/2 — as,
Vg =2 ug - dy = af? + afs, u; -dy = —26% — afs,
v3 =3 up - ds = (=11 + 5a) /2, u; -ds = (13— 7a)/2 — as.

We prove the tiling by direct iteration [7]. We verify that there is a
change of parity, and that the renormalization function takes the form

r(t) = w?(1 —wt), tel.

The incidence matrix is

2 8 2
Mi=(|111
2 6 0
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Figure 10: On the left is shown the tiling B of a prototype base triangle by its
three atoms, for ¢t € I; = (5%, 3]. On the right is the tiling of the triangle by the
return orbits of the atoms of B;. The white regular pentagons and semi-regular
decagon are periodic tiles.

(d) For t € I,, n > 1, we have the data (see figure 11)

B
By
By

Bs
IT;
I1,

[(1,0,2), (=1,1,1), (@ — 2,1 + afs, 0)],
[(1,3,2), (=1, —1,1), (@ — 2,5 — 2a + af3s, 0)],
[(1,0,4,2,3), (1,1, —1,1,1), (a — 2,1 + af3s,

(=94 5a)/2 4+ as,0,5 — 2a + afs)],
[(0,2,4),(1,1,1), (1 + afs,0, (=9 + ba) /2 + as)],
[(0,1,2,3,4),(1,1,1,1,1), (1 + afs,a — 2,0, B + afs, 25 + as)].
[(0,1,2,3,4), (—1,-1,—-1, -1, —1), (3% + afs, 0,

(=74 3a)/2,58+ afs, 28 + as)].

The atom isometries are p; = Tq,Ry,;, ¢ = 1,2, 3, with

1/1:3
I/2:2
1/3:3

uO'd1:1+Oéﬁ8, ll1-d1=—7+30£—0£ﬁ8,
ug-ds = -4+ 2a, up - dy = —af? — as,
up-ds =1+ apfs, u; -ds = (—7+3a)/2 — afs.

We prove the tiling by direct iteration [7]. We verify that there is no
change of parity, and that the t-parameter of the base sub-triangle is

t =w’t e Iy_2, n>=2.
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The incidence matrix is

44

Figure 11: On the left is shown the tiling B of a prototype base triangle by its
three atoms, for t € I, = ("1, 3"], n > 1. On the right is the tiling of the
triangle by the return orbits of the atoms of the sub-triangle B defined in (d). The
white regular pentagons are periodic tiles.

|

|

I
N O W
N =N
N O =

Combining the results of (a), (b), (c), and (d), we obtain the renormal-
izability for all ¢ € I, as stated in the theorem. For ¢t € Iy, k =0,2,..., the
recursion relation (d) is applied & times, terminating in Iy. The resulting
parity, spatial scale factor, and renormalization function r(¢) are as stated
in the theorem, with incidence matrix

0o -2 _2 1 4 1
N 3 3 - 3 3
My = M*_ My = 1 1 1 +2?61 10 0 0 (19)
—9 _2 _2 1 4 1
3 3 3 3
For t € Iop41, K =0,2,..., the recursion relation (d) is applied k times,

terminating in I;. The resulting parity, spatial scale factor, and renormal-
ization function r(t) are as stated in the theorem, with incidence matrix

-2 .0 0
Moprr =MF_My=[ 1 1 1 | 422+
-2 -2 -2

4

Wik O Wik

1
00 |. (20
4 1

The proof is complete. [J
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5 Symbolic dynamics and Liiroth expansion

In this section we introduce a symbolic dynamics for the renormalization
map r, which will give us a useful expansion for ¢ € I —equation (22). This
is Liiroth expansion [3,9,19].

The renormalization map 7, see (17) and figure 2, is piecewise-affine, and
its restriction to the interval I,, has slope —w"*2. Since w > 1, this map is
expanding, and since the length of I, is equal to 37(1 — 8) = 1/w" 2, we
see that r(I,) = I. It follows that r preserves the Lebesgue measure.

Introducing an index function

) 0, t =0,
it) = { logs(t)], t#0

we rewrite the renormalization function as

10={ B _ oy, 120
w1 —w'®t), t£0.
Every t € I corresponds to a unique r-trajectory,
(to,t1,t2,...),  to=t,  tes1 = r(ty) = w?(1 — ')ty
The sequence of indices iy = i(t;) provides a symbolic representation
t— (ig,i1,12,...),

with the action of r on I represented by a left shift of the symbol sequence.

From the fact that r maps I onto itself and I,, onto [0, 1), it follows
that each i,, in the sequence can take on an arbitrary value in {0,1,...,00},
with the single constraint that the subsequence (00, 1), i # 00, is forbidden.
The index oo appears only in infinite tails, corresponding to the preimages
of 0 under iteration of r.

To show that the points of I and the constrained set of symbol sequences
are in bi-unique correspondence, we note that the recursion relation for the
t;. can be inverted to obtain

ty = 6% — B2ty (21)

Since 8 < 1, hence 3°° = 0, the inverse recursion is valid for arbitrary
symbolic sequences. Given (ig,?1,1%2,...), we can iterate (21) to obtain a
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unique expression for ¢ as an absolutely convergent sum over powers of 3:

t o= to= 0" — 0" = gl — gt — g1y
_ ﬁio o ﬂi0+2,8i1 + ,Bi0+2ﬁil+2(/3i2 o ﬂi2+2t3)

ﬂio . ﬂi0+i1+2 + 6i0+i1+i2+4 o Bio+’i1+i2+i3+6 4.

)

= D (=DFBRTE b =g+ g (22)
k=0

This is an expansion of the type introduced by Liiroth in connection with a
piecewise affine analogue of Gauss’ map for continued fractions [3,9,19].

6 Self-similarity theorem

We now state and prove our second main theorem.

Theorem 2 The renormalization function r is conjugate to a left shift act-
ing in a space of one-sided symbol sequences with alphabet NU{oo}. A point
t € I is eventually periodic under r if and only if t € Q(v/5). Hence the
set of values of t for which a base triangle congruent to B’(l, k(t)l) is strictly
renormalizable is Q(v/5) N 1.

ProoF. The first statement has already been established in the preceding
section. If a point t € I is eventually periodic under r, then so is its symbol
sequence, and its Liiroth expansion (22) is a finite sum of geometric series,
each of which sums to an element of Q(v/5). It remains to show that all
members of Q(\/g) N I have eventually periodic symbolic representations.

Let Z[3] be as in (12). Given t € Q(v/5) N I, there exists a positive
integer d such that ¢ belongs to the module

Mg = éZ[ﬁ] ar

which is the restriction to I of the module d~'Z[3]. Because 7(t) is obtained
from t by ring operations in Z[g], and r(I) = I, we have that (M) C M.

For t € My we let ¢ = td. Then ¢ € Z[3]NdI, and alongside the interval
map ¢ +— r(t), we have the ring map

2B - 2B, (e W OREOI-0). s=oc ()

(with r4(0) = r4(dB) = 0) which represents the restriction of r to M, after
clearing denominators.
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The bijective mapping
¢ ZIB = 2%, m+nf (mn)

conjugates r4 to a lattice map on Z? (which we still call 74), and maps the
points of Z[5] N dI into a lattice slab ¥,

H(ZIBINdI) =Xq={(m,n) €Z?: —m < nf < —m +d}.

In preparation for studying the lattice action of r4, we consider the
simpler multiplicative operator w. Since

d(w(m+np)) =d(m+n+mp) =(m+n,m),

the lattice map is just the application of the matrix

1 1
(1),
This matrix has an expanding eigenvalue w along the direction of (1, (),
and a contracting eigenvalue —( along the direction of (3, —1). We denote

by z4 and z_ the components of a lattice vector along the respective eigen-
directions. It is straightforward to obtain the estimates, fior all ¢ € Z[F]NdI,

D(ralC) -] < IO+, [6(ra(O))] € .
it P

The lattice map conjugate to g4 is thus bounded in the + direction, and

contracting in the — direction for sufficiently large ¢({)—. Every orbit is

thus trapped in a bounded region of the lattice and hence is eventually

periodic. This completes the proof of the theorem. [

7 Asymptotic scaling and fractal dimensions

Spatial scale factors for our strictly renormalizable models are specified by
the following proposition.

Proposition 2 Lett be an eventually periodic point of the renormalization
map T, with symbolic code jo, ..., jn, (i1,12,...,1p)*°. The corresponding
asymptotic spatial factor o is given by

o= ﬁ(i1+"'+ip+2p)_
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PROOF. Let t, = r"**(t) € I, , k=1,...,p. The scale factor is the product
of the single-level scale factors k() over one period of the code:

p

t o t
_ £ = , 24
7 ]}_Ilﬁ(k) w2 —tg w2 -ty  Ww?2—t (24)

But, from the definition of » on I;, ,
Wt =W —r(ty) =Wy, k=1,...,p—1,
and from periodicity,
w? —t =w? —r(ty) = w(ip+2)tp.

Substituting into (24) and cancelling factors in numerator and denominator,
we get the stated result. [

Temporal scaling for our strictly renormalizable models is governed by
the incidence matrices. If

T = (1™, .. 1)

lists the return times for the k atoms of a dressed domain at level n of
the return-map hierarchy, and if M is the parameter-dependent incidence
matrix, then we have the recursion relation

T+l — () . A

For the base triangle in the pentagonal model, the return paths remain con-
stant as the dressed domain is deformed continuously within each parameter
interval I;, and hence the single-level incidence matrix has the same prop-
erty. Specifically, this is given by M; of equations (19) and (20), and, for
j = o0, by equation (18).

The strictly renormalizable models correspond to eventually periodic
code sequences (see section 6) i, ..., im, (j1,-..,Jp)"°, with the asymptotic
large-time scaling governed by the largest eigenvalue Aj, _ ; of the n-level
incidence matrix,

Mjlv"'mjp = M]l e Mjp‘

Thanks to the specific form of the Mj, the arithmetic properties of the
temporal scale factors are severely limited:
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Proposition 3 Let A be the temporal scale factor for the base triangle with
specified parameter t. If t is an eventual preimage of zero under iteration
of v, then A\ = 2. Otherwise, X is the larger root of a monic quadratic
polynomial with integer coefficients which depend only on i(t).

ProoOF. For an eventual preimage of zero, the repeated incidence matrix
is M, whose eigenvalues are calculated to be —1 and 2. Otherwise, the
repeated incidence matrix is of the form My, . ; with all indices finite. We
define two families, Cy and C_, of 3 x 3 matrices with integer coefficients,
namely those of the form

a+d+e b+e—€ c+f—c¢
a b c , €= =+1.
d e f

It is easy to show that Mj is in Cy if j is even, and in C_ if j is odd. By
direct multiplication, one shows that the product of matrices in C. and Cs
is in C¢5. It follows that, in general,

1t Hip

Mg, €Cpy m=(-1)

The eigenvalue equation for A for such a matrix is

a+d+e—X bt+te—ec c+ f—ce E—A A—€ A—ce
a b— A c = a b—A c
d e f=A d e =2

=-(A—e) (AN —mA+n) =0,

where m,n € Z. But m = a+b+d—+ f is the sum of the roots of the quadratic
factor, and it is straightforward to verify that this is always > 2. Thus, the
temporal scale factor is always the larger root (> 1) of the quadratic factor,
which is a polynomial of the type stated in the proposition. []

By virtue of the recursive tiling property of the renormalization, the
return orbits of the level-n base triangle are a covering set for the measure-
zero exceptional set I' complementary to the periodic tiles of all levels. By
a standard argument (see [15], chapter 4), the spatial and temporal scale
factors (o and 7, respectively) of the sequences of return orbits conspire to
endow the exceptional set with a Hausdorff dimension

log()

dimy(T) = “Tog(0)’

~—
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A thorough discussion of the geometry and dynamics of the exceptional set is
beyond the scope of this article. We will limit our discussion to the simplest
code sequences, namely those of the form (7,4, 7,...) = (j)°°, corresponding
to the infinite sequence of fixed points ¢} of the renormalization function 7.
Applying the fixed point condition on I,

W1 —Ft) =3,
we have
N 1
= —
wk + 32
Let us calculate the temporal scale factors for the fixed points, as well

as the corresponding Hausdorff dimensions. The scale factors are the larger
eigenvalues 77 of the matrices M;, namely

Too = 2,

1
=3 (4k+1 — 1 VAR T 4R 1) ,

|
T§k+1:g<7><4k—1+\/49><42’f+94><4k+1>.

To calculate the dimensions, we use the spatial scaling factors given by

proposition 2, namely
o =k(t;) = /i,

The corresponding dimensions are given by

log(7*
g = - 8(7j)
log(3712)
From the explicit formulas for the scale factors, it is easy to show that the
dimensions doy, and dog11, kK = 0,1, 2, ..., are monotone increasing sequences,
starting at
log(2 log 6
do= 19829 o001 ay = 180 _jopng
2log(w) 3log(w)
respectively, and tending for & — oo, to
log 2
doo = —2% = 1.44042.. ..
log w

The dimensions dgy, and dog11, kK =0,1,2,...,100, are plotted in figure 12.
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Figure 12: The dimensions dj for 0 < k < 100. For the even (resp. odd) indices,
the data points have been connected by straight segments to aid the eye.

Part 111
Octagonal model

In this part, we study our second example of a parametric piecewise isom-
etry (PPWI), based on a rhombus with small angle /4 and, once again, a
variable rotation center on the short diagonal. Throughout, we will adopt
the following notation:

a =2, B=a—-1, w=p3t=a+1.

The number w is the fundamental unit in the ring of integers Z[a] of the
field Q(«), given by

Zlo] ={m+na : m,n € Z}. (25)

One checks that Z[a] = Z[w]. While the main results are analogous to those
of the pentagonal model, the level of complexity is much greater. Thus the
order of topics has been rearranged to postpone as much as possible the intri-
cated details of the renormalizability proof. After introducing the rhombus
model and induced base triangle in section 8, we define the renormalization
functions f and r = f? and state our main theorems in section 9. Rather
than proceeding immediately to the proof of renormalizability (theorem 3)
we first discuss, in sections 10 and 11, the issues of symbolic dynamics, the
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Liiroth-type expansion needed for this case, and the arithmetic criteria for
dynamical self-similarity, all of which is incorporated in theorem 4. Here,
the proofs require only minor modifications of those already encountered in
part II. Then, in sections 12-14 we lay the groundwork for the systematic
proof of theorem 3, which we carry out in section 15. In the final section,
we discuss a byproduct of the proof of theorem 3, namely the incidence
matrices which govern the temporal scaling of the model and allow for a
calculation of the Hausdorff dimension of the exceptional set for the strictly
renormalizable parameter values.

8 The model

8.1 Rhombus map

We consider a one-parameter family p(s) of piecewise isometries on a fixed
rhombus R of side 2aw and small angle 7/4 (figure 13). The rhombus is
specified by the half-plane conditions (4) with ¢ = 0,1,4,5 and all ¢; = 1,
written concisely as —see (6)

R =1[(0,1,4,5), (w,w,w,w)]. (26)

The map p(s) acts as an orientation-preserving isometry p;(s) € &, on each
of its atoms: R;, i = 1,2, 3,

Ri(s) = [(0,2,5), (w,—1 —2a + afs,w)],
Ro(s) = [(0,1,2,4,5,6), (w,w, 1 + afs,w,w,l + 2a — afs)], (27)
Rs(s) = [(1,4,6), (w,w,—1 — afs)].

Specifically, each atomic isometry is a clockwise rotation by /4 followed by
an s-dependent vertical translation,

p1(s) = T(023—28)R7
p2(s) = T(0,—2-28s)R7, (28)
p3(s) = T(o,—2w—28s)R7-

For each value of s in the interval [0, 2w], the map p(s) has a fixed-point
P(s) = (w—s,1-fs)

on the short diagonal of the rhombus. The renormalizability for the cases
s = 0,w, 2w is known [1,2,14].
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(-0, ®?)

(-, 1+aps)

(w, 1)

(_(Da _1)

(0, 1-20+0fs)

(w,~0?)

Figure 13: Partition of the rhombus R into atoms R;, i = 1,2,3. The piecewise
isometry p(s) may be represented as a composition of two involutions: simultaneous
reflection of the atoms about their respective symmetry axes (dashed lines), followed
by reflection about the short diagonal of the rhombus (solid line). The intersection
of these symmetry lines is a fixed point P, located s to the left and Bs below the
vertex (w,1).

The piecewise isometry p(s) is reversible, namely it can be written as
the composition of two orientation-reversing involutions,

p(s)=GoH(s), G =H(s)’=1,

where H(s) is the simultaneous reflection of the three atoms about their
respective symmetry axes, and G is the reflection of the rhombus R about
its short diagonal. Note that the fixed point P is symmetric, namely it lies
at the intersection of fixed lines of G and H. Moreover, H = G o p, and either
G or H serves as a time-reversal operator for the map p:

Gop(s)oG=Hop(s)oH=p(s)~ L.

Another useful symmetry relation follows from the invariance of the
rhombus under R4 (rotation by m), which takes (z,y) into (—z,—y). One
readily verifies that

Ry o p(s) oRy = p(2w — ).
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In studying the renormalizability of the family over [0,2w], we are thus
permitted to restrict ourselves to s € [0,w]. For reasons which will soon
become clear, we will mainly be focusing on the shorter interval,

I=10,al. (29)

Equipped with the s-dependent piecewise isometry p(s), the rhombus R
becomes the span of a parametric dressed domain R(s) = (R, R(s), p(s)).
To demonstrate the renormalizability of R(s), as defined in section 2, is the
principal goal of this investigation. To do this, we concentrate on the atom
R;i(s), showing that it is a dressed subdomain of R(s) and moreover is an
example of a two-parameter family of base triangles. The renormalizability
of base triangles will then occupy our efforts for the remainder of the article.

8.2 The base triangle

We define a two-parameter parametric dressed domain, the base triangle.
For parameters [ € Ry and h € [0,al], we define a prototype g(l,h) =
(]§, ]§, p) to represent its equivalence class with respect to . The dressed
domain induced on the atom R;(s) of R will be shown below to be congruent
to B(1, s).

The tiling B is illustrated in figure 14. The defining data are presented
in Table 1. For simplicity, we choose a frame of reference with the right-
angle vertex of B at the origin and the remaining vertices at points of the
negative x and y axes.

Table 1: Tiling table of the prototype base triangle g(l, h), for 0 < h/l < a.

Source Polygon Initial Placement Destination
Tile ‘ Qu ‘ Parameters | Ry ‘ Translation Tile ‘ Ry
| B | 1| al+pn [ 7] (0,0) | — | — ]
B 1 afl—ph | 2 | (—al—h,—aBl+ph) |U1B; | 2
B 7 2l — ah 0 (—2l + ah, —Qh) U1 Bs 3
Bs 6 al—h,h 0 (—h,—h) U1 B3 2
By 7 ah 5 (—2l + ah, 0) U1 By 1
Bs; | 1 Gh 7 (—21,0) UBs| 0
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In the table, the atoms of B and their span are listed by giving their
respective orientations and translation vectors relative to a representative
tile in the catalogue of Appendix A. For example, we learn from table 1 that

B1 = TaRa Q1(afl — Bh),

where d = (—al — h,—afl 4+ Bh) is the location of the offset tile’s anchor
point (local origin; see Appendix A). The isometry p; associated with atom
§1 is uniquely specified by the information listed in the last two columns.
Because d lies on the symmetry line of the tile, it is taken into Uy (d) by p;.
More generally, if ny is the rotation index of the last column of the table,
we calculate

p1 = Ty,d—r, d Rn, -

21
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Figure 14: The prototype base triangle B\(L h) for 0 < h/l < a.

The definition of the base triangle can be extended to the boundary of
the parametric domain. This domain has two atoms for h = 0 (and any
l) and three for h = «l; the atoms are still described by table 1 with the
stipulation that all zero-parameter entries are to be deleted.

The following result establishes the dynamics of the base triangle, which
is the basis of the renormalization process.

Proposition 4 For all s € I, let R(s) = (R(s),(Ri(s)), (pi(s))) be the
parametric dressed rhombus defined in equations (26)—(28). Then the atom
Ri(s), equipped with the return map induced by p(s), is a dressed subdomain
B congruent to the prototype base triangle g(l, s). The rhombus R(s) is tiled
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by the return orbits of the atoms of B and also of the periodic tiles

I =T 1-51-ps) Quo(s, a — ),
Iy =T(1-5-p-ps) @s(a — s),
I3 = T(wfs,lfﬁs) Q5(3)7

apart from a set of zero measure. The incidence matriz for the return orbits
of the atoms 1is:

1 11 1
8 5 2 6
5 2 2 2

(SO

Proor. The proof is a straightforward application of the direct iteration
method described in section 2.5. The initial and final tiles of the return
orbits can be gleaned from table 1, and we know that the periodic orbits
should begin and end on Il;, kK = 1,2,3. In the course of constructing the
return orbits, we keep track of the atoms visited, obtaining at the end the
symbolic paths and incidence matrices of the orbits. By adding up the areas
of the tiles of all the orbits, and comparing with the total area of the parent
domain, we prove the completeness of the tiling.

The details of the computer-assisted calculation may be found in the
Electronic Supplement [7]. O

The tiling is illustrated for several values of s in figure 15. The reader
may find it instructive to follow each of the orbits around the rhombus,
applying ‘by eye’ the product of local and global involutions at each step.
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Figure 15: Tiling of the rhombus R by return orbits of the atoms of Ry (shades of
gray) and the periodic tiles ITy, T, II3 (white), for equally spaced values of s = h/l
in I = [0, a]. The three atoms of R have been drawn with thicker boundaries.
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9 Main results

We now state the main results of our investigation. Section 8. We begin by
defining the renormalization functions f and r = f? (see figures 3 and 16),

for all s € I = [0, a:

f(0) = f(a) =0,
' Ai—s) sel;, 1<0
f(5)=wl e (s—p) sel (30)
(S*Ai) sel;, >0,
where
(Ai_1, ] i< 0 Jeid i <0
I; = (6,1) 1=0 A, =< 0, 1=0 (31)
[Az‘;Ai—I—l) 1 >0 Oé—,BM 1>0
and
r(0) =r(a) =0,
_ lilli+2 (AZ'J'—S) SGIZ'J‘, j<OOI' (ijandi<0),
r(s) =w { (s—Aij) seliy j>0or(j=0andi>0), 2
where
(A,] 17A,j] Jj<0
j (Aj—1,0i0) j=0,i<0
b (Al(]a ) ]:O7Z>O
[ N z]—l—l) j>07
/3|i\+1 + I3|i|+|j|+1 i<0,j<0
A=< plil— gl i<0,7>0
Ot—A_L_j i>001‘(7;=0811dj>0).
e B —rl—— P — B — |
" B I @ o 2 I B

Figure 16: The piecewise-affine renormalization function r = f?

The following two theorems constitute our main results.
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Theorem 3 Let B be a parametric base triangle congruent to the proto-
type B(l,sl). Then B is renormalizable for all positive real | and s € I.
Specifically:

i) For s € {0,a}, B has a dressed subdomain B* congruent to B(k(s)l,0),
with

k(0) = 3, k(o) = 1.
The parity m(B*) is —n(B) for s = 0 and 7w(B) for s = «. The return-map
orbits of the atoms of B*, together with those of a finite number of periodic
tiles, tile the spanning triangle of B, up to a set of measure zero.

ii) For all i € Z \ {0} and s = A;, as defined in (31), the domain B has
two dressed subdomains, B* and BT congruent, respectively, to B(k*(A;)l,0)
and B(k'(A)1,0), with

(A) = 8", KA = 812 )a.

The parities 7(B*) and w(B') are both (—1)/"*1x(B). The return-map orbits
of the atoms of B* and B, together with those of a finite number of periodic
tiles, tile the spanning triangle of B, up to a set of measure zero.

i1i) For all i,j € Z and s € 1; j, the dressed domain B has a dressed subdo-
main B* congruent to E(l*,s*l*), I* = k(s)l, s* =r(s), with r(s) given by
(32) and
k(s) = glitlil+2, 7(B*) = (=1)1+lz(B).

The return-map orbits of the atoms of B*, together with those of a finite
number of periodic tiles, tile the spanning triangle of B, up to a set of
measure zero. The tilings vary continuously with respect to s € I; j, with
the return paths (hence the incidence matrix) constant over the interior of
the interval.

There is a tight connection between strict renormalizability and the field
Q(v/2), due to the following result.

Theorem 4 The renormalization function f is conjugate to a left shift act-
ing in a space of one-sided symbol sequences with alphabet Z U {—o00, +00}.
A point s € I is eventually periodic under f if and only if s € Q(v/2). Hence
the set of values of s for which a base triangle congruent to B (1, sl) is strictly
renormalizable is Q(v/2) N 1.

Theorem 3 will be proved from the analysis of the return-map dynamics.
Before that rather lengthy analysis, we will prove theorem 4 and study some
interesting properties of the function f and its symbolic dynamics.
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10 Symbolic dynamics

This section echoes section 5, with the added complexity of the octagonal
model. We introduce a symbolic dynamics for f which will give us again a
Liiroth-type expansion for s € I —equation (40).

The renormalization map f, see (30) and figure 3, is piecewise-affine, and
its restriction to the interval I; has slope +w!i*t!. Since w > 1, this map is
expanding, and since the length of I* is equal to aflT! = a/wli*! we see
that f(I;) = I (with the origin missing if i = 0). It follows that f preserves
the Lebesgue measure.

Next we define the function ¢ : I — Z U {—o00,+0oo} which assigns to
each s the interval I; to which it belongs. Explicitly,

[loggs(s)] 0<s<p
Z(S) — g(;g)ﬁ(a — S)J ,f:<69 <« (33)
+00 s = q.

In terms of this function, f can be rewritten as

o(i(s)) WG+ (s — A, s «
f(s) :{ 0( ( )) + ( Az(s)) Sig:@j (34)

where
. -1 1<0
o(i) = { 1 i>0. (35)

Let us now consider the orbit of f with initial condition sg = s € I. For
all k > 0 we let sgy1 = f(sg). With the notation

ir=1(sk), or=o0(ik), T =oa(lt+oy)/2, (36)
equation (34) becomes

lig|+1 _ lik|
| oww (sk — m +opB%) s # 0,
sen=1{ ¢ b

In this way, every s € [ is associated with a unique sequence
(ig,i1,92,...) (38)

with i € Z U {—00,+00}. The only constraints which we impose on these
sequences is that the sub-strings (Foo,7), r # —oo are forbidden, and that
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the symbol 400 can only appear as the leading symbol: (400, —00,...). In
the space of such sequences, a left shift is conjugate to the map f on I.

To establish that each allowed sequence (38) corresponds to a unique s,
we begin with the sequences (Foo, —00, —00,...), which represents exclu-
sively the value 0 (negative sign) and « (positive sign). All other sequences
either have no symbols —oo, or else have an infinite tail of —oo symbols
preceded by a finite sequence in which Foo does not appear. In either case,
we can assume s, # 0, a and invert (37) to obtain

sk = — 0B + o BT sy (39)
Iterating, we find:

so = mo—ooBl+opslioltls)
= mo — og(w — m1) BT — ooy plOIHIEIFL 4 o5y gliolHIT2 gy

An easy induction gives

s=s0=m—A A= anpmtn, (40)

n>1

where

an = (w—m) [] o b= _ likl. (41)

k<n k<n

The sequence (by,) is non-negative and non-decreasing, and we have b,, =
0 only for the fixed point s = v/2/2. The sequence (a,) depends only on the
oks; indeed,

w op = —1
w—ﬂ'n—{ 1 on = 41, (42)
Thus a, € {1, +w}.

The sum in (40) is absolutely convergent, and it provides an expansion
for any s € [0,). On the other hand, having excluded +oco from all but
one sequence, distinct sequences correspond to distinct values of s € [0, a].
This completes the proof of the claimed bi-unique correspondence.

The expansion (40) is finite if the orbit of sy reaches the origin, and
infinite otherwise. In the former case A is a finite sum of elements of Z[a],
and hence s € Z[a]. If the sequence (38) is eventually periodic with limiting
period N, then the sequence a,, is eventually periodic with the same transient
and period N or 2N, while the sequence b, eventually becomes the sum of
an affine function plus a periodic function with period dividing N. Then
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the sum A decomposes into the sum of finitely many geometric progressions,
and so A, and hence s, belong to Q(«).

In the next section we shall demonstrate that the converse is also true,
namely that any s € Q(a)N[0, ] has an eventually periodic symbol sequence
of the type (38).

11 Lattice dynamics

As we did in section 6, we consider the ring of integers Z[«a] of the field Q(«),
given in (25). Let the interval I be given by (29). For d > 1, we define

My = %Z[a] NI (43)

which is the restriction to I of the module d~'Z[a]. Because f(s) is obtained
from s by ring operations in Z[a], and f(I) = I, we have that f(M,) C M.
We have established the first part of the following lemma;:

Lemma 1 For each d, we have
fMg) c Mg, fTH Mg\ {a}) C My

PROOF. It remains to show the invariance with respect to f~'. In the
statement of the lemma, we removed the element o« € M since it is not in
the image of f.

We have 0 € My, and, by construction we have

fﬁl({O}) = { A9, A Ag, A, Ao, } U {0, a} C M.
Let now s # 0, and let s’ = f(s) € M. Using (30) we find
s = .S/U(i((s))ﬂli(sm'1 + Ajs)-

For any choice of the values of i, we see that s is an affine function of s’
with coefficients in Z[a]. Since Z[«a]/d is a module over Z[a/], it follows that
s € My (see (43)). O

For s € M4 we let ( = sd. Then ¢ € Z[a]JNdI, and alongside the interval
map s — f(s), we have the ring map

fa:Zlo) —Zla] o oli(s)el O (C—dbyg) s=C (44)
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(with f4(0) = f4(da) = 0) which represents the restriction of f to My after
clearing denominators.

CONCLUSION OF THE PROOF OF THEOREM 4. We introduce the natural
bijection

¢:Z[a]—>ZQ m + na — (m,n)
which conjugates f; to a lattice map on Z?2, for which still use the same

symbol.
For any d > 0, we define the infinite strip

Yy={(m,n) € Z® : -m < na < -m+da},

which is invariant under fg (because [ is invariant under f).

We claim that all orbits of the map f; are eventually periodic. Since
Y4 C Z? this means that all orbits of f; are bounded. Multiplication by w
in Z[a] induces a linear map M on Z?, with eigenvalues —w, 3. The lines
ay = +x are the corresponding eigendirections. Let z € 3y, and let (z_, z)
be the components of z with respect to a basis of eigenvectors.

Since the expanding eigendirection is transversal to X4, there is a con-
stant ¢g such that |z4| < ¢g. So it suffices to show that the component z_
remains bounded. For all z € Z2 and i > 0 we have

| M7 (2) -] < Ble-| < |z-|. (45)

Furthermore, from (31) we have that w1 A; is a monomial or binomial in
w of degree at most |i| + 1 with coefficients 1, —1, a. Defining

C=d(|¢(1)-| + [op(=1)-| + |p(a)-])
from (45) we have
| MIF (@(dA:)-| < [¢(dA)-| < C. (46)
Finally, from (44), (45), and (46), we obtain
|fa(z)-| < Ble—|+ C

and since § < 1, for all sufficiently large |z_| the map fy is a contraction
mapping. Thus its orbits are bounded hence eventually periodic.
This completes the proof of theorem 4. O
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12 Overview of the renormalization dynamics

As a prelude to the proof of theorem 3, we now turn our attention to the
dynamical underpinnings of the renormalizability of the parametric base
triangle B(l,s). This analysis is based on the construction of the return-
map tree through successive inductions on sub-domains, a process which is
far more complex than one might guess from the simple functional form of
the function r. To account for the renormalizability of the entire parameter
interval, ten distinct renormalization scenarios need to be considered, each
characterized by the participation of distinctive parametric dressed domains.
We have given such special domains names suggestive of their geometric
structure: the pencil P, the fringed triangle T, and the double strip D.
The induction sequence for each of the ten scenarios and the corresponding
parameter intervals are specified in Table 2. In the labelling of the scenarios,
Roman numerals I through IV are used to indicate the major classifications,
with asterisks and binary subscripts u, v = 1 indicating finer distinctions
(to be clarified in the next section).

Table 2: Renormalization scenarios, each one corresponding to a simple closed
loop on the renormalization graph of figure 17. (See also figures 18 and 19.)

Renormalization scenario Ranges of indices
(£00,0), (0,+00)
I B—B (—-1,7), (1,—7), 7=0,1,2,3
(0,5), il <2
(i7j)7(_i7 _j)7 (> 27 -3 < .7 < 27
II B—-P—->P"—B (1,7), (=1,—7), j=1,2
(—i,—00), (i,4+00), i>1
p=—1: (Ovi])v Jj =3,
IIIW’ BH%—)DMHD;_)B :u:_‘_l: (17 ])a (_17j)¢ ]>47
v=(-1)
=1 (ij)?( Za_j)7i>17 | 2 3,
WV |B—-P—-17,—-D,—D;—=B| p=+1: (—i,j), (i,—j), 1 =>2, j=>4,
v=(-1)

The rest of this section is devoted to graphical representations of the ten
scenarios, the most important of which is the renormalization graph of figure
17. Each vertex of the graph corresponds to an equivalence class of paramet-
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ric dressed domains. Thus the vertex B represents a base triangle congruent
to the prototype B(l, h), with I > 0 and s = h/l € I. The precise interpre-
tation of the remaining vertices will emerge from the prototype definitions
and lemmas of section 8, together with the specification of parameter ranges
in the propositions of section 10. An oriented edge of the graph, X — ),
signifies that ) is a dressed sub-domain of X', which is dressed by X via
induction. Each edge is labelled by subscripted Roman numerals, indicating
the relevant parameter constraints listed in Table 2. Loops in the graph
correspond to renormalization scenarios and since u,v = +1, there are ten
different scenarios in all.

In labelling the vertices of the graph, we have used asterisks to differen-
tiate members of the same family. For example, P and P* are both pencils,
the latter being minimal in a sense to be made clear in section 13.2. If P is
already minimal, then P coincides with P* and the edge simply represents
the identity.

Figure 17: Renormalization graph, whose closed loops are the renormalization
scenarios of Table 2.

Figure 18 emphasizes the organisation of the ten scenarios on the s-axis.
Specifically, we display the sub-intervals I; ; and their assignment to the
scenarios I-IV for 8* < s < 1. The same information is illustrated in figure
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19 on the (4,j)-lattice. Here the labels I-IV denote subsets of Z?, with
suitable added points at infinity. We see that scenario I is restricted to pairs
(1,7) where both indices are small, plus four points at infinity corresponding
to s = «,0 and s = (3,1, respectively. Scenario II corresponds to small
values of j, with unbounded i (corresponding to s approaching 0, «), plus
a sequence of points at infinity corresponding to the accumulation points
Bl and o — B+ for |i| > 1. Scenario III features small values of i
and unbounded j (corresponding to s tending to an accumulation point).
Finally, scenario IV covers the doubly asymptotic cases. With reference to
table 2, we shall use the short-hand notation:

I = 111, V= JIV,u. (47)

JT8% BV

Our classification scheme leaves open the possibility of more than one
realization of each scenario. Thus, even though mirror sub-intervals I; ;
and I_; _; always belong to the same scenario (as evident in the symmetry
of Table 2), the difference in their return paths may be sufficient to have
distinct temporal scaling properties. This essentially doubles the number of
incidence matrices which we need to calculate.

The dynamical architecture of renormalization in the present model
bears a strong, if imperfect, resemblance to that of Rauzy [23,26] to con-
struct renormalizable interval exchange transformations (IETSs), i.e., maps
on an interval I which permute n sub-intervals which form a partition of
I. At the heart of the Rauzy construction is an irreducible graph (Rauzy
graph), each vertex of which is a ‘parametric IET’ corresponding to a per-
mutation of n symbols and parametrized by a positive n-vector s of interval
lengths. The IET’s of the graph are known as a Rauzy class. Each ver-
tex has two outgoing edges, corresponding to two possible induced return
maps, and is associated with a matrix transformation in parameter space,
s—r;-s, i = 0,1. To search for strictly renormalizable IET’s, one considers
the closed loops of the Rauzy graph, multiplying the r; matrices around a
loop and seeking a positive eigenvector of the product matrix.

In the present work, our strategy for proving renormalizability is clearly
analogous to Rauzy’s, but of course there are important differences. In
particular, our ‘Rauzy class’ of base triangles, pencils, fringed triangles, and
double strips is a more variegated collection of parametric dressed domains,
with bifurcating parameter dependence and no uniform rules of induction
to compare with Rauzy’s. Nevertheless, the general strategy (also applied
in the context of polygon-exchange transformations by Schwartz [25]) is the
same.
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Figure 18: Portion of the s-axis, folded, with distorted scale. The large-|j| asymp-
totic regime (scenarios III and IV) is represented by thick segments surrounding
the accumulation points 8%, k = 1,2,3,4. The large-|i| regime (scenarios II and
IV) consists of the entire interval [0, a3?].
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Figure 19: The ten renormalization scenarios for the indices (i, j) € Z2. We write
+ for £1. The labels IIIL and IV stand for Iy UIIlyL; and IV UIV_Ly,
respectively. Key: I = o, II = x,III; 4 =A, Il = v, III_; = A, III__ =
VIV, =0, IV, =0, IV_, =B IV__ =¢.
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13 Parametric dressed domains with strips

The reader has already been alerted to the fact that certain classes of para-
metric dressed domains (pencils, fringed triangles, and double strips) play
central roles in our renormalization story. We now define these objects.
A common feature of all of them is the presence of a special, quasi-one-
dimensional sub-tiling which we call the strip.

13.1 The strip

The prototype strip §(l ,h) is a tiling with a variable number
2J = 2[logg(h/1)] (48)

of tiles, all of which are reflection-symmetric. If we let h tend monotonically
to zero, the strip undergoes a bifurcation every time h/l assumes a value
G*, k =2,3,.... The number of tiles increases by two, with the additional
tiles being born at one of the vertices at x = —h. The precise structure of

~

S(l, h) is specified in table 3, and illustrated, for J = 4, in figure 20.

~ap! Pl —ap P

"'"/ """"""" Sy \ 'Sz\'"f% """ -5 S"Sg'"?'"'x

- _Iézl -h

Figure 20: A strip with 8 tiles.
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Table 3: Tiling table of the prototype strip S(I, k). The origin of coordinates lies
on the mid-line of the strip, at distance h to the right of its vertical edge.

Source Polygon Placement
Tile ‘ Qx4 ‘ Parameters Ry Translation
S [12] a(-n,2n | 0 (—al + Bh, —h)
S1 4 Gl — Bh, Bl — wh 0 (—1,0)
So 3 h 7 (—apl,0)
Soj-1 ; ; 4 j even 1 P
4 Il — Bh, 37l — wh -7, (—1)7 Il — ah
o Pl g gl —wh | LN | (8 (1)@= an)
Sa;j 0 j even .
3 h . —af71,0
2<j<T—2 7 jodd (-af1,0)
) 0 J even
J-17 _ _ =27 (_1\J(pJ-1] _
52.]—3 1 ﬁ l /Bh 4 Jodd ( ﬁ l?( 1) (/8 l Oéh))
~ 1 Jeven
_pd—1 _pd-17 _ _1\J-1
Soj_2 8 afB’ '+ afh,2h 6 7 odd (—aB’~' = Bh,(—1)"""h)
5 4 J even
Jr _ -1y (_1\J-1(3J] _
SQJ—I 1 ﬁ ! ﬁh 0 Jodd ( ﬁ l?( 1) (ﬁ l Oéh))
3 3 J even
J-17 o _1\J-1 J—-17 _
Sag 7 af’ 7l —ah 6 Jodd (=h,(=1)' " (aB’7'l — wh)))
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13.2 The pencil

The prototype pencil 73(l , h) is a parametric dressed pentagon with a variable
number

h
2L+1=4+ Uogﬂ(j)J

of atoms. Its tiling P is the union of five individual tiles and a strip, namely
P=P,UP,UP,UP;UP,UUS(BL,h),

Here we assume a coordinate system aligned with the axis of the pencil and
with origin at the centre of the square tile Py. Explicitly, arranging the tiles,
apart from Py, in left-to-right order of their anchor points, we have

Py = Qa(h)
Pro= T 0 Qo(Bl/a—h,h),
Py = T(_agi—wh,—n) B1Q7(ah),
Py = T(_api—h,—n) R3 Q1(Bh),
Py = T_ap0)R7 Qs(h),
Pera = UoSp(BlLh), k=1,...,2L —4.

The span of the tiling is

~ ~

P = span(P) = T(_aryan,0) Q6(al — wh, h).

The structure of the pencil is illustrated in fig. 21.

The domain map Ps for the pencil is defined in terms of a composition of
involutions, Uy o H, where H is a simultaneous reflection of each tile about an
assigned axis. The trapezia, triangles, kites, and the hexagon ﬁg —9 have a
unique reflection symmetry. For the rhombi, we choose the short diagonal,
as in the case of the strip. This leaves the square 130 and hexagon ﬁl, for
which we assign axes parallel to u; and us, respectively.

Studying the renormalization of pencils with arbitrarily many atoms
is made manageable by the Pencil Shortening Lemma, which relates any
pencil to a minimal one with only nine atoms. Note that in specifying the
associated incidence matrix, we use as matrix indices the canonical atom
labels shown in figure 20. For the sake of transparency, we will adopt this
convention for all of our incidence matrices throughout this article.

Pencil Shortening Lemma. Let P(l,h) = (P(l,h),P(l,h),p(l,h)) be a
pencil congruent to P(I, h), with 2L+ 1 tiles (cf. equation (10)). The return
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Figure 21: The pencil prototype 73(l, h) with 2L + 1 atoms, for L = 6, together
with the two sub-pencils (L = 5 and L = 4) obtained by application of the Pencil
Shortening Lemma. Each shortening step (i) contracts the parameter { by a factor
0, with no change in the parameter h, (ii) reduces the number of atoms by two, and
(iii) reverses the parity. The nine-atom pencil at the bottom cannot be shortened
further without violating the definition of a pencil.

maps induced by p(l,h) on the tiles P(3*1,h), k = 1,...,L — 4, promote
the latter to pencils of parity (—1)* congruent to P(3*1,h). For a given
L, the minimal pencil induced by this shortening process has nine atoms,
parity (—1)¥, and an incidence matrix (with respect to P(I,h)) given, for
i=0,...,2L+ 1, by (we label the rows and columns of M by the canonical
tile names P and P*, respectively)

Mpi’pg di0,

Mp, pr = di2L—5,
2L—5

Mp, py = dig+2 Z 0355 (49)
j=4

MPZ‘,PP:( 2((51‘72[/—6 + 6i,2L—5)7

Mp,pr = bijror-8, 4 <Jj <8

The polygon P(l, h) is tiled, up to a set of zero measure, by the return orbits
of the tiles of the minimal pencil, as well as a finite number of periodic tiles.
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ProoOF. Without loss of generality we assume P(l,h) = P(l,h). We wish
to show that the piecewise isometries p(k) of the shortened pencils P*) =
UEP(B"1, h) are induced return maps of p(0) = p(I, h). Tt suffices to prove it
for £ = 1, since the step can be repeated until the pencil is minimal. The
proof is by direct iteration of p(®) on the tiles of P(). Only a small number
of tiles have non-trivial return orbits. To see this, we refer to figure 21.
All of the tiles in the strip S(32, ) are mapped the same by p(©® and by

pW). The same is true of Po(l) and P4(1), and even Pl(l). The remaining tiles,

P2(1) and ngl), have short return orbits which we calculate explicitly: we
find that they pass through, in order, Ps, Py, Py, Ps and Ps, Py, Py, Py, P,
respectively.

From the structure of the return orbits, we can write down immediately
the incidence matrix for the recursive step from L to L — 1. We label the
rows and columns of the incidence matrix by the canonical tile names of P:

Mpo) p = 35,0,

Mpi<o>7pl<1> = dis5,

Mpo po = iz + 200+ 8i5) (50)
Mpo por = 2004 +0i5),

Mpo por = b1 6<i<2L, 4<j<20-2,

where in the first four equations the index ¢ varies over its full range: 0 <
i< 2L.

For the full shortening process of L — 4 steps, ending with a minimal
pencil, the proof is by mathematical induction on L. The starting point
is the case L = 5, where the one-step incidence matrix is given by (50),
which coincides with (49). Given formula (49) for a given L, we get the
incidence matrix for L + 1 by multiplication on the right by the recursion
matrix defined by (50). One readily verifies that this reproduces the general
formulae with L incremented by one.

To prove the completeness of the tiling, it is again sufficient to restrict
ourselves to a single shortening step. The periodic cells are readily identified
cells: the hexagonal period-1 atom P, the triangular period-3 atom Ps, and
an octagonal period-1 tile inscribed in the rhombic atom P;. We explicitly
verify that the total area of all return orbits is equal to that of the original
pencil. That the minimal pencil has 9 atoms follows from the definition of
a pencil, while the parity of (—1)% is a consequence of the fact that each of
the L — 4 shortening steps is accompanied by a reflection Uy. ([l
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13.3 Fringed triangle

There are two prototype fringed triangles ’ZA}(Z, h), each containing a strip
congruent to S(I, h) with a variable number 2J of atoms. The total numbers
of atoms are 2J + 2 for 7_(l, h) and 2J + 7 for 7_(I, h).

Taw Taw

7 \X

AN

Figure 22: Tiling of the prototypes ’j\'i(l, h).

We begin with 7_ (I,h). Its tiling T_ is a union of two individual tiles
with a strip, namely (see figure 22)

~

T_ =T7 UT, URyS(l, h).

Here we assume a coordinate system whose origin coincides with that of
the strip, with the mid-line of the strip lined up along the negative y-axis.
Explicitly,

T = T(h,—n)Rs Q1(6l + Bh),
Ty = T( h—altwh) R Q7(al — awh),
Trp = RoSi(lh), k=1,...,2J.
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The span of the tiling is

~

T_ = span(T_) = T(_jan,—p) R2 Q1 (L — Bh).

Next we turn to the prototype fringed triangle ’ir(l, h). Its tiling is the
union of seven individual tiles and a strip, namely (see figure 22)

7
T, = J Ty URsS(,h).
k=1

Here we assume a coordinate system whose origin coincides with that of
the strip, with the mid-line of the strip lined up along the negative y-axis.
Explicitly,

Ti = T(3+a)i—h(1420)1+h)) Rs Q1(wl — Bh),

Ty = T(3ta)i—h—(3t+a)twh) B3 Q7(aw®l — ah),

Iy = T(_al,al) R7 Q2(h),

T = T(ijai/e) Rr Quo(h.l—h),

Ty = Ry Qa(h),

T = T((3+a)i—h,—i—h) B7 Qa(wl — Bh,wl — wh),

TF = Tu_yR7Qs(h),

T .. = R3Sp(lLh), k=1,...,2J.

The span of the tiling is
T, =span(T,) = T(—al+ahal) B2 Q1 (W’ + Bh).

The domain maps Pr, of the fringed triangles are defined in terms of a
composition of involutions, namely a simultaneous reflection of each atom
about an assigned axis, followed by a reflection about the triangle’s sym-
metry axis. As in the case of the pencil, the assigned axis of each rhombic
atom is its short diagonal. For the atoms f; , fj , and f; , the assigned
axes are parallel to ug, us, and ug, respectively.
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13.4 Double strip

The prototype double strip ﬁy(l,h), v = =1, is a dressed domain con-
structed out of a square and two strips, one on the left with positive parity
and 2K atoms, the other on the right with negative parity and 2K —2 atoms.
Since a well-defined strip has at least four tiles, a double strip requires at
least 11 atoms (i.e., K > 3). For both signs v, we define the prototype to
have the tiling

D(I,h) = S(wl,h) U Dy UU3S(1, h), Do = Qy(h).

Note the appearance of the reflection operator Us to correctly place and
orient one of the component strips. A prototype double strip is illustrated
in figure 23. Here and in what follows we adopt a canonical labelling of the
tiles of any double strip D, in order along the midline,

1" " " / ’
D17D27"'7D2K7D07D2K—27"')D13

y
) D
BT ORNBE DR TN -+
v Do "
S(wl, h) u,S(, h)

Figure 23: Prototype double strip.

The distinction between D (I, h) and D_(,h) enters when we specify
the piecewise isometry Ps - As before, we define the map as a composition

of two involutions, the reflection of each atom about an assigned symmetry
axis, followed by reflection about the vertical symmetry axis of the double
strip as a whole. Once again the axes of the rhombi are their short diagonals.
The square 130, on the other hand, is assigned the diagonal u; for v = + and
ug for v = —. A considerable simplification of the renormalization structure
results from the following ‘shortening’ lemma:

Double-Strip Shortening Lemma. Let D(I,h) = (D(l,h),D(l, h), p(l, h))
be a double strip congruent to D,(l,h), with 4K — 1 tiles. The return
maps induced by p(l, h) on the tiles USD(B*1,h), k =1,..., K — 3, promote
the latter to double strips of parity (—1)F congruent to ﬁy(k)(ﬂk’l, h), with
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v(k) = (=1)*v. For a given K, the minimal double strip induced by this
shortening process has 11 atoms, parity (—1)573, index vi_3 = (—1)5 3y,
and an incidence matrix (with respect to D(l,h)) given, for K odd, by

M(l))d,dDo — Sp.py - Nodd
M%ﬂ,%;; — 5D7D;,K+k—6 +N®d - k=1,...,6, (51)
M(J))d,(;); _ 5D7D;K+k—6 + N‘Jdd7 k=1...,4,
K_s
NE =S (2 ) 6D
k=1

and, for K even, by

even even
DDy = Op,py + NPT,
even even
MySe = Opp FNET k=1...6 (53)
even o even o
D,D;C — 5D7DQIK+I€74+ND 9 k—l,...,4,
K-2
2
Nger =3 (2 gkl yakls o, ) 54
D el D’D2K74k77 D’D2K74k73 ’ ( )

where the subscript D denotes an arbitrary element of D(l, h).

The polygon D(l, h) is tiled, up to a set of zero measure, by the return
orbits of the tiles of the minimal double strip, as well as a finite number of
periodic cells.

PROOF. To show that the piecewise isometries p(¥) of the shortened double
strips D) = USD,, (B*1, h) are induced return maps of p(O = p(I,h), it
suffices to prove it for £k = 1, since this step can be repeated until the
double strip is minimal. Here we utilize the decomposition of each p(¥) into
a product of involutions, p(k) = U®H® L = 0,1, where H®) reflects each
tile about its own specified symmetry axis, while k) is a global reflection
about the symmetry axis of D*) as a whole.

A key observation is that the tiles of D1 coincide with the 4K — 5
rightmost tiles of DO and the span of these tiles, DY), is mapped by a
single application of p(® onto D§0)“, the leftmost (and largest) tile of D),
Under the global reflection U these two trapezoids are reflected about their
respective symmetry axes and interchanged. One important consequence is
the identity (for points of D)),

U(l) — U(O)H(O)U(O). (55)
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Two iterations of p(@ = UOHO map a point of DM back into that
polygon for the first time, hence constitute the first-return map induced by
p®. We must still show that p(©2 = p() on DM, But this follows from

p(O)Q — U(O)H(O)U(O)H(O) — U(l)H(l)’
where we have used (55) and the fact that H® and H®) coincide on D).
The opposite signs of (9 and v(!) are crucial here to maintain a consistent
symmetry axis for the square tile. That the parity of the double strip changes
with each shortening step is an obvious concomitant of the action of the
reflection operator Us.

To see the completeness of the tiling, it is again sufficient to restrict
ourselves to the single step, from D@ to DM, We can focus on those tiles of
the former which are not covered by the return orbits of the tiles of the latter.
These are precisely Dj(o), j = 2,3,4. From the decomposition p(®) = g@g©)

it follows that D(O), a trapezoid whose symmetry axis coincides with the
global symmetry axis, is a period-1 cell, while the symmetrically deployed
rhombi Dgo) and Dio) form a 2-cycle. Thus all points of D(©) are covered,
up to boundary points, by the return orbits of D) and the periodic cells
just discussed.

Finally we turn to the incidence matrices. From our discussion of the
two-step return orbits, we can immediately write down the incidence matrix
for the shortening process from a double strip labelled by K to the shortened
one labelled by K — 1. Here we label the columns of the incidence matrix
by the canonical tile names of DU~V while the row index D stands for an
arbitrary tile label of D),

Mp,p, = dp,p, +p DY
MD,D,’C' = 5D,D;€+5D,D’l’7 k=1,...,2K -2 (56)
MD,D;C = (SD’DZ+I€+5D’D/1/’ k’:l,,QK—4

For the full shortening process of K — 3 steps, ending with a minimal
double strip, the proof is by mathematical induction on K. The starting
point is the case K = 4, where the one-step incidence matrix is given by
(56). Given formulae (51) and (52), or (53) and (54), for a given K, we
get the incidence matrix for K 4+ 1 by multiplication on the right by the
recursion matrix defined by (56). One readily verifies that this reproduces
the general formulae with K incremented by one. |
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14 Arrowheads

In the preceding section we have obtained a detailed description of the
dressed domains participating in the renormalization. Together they ac-
count for all of the vertices of the renormalization graph. We are now left
with the task of establishing the edges. Two of the latter have already been
discussed: the inductions P — P* and D, — D;, are implemented by the
pencil and double-strip shortening lemmas of the preceding section. Three
of the others, namely B — B, P* — B, and D} — B, will be established
in the next section by direct iteration of the parent piecewise isometry. As
we shall see, the remaining links all involve return-map partitions which
produce strips in the child dressed domain, a process which has at its heart
the dynamics of a parametric, partially dressed domain, the arrowhead. In
the present section we study arrowhead dynamics, establishing an important
lemma which will be applied numerous times in the proofs of section 15.

What distinguishes the arrowhead from the parametric dressed domains
of the previous section is that its piecewise isometry is left undefined on
one of its three tiles. Thus it cannot be viewed as a self-standing dynamical
system. As a dressed sub-domain, however, the arrowhead is fully functional,
with the missing isometry supplied, via induction, by the PWI of its parent.
The flexibility of this arrangement will allow us, in our proof of various
renormalization scenarios, to bring to bear the strip-building machinery of
the arrowhead in a variety of different contexts.

14.1 Prototype

For h € (0,1), we define the arrowhead prototype as

.,Zl\(l, h) = (A, A, p,), A =span(A),
where, for 0 < h/l < 3, A = (A1, Ag, As), with

A1 = T(a-n),0)R2Q1(w(l = h)),
Ay = T(_g(-h)i-n) Rs Qu3(a(l — h), 2h),
A3z = T(L1_gh—i+wh) R4 Q1(l — wh),

and, for S < h/l <1, A = (4, As), with

A1 = T(_q-n)0) R Qi(w(l = h)),
Ay = T(—a(i-hn),0)R4 Ql(l—h).
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The non-convex polygon A is equal to the union of the isosceles right
triangle A1 with its reflection about the axis us:
2

A=A UU%Al.

Note that the origin of coordinates (anchor point for the arrowhead) has
been taken to be the in-centre of A, i.e., the centre of an inscribed circle of
radius [ — h. The piecewise isometry p , acts on the tiles of A as
def def
p1 = pla, =Rs, p3 = plag = T(21,21) R,

with the isometry ps on As left to be defined by induction in cases where
the arrowhead is a dressed sub-domain. Since in all of our applications, the
induced map takes As outside the arrowhead, we shall refer to the latter as
the exit tile. The inverse map is given by

-1 _
pA —UgOpAOUg.
The atoms {Al_l, A5 L A 1} of p;tl are just the reflected images of those of

p 4 With p~ ! undefined intrinsically on entrance tile A5 ! The parametriza-

tion of the arrowhead A(l, h) and the action of p 4 is illustrated in figures
24 and 25.

O<hl<pB

Figure 24: The prototype arrowhead A(l, h) and its domain map p ,, for 0 < h/l <
8.
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B<hil<1

Figure 25: The prototype arrowhead A(l,h) and its domain map p,, for # <
h/l < 1.

14.2 Transfer map and the Arrowhead Lemma

For the arrowhead ,Z(l ,h), we define the transfer map 1 to be the piecewise
isometry induced by p , mapping the entrance tile A5 ! onto the exit tile
As. The Arrowhead Lemma below shows that this map is well-defined as a
composition of two involutions. In particular, there is a partition of A, into
2J (I, h) = [logg(h/l)] tiles, each of which gets mapped isometrically into A
by iterations of p 1+ The area-preserving property of the domain map ensures
that the transfer orbits are finite. Figure 26 illustrates the principal features
of 1 in a case where J(I,h) > 1. In the special case J(I, h) = 1, which arises
for h/l € [3,1), the transfer orbits are displayed in figure 27.

Arrowhead Lemma. Let A = A(l,h), with [ > 0 and h € (0,1). The
following holds:

i) For h/l € (0,8), the tiling E = {E1,...,Ey;qp)} of the entrance
tile of A by the transfer map 1 coincides with the strip T(u)§(l, h). For
h/l € [B3,1), the tiling E = {E4,..., Eo} is given in table 4.

i1) The transfer map acts as a composition of two involutions: a simul-
taneous reflection of the tiles E; of the entrance strip about their respective
symmetry axes, followed by a reflection about the symmetry axis of A. For
rhombi, the relevant symmetry axis is the short diagonal.

i1i) The incidence matrix column N(Ej;), listing the number of times the
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\ entrance tile E,

) =T XY

Figure 26: Illustration of statements ¢) and i) of the Arrowhead Lemma, in an
example where the transfer map partition of the entrance tile is a strip with 8
tiles. The point p, at the intersection of the mid-lines of the entrance and exit
tiles and the arrowhead symmetry axis, plays an important role in the proof of the
Arrowhead Lemma.

transfer orbit of the entrance strip atom FE; visits tiles Ay and As, is given

by
L (—1)k 33k
(57)
_1_1 _1)k+§3k )
N(E. — 3~ gl 1
SR B (B 8

withk =1,..., J(h,1).

iv) The orbits of 1, including their destination tiles, together with the
periodic orbits of the octagonal tiles TIF) = T,k Qs(B*1—h), k=0,1,...,
|log,,(I/h)], where

(k) — (—al(1 —f%),0) k even
TS (alaghly K odd,

completely tile A, up to sets of measure zero. The respective paths of the
periodic orbits are o*(1), with the substitution o given by,

0(1) = (37 12)7 0(3) = (13)7

and so their periods are 3F.
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Our strategy for proving the Arrowhead Lemma is a recursive one, calcu-
lating at each step the transfer orbits of a single pair of tiles of E and map-
ping the rest isometrically into the entrance tile of a sub-arrowhead whose
first parameter [ has been contracted by 3, with A unchanged. The top panel
of figure 27 illustrates this single-step transfer map for 0 < h/l < 32. The
reader can follow by eye the orbits of F; and Fs, from their initial positions
in Agl to their final destinations in Ay, along paths (1,1,1,1,1) and (1, 1) re-
spectively. Meanwhile, the residual part of the entrance tile, Fi,, is mapped
by two iterations of p, into the entrance tile of the sub-arrowhead AW,

which is congruent to the prototype .,Zl\(ﬁl,h) via an orientation-reversing
isometry ¢(1).

Repeating the process generates additional tiles E;, until we reach the
penultimate step, where the parameter ratio is in the range (4%, 3). The
final induced transfer map, with parameter ratio exceeding 3, is completely
described by the orbits of two tiles, with no residual part of the entrance
strip, and so the recursion terminates.

Lemma 2 (Auwiliary Lemma). Let A = A(l,h) with | > 0 and 0 <
h/l < 1. Further, let El,Eg,Ein,Agl),Agl),Agl) be tiles within A specified
in the first and second columns of Table 4 for various ranges of h/l. The
domain map p , induces a joint transfer map " from AQ_IUA(U to AsUA(M),
for which the listed tiles are atoms, with respective isometries and transfer
paths listed in the third and fourth columns of the table. The orbits of v/,
including the destination tiles in Ao, together with the periodic octagon II
given in the table, completely tile A, up to a set of measure zero. The map
V', restricted to the domain AWM = span({Agl),Ag),AgD}), promotes the
latter to the status of an arrowhead, namely

AW = o) ABLR), G(1) = 01Tas—ast) (58)
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0 < hil< p?

A
ABL, h)

B<hi<1

Figure 27: Single-step transfer paths for the three parameter ranges of the Auxil-
iary Lemma.



Table 4: Data for the transfer map 1)’ of Lemma 2.

h/l Range Tile Isometry | Path
E1 = T(0,a(1-h))Qa(Bl—h,Bl—wh) Ry 1°
0<h/l< ﬂQ by = T(m’l)Rng(h) Ro 12
Ein = T(g(4n) 1+ Qua(afl — ah, 2h) Ro 12
B = T(0,a1—an) Q1(B(1 = h)) Ry 1°
ﬂQ <h/l<p By, = Ta(-n),1—n) R1 Qs(ap(l—h),2h) Ro 12
Ein = Tq_pon)R7 Q1(Bl = h) R2 1
B = T(0,a1—an) Q1(B(1 = h)) Ry 1’
< h/I '
B<h By = T nw(-n) Re Q7(a(l — h)) Ro 12
1
AE ; =T ah)R4Ql(l - 3h) T(,Ql’l)Rg 3, 12
0 < h/l <1 A(l) =T —I—h,Bl+8h) R54Q12(O[ﬁl - Oéh, 2h) N 13
A = T_aitah,0)R2Q160 — wh) 7
© = Q51— h) Rs !

PROOF OF THE AUXILIARY LEMMA. For each of the listed parameter ranges,
the proof is obtained by explicitly applying the domain map p 4 along the
specified paths in column 4, testing for disjointness at each step. Figure 27
illustrates the various orbits of 1/, as well as the conjugacy ¢(l). Keeping
track of the cumulative mapping relative to the initial tile, we verify that
the isometry listed in column 3 is correct. To check the completeness of
the tiling, we verify that the total area of all orbit tiles is equal to that of
the polygon A. To prove that the induced isometries on Agl) and Agl) are
indeed those of an arrowhead of type .Z(ﬁl, h), we verify by a straightforward
calculation the identities

o()pipsp(l)~" =Rs, d()pid(1) " = T(ap1,961) Ra-

O

PROOF OF THE ARROWHEAD LEMMA. For h/l € [3,1), statements i) — iv)
follow from the Auxiliary Lemma (in this parameter range, 1) coincides with
Y'). For h/l € [B%, 1), k > 1, we partition the entrance tile of A as a
strip with 2J(1, h) tiles (see (48)),

A2_1 = span(E), E = T(U)S(l, h).

We need to prove that each of the tiles F; is an atom of 1, mapped in
accordance with statement éi) of the lemma. For i = 1,2, the action of
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coincides with that of ¢’ of Lemma 2, namely,

Y|E, = R, Y|E, = Ra, Y(E;) C Ag, i =1,2.
For i > 2, one shows by explicit calculation that E; is mapped by v’ onto
RoFE; = Ei(i)Q =¢()1E; 5 C (Agl))*l. Since the image tile is in the entrance
strip of the arrowhead A®), we can apply Lemma 2 recursively, with the

parameter ratio h/(3*1) increasing by a factor w = 37! at each step. For
1 < j <2J(l,h), the recursion terminates after j steps, with

gy, = o) (B2 T RiG(F DR - p(DR2, (59)
Ve, = o) @B ) Rag(F )R - - B(1)Ra (60)
Inserting
()" = T(_atapnVU1, d(1)R2 = UsT(_ap1,—al)
and simplifying using operations in the group & and commutation relations

(8) p. 11, we get

ool oyt = { Tt e )

T(fal,ozﬁm'*‘ll)Ul m even

T m—+1__ m—+1__ modd
e A Lo

Substituting into (59) and (60) and simplifying, we get

Vs = T r-na@-1-m)k (62)
Tgi-1- i—1_1yRe j odd

w’E%‘ - { T((ﬁj 1 .UM(W 1_ by 2 j (63)
(—wl4+pIi=11,—1+671) J even.

Next we express the right-hand sides of these formulae in terms of prod-
ucts of reflections. To this end we write R), for the rotation through angle
mm /4 about the point w, and U)Y for the reflection about the line through w
parallel to u,. Now we let p = (—/l,1) be the intersection of the symmetry
axis of the arrowhead with the midline of the entrance and exit tile —see
figure 26. Further, we let q; be the intersection of the preferred symmetry
axis of E; (the short diagonal in the case of a rhombus) with the mid line of
the entry tile, y = [. Explicitly,

q2j—1 - ((1 - ﬁjil)lvl)a Cl2] = ((1 - algj)l7l)7 .7 = 1727 DR
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Once again making use of the product and commutation relations (8), we
derive the following expressions for the action of ¥ on the atoms F;:

azj— azj—
1/]|E2j71 = R'EI)) R42] t= U§/2U22J ' (64)
Pp92i _ 1P (1925 .
Ol R: RZ - U5/2U§l/; J odd (65)
1 27 27 .
2 RPR;Y = U§/2U5/§ j even.

Here the third member of each equation has been obtained by applying the
identity

) — o e —REVRE. (o)
Noting that Ug /2 is a reflection about the symmetry axis of the arrowhead,
we see that formulae (64) and (65) give us statement i) of the lemma.

We next turn to iii). We recall that the transfer orbit of an atom E;
in the entrance tile of A passes through a succession of nested arrowheads
AU congruent to .,Zl\(ﬁjl,h), on its way to the exit tile. The transition
from level j to level j + 1 corresponds to two iterations of the isometry pgj ).
The path associated with this transition is related to that of its predecessor
by the substitution o : 1 + (3,1%),3 — (13). Combining all the pieces in
accordance with the last column of Table 2, we have for the full transfer
paths,

path(E;) =1°,  path(Ey) = 1%,

path(Fop_1) = 12,0(1)%..., 0" 2(1)%, 6" 11)°, k=2,3,...
path(Eo) = 1%2,0(1)%,...,6"2(1)%, 6" (1),  k=23,...

Denoting by n;(m) the number of times the symbol ¢ appears in the path m,
we have

Criotin )= (2 0) (o) = (5 )+ (1),
and hence N(EI):< ) . ( g)
and for k > 1,

s S ()01 ()

AN
~
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M&ngilv<§)+y(

n=0

[SIEE I[N

)

Summing up the geometric series, we get the formulae in (3).

Finally, we turn to iv). We recall once again the nested sequence of
arrowheads A®) | whose successive in-centres are related by the mappings
#(B*1)~t. The in-centre of A®) is thus

_ - —ip-1( 0
1" =6 re(B) 7t B(85 1) 1<0>-

The formula in iv) follows from substitution of (61). The path follows,
by recursive application of the substitution o on the lowest-level path,
path(II) = (1). This completes the proof of the Arrowhead Lemma. O

15 Proof of renormalization theorem

We are now in a position to establish the edges of the renormalization graph,
thus completing the proof of Theorem 3. As a by-product, we will calculate
the incidence matrices which together specify the temporal scaling behaviour
over the entire parameter interval. Most of the induction proofs naturally
split into two parts, a preliminary part in which a fixed collection of return-
map orbits are constructed by direct iteration of a given piecewise isome-
try, and a secondary part, containing all the recursive branching, which is
handled by application of the Arrowhead Lemma or one of the Shortening
Lemmas.

15.1 Tiling plans and incidence matrices

The computer-assisted elements of our proofs consist of direct calculation of
finite orbits of polygonal domains under the domain map of a given dressed
domain. In each case, all of the information needed to set up and execute
these calculations is presented in tabular form as a tiling plan for an edge
X — Y of the renormalization graph. In Appendix B we display a selected
list of tiling plans; a complete record of the computer-assisted proof is avail-
able in the Electronic Supplement [7].

Each tiling plan is to be validated for either a single value of the param-
eter s, or for an interval of values of s, using the direct iteration method
described in section 2.5. Employing the procedures of our CAP Toolbox
(see Electronic Supplement [7]), we construct the orbit of each source tile
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of the tiling plan, checking that it reaches its assigned destination without
intersecting any of the other destination tiles prior to the final step. This
guarantees that the orbits are disjoint. We also check that the isometric
mapping between source and destination is as specified in the plan. As a
by-product of the orbit construction, we obtain for each entry various infor-
mation about the orbits, including the number of iterations and the column
of the incidence matrix giving the number of visits to each of the atoms
of the parent dressed domain. As the final step in the proof, we show the
completeness of the tiling by verifying that the sum of the areas of the tiles
of all the orbits is equal to that of the parent domain.

In the present section we will denote by My (X — J) the incidence matrix
associated with the edge X — ) of the renormalization graph, where A
stands for one or more of the indices €, i, v on which the matrix depends.
Here € = sign(i) and p and v are functions of ¢ and j given in table 2.
For multi-edge paths, we will add a Roman numeral superscript to identify
the appropriate scenario and make the dependence on 7 and j unique. For
example, the composite incidence matrix the edge sequence B — P — P* —
7,, — D, will be written as M?}L(B — D), with the matrix product expansion

ML (B — D) = Mc(B — P) - M(P — P*) - M(P* — T) - M, (T — D).

15.2 Proof of B — B* (scenario I)

We begin our proof of theorem 3 by establishing statement i) for s € {0, a},
statement éi) for ¢ = £1, and the following proposition for the remaining
(i,7) of scenario I (see table 2 and figures 18 and 19).

Proposition 5 Let (i,7) € INZ?2, let s € I;;, and let B ~ g(l,s). Then
B — B* where

B* ~ B(I*,r(s)I*), with I* = I+I+2 7(B*) = (—1)l+bl. (67)
The incidence matrices for this scenario are given in Appendiz C.

PROOF OF THEOREM 3, STATEMENT ). For s = 0 we assume, without loss
of generality, that B = g(l,O). The data for this dressed domain and its
atoms Bj and By are displayed in table 1 p. 34 with [ =1 and h = 0. By
direct iteration of p, on the tiles

Bf = T(o,_1pRrQ1(f?),
B; T(0,—23)R6Q1(20),
I = T(,a327,a)Q5(aﬁ2),
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one verifies that the three orbits tile the span of B (see figure 28), and
produce a return map which promotes B; to a positive-parity dressed domain
B* congruent to B(/3,0). The incidence matrix is included in Appendix C.

B(1,0)

N

B(1,0)

B*
B¥*

BY

Figure 28: Return orbits for B — B*, s = 0 (left) and s = « (right).

~

Turning now to the other endpoint, we assume B = B(1,«). The data
for this dressed domain and its atoms Bs, B4, and Bs are displayed in table
1 with [ =1, h = a. By direct iteration of p, on the tiles

B = T(,—28R:Q1(aB),
B = T(,—2a)R3Q7(2),

one verifies that the two orbits tile the spanning domain of B (see figure 28),
and produce a return map which promotes Bs to a negative-parity dressed
domain B* congruent to B(1,0). The incidence matrix is given in Appendix
C.
O

PROOF OF THEOREM 3, STATEMENT ii), FOR ¢ = +1. The parameter values
s=A_1=A¢=0and s = A; =1 are distinguished from the other cases
of scenario I by the presence of two higher-level base triangles with disjoint
return orbits, both of which are needed to complete the tiling of the parent
base triangle. The case s = ( is proved by direct iteration according to
Tiling Plan 2, which is reported in Appendix B and illustrated in figure 29;
the treatment of s = 1 is included in the Electronic Supplement. [

70



An important consequence of this is the splitting of the exceptional set

into disjoint ergodic components. Such a behaviour, already observed in
quadratic two-dimensional piecewise isometries [14] here takes a very simple
form. Moreover, infinitely many examples of it appear in our family, corre-
sponding to the set of all accumulation points, at 8¥ and a— g%, k=1,2,....
(The cases with k£ > 1 belong to scenario II, to be treated later.)
PROOF OF PROPOSITION 5. For all finite (4,7) of scenario I, we prove the
renormalization B — B* by direct iteration of the domain map pp. Let us
illustrate the salient features of the calculations in the case (7, j) = (0, —1),
corresponding to s € Iy —1 = (3+ %, aB]. The corresponding Tiling Plan 1,
shown in Appendix B, has been validated using the procedure specified in
section 2.5. Extension of these results to the endpoint a3 is straightforward,
requiring us to ignore those tiles of B* and periodic domains of Tiling Plan
1 which degenerate to lower-dimensional objects, and allow for the possibil-
ity of redundant edge conditions in the specification of tile shapes. In the
present example, only 6 of the original 14 tiles survive at the endpoint, with
B* degenerating to a two-atom right triangle, as it should in accordance with
the vanishing of r(af). Even though B* for s = af has only two atoms,
their return paths are the same as in the open interval, and their incidence
matrix is formed by the first two columns of the 5 x 5 matrix M(0, —1)
displayed in Appendix C.
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)

Figure 29: Illustration of the complete tiling of B(1,s) by the return orbits of the higher-level base triangle(s) and a finite
number of periodic domains. The tiling on the left is for s = 107/200 € Iy 1, while that on the right is for the accumulation
point s = .



The tiling plans for the remaining (i, j)-values of scenario I are analo-
gous. Equivalent data tables will be found in the Electronic Supplement,
while the corresponding incidence matrices are listed in Appendix C.

15.3 Proof of B — P (scenarios II and IV)

Scenarios II and IV deal with the peripheral parts of the s-interval, namely
s < af? and s > a — af? = 2af. In these regions we find asymptotic
phenomena, which develop at the accumulation points of the singularities
of the renormalization function r. The analysis is divided into two cases
(see figure 19). In Scenario II, the index |i| diverges while j remains within
small bounds, so that s approaches one of the accumulation points s = 0, «
of f, without approaching the first-order accumulation points s = 3* or
a — (B*. Scenario IV deals with larger values of |j|, and includes all doubly
asymptotic cases: [i|,|j| — co. We shall establish the following result (the
set IV is defined in (47), p. 46):

Proposition 6 Let (i,5) CITUIV, let s € I; ;, and let B ~ B(1,s). Then
B — P ~Pla,s), with n(P) = 1. (68)

Moreover,

\ PBi-1a,s), with =(P*)= (=11 ifi-j>0,
P=Pi~y pgli-2 - : i i i
P 2a,s), with =(P*)= (=", 4f ¢-5<0.
(69)
The incidence matriz for the combined renormalization step B — P* is given
by (72).

PRrROOF. The proof of (68), including the calculation of the incidence matrix,
is performed separately for the s intervals (0, a33), [a32, a/3?], and [2a3, o).

PROOF OF (68) FOR s € (0,a3%]. We prove (68) in two stages. The first,
non-branching, stage involves the disjoint return orbits of a fixed number
of initial tiles. As s ranges over the interval of interest, the orbits evolve
continuously without bifurcations. The second stage of the proof deals with
all of the s-dependent branching, which is entirely accounted for by the
transfer-map dynamics of an arrowhead dressed domain A = (A, A,p A)

congruent to A(a?, s).
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Figure 30: Joint return-map partition of pencil P and arrowhead A. Those atoms
of the pencil’s return map which reside in the quadrilateral P, are mapped, via
three iterations of pg, into the entrance tile of the arrowhead A. The transfer map
¥(r, h) for A then maps them onto the exit tile (dark grey). From there, they are
mapped back into P by a single application of pp.

The non-branching part of the proof establishes the first-return orbits
of the disconnected domain P U A. This set includes the persistent orbits
of Py,...,Ps, which begin and end in P, never entering the arrowhead. In
addition, we have Py, (the complement of U?:OPi in P, ignoring boundaries),
whose return orbit ends on the entrance tile of A. The set of atoms is
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rounded out by the three tiles of A. Of these, A; and A3 have orbits which
return to A without entering P, while that of A ends up on UyPy. All of
these statements are proved by direct iteration, with the Tiling Plan 3. We
will use the notation Pp A for the joint return map.

It remains to establish the s-dependent partition of P, and piecewise
isometric mapping of P, under pp- The restriction of the latter to Py, is
given by
(70)

Pplp, = Ppa®¥aCPpa

where 1 4 is the arrowhead transfer map. According to the Arrowhead
Lemma (section 14), the map 1) , partitions the entrance tile of A ~ A(aB?,s)

into a strip congruent to §(a62,s). Since Pp.a acts on each atom as an
orientation-preserving isometry, the atoms contained in Py, inherit the strip
structure. This is precisely what is needed to fill out the specification of the
tiling of P ~ P(«, s). Finally, it is easy to verify that the composition of
maps in (70) provides the correct mapping pp of the atoms in Py.

The temporal scaling information of the induction B — P is neatly
summarized in an incidence matrix M.(B — P). For each of the persistent
atoms Py, k= 0,...,6, one lists in the relevant column of M.(B — P) the
number of times the return orbit of P visits each of the five atoms of B.
This information is tallied in the course of the CAP validation. For the
remaining atoms, the same data set provides the tile counts for the partial
orbits to and from the arrowhead, as well as the the tile counts for the
return orbits of the arrowhead atoms. Combining this with the incidence
matrix (57) for the arrowhead transfer map (Arrowhead Lemma, part iii)),
we obtain the rest of M¢(B — P). The result is

4<k<L

———

Py P P Py Py Ps Ps Po_q Py
Bl 0 1 1—€e 1—¢ 0 0 0 ag Ck

M(B—P)= By | 0 0 0 0 1 6 3 b dp (71)

B3| 1 1 1 1 1 1 1 1 1
By 0 O 1 0 0O 0 0 O 0
Bs| 0 O 0 1 0O 0 0 0 0

where e = i/li|, L = |i| + 3, and

ap=—1+(-DF+1.32 ¢ =L+ 1(-1k+1.32
b =1—2(=1)F 4+ 3F2 dp =1—3(-1)k+1.3k2,
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The return times for the pencil’s atoms, expressed in terms of iterations
of pp, are obtained by summing the respective columns of the incidence
matrix. We have established the completeness of the tiling by return orbits
of the pencil and arrowhead by calculating the total area of each return
orbit (area of the source polygon multiplied by the return time), summing
over all orbits, including the periodic one, and comparing with the area of
B. Note that it is unnecessary to consider anew the periodic orbits which
pass through the arrowhead, since these are subsumed in the recursive tiling
property of the arrowhead proved in section 14.

PROOF OF (68) AND (71) FOR s € [a3%, a3%]. On this interval, the pencil
‘P is minimal, with precisely 9 atoms. Here, the mediation of an arrowhead
is not needed, and we prove the renormalization step and incidence matrix
using the method of direct iteration. The statement and validation of the
tiling scheme (from which the incidence matrix (71) can be verified) may be
found in the Electronic Supplement [7].

PROOF OF (68) FOR s € [2a3, ). Consider now the relation between a
value of s in (0, a3%] and its mirror value § = o — s. In the latter case, the
return-map partition of Bs(§) (the third atom of B(1,s) in the canonical
ordering of table 1) is very far from being pencil-like. On the other hand,
one of the five atoms of B3(3§) is in fact a pencil P with the same parameters
and same return-map (up to placement) as P = Bs(s).

We first compare explicitly the return orbits of tiles P> and P; to those
of P, and P3. They are different, but lead to the same image tiles, up to
placement, after returning to the pencil.

Now let us remove tiles #2 and #3 from the game and consider how
to construct the return orbits of the remaining tiles of each pencil. These
orbits will visit only the tiles Bi(s) and Ba(s) (respectively, Bs;($) and
Bss(8), the sub-tiles 1 and 2 of Bs(3)) before returning to the pencil, since
the remaining two tiles lie on the orbits of tiles #2 and #3. Now Bj(s) and
Bs1(8) are congruent and the action of the respective mappings on them are
the same, up to placement. If the overlaps of By(s) with the orbits of #2
and #3 are deleted, then the truncated polygon is found to be congruent to
Bsa(5), and once again the mappings are the same, up to placement. Thus
the return orbits of all the remaining tiles of the two pencils are identical,
up to placement. The above arguments are illustrated in figure 31

For the mirror intervals with s > 2a03, the B — P incidence matrix is
again given by (71), with e = 1.
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Figure 31: Return orbits of pencil tiles #2 and #3, shown in boxes against the
background of the return-map partitions of Bj(s) (on left) and Bi3(3), for a value
of § near 1.3. Note that once the two orbits are deleted, the effective domain maps
needed to calculate the return orbits of the remaining pencil tiles are conjugate via
a rotation and translation.
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PROOF OF (69). The proof is a direct application of the Pencil Shortening
Lemma (section 51). Multiplying the incidence matrices for B — P and
P — P*, we obtain, for s € (0,a3%] U [2a8, a),

0 -} b-c)-2l -2 -} -} —} -4 -}
0 1 4li| — 6 4 1 1 1 1 1
M(B—P)=|1 1 9 4 1 1 1 1 1
0 0 1 0O 0 0 0 0 0
0 0 0 0O 0 0 0 0 0
0 -1 -3 -f -} 1§ -1
o2 2 3 1 -2 -1 2 1 ‘
o0 0 0 0 0 0 0 0 |+ (72)
0o 0 0 0O O 0 0 0 0
o0 0 0O O 0 0 0 0
0t L h b1y
03 ¢ 5 5 ! 3 3 3 ‘
00 0 0 0 00 0 0 |3
00 0 0 0 0O0O0O0
00 0 0 0 0O0O0O0

15.4 Proof of P* — B* (scenario II)

Scenario II includes both a countable set of accumulation points, namely
A;, |i] > 2, as well as a subset of the continuity intervals, I; j, 7,7 finite.
In the former case, the renormalization is described by statement (ii) of
theorem 3, while the latter case is handled by the following proposition:

Proposition 7 Let (i,7) € IINZ?, let s € I, ;, and let P* be as in (69).
Then P* — B* where

B* ~ B(I*,r(s)l*), with 1" = giIt+2 7%y = (—DlH (73)

The incidence matrices for this renormalization step are listed in Appendiz

D.

PrRoOF. Thanks to the scale invariance of the dynamics, it is sufficient to
restrict ourselves to the values of s (both the accumulation points and the
continuity intervals) where the pencil is minimal. These are handled on a
case-by-case basis by direct iteration, exactly as was done for scenario I.
Again, we relegate the tiling plans to the Electronic Supplement, with the
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exception of those for the accumulation points s = 6%, k = 2,3,..., where
tiling of the pencil requires two return orbits of higher-level base triangles
(see Tiling Plan 4 and figure 32). For the sake of the completeness of the
scaling data, we list all the relevant incidence matrices in Appendices D and
F.

A

Figure 32: Tiling of the minimal pencil by two disjoint return orbits of s = 0 base
triangles, plus several periodic orbits.

15.5 Proof of B — 7, (scenarios III and IV)

Proposition 8 Let (i,j) € IIIUIV (see equation (47)), let s € I, j, and let
B~ B(1,s). Then B — 1, j), where u(i,7) is as in table 2 p. 44, and

T~ T (B s — gLy with o(T2) = (— 1), (74)
T ~ To(812 8 — ) with x(T,) = (—1)l+1,

The relevant incidence matrices are given in formulae (76)-(81).

PROOF. We start with scenario 111, with s € [3 — 8%, 8) U (8,8 + B4,
corresponding to ¢ = 0 for 7_ and ¢ = —1 for 7} in (74). Our first task is
to prove that the return map for By,the first atom of g(l, s), promotes the
triangle to a fringed triangle of type T (B,s — ) (resp. ’]A]r(ﬂg’, B —s)). To
help establish this, we introduce an auxiliary arrowhead (analogous to that
introduced in section 15.3) and prove by direct iteration that the induced
domain map is the correct one. The non-branching part of the return-map
proof, valid for all s in the chosen interval and illustrated in figure 33, is
accomplished with computer assistance, according to the Tiling Plans 5 and
6. There T* = By, and Ty ,...,T; (resp. Ty ,...,T: ) are atoms whose
return orbits are non-branching. The domain Tlf is a ‘blank’ polygon which
is delivered by the computer program to the entrance tile of the arrowhead.
Arrowhead dynamics endows the polygon with the (s-dependent) structure
of a strip, and maps it to the exit domain As, from which it is delivered,
isometrically to its final destination in T by the computer program. The
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completeness of the tiling is checked by summing the areas of all tiles con-
tained in the computer-generated orbits of the source domains.

D5>D

Figure 33: Tiling of the base for scenario ITI_,,, according to the Tiling Plan 7.

An analogous treatment for s in the mirror interval [I — 3% 1 + 3%] can
be given, with the tiling domain T* = Bs, the fifth atom of E(l, s). The
tiling schemes, which are very similar to Tiling Plans 5 and 6, have been
relegated to the Electronic Supplement. Once again, however, we list all
the incidence matrices, using a superscript to indicate the sign of index 1.
Moreover, it is useful, from here on, to introduce a parameter

K = [j] = (uli, ) +1)/2. (75)

In the current context, this will be used to keep track of the numbers of
atoms in the various parametric dressed domains.
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For negative ¢, we have the scenario III incidence matrices

2<k<K+2
N v
Tl T2 T2k:—1 T2k
Bi|1 1 1 1
M——(B - T) = Bz 0 0 ak Ck (76)
Bs| 0 0 b dy
By| 0 1 2 2
Bs| 1 0 0 0
where
ap, = 1+ 2(—1)% 4 3F-1, cr=1+3(-1F+ 1.3k,
bp = 5 +3(-1)F + 3. 3571, dp = 5+ 5(—=1)F 4§ - 381
A<k<K+4
——
T TE T T T TR T T,
Bi/1 1 1 1 1 1 1 1 1
M (B—T)= B, 0 0 0 10 18 2 5 ap c
Bs| 0 0 1 7 10 3 4 b, dy
Byl O 1 0 O O O O 0 0
Bs|]1 0 0 O O O 0 0 0
(77)
where
ag = 17+ 2(—1)k + 3k-1, =17+ 3(-1)F+ 5 - 3571
b = 4L+ 3(=1)F + £3F1, dp =+ 3(-1)kF + - 3L
For positive i, the corresponding matrices are
2<k<K+2
e T
Tl T2 T2k—1 T2k:
Bi|1 0 0 0
My (B—=T)= B,| 0 1 2 2 (78)
Bs| 0O 0 ap ¢
By| 0 0 by dy
Bs| 1 1 1 1
where
ar = & +5(—1)% 4 13, ok =14+ 3(-1)k + 13k,
b = 1+ 2(=1)F 4 3k-1 dp =1+ 5(—1)% 4 5 - 3k1



A<k<K+4
N O N VA S P R PV
Bi[1 0 0 0 0O 0O 0 0 0
Miy(B—=T)= B,/ 0 1 0 0 0 0 0 0 0
B3| 0 0 2 18 29 6 10 a ¢
By 0O 0 0 10 18 2 5 by dy
Bs{1 1 1 1 1 1 1 1 1
(79)
where
a = 3 +5(—1)F + 33k, o =3+ 3(—1F + 33k,
b = 174 2(—1)F 4 3k—1, dp =17+ 5(-1)k + 3 - 3¥ L.

We now turn to scenario IV,,, where the renormalization process has
already reached the minimal pencil stage. The next step, in which fringed
triangles are induced, is completely analogous to what we have just studied
for B — 7, again leading to (74). The relevant Tiling Plans 7 and 8 are
given in Appendix B for the two values of p.

The corresponding incidence matrices are:

3<h<K+2
—
Tl_ TZ_ TS_ T4_ T2_k—1 T2_k
PEITO 0O 0O 0 0 ©
PO 0O 0O 0 0 0
PElO 1 2 2 2 2
M_(P*=T)= pPf| 0 0 0 0 0 0 (80)
Prl 2 2 4 4 4 4
PEl1 1 1 1 1 1
Pék 0 0 6 3 af dk
PO 0 0 0 b e
Pg* 0 0 0 0 Cl fk
where
ar =14 2(—1)F + 32, dp =1+ 3(—=1)F 4 5 - 3k2,
by =—%— (—1)F+ 13873, e =—1—1(-1k+1.3k3,
cr=1+2(=1)F + 32, fo=1+45(=1)F+5-3"72,
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A<k<K+4
o T T T T T T Th,
PElO 0O O O O O O 0 0
PElO 0 O 0O O 0O 0 0 0
PFlO 1 0 0O O 0O O 0 0
My(P*—=T)= P 0 0 0 O 0 0 0 0 0
Pfl2 2 0 0 0 0 0 0 0
PPl1 1 1 1 1 1 1 1 1
Pl O 0 0 4 6 2 2 a d
P10 0 0 0 1 0 0 by e
PElO 0 0 2 2 0 1 ¢ fr
(81)
where
ap =54 2(=1)% + 32, dp =5+ 3(—1)F 4 5 . 3k2,
bk:%—(—l)k—{—%'?)k_g, e = %—%(—1)k+%'3k_3,
o =1+42(=1)F 4+ 373, fe=145(-1)F+ 333

15.6 Proof of 7, — D, — D; (scenarios III and IV)

The next phase of scenarios 111, and IV, is the transition from fringed
triangle to double-strip, followed by shortening of the strip.

Proposition 9 Let (i,j) € IIUIV, let s € I; 5, and let T,,(; ;) be as in (74).
Then Ty(ij) = Du(ij), where

D~ ﬁ_(ﬂ\z‘lw’s — BN with 1(D_) = (—1)l+1, (82)
D, ~ DB 81— 5), with =(Dy) = (—1)l,

and the corresponding incidence matrices are given in (85) and (84), More-
over,

Dy (Bl s — Bl if i j) = —1
i D~ DA S A ’ 83
#(3.7) v(7) { D,y (BN gl — ), if p(i, j) = +1, (83)

with W(Dz(j)) = (—1)li+l,
PROOF OF (82). We begin with the case u(i,j) = —1. Our task is to

calculate the return-map orbits of the trapezoidal atom T3 of the fringed
triangle (see figure 22), showing that the corresponding partition is that of
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a double-strip with the stated parameters. Scale invariance allows us to fix
the parameter [ of the fringed triangle at [ = ( and let the parameter h
range over (0, 3%]. This treats simultaneously all integer values of the index
i.

The non-branching part of the proof consists of the computer-assisted
validation of tiling plan 9 in Appendix B, illustrated in figure 34. It is worth

N

Figure 34: Tiling of the triangle T_, according to the Tiling Plan 9.

noting that the induced return map of the double strip corresponds to the
variant ¥ = —1 (since the double strip has negative parity and a net rotation
Ry of atom Dy).

Once again, arrowhead dynamics is responsible for all of the branching,
but with an important difference from previous stages of the renormaliza-
tion. The double strip, labelled D_, has two constituent strips, produced
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by separate s-dependent branching mechanisms. One of these is associated
with the arrowhead, while the other is produced by the already established
piecewise isometry of proposition 8. It should be emphasized that, as al-
ways, computer assistance is enlisted only for the non-branching orbit pieces
which are present for all s in the chosen interval. This includes the isomet-
ric mapping of D’ onto X, but not the mapping of X back into D which
completes the return orbit.

The case pu(i,j) = +1 is handled in an analogous manner, with the non-
branching part of the proof consisting of computer-assisted validation of
tiling plan 10. There we identify two special tiles congruent to D’, namely
X and Y. The isometric mappings from D’ to X and from Y to D' © D
are included in the tiling plan, while the mapping from X to Y is a direct
application of the domain map of the fringed triangle.

As a by-product of the return-map calculations leading to (82), we obtain
the following incidence matrices:

1<K 1<KIS2K -2
1" " /\
DO D2k—1 D2k D;
Tl_ 1 Qg Ck 0
. T; 0 by dp. 0
M(T - D) = Ty 11 1 1 (84)
T, --T¢ |0 0 0 0
Tire 0 0 0 81
12K -2
where
ap =3 — (=1)k + 13k, cp=3—L(-1)k+1.3
b, = —1+2(=1)% 4 3k-1 dy = =14 3(-1)F + 5 - 3k1
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1<K 1<KIS2K—2
" 1 A
Dy D2k 1 DQk D;
T, 0 ar ¢ 0
Ty 12 b, dy 12
Ty 0 0 0 0
T, 0 2 2 0
M, (7 — D) = T 1 0 0 0 (85)
Ty 0 0 0 0
T 0 0 0 0
Ty 11 1 1
Ty -+-.T1+1 0 0 0 0
Tiin 0 0 0 9jt
N——"
12K -2
where
ag = —3 + (=1)F + 338+2, ok =—3+ F(=1)F+ 1352
bp = 13 — 2(—1)F + 3542, d =13 — L(—1)F 4 1 . 3k+2

PROOF OF (83). We apply the Double-Strip Shortening Lemma (section
56) to reduce the number of atoms in the double strip from 4K — 1 to 11 in
k = K — 3 steps. Since K = |j| — (u(4,7) + 1)/2, we have

b=1il-3- 56+ =1~ { § 4GH=

Since as a result of the shortening, the first argument of D, (I, h) decreases
by a factor 8* and the parity is multiplied by (—1)*, we see that (83) follows
from (82).

15.7 Proof of D} — B* (scenarios III and IV)
This is the final stage of scenarios III,, and IV, .

Proposition 10 Let (i,j) C IITUIV, let s € I; ;, and let D}, be as in (83).
Then

D — B* ~ B(I*,r(s)I*), with I* = pliIHI+2 7(B*) = (=1l (86)

The corresponding incidence matrices are given in (87).
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PROOF. Setting '
B sfﬂ'z'+1 p(i, j) = —1,
Bil—s (i j) =+1,

we rescale both arguments of D, in (83) by a factor [3=11=1l to obtain
D,(5%H), W e[, 5,
B = g3-li=lilp,

For both values of v, we have shown by direct iteration (see tiling plans 11
and 12 and figure 35) that the induced return map on the tile D] of the
minimal double strip is that of a base triangle of the same parity, namely

D, (8% 1) — B, ~ B(5°, 5 — 1).

To complete the proof, we undo the scale transformation, multiplying both
arguments of D, and B by the same factor Al{+171=3  and returning to the
variable s. The result is equation (86). O

v=-1

Pon B e *N

v =+1
) v
4 » o

Figure 35: Tiling of the minimal double strip Dx, for s = 87/200 (v = —1) and
s =211/500 (v = +1).
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The incidence matrices for D — B* are:

M_(D* — B*) = M, (D* — B*) =
B B; B B, B B B; B B} B
D10 4 1 0 0 Dil5 2 2 0 0
DI"l10 4 2 2 2 DI"l10 4 5 2 2
D10 4 0 0 0 Dilo 0 0 0 0
Dylo 0 0 0 0 Dylo 0 0 0 0
pDlo 0o 0 0 0 Dl o 0o 0 0 0
Do 0 0 0 1 Do o0 0 0 1
Do 0 0 1 0 Do 0 0 1 0
pyl1 1 1 1 1 pYl1 1 1 1 1
D14 1 0 0 0 DYl4 1 2 0 0
DY1o 0 0 0 0 DfY1o 0 0 0 0
DYylo 0o 0 0 0 DYlo 0 0 0 0
(87)

15.8 Conclusion of the proof

We have now proved all of the induction steps comprising the renormaliza-
tion graph of figure 17. By composing the relevant return maps along the ten
closed circuits of the graph, we can now assign to each of the s-parametric
intervals I; ; a renormalization of the class of base triangles congruent to
B(l,h), with s = h/l € I; j, renormalization functions £ and r, and parities
as prescribed by theorem 3.

The proof of each induction step, via either the Shortening Lemmas of
section 13 or the propositions of section 15, yield as by-products a verifica-
tion of a uniform return path for each pair (i, 7), as well as explicit formulae
for the incidence matrices.

By composing the tilings of the individual induction steps, one obtains
for each (i, j) a tiling of the parent base triangle. This tiling consists of the
return orbits of the atoms of the higher-level base triangle, as well as those of
finitely many periodic tiles explicitly identified in the proof. For any (i, j) €
72, the tile coordinates are all affine functions of s. The exhaustiveness of the
tiling for each step, hence for the full renormalization, has been established
by evaluation of area sums, included in the Electronic Supplement [7].

The proof of theorem 3 is now complete. [
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16 Incidence matrices

Theorem 3 contains a statement asserting the constancy of the incidence
matrix on each parameter interval I; ;. We did not provide explicit expres-
sions for the incidence matrices, due to the inherently complicated nature of
the return-map dynamics. In section 15, we saw how the ten qualitatively
distinct routes from initial B to final B* all led to a simple spatial scaling
factor 31117142 and a simple parity-changing factor (—1)*+il. No com-
parable simplicity can be extracted from the incidence matrices sprinkled
throughout the proof of section 15, as they are strongly scenario-dependent.
In particular, the incidence matrices vary from interval to interval in a com-
plicated way, breaking the symmetry under (i, j) +— (—i, —j) enjoyed by the
spatial scaling and parity-changing factors.

In section 15, we computed the incidence matrices associated with all of
the edges of the renormalization graph. For scenarios I and II, we displayed
(in appendices C and D) the explicit 5 x 5 matrices associated with a num-
ber of individual intervals and sequences of intervals. On the other hand,
for scenarios III and IV, we presented the relevant incidences matrices for
individual induction steps, but made no attempt at assembling these into
all-embracing formulae. The goal of the present section is to derive such
formulae and examine some of their implications.

16.1 Composite formulae for scenarios III and IV

We begin by deriving a concise representation for the incidence matrices
associated with the composite renormalization step B — D,,. Similar treat-
ment will be given for P* — D,,.

Proposition 11 Let (i,5) € III, let s € I; j, and let M = Mili(B — D).
Further, let K be given by (75). Then fork =1,...,K, l=1,..., K — 1,
the column vectors Mp p of the matriz M (with B = (By, ..., Bs)T) may be
written as follows:

Mg p, = Xo,
— k

MBD%1 = X+4><( DFY" +2x382",

Mg pr = +(-D)FY" 432", (88)
— k

MBD%1 = X+4><(1)Y+2><3Z
_ k kg,

MB,D;k = ( 1) Y—|—3
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PROOF. One verifies the formulae by explicitly calculating

M=M,,(B—T) -M,(T — D).

The results are listed in the following tables:

e=—-1pu=-1 e=—-1Lpu=+1
XO X" .Y// Z// Xl Yl Zl XO X" Yl/ Zll X/ .Y/ Z/
3 1 3 31 1 27
2 | 3 |-t1 2120|0143 |-2]2Z|14) 00
6 |6 [0 |0|7|-32/5]64]66] 0|0 |63]|—2]8%
50500 |5 |-3|%|3(39|0]0|%|-38
1 1 1 9
2 |1 |32 ]4]0fo|12]13|-3]2]|12/0 0
3 1 1 1 1 9
1|31 13]0jojofo|-53|5]0]0]0O
e=4+1Lpu=-1 e=+1pu=+1
XO X// Y.// Z// X/ Y./ Z/ XO X// .Y.// Z// X/ Y./ Z/
3 1 1 1 1 9
1|31+ 14j0jojofo|-2|%]%3l0|0]|0O
2 | 1 |—3|3]4]0 01213 |-F]|5|12[0]0
1010 0 [0 |3 |52 |l101]|108] 0 |0 |17 5|22
6 |0 |07 |—3/5|64]66|0]0]63|—3]|2%
3 1 3 31 1| 27

We now calculate, using (51)(54), and (88), the matrix M and column

vector N such that

ML, (B — D) = MU(B — D) - M,,,(D - D*) = M+ N- (1, 1,..., 1),

(NTRZ

where, for K even, we have

1\:/[B,D3 = Msg,p, = Xo,
M

!

B,DZ” MB’D2K+k78

X/ +4x(-1)7 Y +2x 3545 7,

X' 4+ (—1) T Y 4+ 35 7,
B’Dik/ - MB’D;/K+Z74

X" +4x (-

- -

X"+ (-1)FY 43545 7

M

-7

90

)z Y +2x35t2° 7"
8
2

———
11
k=1,3,5,
k=246,
’ l:1737
=24,



N =&k (X —4Y ")V + 20k 12" + 612X —8Y') + dng 17,

where, using the summation formula for geometric series,

& 11 = 1 3
_ gl _ 2 9K _ glgK—4-20 _ ~ 3K _ 2 9K
=2 3ta2 =D 45 40
=0 =0
For K odd, we find
1\:/[B,D3 = Mg, p, = Xo,
MB"DZ:N - MB"D;,K-I-IC—G k—5 k-5
X —ax ()T Y 42x38Y T2 k=1,3,5,
X" - (1) Y 435+, k= 2,4,6,
MB’D;(/ - MB’DIQK+l76 -5 -5
B X —4x (=) Y +4x385+%5 7" 1=1,3,
X — ()Y +35+3° 7, =24,
Ng = 2X —8Y + X" —4Y") 4 n(4Z +227").

The above formulae can also be used for calculating incidence matrices
for P* — D*, with the index set B replaced by P* and the vectors X, X;C,
etc., now having nine components, taken from the following tables.

p=+1 p=-1

Xo | X"|Y' | 2" |X | Y |Z |X|X"|Y'|2'|X |Y |Z

ojojoflofojofoOo|lO0o|]O0]O0O[O]|]O]O
ojojo|o0oj0o|O0O|O|O|[O]O]O|O]|O]|O
1213 |—3| 5 (12| 0|0 2|1 |—3|4]4]0]0
ojojo0|0jO0|O0O|O|O|[O]O]O|O0O]|O]|O
24|25 | -3 | & |24/ 0 |0| 6|5|-3|3]|8|0]0
4 F 1140|023 |—F]3]2]0]|0
22|24 0021 |-2|Z&|6|6|0]|0]|7|-3|3

2000 |2 (Lt ]{%)fojojofo|-42% 42
811000 |7|-3|3]0|0]0]0|1]|-3]|3

Combining the above results with the matrices M, (D* — B*) of (87), we
have calculated the composite incidence matrices for B — B* (scenario IIT)
and P* — B* (scenario IV), and listed them in Appendices E and F, respec-
tively.
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16.2 Hausdorff dimensions for selected fixed points of r

We conclude this section with a brief discussion of the fractal properties
of the exceptional set (complementary to all periodic orbits). This is an
application of the incidence matrix formulae derived above. For reasons of
space, our analysis will be limited to a single case: scenario IV_,, with
parameter intervals I; ;, ¢ < 0,7 < —2, j even. The incidence matrix for this
infinite family of intervals is

M(i, ) = M_(B — P*) - MLV (P* — B*), (89)

with the first factor (a function of i) taken from (72), and the second (a
function of j) from Appendix F.

We further restrict our attention to the simplest strictly renormalizable
cases, namely the fixed points of r(s),

Bl (1 + gl

stix(4, J) = Wa

with the period-2 symbolic representation (i, —j,4, —7j,...). For each such
parameter value, the temporal scaling factor is just the largest eigenvalue
7(i,7) of the incidence matrix M(i, j). The spatial and temporal scale factor
then, in standard fashion [8,15], determine the Hausdorff dimension of the
exceptional set through

log(7 (i, 7))

dr (i, j) = “log (BT

(90)
The quintic eigenvalue equation for dg (i, 7) has two trivial solutions, 0 and
—1, so that 7(i,j) and so the calculation of 7(i,7) reduces to finding the
largest root of a cubic polynomial.

We have performed the numerical calculation of the dimension for four
values of ¢ and 100 values of j in the designated range. The results, together
with the limiting value for j — —o0, namely do = log3/logw = 1.24648. . .,
are plotted in figure 36. Note that the dimension exceeds ds, for all ¢ and
J in our index set, tending monotonically to do, when either ¢ or j tends to
—00.
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1.29 .

128t

1271
d,(i,))
1.26 |
1251
—
1.24 . . . . ,
20 40 60 80 100

k=1j1/2

Figure 36: Plots of dy (i, j) versus k = |j|/2 for i = —1 (top curve),—10, —50,
and —100 and 2 < k < 100. Calculated points have been joined by straight
segments to aid the eye. The horizontal asymptote corresponds to the value

doo.

93



Appendix A: Catalogue of polygonal shapes

Table 5: Polygonal shapes encountered in the text. All of these are convex with
the exception of A, the arrowhead.

Ql(l) [(67173) (l,0,0)]
Q2(1) [(4,6,0,2),(,1,1,1)]
Qs(1) [(6,7,2, ),(l,l,l,l)]
Qa(ly,12) [(6,1,2 3), (11,0, —l2,0)]
Q5(l) [( ) ) (l,l,..., )]
Qes(l1,12) [(5,6,0,2,3),(O,lg,ll,lg,O)]
Q7(1) [(5,7,0,2),(0,1,1,0)]

QB(llal2) [(47577307172)7(07()3[17123[2711)]
Qo(l1,12) [(1,2,3,5,6,7), (I1,1l2, 01,11, 12, 11)]

Qll(l17l27l3) [(1’2, 3, 57 6,7), (ll,lQ,ll,ll,lQ,ll)]
Q12(11,12) [(6,0,2,3),(0,11,12,0)]
Q13(11,12) [(5,6,0,2),(0,12,11,0)]

Q14(l17 2) [(0717"'77))(l17l17l27l27l1’l1ul2’12)]
Q15(l17 l2 [(07 ]-7 DRI 7)7 (lla l27 ll) l27 ll) l2a ll) 12)]
A(l) [(5,0,2),(1,1,0)] U[(5,0,3),(l,1,0)]
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0,() 0, Q,() Q1)

2, Q) 0, Q1.1
Oyl 1, ) 0,11 Q,, (L1 l5) Q,,L)
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0.1, Q1) ©
= e G

Figure 37: Polygonal shapes listed in Table 5, with anchor points emphasized.
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Appendix B: Tiling plans

Key:

Heading, ‘Parent dressed domain’> PWTI for constructing orbits by
direct iteration.

Heading, ‘Tiling domains’: spans of listed source tiles, expressed in
terms of the representative polygons of Appendix A.

Col. 1, ‘Tile’: name of source tile whose orbit is to be calculated.

Cols 2, 3, ‘Q4’, ‘Parameters’ source tile representative polygon and
parameters (see Appendix A).

Cols 4, 5, ‘Rx’, “Translation’: index n of rotation R,,, and translation
(dg,dy) of source tile relative to representative polygon.

Col 6, 7: ‘tile’, ‘Ry’: destination tile and index n of net rotation R,
relative to source tile. These specify the net isometry to be verified by
direct iteration.
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TILING PLAN 1 :

B — B,

s€lp_1=(8+pB%ap)

Parent dressed domain:

~

B(1,s)

Tiling domain:  B* = T(_y32 g5 _43_s) R2 Q1(23? — Bs)

DATA FOR DIRECT ITERATION

Source Polygon Initial Placement Destination
Tile ‘ Qu ‘ Parameters Ry ‘ Translation Tile Ry
By | 1 —2a3% + Bs 7 (0, -2 — 4/3) BioB*| 6
By | 7 —43% + as 6 (0,14 — 120 + as) B;oB*| 5
B;| 6 | —ap®+Bs,a8— s| 5 (0,12 — 10c) B;oB*| 6
By | 7 20 — as 1 (=26 4 as,12 — 10«) BiyoB*| 7
B? 1 af? — Bs 2 | (—aB? + Bs,14 — 11a — s) B:oB*| 0
Im | 2 s 0 (—s,—s) 11, 2
II, | 5 20— s 0 (=28 —s,—s) I, 5
I3 | 3 —B+s 0 (-1—s,8—29) I13 4
Iy | 5 af — s 0 (—af —s,—af — s) I, 3
IIs | 5 aff—s 0 (af? — 5, —a — s) 115 3
Ig | 7 23 — as 5 | (46— (2+a)s,—20 — 2s) g 0
I, | 1 afB? — fBs 6 (=6 + 5 — ws, —a — 8) 11, 0
IIg | 5 —2a/3% + s 0 (2a8% — 5,10 — 8 — s) Ilg 3
Iy | 10 | af—5,—2a3%> +s | 1 (B—s,—38—5) II, 4
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TILING PLAN2: B—B* s=0

~

Parent dressed domain: B(1,s)

Tiling domains:

B* = T(—p1-2a) R2 Q1(8) )
Bf = T(,45,,2a52) R7 Q1(55>

DATA FOR DIRECT ITERATION

Source Polygon Initial Placement Destination
Tile ‘ Qu ‘ Parameters | Ry ‘ Translation Tile Ry
By | 1 32 5 (0, —43) BfoB*| 2
By | 7 af 3 (0,2 - 3a) BsoB*| 3
Bl | 1 B 2 | (—13+8a,15—11a) | Blo BT | 2
Bl | 7 a3® 0 (—3a83,—-2a3%) | BloBi| 3
I | 2 B 0 (=B, —B) 1L 2
Iy | 5 B 0 (=38, 11y 5
I3 | 5 33 0 (11 — 9a, —3) 115 5
I, | 5 K 0 (—1,-1) I, 3
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TILING PLAN

3:

B—P, sc(0,a3?)

Parent dressed domain:

Tiling domains:

~

B(1,s)

P= T(_Q.’.Bs’_s) Q6(2 - ﬂfa 5)
A = T(—Qﬁz—aﬁs,—Qaﬁ—2S) A(2/82 _ O[S)

DATA FOR DIRECT ITERATION

Source Polygon Initial Placement Destination

Tile ‘ Qu ‘ Parameters Ry ‘ Translation Tile |Ry
Py | 2 s 0 (—s,—s) PhoP | 2
Py 9 B8—s,s 0 (—a—s,—5) PoP | 4
P | 7 as 1 (=28 — aws, —2s) PoP |7
Py |1 Bs 3 (—208 — 2s,—2s) PsoP | 6
Py | 3 s 3 (=208 —s,—s) P,oP | 5
Ps | 4 |aB?—08s,a3%> —ws| 4 (—aB — s, —aB? + Bs) PsoP | 4

Ps | 3 s 0 (—283% — 5, —s) PsoP | 3

P, | 12 2632 —a s,2s 0 (—28% — afs, —2s) AyoA | 0
A |1 af — ws 2 (—aB + Bs,—a —s) AioA | 5
Ay | 13 26% — as, 2s 5 | (-26% - aBs,—2a8 —2s) | PhoP| 3
Az | 1 af? —ws 4 (—af —s,—a+ fBs) As0A | 1
II ‘ 5 ‘ af —s ‘ 0 (—af —s,—af —s) II 3
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TILING PLAN 4 :

P — B,

s =3

Parent dressed domain:

Tiling domains:

P(a, )

B* = T(_ap,0)RaQ1(57)
B = T(_,p2,—255)Q1(5°)

DATA FOR DIRECT ITERATION

Source Polygon Initial Placement Destination
Tile ‘ Qu ‘ Parameters | Ry ‘ Translation Tile Ry
Bf |1 53 1 (3532, 5%) BfoB*| 6
By | 7 af? 0 (-5+3a,3%) |B;oB*| 5
Bl | 1 35 5 | (=85 —a?,—-8%) | BloBt | 6
Bl | 7 apt 4 (—33%,-82) |BloBl| 5
I | 2 JeE 0 (0,0) I 2
I, | 9 af?, 32 0 (—,0)) I, 4
I3 | 1 33 3 (-1,-6%) 113 0
I, | 5 K 0 (—24,0) I, 5
IIs | 5 32 0 (—262%,0) 115 3
I | 5 R 0 (ap* — af3,0) Ilg 3
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TILING PLAN 5 :

B—1T7_,

s € (B,8+ B

Parent dressed domain:

Tiling domains:

~

B(1,s)

DATA FOR DIRECT ITERATION

T_ = T(_a6+657—a—§\)R2Ql(a/6 — Bs)
A= T(—2ﬂ—aﬁs,—25)A(2ﬁ - as)

Source Polygon Initial Placement Destination
Tile ‘ Q4 ‘ Parameters Ry ‘ Translation Tile Ry
7 | 1 (s 5 (0,—20 — 2s) TS oT_ | 2
T, | 7 2 —ws 31 (260—-2s,—2a+as) |T, oT_| 3
Ty | 3 —B+s 1 (B—s5T—6a—s) |Ty oT_| 1
T, | 4 [28°—ps,2aB8—ws| 2 [ (-28°+8s,—48—3s) | T, oT_| 0
T, | 13 | 28—as,—268+2s | 2 | (260 —2s,—4B—afs)| A0 A | 3
A |1 a—ws 7 (—2s,—25s) AitoA | 3
Ay | 12 | 28 —as,—28+2s | O (=28 —afs,—2s) [T, 0T_| 6
As | 1 208 — ws 5 (—2s,—20) AsoA | 7
I | 2 s 0 (—s,—s) IT; 2
Iy | 5 20 —s 0 (=206 —s,—s) 11y 5
I3 | 3 —B+s 0 (-1—3s,8—29) 113 4
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TILING PLAN 6 :

B_>T+7

s € [ﬁ_/BE)a/B)

Parent dressed domain:

Tiling domains:

~

B(1,s)

T+ = T(_a/@+ﬂs,—a—s)R£Q1(aﬁ - ﬁS)
A = T(72B27as,725)R'3A(720‘52 + OZS)

DATA FOR DIRECT ITERATION

Source Polygon Initial Placement Destination
Tile ‘ Qu ‘ Parameters Ry ‘ Translation Tile Ry
[ 1 Bs 5 (0, —23 — 2s) T oT4 | 2
T, |7 as 3 (0, —28 — aws) T, 0T+ | 3
Ty | 4 Bs, —28 + ws 7 (0, —2) Ty 0T+ | 6
T | 3 B—s 7 B2 —5,-3+a—s) T, 0Ty | 1
T | 2 B—s 1| (ap®—s,-10+6a—s) [T @ Ty | 4
Ty | 10 f—s,—206%+s 7 | (aB®/2—s,—5aB/2—5) | T4 © T4+ | 6
T | 2 B—s 1 (—s,—a —s) T 0T | 4
T 112 [ —2a8%+as,28—2s| 3 | (2% —as,—2a3—2s) | A20A [ 0
A |1 —23 + ws 5 (=28, —25) AL oA |5
Ay | 13 [ 202+ as,28—2s]| 0 (=262 — as, —2s) T-oT.| 5
As |1 B3 —1+ws 7 (—23, —28) Aso A | 1
I | 2 s 0 (—s,—s) IT; 2
Iy | 5 s 0 (=206 —s,—s) I, 5
II3 | 5 af —s 0 (—af —s,—af —s) 13 3
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TILING PLAN 7 :

P -1,

s € (8%, 8% + 69

Parent dressed domain:

Tiling domains:

~

Pla, s)

T = T(—a57—o¢ﬂ2+as)R4Ql(a62 — fs)

~

DATA FOR DIRECT ITERATION

A= (—254—3,—2aﬁ4—,@s)R6A(aﬁ5 + OéﬁZ — 048)

Source Polygon Initial Placement Destination
Tile ‘ Qu ‘ Parameters Ry ‘ Translation Tile Ry
| 1 Bs 1 (—262% — s, 5) Tr oT_| 6
T, | 7 20 — aws 0| (—2a8+ws,28°—3s) |T, oT_| 5
Ty | 4 203° — Bs 4 (=36, —23° +as) |Ty @T_| 0
T, | 3 —B3*+s 0 (—p* — ap, 5?) T, oT_| 7
3
T | 4 ﬁi‘i p ?‘ZS 0| (—aBBi+B8—as) |To @T_| 0
T, | 3 —F+s 7 (8" +aB, 5%) Ig 0T | 1
z
T | 4 gf‘f 5__55; 4 | (aB*+8,~2ap  +as) | T7 @T_ | 0
Iy | 3 —B*+s 0 (—48* - B,5%) Iy 0T | 7
5 2
T a2 | TR o | o2 —s) | moa | o
A | 1 B+ —ws 0 (—aB? aB’ — as) AioA | 5
5 p)
A, |13 | P _Jg ;;i o3 (<280 — s, —20p0 - Bs) | Ty 0T | 1
Az | 1 B°+ B —ws 2 (—2ap% + as, —23%) Az A |1
I, | 2 s 0 (0,0) 11 2
I, | 3 —B%+s 7 (—33, 3%) I, 4
I3 | 9 B— 5,5 0 (—a,0) Il 4
I, | 1 0Bs 3 (=26 —s,—s) 11y 0
IIs | 5 26% — s 0 (—262%,0) 115 3
Ilg | 5 s 0 (=28 —s,—s) ITg 5
II; | 5 203 — s 0 (—2a33,—23%) II, 3

103




TILING PLAN 8 : P* —»T,, se[3®—45,3%)

~

Parent dressed domain: P(a,s)
Ty = T(—aﬂ,—aﬁ2+a5)R4Q1(aﬁ2 - ﬂs)

Tiling domains:

DATA FOR DIRECT ITERATION

A = T(74a52+8,0155*a52+ﬁS)R6A(aﬁ5 — 04/82 + OZS)

Source Polygon Initial Placement Destination
Tile ‘ Qu ‘ Parameters Ry ‘ Translation Tile Ry
7|1 Bs 1 (—23° — s, 5) T 0T+ | 6
Ty as 0 (—23? — ws, s) T, 0Ty | 5
Ty | 4 Bs,—23° + s 7 (=28 + s, s) T,y T4 | 2
T, | 3 6% —s 2 (26% —1,3%) T, 0Ty | 7
T | 2 B°—s 1 (=36° - B,aBY) | T oT4 | 4
TS | 10 | =283 +s,82—s | 1 | (=baB?/2,ap%/2) | T4 T4 | 2
| 2 B —s 1 (—af3,0) 0Ty | 4
z 2
I s S A I T i S| woTy| 2
Ty |3 5 —s 7 (-98%,98% —ap) |Ty 0Ty | 1
3 3
T | 12 ggﬁj_ﬂ;as’ 7 ( _1f§4 :f)s A oA |7
A | 1 Br—p+s 0 | (—ap?,pt—pB+as)| Ai0A | 5
—98% + B+ as, (—dafp? + s,
Ay | 13 2632 — 25 3 —98* + B+ f3s) Lot 2
Az | 1 —4af3 + ws 2 (—as, —2/3°) A3 A |1
I, | 2 S 0 (0,0) 1 2
I, | 9 B —s,[s 0 (—,0) I, 4
II3 | 1 Bs 3 (=20 — s,—s) I3 0
I, | 5 s 0 (—2/32,0) I, 3
IIs | 5 S 0 (—25,0) II5 5
g | 5 —26% +s 0 (=233, —233) I 3
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TILING PLAN 9

. T.—D_, s—pBe(0,Y

Parent dressed domain:

T (B,h), h=s—3

D = T(_g24an—p+n)R2Qa(B? — Bh, 3% — wh)
Tiling domains: X = T(h,—aﬁ3+ah)R2QA12(aﬁ3 — ah, 2h)
A= T(_a@3+ﬁh72h)R3A(Oz,@3 — ah)
DATA FOR DIRECT ITERATION
Source Polygon Initial Placement Destination
Tile ‘ Q4 ‘ Parameters Ry ‘ Translation Tile Ry
Dy | 4 | B =pBhp—wh| 2 | (=3 +ah,11-8a+h) | D/oD | 0
DI | 3 h 2 (0,18 — 13a + h) DioD | 7
D! | 12 af3® — ah,2h 6 | (—h,18—13a+aBh) | Ab0A | 5
Dy | 2 h 0 (0, —2a3% + h) DyoD | 2
D} | 12 aB® — ah,2h 2 (ap® — ah,2h) X 0
A |1 (% —wh 5 (—h, 2h) AioA | 5
Ay | 13 ] af® —ah,2h 0 (—aB33 + h) D! oD | 2
As | 1 B3 —wh 7 (—h,0) AsoA | 1
I, | 5 8% —h 0 (—B%, -3+ h) II; 3
I, | 3 h 1 (0, —a3? + h) I, 0
I | 4 |3 —ph, P —wh]| 6 (8% — ah,—B3*+h) 115 0
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TILING

PLAN 10: 7, — Dy,

ﬂ—SE (0766]

Parent dressed domain:

Tiling domains:

T.(B% h),

H A 3

S v

DATA FOR DIRECT ITERATION

h=0—-s

(81+h,—p%+h) Rs Qa(B" — Bh, B — wh)
(13-9a+8h,13—9a—n) A(af* — ah)
(95-+ph,—p5-+h) B3 Q12(af® — ah, 2h)
(3518355 —h) Rs Q13(a° — ah, 2h)

Source Polygon Initial Placement Destination

Tile ‘ Q4 ‘ Parameters Ry ‘ Translation Tile Ry
D' 113 [ aB*—ah,2h 7 (B*+ h, —B* + Bh) A, 0A | 6
Dl | 12| —apf® —ah,2h | 3 (8% + ph, —B3 + 1) X 0
Dy | 2 h 1 (284, —26%) DooD | 6
Y | 13 ] aB’ —ah,2h 5 (8> + Bh,33% — h) D! oD | 2

A |1 B3 — wh 7 | (-11+8a—h,13—9a—h) | A0 A | 3
Ay | 12 aB* — ah,2h 0 | (13—9a+ph,13—9a—h) | D! D | 3
As | 1 B — wh 5 | (-114+8a—h,13—9a+h) | A30A | 7
I, | 5 B2 —h 0 (233, a3) II; 3
I, | 5 3% —h 0 (aB?, —243%) 11, 5
H3 2 h 1 (—O[ﬂg, Oéﬁg) H3 4
I, | 4 |2 —-ph2—wh| 7 (—11 +8a — h,—f> — h) I, 0
IIs | 3 h 3 (83, -3%) II5 4
I | 3 h 2 (B*, —ph) Ilg 0
I, | 4 | —ph, P —wh| 7 (B* —h,—B3> —h) II; 0
g | 3 h 3 (—33,3%) Ilg 0
g | 4 |B*=ph,p*—wh]| 7 (—B* —h,B3% —h) II, 0
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TILING PLAN 11 :

D* — B*,

s—p el B

Parent dressed domain:

D_(3,h),

Tiling domain: B* = T(53754_ah)Q1(ﬂ4 — Bh)

DATA FOR DIRECT ITERATION

h=s—0

Source Polygon Initial Placement Destination
Tile ‘ Q4 ‘ Parameters Ry ‘ Translation Tile Ry
Bf | 1 —3% + h 3 | (=130 +92ac — h,—h) | Bf o B* | 2
By | 7 —afB’ + ah 1 | -72+5la—wh,—h) | BoB*| 3
B;| 6 |B+phpt—h|1 (2a8* — h, —h) By oB*| 2
B | 7 aft —ah 6 | (2ap* —h,aB8'—wh) | BjoB*| 1
B | 1 3% — h 0 | (—=65+46a,3° —ah) | B:oB*| 0
I | 1 B° — ph 4 B, —B° — ah) I 0
I, | 7 aft —ah 2 h, —afB* + wh) I, 0
I3 | 1 B — Bh 4 —33, —B* + ah) 115 0
Iy | 5 —3° +h 0 (6°, —5°) Iy 5
5 | 10 |p*—h,—-B°+h]| 1 (0,0) II; 4
Ig | 1 —B* +wh 7 (=283 + h, h) Il 0
II; | 8 | ap*—aBh,2h | 5 (—aB® + Bh, h) II; 0
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TILING PLAN 12 :

D+ — B*,

s— B e s B

Parent dressed domain:

D(54, h),

Tiling domain: B* = T(ﬁ4735_ah)Q1(55 — Bh)

DATA FOR DIRECT ITERATION

h=s—p

Source Polygon Initial Placement Destination
Tile ‘ Q4 ‘ Parameters Ry ‘ Translation Tile Ry
B |1 —3" + Bh 3 | (314—-222a—h,—h) | BfoB*| 2
By | 7 —afB® + ah 1 | (174 —123a — wh,—h) | B o B*| 3
By | 6 | B°+ph,p°—h |1 203° — h, —h) BioB*| 2
B | 7 afB® —ah 6 | (2a8° —h,aB’ —wh) |BjoB*| 1
B: | 1 B% — Bh 0 | (157 —111a,8% —ah) | BEoB* | 0
I | 1 B° — h 4 —p% —B° + ah II; 0
I, | 8 aB® —afh,2h | 6 —af® — Bh, h) I, 0
s | 7 af® — ah 2 (h, —a® + wh) I3 0
o, | 1 (3% — h 4 (8%, =35 + ah) I, 0
s | 5 —3°+h 0 (—=5°,8°) 15 5
IIg | 6 | —B°4+wh, —h| 5 (h, h) Ilg 0
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Appendix C: Incidence matrices M(i, j) for scenario

I

M(—1,3) = M(1,0) =
271 121 157 71 71 0 0 0 0 O
650 260 326 251 374 6 3 0 2 2
370 148 187 134 197 20 29 11 31 43
210 93 120 54 54 18 18 8 19 28
36 18 24 12 12 7T 4 0 4 4
M(L _1) = M(_172) =
0O 0 0 0 0 110 44 14 36 57
18 9 12 6 6 400 169 64 66 66
145 58 76 48 T2 224 95 35 39 39
90 36 46 31 46 90 36 12 27 42
23 11 15 7 7 0 0 0 6 12
M(—1,0) = M(1,-3) =
7 4 0 4 4 36 18 24 12 12
18 18 8 19 28 210 93 120 54 54
10 10 3 10 13 1045 418 526 390 576
6 3 0 2 2 650 260 326 251 374
0 0 0 0 0 271 121 157 71 71
M*(—=1,00) = Mf(—=1,00) = M*(1,—0c0) = Mf(1,
11 0 0 10 0
00 28 13 0 1 0
00 15 6 0 0 43
01 0 0 00 28
10 0 0 11 0
M(0, —-2) = M(0,2) =
48 21 9 9 9 20 8 3 2 2
90 36 12 27 42 48 21 8 10 10
70 28 10 18 27 140 56 20 66 42
48 21 8 10 10 90 36 12 42 27
20 8 3 2 2 48 21 9 9 9
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M(—1,1) =

115 7 7
36 46 31 46
20 27 16 25
18 9 12 6 6
00 0 0 0

M(1, ~2) =
0 0 0 6
90 36 12 27

12
42

644 272 101 108 108

400 169 64
110 44 14

66
36

M(0,1)
5 2 2
10 4 6
26 14 18
18 9 12
10 4 5

s~ oS we
~No S o

|
—_
~—

NS OO

10
18
13
10
)

o
o
—_
o

N O ©
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o7



—
— O o N O
— MmN O
— O O O
— AN < M A
— N2 o
N—
~—
o™ S v~
O AN <t N A
— O O O
NN AN
N OO N

|

110



Appendix D: Incidence matrices M(i, j) for scenario

11
M(—2,0) = M(-2,1) =

0 0000 00 0 0 0
0 0000 00 0 0 0
6 30 2 2 6 6 12 9 18
0 0000 00 0 0 0
12 6 0 4 4 12 12 24 18 36
7 4 0 4 4 7T 7 15 11 23
6 6 2 4 4 16 10 16 12 30
1 1 1 11 2 2 2 2 5
2 20 3 6 6 3 6 4 10

M(—2,3) = M*(~2, 00) =
0 0 0 0 0 00
0 0 0 0 0 00
210 93 120 54 54 01
0 0 0 0 0 00
492 222 288 132 132 2 2
271 121 157 71 71 11
230 92 116 86 128 00
25 10 12 12 18 00
90 36 46 31 46 00

M(—1,-2) = M(—1,-1

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

48 21 8 10 10 10 4 6

0 0 0 0 0 0 0 0

136 58 22 24 24 30 12 16

48 21 9 9 9 10 4 5

90 36 12 18 24 18 9 12

0 0 0 0 0 0 0 0

0 0 0 3 6 0 0 0

111

180
110
136
20
48

—_ ~—
S o woo

O O O

O O OO oo

N

—
o @ oo o

O O O

21

mR koo OCOOCOR

\]

66
36
24

10

42
108
o7
24

10




Appendix E: Incidence matrices for scenario I1I
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€Il

1T
M4

MIII

111
Moy

ML

12 1 1 1
3 12 6 6 6
—-25 —-10 =2 —3 1
205 _41 T _13 7T
6 3 3 12 6
o8 41 5 1 1
3 6 3 3 3
20 4 5 1 1
3 12 6 6 6
5002 5 L

3 3 6 12
-31 -2 -14 -5
220 167 _52 _35

6 12 3 6
_40 16 17 _19
3 3 3 6

20 8 1T 19
3 6 12
0 16 5 41 25
3 3 12 6

23 18 1 5 5
3 6 3 3 3
1o 1 1 25 25
6 12 6 6 6
10 4 2 I 5
7 5

-5 -2 -1 -1 -3
43 29 7T _5 _5
[§ 12 3 6 6
20 8 7 1 1
3 3 3 6 3
35 _14 _23 31 _5
3 3 6 12 6
—-11 -2 -4 -1 -1
11 7 1 1
3 1 2 3 3

=TS
ot

[ep[S3

+ 92ldl

w
[S8

+ 2ldl

wlot &

+ 9olil-1

+ 2lil-1

714 4 4
3 15 15 15
14 4 4
T % 5 5
91 91 26 2
6 15 15 15
28 56 16 16
3 15 15 15
71 _2 2
6 15 15 15
19 19 19 19
6 15 12 30
1“7 7
=7 5 2 5
29 2 2 29
6 15 12
23 46 23 23
3 15 6 15
12 1 _1
3 15 6 15
707 707 101
24 60 30
1673 1673 _ 239
12 30 15
1183 1183 _ 169
24 60 30
133 133 19
4 10 5
28 8
—14 -2 :
4 _8 _2 _4
3 15 3 15
128 256 64 128
3 15 3 15
104 208 52 104
3 15 3 15
16 8
8 5 4 3
32 _g _16
~16 —2 -8 X

5 SR cus He

—

Gl &

101
30
_ 239

15

5 43 9 9 9
20 10 10 10
20 58 6 27 21
3 15 5 10 b5
| 29 20 3 27 2
+ 3 6 15 5 20 10
10 4 3 3 3
3 30 5 5 5
5 43 3 3 3
3 60 10 10 10
7147 73059
3 15 6 60 30
47 13 13
114 B L
il ] 11 47 13 13
+ 3 2 20 3 10 10
4 28 7 73 59
9 45 9 90 45
7 14 7 73 59
9 45 18 180 90
101 66
30 3 5
239 639
—35 153 35
_ 169 l71-1 | 153 639
30 + 3 2 20
19 44
5 2 =
8 22
5 11 5
63 279 81
5 S0 18 3
108 o7 243
54 5 27 0
ljil-1 54 27 243
+ 3 27 5 2 20
93 27
21 % 12 5
21 93 6 27
2 20 10

= —
= [}
TN D‘: 01‘: o

—_
-3
3

_.
=
5 o

8 o2 25 o

—_
[en]




VIl

o _
+—+ =

111
ML

- _
Mty =

MIH

29
3

_58

_ 335

_43
6

4 5 _1 _1
12 6 6 6
4 5 11
6 3 3 3
_67 _11 _23 1 11
3 3 12 6 + 2
1
~10 -2 -1 1
_2 1 _1 _1
12 6 6 6
8 11 19 5
3 6 12 6
L1617 _19 _5
3 3 6 3
_265 _83 _55 _55 i
12 3 6 6 + 2
-2 14 -5 -5
2 5 1 5
3 6 12 6
7 5
-2 -1 -3 =3
7
4 2 I 5
5 1 15 15 g1-1
4 2 2 2 + 2
1B _1 5 5
6 3 3 3
6 5 4 2
3 3 12 6
7 1 1
i 2 2 3
7
e
g 13 _2 _3 lj1-1
8 2 4 2 + 2
8 _7 _1 _1
3 3 6 3
29 _7 _5 _5
12 3 6 6

X o

O N

—14
133

_ 357

_ 1673
12

707
24

7 _2 _2 _2 5 43
15 15 15 15 3 60
6 16 16 16 10 43
15 15 15 3 30
28 28 28 3l ] 29 29
15 15 15 + 3 2 5
4 4 4 20 58
5 5 5 3 15
4 4 4 5 43
15 15 15 20
2 _1 _1 _1 7
15 6 15 15 9
46 23 23 23 14
15 6 15 15 9
38 _19 _19 _19 gl | 33
15 6 15 15 + 3 2
14 7 7 7
=5 T2 75 75 11
1 19 19 19 7
15 12 30 0 3
28 _8 _8 _8
5 5 5 5
133 19 19 19
10 5 5 5
_357 102 _ 102 _ 102 -1
5 5 5 5 + 3
_ 1673 _ 239 _ 239 _ 239
30 15 15 15
707 101 101 101
60 30 30 30
32 _g _16 _16 21
5 5 2
16 8 8
5 4 5 5 21
168 84 84 7]—1
2 42 E = + 3 81
256 64 128 128
15 3 15 15 54
8 _2 _4 _4 63
15 3 15 15 2

3 3
10 10
3038
5 5
9 81
5 20
6 2
5 10
9 9
10 10
4 7
45 18
28 7
45 9
141
20 9
47
o 6
u o7
15 6
11
22
459
2
153
33
93
5 O
93
9 19
162 81
5 2
108
5 27
279
219 18

1917
20

639
10

66

27
10
27

729
20

243
10

81
10

59

73
20

73
10

351
10

17

219
20

59
10

59

351
10

1z

177
10




Appendix F: Incidence matrices for scenario IV
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911

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 00 0 0 0

58 _41 _5 1 1 28 56 16 16 16 0 43

3 6 3 3 3 3 15 15 15 15 3 30

0 0 0 0 0 0 0 0 0 0 0

Vo | _s8 _4 _5 1 1 gl [ a9 98 28 28 28 i 13
Mo 3 6 3 3 3 + 2 3 15 15 15 15 +3 100 75
19 25 1 _1 _1 T4 4 4 4 5 43

3 12 6 6 6 3 15 15 15 15 20

1 91 91 13 13 13 29 58

=25 —10 =2 ) 1 4 10 5 5 5 9 45

2B 5 7 1 _1 7 7T _2 _2 _2 20 29

2 4 2 2 5 5 5 5 54 135

1 7 7 1 1 1 29 58

—25 -10 =2 —3 1 i 16 5 5 5 27 135

O 0 0 0 0 00 0 0 0 0 0

O 0 0 0 0 0 0 0 0 0 0

_40 _16 _17 _19 _5 23 46 23 23 23 1428

3 3 3 6 3 3 15 6 15 15 9 45

0 0 0 0 O 0O 0 0 O 0 0

IV _ | _40 _16 _17 _19 _5 Gl | 44 88 22 44 a4 il | 14 28
M_- 3 3 3 6 3 +2 3 15 3 15 15 +3 3 15
5 2 5 1 5 19 19 19 19 19 71

3 3 6 12 6 6 15 12 30 30 3 15

23 22 11 11 11 11 47

31 23 5 5 8 4 4 11 47
3 3 7T 2 3 4 -5 -2 -5 -5 I8 180

23 4 2 2 11 47

SN BN ovin Sle gl © gl © O

S Sl oo Slo ol © ik © O
Sl Bl Sle e o © ol © O

NN o wu O o O o

wWiny Wl



= O e O O

—
=]

=l
w
wlot DN (@} [\ (e} [a)

wa‘

Lol
wat o o o ot o O

wion BB v O v o O

[y

©
=
|
[eN[e)]
|
[eN[S)]

|
oz ™

ol
wlot

LTT
wlot

|
= oolD oo
W= oot —

—_

—
o=

oz W

o=

0O 0 0 0 0 00 0 0
0 0 0 0 0O 0 0 0
133 133 19 19 19 99 44 14 T3
4 10 5 5 5 5 5 10
O 0 0 0 00 0 0
-1 o o2 2 2 51-1 132 42 219
+ 2 2 5 5 5 5 + 3 66 5 5 10
707 707 101 101 101 33 66 21 219
24 60 30 30 30 5 5 20
119 _ 238 _ 68 _68 _ 68 51 213 39 39
3 15 15 15 15 10 5 5
_ 161 _161 _23 _23 _23 17 71 13 13
12 30 15 15 15 2 20 10 10
o o_m o_1 11 _1 17 7L 13 13
12 30 15 15 15 10 5 5
O 0 0 0 0 0 0 0 0 0
O 0 0 0 0 0 0 0 0 0
16 8 8 93 27 27
8§ % 4 5 3 21 [ 12 5 %
O 0 0 0 0 0 0 0 0 0
=11 _ _32 _q _16 _ 16 l7]—-1 279 81 81
+ 2 16 —32 —g —16 _16 | 4 3 63 279 36 8L &
4 8 _2 _4 _4 63 279 g 81 81
3 15 3 15 15 2 20 10 10
56 112 28 56 56 18 36 ¢ 8L 63
3 15 3 15 15 5 10 5
4 8 _2 _4 _ 4 3 6 3 21 2
3 15 3 15 15 5 2 20 10
32 64 16 32 32 6 12 3 20 2
3 15 3 15 15 5 10 5
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