The statistics of intermittency maps
and
dynamical modelling of networks

D.K. Arrowsmith? M. Barenco I R.J. Mondragonf M. Woolf*
July 12, 2004

Abstract

The paper is split into two parts. The first indicates the form of the proof of an autocorrelation result for
a double intermittency map of the interval. The specific map considered is a piece-linear map of the interval.
The map is then used in the second part of the paper for modelling sources of long-range dependent traffic in a
network. The main ingredients are the production of packets of data at the nodes of a network and the transfer
of the data around the network. The behaviour of packet lifetime and throughput is compared for both closed
and open loop models, and also long-range-dependent Poisson-like traffic sources.

1 Introduction

In the early 1990’s, Leland and coworkers [17] showed that packet traffic in computer networks exhibited long range
dependence when it was previously thought that data traffic packet rates, like voice traffic, would be memoryless.
This has major consequences as long-range-traffic is also bursty and poses major engineering challenges, at timescales
spanning several orders of magnitude.

In order to to address these challenges, it is necessary to have models which can mimic packet traffic behaviour
in networks. The first deterministic model which addressed this was proposed by Erramilli et al [9]. It is a one-
dimensional chaotic map f defined on the unit interval by the family of Erramilli interval maps used as the basis for
each LRD traffic source in the network.
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where d € (0,1). The parameters my,ms € [3/2,2] induce map intermittency at the two points x = 0 and z = 1
with different intermittency values.

A graph of the map is shown in Fig 1(a). To produce traffic traces, a random seed z( € [0,1] is used and iterated
to obtain a sequence {x,}. Every time the orbit visits the interval (d, 1], a packet (or ‘1’) is produced, otherwise a
‘0’ is produced.

The map has the following properties:

e the chaotic nature of the map guarantees the pseudo-randomness of the binary sequences it produces so that
no stochastic term needs to be introduced into the model.

e the map has two non-hyperbolic unstable fixed points which allows the LRD output to be controlled, although
only only one such fixed point is needed to obtain LRD output.
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Figure 1: (a) The piece-wise smooth graph f with intermittency at z = 0 and = 1. (b) The corresponding piece-wise linear
graph g.

Erramilli [10] encountered great difficulties in obtaining analytical results for the map. In particular, there is no
closed form for the invariant density - the distribution of points of a typical orbit on [0,1]. Thus, in particular there is
no closed form formula for the natural invariant density, and so the only approach to calculations is numerical. The
difficulties are exacerbated by the non-linear nature of the component curves in eqn. (1). The nonlinearity causes
the successive lengths of spells of the same symbol to be statistically dependent on each other. The latter problem
was solved by Mondragén [19], by introducing a ‘random wall’ between the two branches of the graph of f, avoiding
some of the problems associated with the absence of a closed form for the invariant density. By slightly modifying
the piece-wise smooth function f to a piece-wise linear function p an invariant density can be easily determined, [5].
The approach was first proposed the ‘Chaos Engineering Group in Ferrera/Bologna [15, 16].

2 Traffic maps

2.1 Piece-wise linear map

The map p is constructed from two positive decreasing sequences zX and 2 which converge to zero. Both sequences
are set so that zf = 2f* = 1 and the sums Y ;o 27 = S*, where the symbol * is a wildcard which denotes either L
or R, are assumed finite. The unit interval is now partitioned into the subintervals

JE = (2l /2,282, I = (1= 2{/2,1 - 23, /2), (2)
i=1,2.... The map is determined by requiring f to be affine on each sub-interval, so that

p(Ji) = Jisy, i=2,3. ..

p(7) =JJ;
=1



where * = R if * = L and vice-versa. To satisfy these conditions, the map p : [0,1] — [0,1] is given by
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where A} = 2} — 27, ;.

In practice, the numerical iteration of the map does not require the application of the formulae above, as orbital
points retain their relative position in the intervals J; as they are iterated by p. Computation has to be carried out
only when iterations move the orbit from one interval to the other. The graph of the map p is given in Fig. 1(b).
By construction, it is isomorphic to a Markov chain. The state ¢* in the Markov chain corresponds to the interval
J? in the map. If Y; is the state at time ¢, the non-zero transition probabilities in the Markov chain are given by
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2.2 Invariant measure

The probability of the image of the map p|J; to land in the i-th interval J; is A}. The expected sojourn times are
from the ‘0’ and ‘1’ regions:
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The expected number of packets per unit time (or average load) u is

m= St + Sk’

The expected cycle length is the total sojourn time Sy, + Sg. This gives that the probability P; of visiting the interval
JE is P, = 1/(Sg + Sg). The probability for visiting J{ is also P;. We can then use

Prob(z € J})=PY;=x%;) = Pizf,i=1,2....

These probabilities give the stationary probability of the Markov chain as well as the invariant measure of the map
¢ which is constant on each subinterval J;*. The corresponding equivariant density ¢ is defined by

oa)= FFae

on each interval J for the map associated with a given subinterval by its width.

2.3 Exact correlation

The auto-correlation (k), where k is the lag, computed on the binary variable X; is
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Since X; = X7, we have E(X?) = E(X;) = p. It follows that

E(Xy Xpy) — p°
(1= p)

v(k) =

and the term of interest is clearly E(X;X;1x). The series X, is binary and so the only non-trivial contribution is
when X; = X;4r = 1. Thus, the uncentered covariance is

PT‘Ob(Xt+k = 1|Xt = 1)

There are various recursions between different collections of symbol sequence types:
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where Tp1(n,1) is the total transition property associated with all transition sequences of length n, starting with
a ‘0’ and finishing with a ‘1’ with a single uninterrupted spell of either symbol; To1(n)(Tho(n)) corresponds to all
transition sequences of length n from a ‘0’ to a ‘1’ (‘0’ to a ‘0’); Z(n) is the probability associated with the extremities
of a sequence whereby the cumulative length of those two uninterrupted spells of ‘1’s is equal to n; Pi1(n) is simply
the probability of having a sequence of ‘1’s of length n.

The number of operations is now of length O(n?) rather than a straight count of the subset of the 2"~! sequences
that satisfy X; X1, = 1 which is O(2").

2.4 Intermittency

To create intermittency we need to choose sequences {zX} and {27} with power-law decay to zero. This is equivalent
to choosing a power law tangency for the map in eqn.(1). The case where just one sequence has the required decay
was considered by [21] and [27]. We let 2} ~ K,i~® which gives A¥ ~ K,i~(@=*1)_ There is a link between the
continuous parameters m; and ms and the PL case with a; and ar by choosing

1
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Ay —

It can be shown that the autocorrelation decays are polynomial with respect to the lag and that the rate of decay
(the exponent) depends solely on the minimum value of «; and «y. This minimum property arises from having to
use the following result:



if two sequences satisfy a; ~ K,i~® and b; ~ Ki~? for K,, Ky > 0 then the convolution

m—1
Cm = akbm—k
k=1
has polynomial asymptotics given by
K,Sym™® if a<p
Cm ~ < KpS,m™" if a>p (10)
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where S, = Zj; a; and S, = > .~ b;. It should be noted that convolutions of this type will arise in the six
recurrence relations. The following theorem can be proven (see [5] for more details):
Theorem The autocorrelation ~y(k), for lag(k), computed on the binary traces produced by the piece-wise linear
map p satisfies

v(k) ~ KK,

where the exponent is given by
c¢=1—Min(ay,agr).

and where the contant K can be obtained explicitly.

3 Packet traffic modelling on networks

3.1 Topology of networks

Many different topologies appear in communication networks. Square lattices, toroidal lattices, meshes and hyper-
cubes arise on multiprocessor computers (e.g. [18]), scale-free networks in the WWW [1] and the Internet [11]. The
way that the elements of the network are connected to each other and the nodal degree properties have an impact on
its functionality. The representation and study of the connectivity of a network is carried out using concepts from
graph theory.

A communications network can be represented by a graph G = (V, ), where V is the set of nodes (vertices) and
£ is the set of links (edges). The hosts, routers and switches are represented by nodes and the physical connections
between them are represented by links. The links can have a direction, but here we are only going to consider
undirected links. A node can transfer information to another node in the form of data-packets if there is a link
between them. If there is no direct link between the nodes, then a path in the network is the sequence of distinct
nodes visited when transferring data packets from one node to another. We consider networks where there exists at
least one path connecting any pair of nodes of the network.

The degree, k, of a node is the number of links which have the node as an end-point. The degree of a node is a
local quantity. However, the node degree distribution of the entire network gives important information about the
global properties of a network and can be used to characterise different network topologies.

3.2 Scale-free Networks

Many technological networks are not described by a random or a regular network; instead they are better described
by a network where the degree distribution is described by a power law where

P(k) ~ Ck™P, (11)

for § > 1 and C constant. The probability that a node has k edges connected to it is given by P(k). In practical
terms a power law distribution means that the majority of the nodes will have very few neighbours, but there is
a very small set of the nodes with a very large number of neighbours. Networks with this property are known as
scale-free because power-laws are free of a characteristic scale, that is, there is no characteristic node degree.



The diameter of a scale-free network scales as Inln S [7], where S is the size of the network. This is due to the
existence of “far-reaching” links which are shortcuts when going from a source to a destination. Any node that
contains one of these far-reaching links is going to be highly used when transferring packet-data.

In 1999, Barabdsi and Albert [4] showed that it is possible to create a scale-free network by using two generic
mechanisms: growth, the network grows by attaching a new node with m links to m different nodes present in the
network; and preferential attachment, where new nodes are attached preferentially to nodes that are already well
connected. Barabdsi and Albert showed further that if the probability that a new node will be connected to node i
with degree k; is

(12)
then the network has a power law link distribution P(k) oc k2.

3.3 Model of Networked Data Traffic

The model considered here has been studied by several authors [20, 26, 28, 12, 14, 22, 3]. The network consists of
two types of nodes; router nodes that store and forward packets; host nodes that store and forward packets and are
also sources and sinks of traffic. Given the network has S nodes, and a density p € [0,1] of hosts then pS is the
number of total hosts. The host nodes are randomly distributed in the network.

e Traffic generation: A host creates a packet whose destination is another host. A host creates a packet using
either a uniform random distribution (Poisson) or a LRD distribution defined by a chaotic map. Each source
generates its traffic independently of the other sources.

e Queue: Each node keeps a queue of unlimited length where the packets are stored. Any packet that is generated
is put at the end of the host’s queue. If a packet arrives at a router it is put at the end of the hierarchical
router’s queue. The packet is not queued when it arrives at its destination node.

e Routing: Each node picks a packet at the head of the queue and forwards the packet to the next node. From
the source/destination information that each packet carries, the forwarding is done by one of the following
routing algorithms:

1. For regular networks:

— a neighbour closest to the destination node is selected

— if more than one neighbour is at the minimum distance from the destination, the link to which the
smallest number of packets has been forwarded is selected.

— if more than one of these link shares the same minimum number of packets forwarded then a random
selection is used.

2. for general networks:

— from the state of the queues and the number of hops from source to destination, the routing is done
by minimising the time-delay by considering the number of hops and the size of the queues that a
packet visits when crossing the network.

The process of packet generation, hop movement, queue movement and updating of the routing table occurs at one
time step (see figure 2).

3.4 Transmission Control Protocol Dynamics

The dynamics of the packet production model can be extended to incorporate packet window dynamics [10]. If the
map is in the ‘ON state, each iteration of the map represents a packet generated. One sojourn period in the ‘ON’
side of the map represents a whole file. These files are then windowed using the slow-start algorithm, adding another
dynamical layer to the system. The algorithm is as follows:



Figure 2: The hosts, represented by large squares, are sources and sinks of traffic. The traffic source is represented by a small
grey rectangle. The routers, large circles, only route traffic. Both hosts and routers have a queue where traffic can be stored
during its transit through the network.

At a given host 4 in the network, and time ¢ = n, there is a current state, z;(n), and a current window size, w;(n),
for the number of packets that can be sent at time ¢ = n. The window size has a maximum value w,q,,. There is
also a residual file size, s;(n), at node ¢ which is given by the number of iterates of f such that

£ (@i(n) > d,

and 5"+ (z;(n)) < d. The source will send p;(n) = min{w;(n), s;(n)} packets. The full dynamics therefore takes
the form, (see Erramilli et al.:
For z(n) > d, i.e. packet generated-

1, if z;(n—1)>d,

min{2w;(n), Wmas}, Ootherwise, (13)

wi(n+1) = {
and z;(n 4+ 1) = fP" (z;(n)).

For z;(n) < d, i.e. no packet generated - w;(n 4+ 1) =0, and x;(n + 1) = f(x;(n)).

This algorithm applies if all packets in a window are acknowledged before the retransmission timeout (RTO) limit
is reached. If packets take longer than this to be acknowledged the window of packets is sent again with the RTO
doubled and the window size set to zero. When the map is ‘OFF” the window size is zero and no packets are sent.

This initial value of RTO is calculated using the exponential averaging method [23]. This method keeps a running

average of all round trip times. This average is weighted towards more recent round trips, and is used in calculating
the RTO.

4 Control

4.1 Control of queue sizes

The simplest way to control packet traffic is to limit the length of queues [2]. As grid bar charts of node queue size
have shown by Woolf et al. [29], long queues in the network invariably occur at hosts. For this reason it was decided
to reduce the rate of packet production at hosts with long queues. The simulation keeps count of packets produced,
so the actual or carried load is known. Knowledge of the d value being used for the map f gives the maximum rate
of packet production, or offered load.
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Figure 3: Plots showing the behaviour of the network psrameters average lifetime and throughput as carried load

is varied when control is applied to a network containing either all Poisson or all LRD sources. The network has
S =164



Figs 3(a) and 3(b) show average lifetime and throughput plotted against the offered load. The data apply to a
32 x 32 node rectangular network with a host density 0.16 and Poisson-like traffic sources. A comparison is made
between simulations with and without a queue limit. There is little difference between the two cases below a carried
load of A = 0.3. Average lifetime and throughput are very similar.

Average queue lengths are closely linked to average lifetime. As has been shown previously, this is the point at
which congestion sets in. Above this point average lifetimes and host queue lengths are much lower in the controlled
case. In the case of host queue length this would be expected, because when packets are created at a host they
are immediately added to the queue for that host. The queue limit device prevents longer queues from building up.
This also explains the longer average lifetimes. Long host queues no longer exist, so host packets are not delayed
so long and average latency times are therefore lower. The average router queue length is longer in the controlled
case because there is no limit on router queue lengths, so that packets that would have been in host queues become
distributed over router queues instead. The effect on throughput is much smaller, but there is a slight increase when
control is used. It should be noted that the plots extend beyond a carried load of about A = 0.36, which is the
maximum load with queue limiting. In a real network this would equate to bandwidth being traded or a reduced
end-to-end delay.

Figs 3(c) and 3(d) show similar plots for the same network with LRD sources. In this case the average lifetime
is very much lower in the controlled case for the whole range of carried load values. As before, the average queue
lengths are linked closely to average lifetime. We have seen in the last section that, in the case of LRD sources,
congestion starts at very low values of load. The queue limiting prevents this early onset of congestion, modifying
the system to behave as the same network with Poisson sources would. This can be seen in the plots of average
lifetime. Again, higher queue thresholds have less influence. The throughput is slightly higher in the controlled case
at high values of the load. As before, the highest possible load when control is used is about A = 0.36.

Plot of average lifetime versus offered load (rather than carried load) also show that in the controlled case average
lifetimes remain low even when they would become very high in the uncontrolled case. The same applies to average
host queue sizes. In effect, the control mechanism prevents the network from becoming congested, no matter how
high the offered load, but at the expense of restricting the carried load to one that the network can manage. Similar
conclusions can be drawn for LRD sources.

4.2 A local control mechanism

Valverde and Solé [26] introduced a control mechnism where hosts modify their rates of packet release depending
on the detected local rate of congestion. The sources adjust their local packet release by querying how busy their
neighbours are. The number of congested neighbours a node can have is

¢= 0(n,(1) (14)

veG

where G is the set containing the neighbours of node, n, (t) is the number of packets in node v at time ¢ and 6 is the
Heaviside function #(x > 0) = 1 and f(z < 0) = 0. The control mechanism consists of adjusting the rate of packet
production \;(t) using

ey = {00 15 -

If the neighbouring nodes are not congested the load increases at a rate of y, and drops to zero if all the neighbours are
congested. This control mechanism is inspired by the “additive increase/multiplicative decrease” [24] used in packet
networks. Valverde and Solé studied this control method in a Manhattan network with Poisson traffic and unlimited
queue capacity. It was noticed that the packet release and the density of hosts satisfies the relation A ~ p~!. On
average, the packet release reaches a steady critical state. This does not mean that the local traffic creation rates
are all similar, as the congestion levels vary widely between nodes. An interesting observation made by Valverde and
Solé is the existence of a synchronization effect in the congestion state of distinct nodes.



4.3 Control in scale-free networks using TCP

The above model is an oversimplified packet network as the topology of a real network is, of course, not a regular
network. Also, the model does not allow for packets dropped in transit (as occurs in the Internet) because of the
unlimited queues on the nodes. In this section we introduce a more realistic model by considering a scale-free network
generated using the IG algorithm with a power law decay index of 2.22. Similarly to the previous simulations, each
node is designated as either a host or a router. Routers have a single routing queue that receives packets in transit
across the network, and releases them back onto the network at a rate governed by the connectivity of the node. The
difference with the previous examples is that for this network the simulation is of the fixed-increment time advance
type rather than next-event time advance. This allows the routing queue service rate to be set as Ck“, C constant
packets per time tick of the simulation, where k is the degree of the router node. This means that nodes with larger
degrees produce more traffic. The index « has been chosen to be between 1 and 2 here. Hosts have identical routing
queues and function in the same way, but additionally act as sources. They have transmit buffers that hold packets
generated by LRD and Poisson traffic sources until they have been acknowledged. The exact mechanism for this is
described below.

The control mechanism uses a simplified version of TCP Reno [24] as the network protocol. This is the predominate
protocol used on the Internet at present. This version is derived from that described in Erramilli et al [10]. It
concentrates on the slow-start mechanism because in real networks this not only affects all connections, but is also
the dominant effect for most connections. It also has a more marked effect on the network dynamics than congestion
avoidance.

As in our previous sections, a double intermittency map is used as the basis for each LRD traffic source, and a
uniform random number generator for each Poisson source. However, they are used in a slightly different way. One
sojourn period in the ‘ON’ side represents a whole file which is then windowed using the TCP slow start algorithm:
at the start of the file the window size is set to 1. Only a single packet is sent at that time tick. When a packet
reaches its destination an acknowledgement is returned to the source: once this packet has been acknowledged, the
window size is doubled and the next two packets are sent. When both these packets have been acknowledged, the
window size is doubled again and a new window of packets is sent. The doubling process is repeated until the end
of the file or the maximum window size ( a fixed value). This is described mathematically in section 3.4 on TCP
dynamics.

The routing algorithm uses a pre-calculated look-up table of shortest paths. All links between nodes are as-
sumed to have unit length. At each time step packets are forwarded from the head of each routing queue. If an
acknowledgement packet reaches its destination, this triggers the release of the next window of packets from that
host.

In Fig. 4 we see comparisons are made between the different topologies and packet transport algorithms used in
this and the previous work [28]. Four combinations for networks are considered:

e scale-free(produced using the IG model) with a closed-loop algorithm (TCP).
e Manhattan with an open-loop algorithm.

e scale-free(produced using the IG model) with an open-loop algorithm.

e Manhattan network with with a closed-loop algorithm.

The network has 1024 nodes and the host density is taken to be 589/1024 for all cases. The index « of the server
strength 0.25n% is fixed at 1 for all four combinations. The host distribution is random for the Manhattan network;
the IG network connectivity 1 and 2 nodes are selected to be hosts.

In Fig. 4(a) average lifetimes are shown as a function of the load for the four cases with LRD traffic sources at
each host. Average lifetimes include the waiting time in transmit buffers and measurements from actual networks
would not include this. Also, loads quoted are those offered to the transmit buffers, rather than the loads exiting
these buffers which enables end users experience to be modelled.

Clearly the closed-loop T'CP algorithm increases lifetimes for both regular and scale free networks. The require-
ment of TCP that packets be acknowledged before the next window of packets is sent is restrictive in the sense that

10



average lifetime

(@)

throughput

0.7

0.6

0.5

0.4

0.3

0.2

0.1r

o)

©)

LRD o

0.2 0.4 0.6 0.8 1 [0] 0.2
load —t— IG network/closed loop load
—<— Manhattan network/open loop
—£— |G network/open loop
. (b) —— Manhattan network/closed loop (@
10 0.7
e — Poisson a——A
4 — 0.6
10k
0.5
g 3
E 10" & é‘ 0.4
o [=2]
<&} =3
> <] L
£ 10%: £ 03
4
3
0.2
10"t
0.1r
100 i i i . Poisson ° : ; 2 < 5—=2
(o] 0.2 0.4 0.6 0.8 1 (o] 0.2 0.4 0.6 0.8 1

load load

Figure 4: Comparisons between the open-loop simulations and closed-loop simulations on regular networks and
scale-free IG networks. Network sizes and host densities are the same for all simulations.

new windows cannot be sent by hosts more frequently than the round trip times (RTT) or ping times. Congestion
is reacted to immediately because it causes an increase in RTT’s and makes sources back off. Since file sizes are not
that great and window sizes are often reset to 1 due to the round-trip time maximum RTO limit, throughput can
never be that high. This results in packets being delayed in the transmit buffer and is the primary cause of increased
packet lifetimes. By contrast the open-loop algorithm does not react to congestion and allows unlimited queues to
build up at routers. For sufficiently high loads open-loop networks become congested and lifetimes approach those
of the closed-loop networks.

In addition, Fig. 4(a) shows that the network topology is also a very important factor. In fact a Manhattan
network with an open-loop algorithm has longer lifetimes than an IG network with a closed-loop algorithm primarily
because of the much shorter average path lengths in the IG network. The average path length in the Manhattan
network is 16 ‘hops’ (one ‘hop’ is the distance between neighbouring nodes). By contrast in an /G network ordinary
nodes connect to rich nodes with a high probability, and rich nodes also connect to one another preferentially. This
leads to much shorter average path lengths.

In Fig. 4(b) the same measurements are made with Poisson traffic sources substituted for LRD sources. Results
are very similar.

Fig. 4(c) shows throughput plotted against load. Results are consistent with those for average lifetime. Identical
networks using open-loop algorithms have higher throughputs; the IG network performs more efficiently for both
types of algorithm. Similar behaviour is observed for Poisson sources. Fig. 4(d) shows a substantial decrease in
the throughput for scale-free TCP networks when LRD is introduced into the network. The correspoonding strong
increase in packet lifetimes is seen in Fig. 4(c).

Thus, regular open-loop simulations are fundamentally different to the closed-loop simulations of /G networks
and so detailed comparisons are not very useful.
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5 Discussion

The theorem for double intermittency throws up serious problems for the discussion of ethernet traffic by the use of
the Hurst parameter. The theorem shows that the Hurst parameter can take its value from either the intermittency
effect at t =0 or at x = 1., i.e. LRD from long ‘OFF’, repsectively ‘ON’, packet sequences. However, the problems
of LRD effects transit to the queues in the case of ‘On’ LRD dependency.

The theorem shows that that the Hurst parameter can can take its value from from either the intermittency
effect at x = 0 or at x = 1, i.e. LRD from long ‘OFF’, respectively ‘ON’ packet sequences. However the problems
of LRD effect transit to the queues in the case of only ‘ON’ LRD dependency. R. Mondragon et al [19] have shown
that a queuing system exhibited a completely different behaviour depending on which kind of incoming traffic it was
confronted with, even though this incoming traffic was long range dependent in every case. In the first case, the LRD
traffic was characterized by heavy tailed silent periods and exponentially decaying active periods and the resulting
queue behaved in the same way as it would have done under Poisson-like conditions with exponential decay of queue
length. An inversion of these characteristics resulted in power law decay for queue-length distributions. This confirms
that we need a deeper understanding is needed since two pseudo-traffic traces, both long-range dependent but with
a different underlying feature, can produce such different outcomes. For example, M. Crovella et al. [8] discuss the
physical origins of self-similarity and show that, while active periods are the dominant cause of self-similarity, there
are some signs of heavy-tailed silent periods.

The technique of using chaotic maps to simulate packet traffic entry into a network is now established. This
paper shows that the techniuge can be adapted and extended to dela with a wide variety of topologies of networks
and robust comparisons can be made of both packet lifetime and throughput characteristics for these networks. The
differences in traffic characteristics between closed loop(T'CP) and open-loop and regular and scale-free are clearly
distinguished.
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