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n X n Jacobi matrices:

((h b1 \

air g2 b

K a;—l dn )

Eigv.ed.:  bp¥r41+@¥r+ar—1¥r—1 =294,
Yo =0,Yn4+1 =0 (bound.conds.)

'Circulant’ Jacobi matrices:

ai Qg2 b2
J, = .
An-2  qn-1  bp-1
\bn n—1  Qgn )
Eigv.ed.:  bpYrt+1+qpn+ar_19r—1=2¢x,
Vo = Y, Y1 = Yna1 (bound.conds.)

Non-Hermitian Jacobi matrices - motivation.

Two Kinds of random Jacobi matrices:
(1) positive a; and b, and real g

(2) the sign (phase if complex) of a; and b is chosen
randomly.



Eigenvalue counting measure

If A, is an n xn matrix with eigenvalues z1,..., z, then

1 n
=,
'n,j:1
is the eigenvalue counting measure for A,,
eigvs. of 4, in K
/dun: #{eig n }
K

n

Given a sequence {A,}, of matrices of increasing di-
mension n, does u, converge when n — oco?

/Cf(Z)dunH/Cfdu?

Describe the limiting measure 7
Tools:

- moments: [ zFdu, = =3 28 = %tr Ak

- resolvents: g, (u)= [ %2 =1

n

%tr(An —ul,)™ 1

J
gn(u) is the Stieltjes (Cauchy) transform of u,. Stieltjes-Perron

inversion formula!

- determinants:
pn(u)=[In |z—u|d,un=%z In |z;—ul 2% In | det(A,—ul,)|

gn(u) is the log-potential of u,, %Apn = u, as distributions (Pois-

son's equation)



If A is the distributional Laplacian in Rez and Imz
then

1
21

as distributions (Gauss-Green), hence

where p,(z) = LIn|det(z2l,—Ay)| = In|det(zl,—A,)|*/".

Thm.1 (Widom 1993, Goldshed-K. 2003). Suppose:

(i) pn(2) — p(z) as n — oo, a.e. in C
(i) My, := ] |zj| <em“ for all n large.
|2;|>1

Then p is loc. integrable, p = %Ap IS a unit mass
measure and u, converges weakly to u as n — oco. Also

/ In|z|du < C.
2|>1

Note: (Weyl's inequalities)

M= [T 1= < [T 57 < [I (s + 1) =det(A,4; + L).
. L



Type II Jacobi matrices (no corner entries and aj, q;
and b; are random complex numbers).

Let fr be the solution of the eq.

befr+1+ e fr +ap—1fr1 =2, k=1,2,...
with the initial data fo =0 and f1 = 1.
fnt1 is @ polyn. in z of deg. n and f,4+1(2;) = 0 all j.
Hence

fr+1(2) = kn H(z — z;) = kpdet(zl, — Ay),

j=1
Ky = H?:l 1/bj

Lyapunov exponent:

1) = Jim 01 ()P + fa ()]

~(z) is non-random and the limit exists with prob. one.

Assume (aj,qj,b;) is a sequence of i.i.d. vectors in C3
such that E(|a;|®°), E(|b;|*?) and E(|g;|°) are all finite
for some § > 0.

Thm.2 With the above assumptions:
(a) With prob. one, p, = u = 3-A~y as n — oo.
(b) (Thouless Formula)

(2)= /@ I |2 — wldp(w) — E(n by)

(c) u is log-Holder continuous.



Type I Jacobi matrices (circulant)

(611 t t*\
t=1 ¢ t

Jn(t) =
¢t dn—1 t
K t t—1 Qn}

where q; are real and t > 1. This is as before but now
ar, =t~ 1, by =t for all k. (Lose nothing of interest.)

Two observations:

(A) J.(t) = DH,(t")D~!, with D = diag(1,t,...,t")

and
qgq 1 "
1 g 1
H,(t") = : . :
1 gn-1 1
t" 1 Qn

Note: now asymmetry is due to the b.c. only, have
finite rank perturbation of a symmetric matrix.

(B) For any t # O:
det[zI, — H,(t")] = det[z], — H, ()] — (t" +t7").
4
.. the eigenvalues of J,(t) are determined by
det[zI, — H,(i)] =t" 4+ ¢t ".
Note: H,(i) is Hermitian.



Log-potential of the eigenvalue distr. of J,(t):
1 1
pn(z)=—In|det[z — J,(t)]|=—In|det[z — H,(t")]].
mn mn

Recall the determinantal relation:
det[zI, — H,(t")] = det[z], — H,(?)] — (" +t7").

Note: t" 4 t=er"to() and |det[zl,—H,(3)]|=e"*(*)
where

1
un(z) = 52 In|z —X\| = / In |z — AldN,,(\).
: R
J

Here N,()\) is the eigenvalue counting measure for the
Hermitian matrix H,(7).

Assume q; are independent identically distributed ran-
dom variables such that E(In(1 + |qx|) is finite. Then
with probability one dN,,(\) converges to non-random
dN()\) and, for every non-real z,

un(2) — u(z) = / In |z — A|[dN(N).

R
Hence for any non-real z
|det[z], — Hy(2)]| = e™@Fo)  I1mz £ 0
and

| ou(z) if u(z) > logt
pn(2) — p(2) = { log t ;f u(z) < Iggt

By the way of Thm. 1,

Thm.3 If u, is the eigenvalue counting measure for
the random circulant Jacobi matrix J,(t) then with
probability one u, converges weakly to du = s=Ap in
the limit n — oco.
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Eigenvalue curves

Limiting eigenvalue distribution p is supported by
curve L={z€C: u(z) =Int}
intervals I = {\esuppdNCR : u(A+:0)>Int}.

On L: du = p(z)dl, where dl is the arc-length of L,
with density p(z) = 2 | [ ).

On I: du = dN, i.e. u([a,b]) = N(b) — N(a) for any
interval [a,b] C I.

Define A= {zeR: [In|z — AldN(A)<In|¢|}
te: Inte = infuer [ In |z — A|dN(X)

Note: t. > 1 (specific to random gq;, Thouless +
Furstenberg), and £L =0 if 1 <t <t

Consider t > t.. Then A = U;(«j,5;), and the curve £
consists of closed branches

y=+y;j(z) o <z <P
where y;(x) for a; < < §; is the positive solution of

/In |z + iy — A|AN(A) = In|t|.



Recall that the eigenvalues of J,(t) are determined by
det[zI, — H,(3)] =t"+t "

The polynomial P,(z)=det[zI,— H,(i)]=]](z—)\;) has
real roots (H,(z) is Hermitian!) and we know the lim-
iting distribution of these roots (dN(\)!)

Problem: find the distribution of roots of eq. P,(z) =
t" 4+ t—™ for large n, where P,(z) is a polynomial of
degree n with real zeros.

Finite-n picture

Denote g, = t" + ¢t ™. Roots of P,(z) = g, lie on
lemniscate

En |Z_A]_|'...'|Z_>\n|:|gn|
consisting of kK symmetric ‘ovals’, k£ < n.
On each ‘oval’:
P.(z) =g, & argP,(z) =argg, (mod 27)

and the no. of roots is exactly the same as the no. of
A; in the interior of the ‘oval’.

Now let n — oco. How L, evolves?
We know that dN,(\) = dN()), therefore

1
e — / IN(z — ANV

n C
uniformly on compact sets off R. It follows from this
that with prob. one, part of £, collapses onto the real
axis, the remaining part tends to the curve

Int = / In |z — A|[dN ().
C



Fix j, € > 0, and consider the vertical strip a; +¢ <
r=Rez< 3 —e.

Thm.4 With probability one, the lemniscate L, =
{z € C: |det[z], — H,(i)]| = t" 4+t "} is represented in
this strip by two analytic arcs

y=zxyj.(x) aj+e<z<p—e¢,
provided n > ni(e,q,t), and

im yjn(z) = y;(x)
n—aoo
uniformly in x € [ + ¢, 8 — €].

Consider the arc A, 1 y=vyjn(z) aj+e<zxz<p—¢.
Label the eigvs. of J,(t) on A;, as follows

z1 = x; + iyj,n(a:l) where z1 < xo < ... < Tp.

Thm.5 With probability one,
)
r(21)

where 7(z) = L [ ang

n(ziy1 —21) = + n (215 214-1)

lim 5n(zl,zl+1) =0
n—oo

uniformly in z;, zi41 € [a; + ¢, 85 — €].

10



